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IIpeaucioBue

W3naraeMbplit Hu2Ke MaTepuas MPEACTABIAET CO00H HECKOJIBKO PACIIMPEHHBIR KOH-
CIIEKT JIEKIIWIT TI0 OHOCeMecTpoBoMy Kypcey “Craructudeckasi (hU3NKa’, YUTAEMBIX aBTO-
pom Ha dbuzudeckoMm dakynabTere Y paabckoro [ocyIapCTBEHHOTO YHUBEPCUTETA, HAUN-
Hag ¢ 1992 roga. Kypc npeanasnatieH i BCEro MOTOKA CTYAEHTOB, CIIEIHATH3NPYIOTITIX-
¢4 110 (pM3UKe, U COCTABIIAET YaCTh OOIIEro Kypca TeopeTudeckoi ¢pu3ukn. B aToM cMbIcie
OH OPHEHTHUPOBAH HE TOJIBKO HA CTYIEHTOB—TEOPETUKOB, HO COJAEPXKHUT B cebe TOT MUHHU-
MyM 3HAHU, KOTOPIH HEOOXOINM, B HACTOSIIIEE BpeMs, 1 (PU3NKAM—IKCIIEPUMEHTATOPAM.
Hy:xH0 OoT™MeTHTBH, 9TO OCODEHHOCTH TMPOrpaMMbl O0YUYEHUST CTYAEHTOB HA (DUIUIECKOM
dakynbrere Ypl'Y TakOBBI, 9TO CTATUCTUYECKON (PU3UKE OTBOAUTCS BEChMa, HE3HAYUM-
TesbHOE BpeMms. [losToMy mepes aBTOpPOM CTOSIA 3373493 AATh JOCTATOYHO KOMIIAKTHOE
M3JI0KEHUE MATEPUATIA, KOTOPOe, TeEM He MEHee, COMepPKaio Obl OCHOBHBIE MPUHIUIBI U
[IPUJIOXKEHUS CTATACTUIECKON (PU3MKM K 337a9aM TEOPUHU KOHIEHCHPOBAHHOI'O COCTOSI-
Husi. XOTsI CaM aBTOD MPHUIEPKUBAETCS TOUYKU 3PEHUs, BIEPBbIE BHICKA3AHHON B QyHIA-
MenTaapHOM Kypce Jlanmay u Jludmmna, o HeoOX0IUMOCTH MPENOIABAHNS TEPMOIHHA-
MHKH B COCTaBE KyPCA CTATUCTUYUECKON (DU3WKY, 3/IECH ITA CXeMa OTOPOIIEHA, OMSATh 2Ke
B CB3H C OCOOEHHOCTAMU POrpaMmMbl 0byuenusd B ¥ pL'Y, rje dnTaeTca OTAeIbHBIH KypC
(beHOMEHOTOTMIECKOH TEPMOJIMHAMUKH.

JlaHHBIE JIEKIUU HE SIBJIAIOTCS OPUTHHAJIBHBIMYU W MPAKTHYECKH TOJTHOCTHIO OCHOBA~
HBI Ha W3BECTHBIX (DbyHJIAMEHTATBHBIX y4eOHHKax u MoHorpadwusx [1, 2, 3, 4]. Asropy
MPUHAIEKUT TOJIHKO 0TOOp MaTepuaia, KpOMe TOTO 371eCh M0DABIEHO 00CYXKIEHUE Psi-
J1a OTEIbHBIX BOIIPOCOB, OCHOBAHHOE HA MCIOJIB30BAHUNA MATEPHUATIA, B3ATOTO U3 JAPYTHUX
HMCTOYHUKOB, KOTOPBbIE OyIyT IUTHPOBATHCS IO XOIy W3JIOKEHHUsi. BBUIY yIOMSAHYTOIO
HEJIOCTATKA BpeMeHH, M3JI0KEeHNe OIPAHUYEHO PACCMOTPEHHeM JOCTATOYHO TPATUITIOH-
HBIX 337a4. HeKOTOpOoil 0COOEHHOCTBIO SIBISETCS TOJIBKO TOMBITKA TATH JIEMEHTAPHOE U
KPAaTKOE BBEJIEHIE B METObI COBPEMEHHOM TEOPUHU KOHIEHCUPOBAHHOTO COCTOSTHUS, TIPEI-
MPUHATAS B CAMOM KOHIIE KYPCA.

OcHoBHOI MaTepuasi, TpeIHaA3HAYEHHBIR IJIg CTYIEHTOB BCEX CIENUaIn3annil, m3ma-
raercs IOoCJIeI0BaTeIbHO. Psm 6osiee CrermuaabHBIX BOIIPOCOB, 60€ee OPHEHTHPOBAHHBIX
HA CTYJIEHTOB—TEOPETUKOB, BblHeCeH B [IpuioxKeHust U B pa3aesibl, OTMEUEHHBIE ‘3BE3/104-
koi”. PAKTUIECKN, ITH BOOPOCHI PACCMATPUBAIOTCS ABTOPOM Ha, JIEKIUSIX—CEeMUHAPAX C
rpynmnoii reopeTukoB. ToT (akT, 9T0 Kypc OCHOBAH HA PAIe PA3HBIX UCTOYHUKOB, HEWM3-
OeKHO MPUBET K HEKOTOPOMY “pasHob010” B CTHIIE U3TOXKEHNA W 0003HATMEHUIX, HCIIOb-
30BAHHBIX B PA3HBIX pa3menax. ABTOpP 0COGEHHO HE CTAPAJICS HABECTH TYT JTOCTATOYHBIN
MOPSITOK. B 3TOM CMBIC/IE, TpeICTABIEH UMEHHO MATEPUAJ JIEKIINIA, & He TaHO (hOPMAIBHO
CTpOroe m3jioXKeHue, bojiee MpuHATOE B yuebHmkax. HekoTopoil 0COGEHHOCTHIO JTAHHBIX
JIEKTIH SBJISIETCS TAK2KE HAJUYINE TOBOJBHO OOJIBIIONO YUC/IA CCHIJIOK HA OPUTHHAJIBHBIE
MOHOTpaduH, B KOTOPBIX MOXKHO HaHTH H0JIee JeTaNbHOE M3I0KEHNE PAIA YIIOMAHAEMBIX
B KypCe BOIIPOCOB.

Pa3ymeercs, urenue 1aHHOrO Marepuasa HE MOXKET 3aMEHUTh yrJyiyOJIEHHOIO u3yde-
HUST TPEIMETA, KOTOPOE MMeeT CMbBICJ BECTH, MOJIb3YSACh YIOMSHYTBIMA KJIACCHIECKAMU
kuuramu. TeMm He MeHee, aBTOP HAJEETCsI, UTO MPEIAaraeMoe YATATET KPATKOE U3JI0Ke-
HU€ MOYKET MPE/ICTABUTH HEKOTOPBIN CAMOCTOATEIbHDBIN HHTEPEC W OOJIErYuT MOHMMAHNE
bostee byHIAMEHTATBHBIX YIEOHUKOB W MOHOTPadmii.

M.B.Canoscknit, Exkarepunbypr, 1999 r.
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Oryiapaenne



I'maBa 1

OCHOBHBDBIE TTPUHITUITHI
CTATUCTUKN

Mt mooicem npedemasums cebe GoAbUOE YUCAO CUCTEM 00UHAK0B0T NPupodbl, HO PA3-
AUHHBLE N0 KORPULYDAUUAM U CKOPOCTNAM, KOMOPHIMU 01U 00400a10M 6 OaHHbIT MOMEHI,
U DPASAUNHBIT HE MOABKO BECKOHEUWHO MAAO, HO MAK, YN0 OLEAMBLEACMCA KANCOAA MbLC-
AUMAA KOMOUHAUUA KonPuaypayul u cxkopocmeti. IIpu 9mom Mol MOHCEM NOCTNAGUMD Cé-
be 3adaueti He NPOCAEICUBAMD ONPEIEACHHYIO CUCTNEMY YEPES BCIO NOCAEIOEATNEALHOCTIVD
ee Konduaypauud, a yemanosumo, kax Oyldem pacnpedescHo 6ce HUCAO CUCTIEM MEDIC-
AY PABAUNHBIMU BOZMONCHBIMU KOHPURZYPAYUAMYU U CKOPOCTAMU 8 10001 mpebyembid
MOMEHM, eCAY MaKoe pacnpedeserue Obiao 3a0aHO 047 KAKO20-AUOO MOMEHNA EPEMEHU.
OcHOBHBLM YMBEPIHCOCHUCM NPU MAKOM UCCACI06AHUY ABAAECNCA YPAGHEHUE, Jaouee
CKOPOCTND UBMEHEHUS YUCAA CUCTIIEM, 3AKAIOMEHHBLL GHYMPU ONPECEACHHBLT MAADLL 2P0~
nuy Konduaypayuu u ckopocmu. Taxue uccaedosanus Maxceeas nas3veans CTATACTHIC-
ckumu. OHu NPUHAOAEHCAM K OMPACAU MELGHUKY, 00A3GHHOT CE0UM TPOUCTONCIEHUEM
CMPEMACHUIO 00BACHUMD 3AKOHDL MEPMOOUHAMUKY UCTO0A U3 MELOGHUMECKUT NPUHUU-
n08, U 0CHOBAHHOT, 2Aa6HbLM 00pasom, Kaaysuycom, Maxceearom u Boavumarnom.

/JDxozatia Bumnapn I'n66c, Hero-Xstisen, 1901 r. [5]



8 I'mapa 1. OCHOBHBIE IIPHHITHUIIBI CTATHCTHKNI

1.1 Bseaenwne.

TpaunuoHHO OAPA3YMEBAETC, YTO CTATUCTHYECKAd (DU3MKA (CTATHCTUYECKAS Mexa-
HHUKA) PACCMATPUBAET CHCTEMbI, COCTOAIIME M3 OOJIBUIOrO YMCJIa YACTHL, ABUXKYIIUXCHI
COTJIACHO 3aKOHAM KJIACCWYECKOI MJIM KBAHTOBON MeXaHWKu. VcTOpudyeckn OHa BOSHUKIIA,
B KoHIe XIX BeKa M3 MOMBITOK IMPOBECTH MEXAHUCTUIECKOEe ODOCHOBAHIE 3aKOHOB Tep-
MomuHaMuKH B paborax JIxx.Makcsenna u JI.borbumana. IlpakTudeckn moiaHoe 3aBep-
nierre (pOpPMAaJIbHBINA alIaparT CTATHCTHYECKON MEXaAHUKH HOAYy4YUI B PyHIAMEHTAILHOM
rpyne dx.B.I'u66ca [6], nosBupmmMca B camoM Hadase XX Beka. 3aMedaresbHON 0co-
OeHHOCTHIO MeTo1a ['mbbca, CO3TaHHOrO 3a,0JIT0 /10 MOSBICHUS COBPEMEHHOM KBAHTOBOMH
TEOPHUH, 0KA3aJIaCh MTPUMEHUMOCTEh €0 M K KBAHTOBBIM CHCTeMaM. B HacCTosiiiee BpeMst
cTaTUCTHYIeCKas (DU3WKA BBIIIA JAJEKO 33 PAMKH ePBOHAYAIBHBIX 33189 000CHOBAHMUST
TEePMOIUHAMUKKA ¥ €€ MEeTOAbl U HIEOJIOIHUs IPOHU3LIBAIOT, (DAKTUYIECKH, BCE OCHOBHBIE
pasnesbl COBPeMeHHOI Teopernyeckoil ¢pusuku. [TornMmaeMast y3K0, KAK TEOPHUsI CHCTEM
MHOrUX (B3aMMOAEHCTBYOIINX) YACTUL, OHA UMeeT [JIyOOKHUe CBA3U C COBPEMEHHON KBaH-
TOBOI Teopweil MmoJisi, SBJAIONMIEHcs HanboIee (DyHIAMEHTANIBHONU Teopueil marepun. B
TOXKE BpeMs, OKA3aAJOCh, 9TO U MPU OIMUCAHUU MEXAHUIECKOTO JBUXKEHHUSI CUCTEM, CO-
CTOANUX W3 CPABHUTEIBHO HEOOJBIIOrO YHC/Ia YACTHWIL, JTaXKe B PAMKAX KJIACCHIECKOMH
MEXaHUKHU, Mbl 339aCTYI0 JOJIZKHBI UCIOJAb30BaTh CTATUCTUIECKUE METOIbI, YTO CBA3ZAHO
¢ KpaiiHe CJOXKHBIM (HEeyCTONYUBBIM) XapaKTePOM JIBUKEHUSA B OOJIbIIMHCTBE HETPUBH-
aJbHbIX cjy4aeB. Mjaen u Merojbl CTaTUCTUYECKON MEXAHUKH SIBJSIOTCSI OCHOBOM Jist
MOHMMAHUS MPOIECCOB B TBEPIBIX TEJIAX, ra3aX, KUJAKOCTAX W IJIa3Me, a COBPEeMEHHAs
TEOPUsT B3AUMOJICHCTBHS 3JIEMEHTAPHBIX JacTUll (YIOMSIHYTasl BBIIE KBAHTOBAsI TEOPUs
[0JIs1) SIBJISIETCS, C CAMOIO HAYaJIa, Teopreil cucTeM ¢ GECKOHEYHBIM YUCIOM CTelleHeli CBo-
00bl, I'le CTATUCTUYECKHE METOAbl UI'PAI0T OCHOBOIOJIATAIIILYO PoJib. K coxkajleHuro, B
PaMKax JaHHOIO Kypca Mbl JIMIIEHbI BO3MOXKHOCTH CKOJbKO-HUOY/b 110APOOHOI0 00Cy K-
JIEHUST BCEX ITUX CBSA3€M U OrPAHUYUMCS JINIIB TOCTATOYHO TPAIUITUOHHBIME TTPOOIEeMaMu
OIMCAHUS TPOCTHIX MOJENIEH CTATHCTHIECKON MexaHuKH [1, 2, 4], KoTophle, TeM He MeHee,
SABJSIOTCS OCHOBO# COBPEMEHHOIO MOHMMAHUS M ropa3nao 6ojiee CI0KHBIX 3a/1a4.

1.2 @PyukIu pacuopeaesieHusd.

Paccmorpum cucremy u3 N 0MHAKOBBIX (/71 IPOCTOTHI) B3aUMOIEHCTBYIOIINX YaCTHI,
HAXOOAIINXCA B KOHEYHOM, HO MAaKPOCKOIMUYIECKH JTOCTATOIHO OosbIioM obbeme V. s
MPOCTOTHI TAKYKE CUNTAEM, ITO YACTHUILI He 0DJIATA0T BHYTPEHHUMHU CTEMEHIMU CBOOO-
npl. Kenm npuskenme 9acTUIl OMUCHIBAETCS 3aKOHAMH KJIACCHIECKON MEXAHWKW, TO CO-
cTOsiHUE k-Off 4acTHIIbl 33/1aeTCs 3HAYEHUSIMU ee KOODJIMHAT () U HUMILYJIbCa Pk, & CO-
CTOsTHUE BCEH CHCTEMbI — 3aJaHUeM 3HAYEHUN BCeX KOOPAUHAT 1,2, ..., qN U UMIIYJb-
COB P1, P2, ..., PN- TakuM 00pa3oM COCTOAHHE CHCTEMbBI MOKET OBITH OIMMCAHO 33 TaHUEM
TouKu B 6 N—MepHOM (pa3060m TpOCTpaHCTBE: (d1,4Q2, .-, AN, P1, P2, -, PN) — ($a30601
moyxu. JnHaMu1IecKas dBOSIONMS CHCTEMBI ONPEETseTCs ypaBHeHusiMu auzkenust [a-
MEJIBTOHA: *

daw _ O dpe __oH )

dt Opk dt oqy’ '
rie

H = H(q1,92,-,9N,P1,P2, -, PN) = H(p,q) (1.2)

1YHTepecHO 3aMeTHTD, 9TO MeTO I'H66Ca MIOTHOCTHIO OCHOBAH HA HCIOJb30BAHHE HMEHHO TaMUJIBTO-
HOBO#M, a He JIarPaH>KeBOU (POPMYJIMPOBKU KJIACCUYECKON MEXAHUKH.



1.2. @yukiun pacrupeneeHus. 9

TIOJTHBIHA TAaMUJIBTOHNAH cucTeMbl. PaccMoTpum mpocTefimuil ciay4ail, Korma 9acTuIlhl B3a-
UMOJIEHCTBYIOT HOCPEACTBOM NAPHOr0 IEHTPAJbHO-cuMMeTpudHoro norenimana U(|]q; —
dk|), TAK 9TO TAMWIBTOHUAH CHCTEMBI HMEET BH/I;:

N

2
k
H=) o +35 EZUI% ax|) (1.3)
k=1 i#£k

Tornma ypaBHeHUS TBUXKEHWS UMEIOT BUI:

. Pk . U (|q; — qx)
qk ) Pk i;k 8qk- k ( )

rne Fp—cuna, ¢ xoropoit Ha k-10 dacTuily AeficTBYIOT BCe OCTaibHBIE. ZcHO, 9TO mjist
CKOJIbKO-HUOYIb 3aMeTHOro 3HaueHust N pernenue cucrembl ypashenuii (1.4) we npen-
CTABJISIETCST BO3MOXKHBIM, HaXKe YUCICHHBIMU MeTogamu. KpoMe Toro, maxe eciau Obl Mbl
MOIJIM HAaWTH TAKOE peIeHne, TO U MOJIb3bl OT HEro 6bL10 ObI HE TaK y»K MHOrO. Jlemo B
TOM, 9TO PEAJhHAST TPAEKTOPHUS IBUKEHUS KaXKIOW M3 YACTHUI[ CKOPEe BCEr0 OKA3aJIach
Obl BecbMa 3alyTaHHol. Bojee Toro, pemarh ypasuenus (1.4) HY’KHO, €CTECTBEHHO, €
HEKOTOPBIMU HAYAJbHBIMU YCIOBHSMU, 3 PEIeHNe, KaK MMPABUJI0, OKA3BIBAETCS KpaiiHe
YyBCTBUTEJIBHBIM K BBIOODPY STHUX YCJIOBWIL, TOUYHOE 3HAHUE KOTOPBIX B PEATHHON CHTY-
armu orcyrcrByer. B cuimy passuBarotieiics B OOJBIIMHCTBE CIyYaeB HEYCTONIUBOCTH
JIBWYKEHWs], Delennst (TPaeKTOPUN), COOTBETCTBYIONINE JasKe BechMa DIM3KUM HAYAJIh-
HBIM YCJTOBUSIM, B T€UEHUE BECHhMa, KOPOTKOTO BPEMEHWM HAYMHAIOT SKCIIOHEHITHATBHO OT-
JITYaTbCsT U He MMEIOT Hu4dero obmiero. B pesynbrare, u3 Takux peIrreHuil Mbl MAJIO 9TO
MOKEM Y3HATH O MAKPOCKONUNECKUT CBORCTBAX CHCTEMbBI U3 GOJIBINOro duciaa N 4acTuir,
KOTOpPBIE, COOCTBEHHO TOBOp#, HAC W mHTEpecyioT. PaKTUIecKu, MpodIeMbl, CBI3aHHBIE
€ HEYCTOHYUBOCTHIO TPACKTOPUIl BO3HHUKAIOT yKE B CJIyYae CUCTEM, COCTOMIIUX BCErO
U3 HECKOJBKUX JacTull. IMeHHO 3Tu 0OCTOATENhCTBA U BBIHYKIAIOT HAC MPUOETHYTh K
CTATUCTUIECKOMY aHAJIU3Y.

Urak, ypaBuenus npuzkenus (1.4) onpenengior asuxkenue Ga3oBoit Touku B GHrazo-
BOM IPOCTPAHCTBE, YTO U ONPEIENSIeT MEXaHUIeCKOe COCTOsHUe cucTeMbl. Tpaekropug
¢a30B0il TOUKHU B (pa30BOM LIPOCTPAHCTBE HA3bIBAETCHA (Pasoeoti mpaexmopueti. st KoH-
CEePBATUBHBIX CUCTEM SHEPTHS COXPAHSIETCS, TAK 9TO:

H(q,p) =E (1.5)

CrenoBarensio, (azoBass TPAEKTOPHSA JIOMKHA JI€KATH HA TOBEPXHOCTH MOCTOSHHON
sHepruu B (HaszsoBOM IPOCTPAHCTBE, oupejendemoii ycaosuem (1.5) — rak HasbiBaeMoit
apeoduneckoti noseprHocmA. 2

Korma MakpocKomueckas CHCTEMa HAXOAUTCS B (TEPMOIMHAMUYECKOM ) DABHOBECHUM,
€e MAKPOCKOIIMYECKNE XaPaKTEPUCTUKU OCTAIOTCs MOCTOAHHBIMU BO BpeMeHU (TeMiepa-
Typa, 00'beM, NABJIEHHE U T.I1.), OJIHAKO C MUKPOCKOIIUIECKOI TOUKY 3PEHMs €€ COCTOSHIE
BCE BpeMS MEHSIETCS W MbI HE 3HAeM, B KAKOM KOHKDPETHO MHKPOCOCTOSHUU CHUCTEMa Ha-
XOZIUTCSI B JIAHHBIA MOMEHT (T.€. IJie KOHKDETHO B JAHHBI MOMEHT HaXOMuTCsi bazopast

2BaskHyI0 POJb B OIPEJENeHAN CTPYKTYPHI (a30BOr0 IPOCTPAHCTBA HrpaeT Teopema Komu o equn-
CTBEHHOCTH PEIIeHUH CUCTEMBI OOBIKHOBEHHBIX N (dePeHIMaIbHBIX ypaBHeHHH. TPy JOBOIBHO MATKHX
YCJIOBUSIX Ha IIpaBble 4acTH ypaBHeHHil (1.4), CylleCTByeT eJUHCTBEHHOE B JI000H MOMEHT BPEeMEHH pe-
menre. 9Ta TEOPEMa aBTOMATHYECKH HCK/IIOYAET IePecedeHne JABYX PA3HuLE TPAEKTopuii B j11000ii pe-
IyasapHOH TO4YKe (pa30BOro MPOCTPAHCTBA (KPOME HENOJBHKHBIX TOYEK, COOTBETCTBYIOIIUX PABEHCTBY
HyJI0 npasbix gacreit (1.4)).
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TOYKA Ha SProAnIecKoil mopepxuocth ). CTaTucTudecKuil moaxo 3aKI09aeTCst B TOM, YTO
MBI MOKEM TIOMBITATHCSA OIMPEIETUTD 8EPOAMHOCTNG PEATUIAIME COBOKYITHOCTH BCEX BO3-
MOYKHBIX MHKPOCOCTOSIHUN CHCTEMbBI, OTBEYAIOMINX JaHHOMY ee Makpococrosuauto. Cire-
nys I'ubbcy, TPUHATO PACCMATPHUBATH HE NAHHYIO KOHKPETHYIO CHCTEMY, a COBOKYITHOCTD
6osbiioro (B upenesie N — 00 6eCKOHEUHOr0!) ducia ee KONuil, HAXOUMLIUXCA B MaK-
POCKOITMYECKH TOKJIECTBEHHBIX YCJIOBUSIX, MPEICTABISIONINX TaK HA3HIBAEMBIH aHcambab
T'ub6ca, ONUCHIBAIOINI MAKPOCKOMMIECKOE COCTOSTHAE CHCTEMBI. T0XK 1eCTBEHHOCTD BHEIII-
HUX YCJIOBUY B MaKPOCKOMHUYECKOM CMBICJIE O3HAYAET, 9TO BCE IKIEMILTAPHI aHCAMOJIs
XapaKTePU3YIOTCS ONUHAKOBBIMU 3HAYEHUAMY COOTBETCTBYIOIMIUX MAKPOCKOITMIECKUX Ta-
pamerpoB (C TOYHOCTBIO [0 HOCTATOYHO MAJIBLIX (DJIYKTyaluuil) U OJMHAKOBBIMU TUIIAMU
KOHTaKTOB C OKPYZKAIOIMIUME TeJaMu (pe3epByapaMy SHEPrUU UM YACTUII, TTOPIITHIMH,
CTEHKaMU U T.I.). B pe3ysibrare BOSHUKAIOT ONPE/Ie/IEHHBIE OrPDAHMYEHU Ha, KOOPIUHATHI
M MMITYJILCHI YaCTHIl, KOTOPHIE B OCTAJBHOM JIOCTATOYHO TTPOU3BOIBHEI.

Cratucruaecknii ancambub 3amaercs gynrxyuet pacnpedesenus p(p, q,t), nmeromeit
CMBICJT TUIOTHOCTH BEPOSITHOCTH PACHPENETIeHUsT CUCTEM B (a30BOM IPOCTPAHCTBE, TAK
9TO:

dw = p(p,q,t)dpdgq (1.6)

upezcrasiger coboil BepodTHOCTb HaliTu cucremy (u3 ancambuisg I'u66cal) B MomenT Bpe-
MeHu ¢ B 3meMenTe (Hpa3oBoro oobema dpdq B6m3u Touku (P, q) = (P1y s PN, A1 s AN )-
O yHKIMS PACTIPEIETEHUS TOIKHA YIOBIETBOPATH OUEBUIHOMY YCJIOBUIO HOPMUPOBKH:

/dpdqp(n q,t) =1, (1.7)

TIOCKOJIBKY CYMMa BEPOATHOCTEHM BCEX BO3MOXKHBIX COCTOAHUN JIOJKHA PABHATHCHA €IU-
uure. VIMeHHO Takas HOpMUPOBKA (DYHKITMU PACTIPEIEIEHUS UCIOIb3yeTcs B Kypce Jlan-
nmay u Judmmma. Oduenp 9acTo MOAB3YIOTCA IPYTAM BAPUAHTOM YCJIOBUS HOPMHUPOBKH.
QakTUYeCKH, MBI 3aPaHee MOHUMAEM, YTO KIACCHUIECKAA CTATHCTUKA €CTh TPEeIeTbHBII
citydali KBaHTOBON (KAK Mbl YBUAUM IIO3/HEE, YTOT [EPEXOJl IPOUCXOIUT IIPU JOCTATOY-
HO BBICOKHX TEMIIEPATYPAX, KO3 KBAHTOBLIMU 3bdeKTaMu MOXKHO Tpenebpedn). U3
KBAHTOBON MEXaHWKH H3BECTHO [7], UTO MOHSATHE KOODJIWHATHI M MMIIYJIbCA KJIACCHYE-
CKOMl MEXaHWKM MOXKHO BBECTH TOJBKO B PAMKAaX KBA3WKJIACCUIECKOTO TPUOIUKEHUS.
MuHnMAIbHBIN pa3Mep (a30BOH AIEHKN OjId OJAHOMEDPHOTO IBUXKEHUSA -if JaCTHUIHI B
KBa3UKJIACCHYECKOM IIpHO/mKenny pasen h = 2rh:3

Agi Api = h (1.8)

CrenoBarebHO, MUHUMAJIBHBIN pa3Mep d9eiiku B (a30BOM MPOCTPAHCTBE OTHON YaCTU-
upr pasen h® = (27h)%, a B dbasosom npocrpancrse N wacrun on pasen (27h)3N. Benu-
YUHA (27rh)3N ABJISIETCS €CTECTBEHHOM eanHuIleil g ¢pa3oBoro odbema. Iloaromy qacro
ObIBaeT ymoOHBIM BBECTH (DYHKIHIO PACTIpeNeeHrsi, HOPMUPOBAHHYIO HA €IUHUILY IPU
WHTErpupoBaHUM 1Mo Ge3pasMepHoMy (Ha30BOMY 00bEMY %

3KBa3HKnaccnquKoe ycaoBue KBaHTOBaHuS Bopa-3oMMepdenbaa B O4HOMEPHOM CJIyYae UMEET BUL:
§ pdg = (n + )h MuTerpaJi 37eCh NMpeCTaBIIsIeT MJIONAAb, OXBATHIBAEMYI0 3aMKHYTON KJIACCHYECKON
dazoBoit TpaeKTopneu. Pazgenus 3Ty miomaab HA KJIETOUKH IJIOMAABI0 27h, moIydnM n KiaeTok. Ho
T 34€Chb — YUCJIO KBAHTOBBIX COCTOHHHﬁ, C 3HepI‘I/I§IMI/I HE HpeBbIU_[&IOH_[I/IMI/I 3a/JaHHOT'O ee 3Ha‘{eHI/I${,
COOTBETCTBYIOIIEr0 PACCMATPUBAEMON TpaeKTOpuu. TakuM 06pa3oM, KaXKAO0MYy KBAHTOBOMY COCTOSHHUIO
COOTBETCTBYET KJEeTKa B (Da30BOM HpOCTEaHCTBe miomaabio 27h. Eciu BBECTH BOJIHOBOHW BEKTOD 4Ya-
ctunpl k = p/h, TO moMydIHM Aphg , ITO COOTBETCTBYET HU3BECTHOMY BBIPDAXKEHUIO IJIsSI TUCIIA

27h
coGCTBEHHBIX KOJIE0AHUH BOJIHOBOrO HOJISt [8]
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Kpowme Toro, npu paccmorpenuu cucrembl N OIMHAKOBBIX YACTHIL CJIEJIyeT yUeCTb,
YTO IePeCTAHOBKA TOXKJIECTBEHHBIX YaCTHIl B KBAHTOBOW MEXaHUKE HE MEHSIET COCTOSHUS
cucreMbl. [TOCKOIBKY YHCIO TEPECTAHOBOK it N TOXKJIECTBEHHBIX dacTwil paBHo NI
TO deMeHT (Pa3z0BOro 0GbeMa HyKHO YMEHBIATH B [V! pa3, Tak KaK HY>KHO YIMTHIBATH
TONBKO (DUBUIECKH PABIUIHBIE COCTOSHUS.

Takum obpasoM, PYHKIUIO pacCHpepaeaeHnsi YacTo yaobHee OMpPeae arTh ¢ MOMOIIbIO
COOTHOIIIEHUS:

dpdq

NI(2rh)3N” (19)

dw = p(p,q,t)

a YCIIOBHE HOPDMHPOBKH 3allMCbIBATH B BUJE!:

/de(p,q,t) =1, (1.10)

roe:
dpdq

ar = P4
NI(2rh)sN

(1.11)
— Gespasmepnniii 3neMent dazoBoro obbema. Nurerpuposanue B (1.10) coorsercrByeT
CYMMHUPOBAHMIIO [0 BCEM PA3IMYHBIM KBAHTOBBIM COCTOSHHSIM CHCTEMbI. *

Ecnn dyuknus pacupenenenus p(p, q,t) u3BecTHA, TO Mbl MOXKEM, B IPUHIIUIE, Bbl-
YUCJUTH BEPOATHOCTH W CPEIHKME 3HAUEHHU JIIOObIX (DU3MYECKHUX BEJIMYMH, 3aBUCIIINX OT
KOOPAMHAT M UMIIYJILCOB YaCTHII, COCTABISIOIINX PacCMarpuBaeMyto cucremy. Cpeatee
3HadYeHne Takoi pusmaeckoi Besmauubl f(p, q) OUpeenseTcs Kak:

<f>= / dTp(p, 4,1 (. q) (1.12)

— asoeoe cpentee. YCpeTHEHNE ¢ TOMOIIBIO (DYHKIIUU PACIPEIETICHIA 0CBODOXK IaeT HAC
oT HeO6XO,Z[I/IMOCTI/I CJIIEIUTDb 3a U3MEHCHUEM HUCTHUHHOI'O 3HaAYCHUA CbI/ISH“IGCKOﬁ BEJINYUHBI
f(p,q) co BpemeneM ¢ IOCIEAYIOIIUM OIPEICTICHAECM €€ CPeIHEro 3HAYCHHA MO BPEMe-
nn. Ilocnennee o3navaso Obl, YTO CIIEO 3a U3MEHCHHEM Halllell BEJIMYUHLI CO BPEMEHEM
(IpOBOIS €€ U3MEPEHHUs B PA3HbIE MOMEHThI BPEMEHH ), Mbl JOJIXKHbBI 6bLIH OBl IOCTPOUTH
dyukuuio f = f(t), nocie yero ucKoMoe cpejiHee OIPEIEIsIOCh Obl KaK:

~ 1 T
f= lim —/ dtf(t) (1.13)
T—oo T 0

— epemennoe cpemmee. Boobie roBopsi, TOKA3aTeIbCTBO SKBUBAJEHTHOCTH (PA30BOTO H
BPEMEHHOI'O YCPEIHEHUsI IIPEJICTaBIsieT coB0i BeChMa CIMKHYIO (M HE PEIEHHYIO 10 KOH-
1a) npobiemMy, COCTABIAIOILYIO COIEPXKAHUE TAK HA3BIBAEMON 3p2oduveckoli Teopuu, siB-
JIMIOLIEHCH OHUM U3 Pa3/esIoB coBpeMeHHON mamemamury [10, 11]. B nocueanune necs-
TUJIETUS 3/1€Ch TOCTUTHYTHI OOJBINTNAE YCIEXHW, HO COOTBETCTBYOMINN MATEPUAJ BBIXOIUT
JAJIEKO 3a PaMKHU HAIero Kypca. TeM He MeHee, HUXKe MBI eIlle BepHeMCa K AeMeHmap-
HOMY ODCYKIEHUIO STUX BOIIPOCOB.

Qusmyecknii CMBICT TOaX0Aa ['nb6ca MOKHO KAYECTBEHHO TOSICHUTD CJIELYIOMUM 00~
pasom. Bpraesum w3 Hameil 3aMKHYTOW CHCTEMBI HEKOTOPYIO MOACHCTEMY, MAJYIO IO

4OrMernM 3aMevaTenbHBIH GaKT, uTO0 MHOKHTENb N! B 3HaMeHaTesne (Ha30BOr0 06bEMA, 33J0JIT0 10
[OsIBJIEHUsI KBAHTOBOM MeXaHUKH, BBOAUJI eme ['uboc, 4robbl n3bexarb TEPMOAMHAMUYECKOTO APAJL0K-
Ca, HOCSIIEro €ro MMsi — BO3PACTAHHUs SHTPONHH MPH CMEIIEHUH 00UHAKO6LT Ta30B IPH OJSMHAKOBOMN
TEeMIEPAType U OAMHAKOBOM AaBieHuu [9].
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CpPaBHEHUIO CO BCeil cucTeMoii, HO Bce ele Makpockonudeckylo. [loncucrema npencras-
JisierT coboil OnsITh MEXaHMYeCKYl0 CHCTeMY, HO yiKe HE3aMKHYTYIO, a HCIbITHIBAIONLYIO
BCEBO3MOKHBIE BO3/IEHCTBUS CO CTOPOHBI OCTAMBHBIX dacTel 6ombinoit cucreMbl. I1oaTo-
My COCTOSIHHE PACCMATPUBAEMO MOJACUCTEMBI Oy/IeT MEHATHCH CO BPEMEHEM BEChbMa 3a-
IyTaHHBIM 00pa3oM. B cuity 3T0# CI0XKHOCTH M 3aIyTAHHOCTH, 338 JOCTATOYHO OOJIBIIOH
MTPOMEKYTOK BPEMEHH BBIIEJIeHHAS TIOJICHCTEMA TTOOBIBAET TOCTATOYMHO MHOTO Pa3 BO BCEX
CBOWX BO3MOXKHBIX cocrosuusax. Tounee, oboznaunm ApAqg HEKOTOPBIH MaJbIi yIaCTOK
obbema $Haz30BOro MpocTpaHcTBa mnojcucTeMbl. MOXKHO rojiaraTh, YTO B T€UYeHUE J10CTa-
TOYHO [IJIATEJIbHOTO BpeMeHn 1’ Ype3BhIYaiiHO 3amyTaHHas (a30Basg TPAEKTOPUS MOACH-
CTEMbI MHOTO Pa3 MPOHAET Yepe3 BCAKHUI TaKO# yIacTOK (hpa30BOro mpocTpancTsa. IlycTs
At eCTh Ta YACTh MOMHOTO BpeMeHu 1, B TeUeHHe KOTOPOTO MOJCUCTEMA HAXOIMIACH B
nmannoMm obbeme azosoro mpocrpancrea ApAgq. Ilpu weorpanwdeHHoM yBeandenun T
orromenve At/T GyJeT CTPEMUTHCA K HEKOTOPOMY TPEIETY:

Aw = lim at (1.14)
T—oo T

KOTODbI#l ¥ MOXKHO PACCMATPUBATH KAK BEPOSTHOCTDH TOIO, YTO NPU HAOGJIIONEHUU LO/ACH-
CTEMBI B HEKOTODBIH TIPOM3BOJILHBI MOMEHT BPEMEHH MBI OOHADYKUM ee HAXOASIIeHcs B
JIAHHOM yuacTke (azoBoro nmpocrpancrea. Ilepexonsi K npeeny GeCKOHETHO MaJIOro 3J1e-
MeHTa 06beMa Ga30BOro MPOCTPAHCTBA MBI BBOIUM (QYHKINIO pacnpesenenns p(p, ¢, t) u
B cuity camoro onpegenenus (1.14) crarucruueckoe (dbazosoe) yepenuenue (1.12) npes-
CTaBJIETCH BIOJHE 9KBUBAJIEHTHBIM ycpeaHenuto no spemenu (1.13). @usukam, 06br4HO,
JIOCTATOYHO TAKWX TPOCTHIX coobpaxkennit. B wacrunocrn, Jlanaay cawmran [1], uto 3Ha-
YeHVe 3ProJIecKoil pobeMbl BOODINe TMpeyBenInBaercss MaTeMaTukaMn. Hecmorpst
HA TIPOJIOIIAKAOIINECH JUCKYCCHU Ha 3Ty TeMy, € IPArMaTHYecKON TOYKH 3PeHUsl TIOX0/T
T'u66ca He BBHI3HIBAET HUKAKUX COMHEHUIi, TAK KAK BCE OCHOBHBIE BBIBOJBI, IIOJIyYEHHBIE
B PAMKAaX CTATUCTUYECKON MEXAHUKU IIOJIy4alOT HOJHOE IKCNEPUMEHMANbHOE TIOITBED-
JKJAEHHE.

B 3akJr0ueHne OTMETHM €Ile OTHO KAYeCTBEHHOE 00CTOATEIbCTRO, NMEOIIee BOTIbITIoe
3HAYEHNE [|JIsl TOHUMAHNsI OCHOB CTATHCTHIECKOH MexaHnKu. CTaTucTuieckoe pacripe/ie-
JIeHVe JIAHHOM MOJICHCTEMbI, KaK IIPABHUIIO, He 3aBUCHT OT HAYAJBHOIO COCTOSHUS KAKOMH-
aub0 APYTOi MaJIoi JacTh TOH »Ke CHCTEMBbI, TaK KaK BINAHUE YTOr0 HAYAJILHOTO COCTO-
sIHUs B T€YEHHUE JOCTATOYHO GOJIBIIOrO IPOMEXKYTKA BPEMEHH COBEPIIEHHO BbITECHSETCH
BIIVSTHUEM MHOMKECTBA APYTrUX vacTeil cucreMbl. OHO HE 3aBUCHT TakiKe OT HAYAILHOTO
COCTOSTHUSI CaMOM BBIIETEHHOW HAMH MOJCHCTEMBI, [IOCKOJIBKY OHA ¢ T€YEHWEM BPEMEHH
HPOXOIUT 9Yepe3 Bee BO3MOXKHBIE COCTOSTHUS M KaK/0e M3 HUX MOXKET ObITh BHIOPAHO B
KadyecTBe HaYaJabHOro (noreps “namsru’).

1.3 Crarucrnyeckasdg HE3aBUCUMOCTb.

PaCCMOTpI/IM HEKOTOPbIC TTPOCTHhIC PE3YyJIbTaThl MaTeMaTUYIeCcKOon CTaTUCTUKU, KOTOPbIE
OPpUrogdaTcd B rEL&JIBHGIL/'H_HGM. BO MHOTUX CJayvadX, 3aMKHYTasd MaKPOCKOIINYIeCKad CUCTe-
Ma MOXKeT OBITH “pazdmTa’ Ha PsiI MOACHCTEM, KOTOPBIE ITOCTATOTHO CJAA00 B3aMMOIEH-
CTBYIOT JAPYT C APYrOM, W B T€UEHNE JOCTATOYHO OONBIINX MPOMEXKYTKOB BPEMEHH Be-
AyT Ce6§{ HpI/I6J'H/I31/ITeIH)HO KaK 3aMKHYTbI€ CUCTEMBI, T.€. ABJAIOTCA KBA3U3aMKHYTbIMHA.
CTaTI/ICTI/I‘{eCKaﬂ HE3aBUCUMOCTH TaKHUX IIOJACUCTEM O3HAYaET, YTO COCTOAHUE, B KOTOPOM
HaXOOUTCA OOHa U3 IIOACHCTEM, HUKaK He BJINAET Ha BEPOATHOCTH PA3JIMIHBIX COCTOSTHUIT
JAPYTUX IOJICUCTEM.
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Pacemorpnu ase Takwe noncucreMsr, n myets dpdg™ u dp® dg? — snements o6be-
Ma ux (HazoBbIX MpOocTpaHcTB. Ecim paccMarpuBaTh COBOKYITHOCTH 00EUX TIOICUCTEM KaK
OJIHY COCTABHYIO CHCTEMY, TO C MATEMATHIECKON TOUKHU 3PEHUST CTATUCTUIECKAS HE3aBHU-
CHMOCTD TTOJICHCTEM O3HAYAET, 9TO BEPOSITHOCTD TOrO, YTO COCTABHAS CHCTEMa HAXOIUTCA
B ssemente ee dazosoro oovema dpt?dg(t?) = dpM dgM dp@ d¢ pasbusaerca na npo-
U3BeJleHIE BEPOSATHOCTEMN:

plgdp(m)dq(u) — pldp(l)dq(l)pgdp@)dq@), (1.15)

TaK 9TO
P12 = p1p2; (1.16)

rae p12 — OYHKINS PACTPEIEIEHUsT COCTABHON CUCTEMBI, & p1 U Py — DYHKIUUA PACIIPe-
JeJeHus OTAENbHBIX TTOJICUCTEM.

Mo:KHO yTBEPXKAATH U 0OPATHOE — Pakmopu3ayus QYHKIINN PACTPEIEIEHNS O3HAYA-
€T, 9YTO CUCTeMa COCTOUT M3 CTATHCTUYECKN HE3ABUCUMBIX mojacucteM. Kemu fi u fo — 1Be
dusnueckue BeJUUUHBI, OTHOCIIIUECS K JABYM Pa3JIMYHBbIM nojcucremam, 1o u3 (1.15) u
(1.12) cpa3sy ke cieyer, 9TO CpejiHee 3HAYEHUE Ipou3BeieHus f1 fo PABHO IIPOU3BEIEHUIO
CPeIHUX:

< fifo>=< fi>< fo>. (1.17)

Paccmorpum Kakyto-im60 pusndeckyo BejuduHy f, OTHOCALLYIOCH K MAKPOCKOIIMYIECKO-
My Teny unu ero yactu. C TedenueMm BpeMeHU OHA MeHsETCs ((DJIYKTYyHpyer) BOKPYT
cBoero cpejuero 3uadenus < f >. B xauecTse Mepbl (hJIyKTYyaIuii HEIb3s B3ITh TPOCTO
Af = f— < f >, m0CKOIBKY 13-32 BO3MOKHOCTH (DJIYKTyaruii 000UX 3HAKOB BCETIA HMe-
em < Af >= 0. B KauecTBe Takoit Mepbl OOLIMHO paccMaTpuBaioT BemmanHy < (Af)? >,
IIpu srom umeem < (Af)? >> 0, npuueMm 3TO cpejHee CTPEMUTCHA K HYJIO TOIbKO IIPH
f =< f >, 1e. xorna orkmonenus f or < f > 007a7a10T MaJoOil BepOSTHOCTHIO. Besn-
JUHA!

V<A >=y<(f-<[f>)?> (1.18)

Ha3bIBAETCA cpednexsadpamuunot dpaykryarmei seanannbl f. JIerko Bugerh, 9ro:

<(Af)P>=<fP-2f<f>+<f>>> (1.19)
=<fP>2<fo<fo+< =< P — < f>2

TaK YTO CPeJHEKBaApaTHYHAs (QPJIYKTyalus OLPEIEIdeTcs PA3HOCTHI0 MEXK/Y CPEIHUM

KB/ IPATOM BEJIMYUHEI I KBAIPATOM €€ CpeAHero 3uavenus. IIpu sTom ornomenne /< (Af)2 >/ <
f > HaswBaeTcs omuocumensvnoti paykryanueit senuannbl f. Herpyano yoeaurbes, 94To
OTHOCUTEIhHBIE (DIYKTyaIruu OOJIBITHHCTBA, (DUBNIECKUX BEJIMYUH OBICTPO yMEHBITTAI0TCS

¢ pocToM pasMepos (ducsa yacTuil) resa. B camom mese, GOIBIIMHCTBO DU3NIECKUX Be-

JINYUH SIBJIAIOTCS &JIUTUBHBIMH, YTO ABJISETCHA CIEACTBHEM KBA3U3aMKHYTOCTH OTIAE/Ib-

HbIX 4aCTel Tesa: 3Ha4YeHUe TAKON BEJIUYUHDI JIJ1d BCErO TeJla ABAAeTCd CyMMOU 3HAYCHU R

9TOIl BEIMYMHBL I OTAEAbHBIX ero dacteil. [lycts f ecTh Takas anauTUBHAS BEJTUINHA.
Pazobbem Te/10 Ha 60sbmoe 4nciao N IPUMEPHO OJIMHAKOBBIX 4acTeil (4acTo 9TO MOKET

ObITH IPOCTO YUCJIO YACTHIL, U3 KOTOPHIX COCTOMT cucrema). Torma:

N
F=> 1t (1.20)
=1
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rae fz OTHOCHUTCA K OTAOCJIbHBIM YaCTAM. O‘IGBI/I,ELHO, YTO OJid CpEeOHEro 3Ha4YeHusd mMeeM:

N
<f>=) <fi>. (1.21)

i=1

C pocrom N Bemmumna < f > pacrer mpuMmepHo nponoprmoHanbuo N: < f >~ N.
TToacuuraem cpenHekBaApaTUIHyO QUIYKTYyauio f:

<(AfP>=<(_AL)?>. (1.22)

B cuiry CTATUCTUYIECKON HE3aBUCUMOCTU PaA3JINYIHBIX JacTel Tema:
< AfiAfr >=< Af; >< Af, >=0 (i #k) (1.23)

MOCKONMLKY Kaxkjaoe < Af; >= 0. Torzna:

<(Af)?>=> < (Af)? > (1.24)

i=1

Orciona gcuo, uro ¢ pocrom N umeem takxke u < (Af)? >~ N. Toraa, orHocurenbHas

daykTyarms:
V<@Af)P> VN 1 (1.25)

<f> N VN’

Bumauwm, aro orHocuTEbHAS DIIyKTyaIus 000 aqIuTUBHON BeTMYUHBI yOBIBaeT 00par-
HO [IPOIIOPIMOHAIBHO KBAJIPATHOMY KOPHIO U3 YHCJIA YacTeil (4acTull) MaKPOCKOIIMYECKO-
o Tea, a MOTOMY MPH J0CTATOYHO GombmoM 3Hadennn N (mampumep N ~ 1022) cama
BeJuUInHA [ MOXKET CUMTATHCH NMPAKTHYECKH [MOCTOSHHON BO BPEMEHHM W PABHON CBOEMY
cpenneMy 3Hauenno. Eciu N He cimmikoMm Besuko, Hanpumep N ~ 10°, 1o oraOCHTE B
Hble (QIYKTYAIWu y7Ke He TaK MAJbl W BIOJHE HAOIAaeMbl. Takue CUCTeMBbI IPUHATO
HA3bIBATH ME30CKOIIMIECKUMU.

1.4 Teopema JIuyBuiis.

BosmoxkHOCTD BBeeHNsT (DYHKINN PACTPENE/IEHNsT KaK IIOTHOCTH BEPOSATHOCTH OCHOBA-
HA HA TeopeMe JInyBUIIIST — 9MCTO MEXAHWIECKON TeopeMe, He COMepKAIeil KakKux-1u00
CTATUCTUIECKUX CcOODparkenwnii. COrJIaCHO 3TON TeopeMe JJisi CHCTEeM, MOTIWHSIOIIAXCS
ypaBHeHUAM ['aMuUIbTOHA:

qu OH dpk O0H

e — —_— = (1.26)

dt Opg dt Oqx,
¢da30BbIit 06HEM CHCTEMBI OCTAETCS MOCTOAHHBIM B IIPOIECCE ABUKEHHA. 10 eCTh, eClii B
Haua/IbHbIH MoMenT Bpemenu daszosbie Toukn (p°, ¢°), cocrapagronme ancambib Inbbea,
HETMPEPBIBHO 3AMOJIHSIIH HEKOTOPYIO 00/1acTh HAYa bHBIX 3HadeHnii Gg B (a30BOM MPO-
CTPAHCTBE, & B MOMEHT t OHHU 3amnojHsorT objactb Gy, TO cooTBercrByoNme (ha3oBbie
0ObeMbl PABHBI MEXK Ty CODOI:

dpodqoz/ dpdq (1.27)
Go Gy
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As

A

Puc. 1.1: N3menenne navambuaoro oobema Go B Ga3oBOM IPOCTPAHCTBE, 0OYCIIOBICHHOE
)

JBUZKEHMEM BXOIAIIUX B 9TOT 00beM U300parkalolux Tovek aHcambiisi, B COOTBETCTBUH

¢ Teopemoi#t JImysuims.

WK, 1710 OECKOHETHO MAJBbIX 3JIEMEHTOB (ha30BOro obbeMa:
dp®dq® = dpdq (1.28)

Hpyrumn cioBamu, deusicenue Pazosunir mouek, u3obpasicaouusr cucmemvs 6 $ha3oeom
npocmparcmee, nodoGHO JBUNCEHUIO HECHCUMAEMOT HCUIKOCTMU, KAK ITO TIOKA3AHO HA
Puc.1.1 — “kamnsa”, obpazoBantas (pa30BLIMU TOYKAMU, MPEJACTABISIONINMN CHCTEMbBI U3
ancaM0GJIsT MOXKeT KaK yromgHo nedOopMHPOBATHLCA B IPOIECCE JBUKEHUs, HO ee o0beM
COXPAHSIETCS.

Yro6bl H0Ka3aTh TEOpeMy JInyBULIs, TpeobpasyeM uHTerpaJ B npasoil acru (1.27)
¢ TOMOIIBIO 3aMenbl Tepemennbix naTerpuposanns p°, ¢° wa p,q. Torma, cormacHo ms-
BECTHBLIM I[IPABUJIAM [PEOOPA30BaHNsl KPATHBIX WHTEIDAJIOB:

a(PaQ) 070
dpd :/ — = dp’dq", 1.29
/Gt P e, 960 —

q)

A(p, o
e % — COOTBETCTBYIONMNI siKOOMaH npeobpa3zoBanng. HamoMamM, 9TO SKOOHAHOM

HA3BIBAIOT JETEPMUHAHT BUAA (OrPAHMYIMMCS IBYMEPHBIM CJlydaeM, 0000EHHe HA MHO-
POMEPHBII OUEBHIHO):

du  Ou
5(u,v)_ o Siy (1 30)
Azy) |2 | ~
T,y dr Oy

On obsagaer cieayomuMy O9eBUIHBIMU CBOMCTBAMMU:

- (1.31)

wYy) _ov (1.32)
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Nmeror MecTo Takke CJenyromue COOTHOIMICHUA:

0(u,v) _ O(u,v) I(t, s)
Ow,y) Ot s) (z,y)
d d(u,v)  O(%,v)  O(u, %)

&owy) ~ Oy | 0my) (1.34)

(1.33)

IMokaxewm, uro sikobuan B (1.29) B cuiy ypasuenuii ['amusibrona pasen exunuiie:

d(p,
a9 _ (1.35)
a(p°,¢°)
JIF 9TOTO JOKaXKEM, YTO TTOJTHAA TIPOU3BOJIHAA 3TOTO AKOOMAHA IO BPEMEHU PaBHA HYJIHO:
pil ; p o p p y.
d 0
g _ (1.36)
dta(p°,q%)

Orciona bymer caefnoBarh, 9YTO IKOOHAH PAaBEH MOCTOAHHON, & UMEHHO eIWHUIE, T.K. OH
ObLT PABEH €IWHUIIE B HAYAJIBHBIN MOMEHT BpeMenu. [l KPATKOCTH MPOBEIAEM JI0KA3a-
TEJILCTBO JJIsT CJIydasi IBYMEPHOTO (hba30BOro MPOCTPAHCTBA, KOTIA UMEETCS TOJTBKO OTHA
KoOpAuHaTa ¢ u oxuH uMiysbe p. Cornacuo ceoiicrBy (1.34) MoxkeM HamucaTh:

d dp,q)  9(p,q) n a(p,q)

0P, o) ~ Oposdo)  Opodo) (137
Hanee, cornacHo (1.32) u (1.33) umeem:
9p,q) _ 9p,9) Ip.g) _ 94 9(p,q) (1.38)
d(po.q0)  O(p,q) Apo,90) g I(po, o) '
9p,q) _ 9p.a) p.a) _ 9p O(p.q) (1.39)
A(po,q0)  9(p,q) d(po,q0)  p A(po,qo) '
d 9(p,q) dp | 9q, 9(p,q) (1.40)

ia(poa%) 5'10 311)3(2907610)

Bunpo, uro cymMmma B cKOOKax B IIpABOM YaCTH PABHA HYJIIO B CUJIY YPABHEHUH JIBUAKEHUS:

OH OH
j=— p = ——— 1.41
q ap D 9q (1.41)
TaK, 4TO
a4 0’H 6‘p
—= = 1.42
dq  dqdp  Op (142)
I/I, COOTBETCTBEHHO
op 94
— 4+ 3= 1.4
( ap t3 q) 0 (1.43)

9TO W JIOKA3BIBAET CIEJIAHHBIE BBINIE YTBEPKICHUS.

Teopema, JIMyBuIAS — YNCTO MEXAHHUIECKAS TEOPEMA W CTATUCTUYECKasi (DyHKITUS
pacmpeenenus moka ere Hurie He dpurypuponana. OnHako, hakTUYECKH, C OMOIILIO
GbYHKIMK pacIpesesieHns MOXKHO JaTh APYIyIo (GOPMYJIHPOBKY TeopeMmbl JInyBuiiis.
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IIpu npmxkenun B a30BOM MPOCTPAHCTBE “Karin’, mpeacras/siomneit ancam6bab ['ubo-

a (Puc.1.1), uncao dha3osbix ToUeK B Hell (UmCiI0 cucTeM B aHcaMOJe), eCTeCTBEHHO, He
n3MeHseTcsa — Bce (a30Bble TOUKH, HAXOAAIINECS B MOMEHT t B dyeMeHTe obbema dpdq,
nepeiiayr B MomeHT t' B asmeMent dp’dq’. COOTBETCTBEHHO, MOKEM HAITUCATD:

p(p, g, t)dpdq = p(p’, ¢, t")dp'dq’, (1.44)

a MOCKOJbKY B cusie Teopembl Jluysuisa umeeM dpdq = dp’dq’, To momyqaem:

p(pq.t) = p(p',q',t) (1.45)

TaK, 9TO (DYHKIUS PACIPEIETIEHUsT p NOCMoAHHa 8004b (Ha3066ix mpaexmoputi — 3TO
¥ eCTb aJIbTePHATUBHBIN BapuanT HOPMYIUPOBKU TeopeMbl JIMyBHILIIst, UCIIOIB3YIONH
noHsiTre QYHKIMH PACIPEIEICHIA, HO MO MPEKHEMY SIBISIONIANACT TACTO MEXaAHUIECKIM
YTBEPKIEHUEM.

Ucnionp3yss mOka3aHHbBIE TOJIO2KEHUs, MOXKHO BBIBECTH YypasneHnue JInysuiuida, dak-
TUYECKW SIBJISIONIEECS yPaBHEHUEM IBUKeHus Mt DYHKIKM pacripeenenus. [lonaras
MOMEHT BpeMeHH t Geckoneano 6mamskum K ¢ = ¢ + dt u3 (1.45) nmeem:

p(p,q,t) = p(p + pdt,q + qdt, t + dt) (1.46)

IIpenmonarast mudpdepenimpyemMocts p, moaydaem auddepeniraabrHoe ypaBHEHNE:

dp Op . ap
= +Z k+8q x) =0 (1.47)

9TO C yYeTOM ypaBHEHU# ['aMuIbTOHA CBOAUTCH K:

dp OH 0p O0H 0Op
op _ _9H 9p 1.48
Z Oqr Opr.  Opi 5qk) (1.48)

Cymma B upasoii uyactu (1.48) npeacrasiusier coboii ckobky Ilyaccona nns H u p:

gEp Lo (1.49)

TaK, 9TO ypaBHeHue JInyBuIIs MOXKHO 3alMCATh B BHUJE:
Ip
5 = ok (1.50)

DTO ypaBHEHUE SBJISETCS OCHOBHBIM YpasHeHuem deusicenus g GYHKINNA pacmipeese-
HUSI, OCTAOIUMCS CITPABEJIMBBIM KAaK B PABHOBECHOM, TaK U B HEPABHOBECHOM CJIydasX.
B mpunImune, oHO 1aeT BO3MOXKHOCTE BBIYUCIUTE P B JIIODOH MOMEHT BpeMeHH t, eC/iu OHA,
M3BECTHA B MOMEHT BpeMeHu ¢ = tg, OHO Ke, KAK Mbl YBHJIUM BIOCJIEICTBUU, TO3BOJISET
HaWTH PEAKIUIO CTATHCTUYECKUX CHCTEM HA GHEUHEE B03MYULEHUE.

Herpyauo ybenurbes, 9ro ypasHenue JInyBuiis uMeeT BHJI, YPABHEHUS HENPEPBIBHO-
CTH JIJIsT IBUYKEHUST (PA3OBBIX TOUYEK B (pa30BOM MPOCTpaHCTBE. B camoMm mene, paccMoT-
puM JaBuKeHne To9eK B 6/N-MepHOM (ha30BOM TPOCTPAHCTBE KaK ABUKEHHUE “KUIKOCTH C
I0THOCTBIO p. CKOPOCTDb TeUeHUsE NPEACTABUTCA BEKTOPOM (P1, P2, -, PN; 41, 42, -y AN)
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B 3TOM mnpocTpancrBe. CiemoBaTeibHO, COOTBETCTBYIOINEE YPABHEHUE HENPEPBIBHOCTU
MMeeT BHI:

o+ Sl 090+ g ()] =0 (1.51)

I7Ie BBIPAXKEHHE B CKOOKAX IIPEICTABILET CODOI MUBEPTEHITUIO BEKTOPA, ITOTOKA. PACKPBI-
Basl MIPOU3BOIHBIE, 3AIUINEM TO C/TATAEMOE B BUIE:

p Op Opr  Ody
> + +p Y [Fk 4 I 1.52
4 [Pr5— oo Qe n— o J+p d [ O 8%] (1.52)

B cuny ypasHenuii nprkenns [aMHIBTOHA BTOPOE CIATAEMOE B 3TOM BBIPAXKEHUH TOK-
JIECTBEHHO PABHO HyJI0, Tak 4uro (1.51) cBomurca K:

S i 0

aro coBragaer ¢ (1.47). Orciona, B 9aCTHOCTH, CAELYET, 9T0 ABUKeHNE ‘“Kuakoctu” da-
30BBIX TOYEK Hecorcumaemo. s ciaydas cucreM, HAXOMAIUXCA B CTATUCTHIECKOM (Tep-
MOJMHAMHUYECKOM) paBHOBecHu, p 1 H He 3aBucaAT A6no oT Bpemenu®, Tak uto (1.50)
IPEBPAIIALTCA B:

{H,p} =0 (1.54)

a QyHKIUS pACHOpeeNieHnsi p TPeACTaBseT co0oi uHmezpan deusicenus. Kak Mbl yBU-
MM HHUZKE, 3TO 00CTOATEBCTBO PAINKAIBHO YIPOLIAET PACCMOTPEHNE PABHOBECHBIX CTa-
TUCTHYECKUX aHcaMmOJIeil.

1.5 PoJap sHeprun, MUKpoKaHOHUYECKOe pacHpeee-
HUE.

Wrak, Mbl yOemuanch, 9T0 JIJisi TEPMOJIMHAMUAYECKT PABHOBECHOI cHCTEeMbI (DYHKIIASA PAC-
npenenerus B (a30BOM IPOCTPAHCTBE SBJSETCA WHTErPAJIOM JIBUIKEHHA, T.€. BBHIPAXKA-
ercd 4epe3 Takue KOMOWHAIMHN [EPEMEHHBIX P U ¢, KOTOPbIE DU JBUKEHUU 3aMKHYTOMH
CHCTEeMBI OCTAIOTCSA TTOCTOSHHBIMU. UMCAO HE3ABUCUMBIX WHTETDAJIOB JBUMKEHUS IS 3a-
MKHYTON MEXaHHYECKOI CHCTEMBI ¢ § CTeNeHsIMI ¢BOGOIB paBHO 25 — 1 [8]. Jlyst cucreMsr,
cocrostmeii u3 N 9acTull, COBEPIAIONIUX IBUKEHNE B TPEXMEPHOM IPOCTPAHCTBE S = 6V
(4MCII0 BCEX KOMIIOHEHT KOODJIMHAT M MMILYJIbCOB YACTHUIL), TAK YTO YUCIO MHTErPAJIOB
JBHKEHHsT OrpOMHO. OKa3BIBAETCS, OJTHAKO, YTO MOXKHO PATUKAIBHO CYy3UTh YHCIO WH-
TEerpaJjioB ABUMKEHUSI, OT KOTOPBIX MOYKET 3aBUCETh (DYHKITHS pacrpeaeaenus. st sroro
MOKHO BOCIIOJIB30BAThCS crmamucmuseckumy (a He MexaHudeckuMu!) coobpazkeHusIMu.
Bermre Mbr Bumenn, uTo GyHKINUS PACIPEIENIEHUsT P12 [IJIsi COBOKYITHOCTHU JBYX HE3ABUCH-
MbIX (HEB3aMMOJEHCTBYIONINX) HOACUCTEM DABHA POM3BEAEHUIO (DYHKIMH pacipesese-
HUSA P1 U P2 ITUX MOJCUCTEM B OTHAEJIBHOCTH: p1o = p1p2. llosTomy:

Inpiz =Inp; +1nps (1.55)

5B srom ciryvae HeT siBHOI 3aBUCHMOCTH OT BDEMEHH U y COOTBETCTBYIOMINX CPeJHUT SHATEHMH JTI00bIX
bU3NIECKUX BEJINYNH, PACCMATPUBAEMbIX KaK (DYHKIIUYA KOODJUHAT U UMITYJIbCOB YaCTHI], COCTABJISIONTUAX
CHCTEMY, YTO #ABJIHAETCHA OYEBUJHBIM CBOMCTBOM PABHOBECHOI'O COCTOAHMUS.
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T.¢. JorapudM (QYHKIHN PACTPENETICHUS ABIACTCA aIAUTHBHON Bemmuunoii. CooTrer-
CTBEHHO, JsorapudM (DYHKIMA PACIPEIETCHAsT PABHOBECHO! CHCTEMBI JONMKEH ObITH HEe
[IPOCTO MHTETPAJIOM JBUKEHH, HO ad0umueHvi;m MHTETPATIOM JBHKCHHS.

B mexanuke mokasbiBaercs [8], 4TO U3 BCErO MHOMXKECTBA MHTErPAJIOB JIBUKEHUSA 38~
MKHYTOH CHCTEMbBI TOJIBKO HECKOJIBKO O0/Ia/1aeT CBOWCTBOM AJIUTUBHOCTH. JTO HHTE-
IPAJIBI IBUIKCHNS, CBA3AHHDBIC ¢ OCHOBHBIMHM CBONCTBAMY TTPOCTPAHCTBA W BPEMEHH — €ro
OIHOPOTHOCTDBIO U H30TPONHOCTHIO: SHEPTHS, HMIYILC I MOMEHT UMITyabca’. O6osmaumm
9TV BEJMYMHBI [T a-# mogcucremsbr uepes E,(p, q), P (p,q) mw M, (p, ¢). Equncreennas
AJINTUBHASA KOMOMHAIAA 3TUX BEJIMYUH €CTh JUHEHHAA KOMONHAIINA BUIA:

Inp, = aa + BE4(p,q) + P, (P, q) + IMa(p, q) (1.56)

€ MOCTOAHHBIMHU KO3(DPUIMEHTAMU (g, [, 7, 0, mpudeM 3, 7y, § IOJKHBI ObITh OZMHAKO-
BBIMU JIJTsT BCEX TIOJCUCTEM JTAHHOMW 3aMKHYTON CHCTEMBI, T.K. TOJTBKO B 3TOM CJIYYae BbI-
noJHsgercd cBoiictso aamurusaocTu (1.55). Kosddunment «, npu 9T70M sBIIETCs IPOCTO
HOPMHPOBOYHOI! OCTOSTHHOM, onpenensemoit u3 ycaosus [ dl,p, = 1. Ilocrosuse S, 7,
0 MOTYT OBITH AHAJIOTHYIHO OIPEEJIEHBI 0 COOTBETCTBYIONIUM TIOCTOSTHHBIM 3HAYEHUSIM
aJINTUBHBIX MHTEIPAJIOB JIBUKEHUs BCEll cucreMbl (ILyTeM BbIYUCJIEHUS COOTBETCTBYIO-
mux cpennux ¢ Gynkuueil pacnpegenenus (1.56)).

Taxum 06pa3oM, MBI TPUXOANM K BAYKHEUIIIEMY BBIBOMY: 3HAYEHUS AIIUTUBHBIX WH-
TErpaJjoB ABUYKEHWS — YHEPTUM, UMIIYIbCA ¥ MOMEHTa, UMITYJIbCA — NONHOCTIGI0 OIpee-
JIFIOT CTATUCTUYECKUE CBOWCTBA 3aMKHYTOM CHCTEMbI M CTATHCTUYECKHE PACTPEIeTeHU
JOOBIX ee MOICUCTEM, & ¢ HUMHU W CPEeJHAE 3HAYeHUd JIIOObIX UX (DU3HICCKUX BETUIHH
B COCTOSTHUU TEPMOIMHAMUYECKOTO (CTATUCTHYECKOTO) PABHOBECUA. DTH CeMb (0 YUCITY
KOMIIOHEHT) aJIMTUBHBIX UHTEIPAJIOB JIBUKEHNs 3aMEHSIOT co00i HEeBOOOpa3uMoe MHO-
2KECTBO MEPEMEHHBIX, OT KOTOPBIX MOXKET 3aBUCETh (DYHKIMS PACIpEeIeeHus B OOIeM
(HepaBHOBECHOM) Cilydae, H KOTOPOe Tpebyercs mpH “HOJTHOM” MEXaHWYECKOM ONUCAHHUU
MHOT'OYACTHYHON CHCTEMBI.

Yucso cymecTBeHHBIX WHTEIPAJIOB JIBUKEHHUS YMEHBIIASTCS, €CIH ¢ CAMOIO HAYAJIA
OTPAHUYUTHCS PACCMOTPEHUEM MOKOATIUXCA CHCTeM. TOraa MOTHBIA UMITYJIC U MOMEHT
WMITYJIECA CHCTEMbI, OUEBUIHBIM 00PA30M, PABHBLI HYJIIO, M PABHOBECHAsS (DYHKIHS DPaC-
MpeIeJIeHUsT 3aBUCUT TOJBKO OT 00H0U TIEPEMEHHOM — TOJTHON SHEPTUN CUCTEMBI:

p=p(E) (1.57)

Takum ob6pa3oMm, BBeAeHHE IMIPOCTEHINMX IPEIACTABICHUN O CTATHCTUIECKUX CBOMCTBAX
DABHOBECHBIX CHCTEM JEeUCTBUTENBHO NPUBOIUT K PAIUKAIBHOMY COKDAIIEHUIO YUCITA
CYIIECTBEHHBIX IEPEMEHHBIX U BO3MOKXHOCTH TOCTEI0BATEBHOIO TOCTPOEHUS PABHOBEC-
HOM cTaTucTU4IecKoil Mexanuku. llomuepkuem ere pas3, YTO ITU PATUKAIBHBIE BBIBOJIBI
OCHOBAHBI HA BBEIEHWHM CTATHCTHKH M, B 9TOM CMBIC/IE, “He BBIBOAUMBI W3 MEXaHUKH.
Pazymeercs, pyHKIua pacipeaeeHnsa MOXKET €Ile 3aBUCETh OT “BHEITHUX IapaMeTPOB,
OIIPEENIAIONINX MAKPOCKOINYECKHUE YCJIOBHA /I PACCMATPUBAEMOr0o ancambuid, U KO-
TOPBIE CYUTAIOTCS TOCTOSHHBIMEU [IJIsl BCEX KONWI CHCTEMbl B aHcambie (Hapumep OT
0o0beMa, YUCIa YACTUI] U T.I1.).

8 AxguTuBHOCTH SHeprMW CemyeT W3 ee o0mero Beipakenmsi wepe3d dymkmuio Jlarpamka E =
>k qkéTI; — L u u3 aJauTHBHOCTH NOCJeIHeH, BeIpaXkamlneil TOT (akT, 9TO ypAaBHEHHS ABUKEHUS
KasKJ0i M3 HEeB3aMMOZEHCTBYIOIINX YaCTell He MOIyT COAEPKATh BEJIMYUHBI, OTHOCSIUECH K JPYTUM Ha-
CTAM CHCTeMBI. AJIMTHBHOCTD MMILYJIbCA CHCTEMBI 9aCTHI| O4eBHAHA P = >, my vy, IpudeM B OTIHYIHe
OT DHEPIUH MMIIYJIbC CUCTEMBI DABEH CyMMe MMITYJIbCOB OTHE/IbHBIX JaCTHUI] HE3ABHCUMO OT BO3MOXKHO-
cTr npeHeOperKeHns U3 B3aUMOIeICTBHEM ADPYT C APYroM. AHAJOIHYHAs CATYal[Us AMeeT MEeCTO H JJIs
MOMeHTa uMIy/ibca cucrembl M = 37 [rppg].
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Iepeiimem K gBHOMY TOCTPOEHHIO (DYHKIMHM CTATHCTAYECKOTO DACIPEIETIEHUs 30-
MEHYMOT PABHOBECHOH CHCTEMBI . BIIepBEIe B, TAKOTO paclpeneeHns Ipe oKt ['uooe.
Paccmorpum crarncrudeckuii aHCcaMO/Ib 3aMKHYTBIX IHEP2ZEMUUECKY USONUPOBAHHBLL CH-
CTEM C TOCTOSAHHBIM OObemMoM V', T.e. aHCAMO/Ib CHCTEM C IOCTOSHHBIM YHCJIOM <ACTHII,
N, naxopsuuxcd B aduabamuyeckol (B TepMOJMHAMUYECKOM CMbIC/E) 000JI0UKe U uMe-
IOIUX OJMHAKOBYIO 3Hepruio F ¢ rounocthio AFE < E. Cnenyst Tubbey npednosostcum,
uro byHKIMs paciupeneaenus p(p,q) aid Takoro ancamfis MOCTOSHHA B ¢j10e (ha30BOro
MPOCTPAHCTBA MEXKIY ABYMs W309HEPIETUIECKUMU TOBEPXHOCTAMHE, COOTBETCTBYIOITUMU
sHepruaM F u F + AFE, u paBHa Hy/II0 BHE 3TOrO CJOS:

[Q(E,N,V)]™' upu E<H(p,q) <E+AFE

pp:a) = { 0 BHE 3TOr0 CJI0S (1.58)

Takoe pacupenenenue (ancambiib) HA3BIBAETCS MUKPoKaHoHuueckum. Pacupenenenue (1.58)
BBIPazKaeT NPUHIAI Pa6HOBEPOAMHOCTU MAKPOCOCTOAHUIT 3aMKHYTOII DABHOBECHOU CH-
CTeMBbI, COOTBETCTBYIOIINAX JAHHOMY MAaKPOCKONUYIECKOMY cocTosiunio. PakTuaecku — 310
mpocTefiiee MbICJUMOE [IPE/IITOJIOKEHNE, Mbl CIUTAEM, YTO HUA OJHO M3 MHUKPOCOCTOsIHUH
HE SIBJIIETCS KAK-TO BBIJEJEHHBIM, BCE PABHOIMPABHBI, 8 CUCTEMbBI U3 AHCAMOJIsI, B XO-
Jie CBOEro JIBUXKEeHHs B (pa30BOM IPOCTPAHCTBE, AOCOTIOTHO CAYYaiiHO OKA3bIBAIOTCS TO B
OJTHOM, TO B JPYIOM MHUKPOCOCTOSTHWY B TIpeIeaax Caos mupuHoit AFE, B KOTOpOM mpebbI-
BatoT ux (aszosbie Tpackropun. Pacupenenenue (1.58) 10 cyTH NpeACTABISET CTATUCTUKY
“urpasbHoii Koctu” ¢ ) rpansaMu. ECTeCTBEHHO, YTO 6b,6€CMU ITO PACIPEIEICHHE U3 Y-
CTO MEXaHNIECKNX COOOPAYKEHNH MPAKTHIECKN HEBO3MOYKHO, & ero OMpaBIaHeM MOYKeT
OBITH TOJBKO COOTBETCTBHE €ro CIEJICTBUM C HKCIEPUMEHTOM.

MakpoCKOI4ecKoe COCTOSHME CHCTEeM B MUKPOKAHOHMYECKOM aHcambiie ompenesis-
eTcsa TpeMs KcTeHcuBHBIME Tapamerpavu E, N, V. Koncraata Q(E, N, V) masssaercs
CTNAMUCIMUYECKUM 6ECOM U OTIPEIEIISIETCH U3 YCIOBUSA HOPMHUPOBKH:

dpdq
Ni@rh)~ p(p,q) =1

dpdq 1

NI(2rh)*N Q(E, N, V)
E<H(p,q)<E+AE

=1 (1.59)

PEICTaBIsAs cO00M, TakM 0O6pa3oM, He3pa3MepHbIil (ha30BbIil 00HEM TN YUCA0 KEAHTNO-
66l cocmoanud B cioe AFE (4To U 1aer, eCTeCTBEHHO, YMC/I0 MpaHeil Hameil “urpajibaoil”
KOCTH):

1
E<H(p,q)<E+AE

B caiyuae kaccuueckoil CTATHCTHKY BCerma MOXKHO mepeiitu K upeaeny AE — 0 u 3a-
[IUCATD:

p(p,q) = Q1 (E,N,V)s(H(p,q) — E) (1.61)
rie
1
Q(E,N,V) = NICE /dpdqé(H(p7 q) — E) (1.62)

7Bmpa>1<eHHe (1.56) daxTuueckn y>xe gaer sBHBIN BujA (DYHKIUK PACIPEAEIEHHs IPOU3BOIBHON IO
CHCTEMBI, HaXOAsIIeiicsa BHYTpH DOJIBIION 3aMKHYTO# CUCTEMBI U CJ1a00 B3aMMOJEHUCTBYIOIEH ¢ OKpYyXKe-
aueM. K 00CyKIeHHIO 9TOr0 BarkKHEHIIero Cayvasi Mbl BEDHEMCS HEKE.
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Kcraru, orciona Bumnao, 910 {2 UMeeT TakKe CMBIC/ IJIOTHOCTH COCTOSHUI HA TTOBEPXHO-
CTY TIOCTOSIHHOM dHeprum B (HAa30BOM TPOCTPAHCTBE. B KBAHTOBOM TOAXO/E MOIOOHOMY
MIPEIETLHOMY TIEPEXOy MEITAeT W3BECTHOE COOTHOIINEHNE HEONPEIEeTEHHOCTeH SHEePrusi—
epems: AEAt ~ h. B ganbHelineM Mbl BCEra, JazKe IPH PACCMOTPEHMH KJIACCHIECKOH
CTarucTuKu, OyJeM UCIIOJb30BATH MUKDOKAHOHUYECKoe pacupejesenue B Buue (1.58),
TO/IpA3yMeBasi KBA3WKJIACCUYIECKOe MPUOJINKEHNe KBAHTOBOW MEXAHUKHU.

T'unomesa 0 TOM, YTO MUKPOKAHOHUIECKHUI aHCAMOIb MefiCTBUTEIBHO OMUCHIBAET MaK-
POCKOTIMYIECKOE COCTOSTHYE 3aMKHYTOM, 9HEPTETHIECKN U30JIMPOBAHHON CUCTEMBI, T.€. UTO
CpejiHue, BbIYUCIEHHbIE ¢ TOMONIbI0 dyHKIMu pacupeienenus (1.58), coBnagaoT ¢ Ha-
O/I01aeMbIMU 3HAYEHUSAME (PU3NYECKUX BEJINYUH, CYTh OIMH U3 OCHOBHBIX IIOCTYJIATOB
DABHOBECHOH CTATHCTUYECKOW MEXaHWKH. BBIIe yXkKe 0TMedasoch, UTO HabIII0IaeMble
3Havenus bpusndeckux BeJudud f(p,q) MOXKHO BBIUUCIATH U KakK CPEIHUE 110 HEKOTOPO-
My BpeMeHu HabJoeHus, a mpodaemMa 0DOCHOBAHWS BO3MOXKHOCTH 3aMEHBI CPEIHUX IO
BPEMEHM CPeTHUMU 110 (PA30BOMY MIPOCTPAHCTBY HOCHT HA3BAHWE dPrOAUIECKON TPobe-
Mbl. C 9T0ll TOUKM 3peHusd, 33/1a9a 0DOCHOBAHUS MUKPOKAHOHHIECKOTO PACIPeIeeHIs
COCTOUT B TOM YTOOBI MTOKA3aTh, UTO JJis 3aMKHYTBIX, JHEPTETUIECKH H30JUPOBAHHBIX
CHCTEM UMeeT MeCTO CJIeAyIoliee PABEHCTRO:

I 1
Jim /O dtf(p(t), q(t)) = NUZeh)EN / dpdqp(p, ) f(p, q) (1.63)
rae p(p,q) onpenessieTcs MUKPOKaHOHUYECKUM pacrpeneneruem (1.58). Dra npobrema
BeCbMa CJIOKHA, M, HECMOTPS HA, P/ BAXKHBIX PE3YJIbTATOB, TOJYYIEHHBIX, B OCHOBHOM
MaTeMaTHKaMu, eie He pereHa. PU3udecku 3TOT Pe3yTbTAT OOBIYHO CBI3BIBAIOT C Ip-
200uneckol eunomesotd 0 ToM, 9T0 (Ha30Bag TPACKTOPHUS 3aMKHYTOH CHCTEMBI B T€UEHHUE
JIOCTATOYHO JJINTEIBHOIO BPEMEHHU 003aTEbHO MPOXOAUT CKOJIb YIOMHO OJIU3KO K JI0-
6ol 3aIaHHON TOYKe Ha 3projudeckoil mosepxuocTu. B Ipunoxkennn A Mbl paccMOTpuM
HEKOTOPBIE BOIIPOCHI, OTHOCSIINECS K 3TOH MPobIeMaTuKe Ha JOCTATOYHO 3/ TEMEHTAPHOM
ypoBre. Bosee crporoe paccMOTpeHHE ¢ MaTEeMATHYECKOW TOYKH 3PEHUs MOXKHO HAaii-
n B [10], a coBpeMeHHOe cocrosgHUE Bompoca u3naraercd B [11]. 31ech 2Ke MBI TOIBKO
OTMETHUM, UTO B IOCJIETHUE TOMbI IPOOIeMa 0DOCHOBAHUS CTATUCTUYCCKON MEXAHUKH T10-
JIVIUJIa HOBOE PA3BUTHE B CBS3U C OTKPBITUEM POJIM CTOXACTHYECKOM HEYCTONIHBOCTH
(XaoTU3AIMU) JBUKEHUSA B IEJI0M DSJI€ TPOCTHIX JUHAMUYECKUX CUCTEM C HeOOAbUUM
qucsoM cremneneii cBo6osr [14]. OKa3aIoch, 9TO CTATHCTHIECKOE ONMCAHKE SBIISETCS CO-
BEPIIIEHHO HEOOXOIMMBIM U JIJIsI TAKAX CHCTEM, KOTOPBIE C MEPBOTO B3TJIAAA KAXKYTCHA
BIIOJTHE “pertaeMbIMi’ B PAMKAX KJaccudeckoil Mexanuku. COOTBETCTBYIOIMIME BOIPOCH
Ha 3JEMEHTAPHOM YPOBHE TaKyKe paccMaTpuBaiorcs B lIpumoxennn A. B stom cmbic-
Jie, ¢ COBPEMEHHOM TOUKH 3peHust TpeboBaHre BOJBIIOro Yrcaa cTeneHeil cBoboabl BOBCE
HE SABJISAETCH HEOOXOIMMBIM [IJTsi BBEIEHUS CTATHCTUIECKUX METOAOB, 0€3 HUX HEIb3s
OOONTHCH W B JOCTATOYHO “MPOCTHIX’ CHUCTEMaX, TI€ COBEPINEHHO THUIINIHBIM SBJIAETCA
KpaliHds 9yBCTBATEIbHOCTH BUIA (DA30BBIX TPACKTOPHI K HAYAIBHBIM YCIOBUIM, BEIY-
as K HEyCTORYUBOCTH U 3aIlyTAHHOCTH KAPTUHbBI JBUKEHUs B (DA3BOBOM IIPOCTPAHCTBE.
[IpecoByTHII JTATLIACOBCKU METEPMUHI3M OKA3BIBAETCS WILTIO30PHBIM AK€ B PAMKAX
KJTACCUYECKON MEXAHUKU TAKUX CHCTEM.

1.6 Yacruunbie PyHKIUM pacrpeiesieHus .

Suanve obuel Gyuknuu pacnpegenenus (1.6), 3aBucsineil 0T JUHAMUYECKUX TIEPEMEH-
HBIX BceX N 4YacTHUIl IO3BOJSET ONPENEIUTh PA3JIMIYHbIE MAKPOCKOIUYECKHE XapaKTepH-
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CTUKH cucTeMbl. Hampumep MJIOTHOCTH BEIECTBA B TOYKE T, MO OMPEJICIEHUI0, PABHA,

p(t,r) = /ﬁ(r)p(t,rl,....,pN)drl...de (1.64)

rae H(r) — omepaTop MmIOTHOCTH (3/eCh YIOOHO BBECTH ONePATOPHI (PU3NICCKAX BETMIHH
JIaXKe B KJIACCHYECKOM CJIy4ae):

N
pr) = mid(r —1y), (1.65)
=1

TIe m; — Macca i-# JacTuIpl. AHATIOTHYHBIM 06Pa30M, TFIOTHOCTH TOTOKA, (AMITYIIbCA) B
TOUYKe I' PaBHA!

J(r)= /j(r)p(t,rl,...,pN)drl...de (1.66)

rie J(r) — omeparop IJIOTHOCTH MOTOKA:

N
J(r)=> pid(r—r,). (1.67)
i=1
IIIOTHOCTL KAHETHYECKOH SHEPTHM B TOYKE I' PABHA:
E(t,r) = /E‘(r)p(t,rl,...,pN)drl...de (1.68)

rae E(r) — oneparop KMHETHYECKO SHEPrUu:

N o2
Br)=>" 2%5@ —r)). (1.69)

i=1
ﬂﬂﬂ 3aPAZKEHHBIX YaCTHUI MOXKHO BBECTH €II¢ U IIJIOTHOCTD JJIEKTPHIECCKOI'O TOKa:

j(t,I‘) = /j(r)p(t,rl,...,pN)drl...de (]_70)

rae j(r) — oneparop MJIOTHOCTH SJEKTPUIECKOTO TOKA:

j(r) = Z %pié(r —r), (1.71)

TIe e; — 3apsij (- 9acTHIIhI.

®Oyuxuusa pacupenesenus p(t,ry,...,py) ABjasgercs (DyHKIMENd NPAKTHIECKH GECKO-
HEYHOrO 49ncja aprymeHToB. OHAKO MPU BBIPAYKEHUN MAKPOBEIUYWH Yepe3 MUKPOXa-
PAKTEPUCTUKH TI0 00IIel (opmyie

A(t,r) = /A(r)p(t,rl,...,pN)drl...de (1.72)

CJIeZIyeT yYecThb, UTO TOMABJSIONIEe OOJBITHHCTBO OMEPATOPOB (DU3UIECKUX BEJUUNH,
TIPEICTABIAIONINX UHTEPEC, MPEACTABISIIOTCS B BUIE:

N
Ar) =) A(ry,p))i(r —r)), (1.73)
j=1
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T.€. BBIPaXKaIOTCA CyMMOIU/I OI1epPaTOpPOB, ﬂeﬁCTByIOLL[I/IX Ha JUHaMHYECKHe IIepeMEHHBbIe
TOJBKO O,ELHOIU/I YaCTHIIbI (O,ELHO‘I&CTI/I‘IHBIG onepaTopm). YHacTubiMEI CAydIadMU TaKnuX Be-

JINYWH SBJSIOTCS PACCMOTPEHHBIE BhIe omeparopsl p, J, E u j. CymecTtBeHHO pexe
BCTPEYAIOTCST OMEPATOPDI ABYXYACTUIHOTO THUIIA:

~ 1 ~
/ /
A(r,x') = 3 ZA(ri,rj, P, P;)0(r —r;)o(r' —r;). (1.74)
i#]
[IpEMepoM TaKOro OmepaTopa sBISETCA OMePaTOp MOTEHIUATLHON SHEPIHA CHCTEMbI Ya-
CTHII, B3aUMO/IEfICTBYONINX 110 IEHTPATBLHOMY 3aKOHY:

Ui’ r") = % > U(lrs —r[)s(r' = r)d(x” —r;). (1.75)
i#]
OmnepaTopbl, cOCTABIEHHBIE U3 TUHEHHBIX KOMOUHAIUHN OMepaTopoB, JeHCTBYONIX HA JTH-
HAMHYECKHE [IEPEMEHHBIE TPEX, YeThIpeX U GOJIbIIero Yucaa YacTull, B peasbHbix (1pej-
CTABJSIOUIMX UHTEPEC) 33/la4aX IPAKTUYECKU HE BCTPEYatOTCs.
[MosTomMy B GONBIMMHCTBE CAyYaeB HaM, (DAKTUYECKH, HE TpedyeTcs 3HATH TOJIHYIO
N-uacTuunyio (QyHKIHIO pacIpeaeieHus

FN(t,rl,...,pN) Ep(t,rl,...,pN), (176)

BABUCAIIYIO OT JUHAMUYECKUX MTEPEMEHHBIX POMAJIHOTO YHCTI YACTHUI], 8 JOCTATOYHO
HalTH KaKHM-I100 crocoboM onmodactudnyio Fi (¢, r;, pj) u asyxgactuamyio F(t, 15,15, Pi, Pj)
dbyHKIMYM pacnpenenenns, KOTOPbIe yA06HO onpeaeauTs ciaeayomum obpazom (V—obbem
cucremsl) [15, 16]:

Fi(t,ri, pi) = (1.77)
V/FN(tarh~--7pN)dI‘1...dI‘i_1dI‘i+1...dI‘Ndp1...dpi_ldpi+1,,,de7
FQ(tvrivrjvpiapj) = (178)

V2 / FN(t, ry,..., pN)dl‘l...d[‘ifldI‘H,l...dI‘jfldI‘jJrl...dI‘Ndpl...dpi,1
dpit1...dpj—1dpjy1...dpn.

win, B O0IEM CIIyvae, S-9acTUIHYI0 DYHKITHIO PACIPeIesIeHn s

Fs(ta ry,..., s, P1, “wps) =V /FN(tvrla ey pN)drs+1'~'drNdps+1‘-'de' (179)

W3 oueBHAHOTO YCIOBUS HOPMUPOBKHU

% Fu(t,r1, .., po)dry..dps = 1 (1.80)
BBITEKAET, 9TO %Fs(t,rl, .., Ps) TpeAacTaBjsier cobOi BEPOSITHOCTL TOTO, YTO § YACTHIL
CUCTEMBI, COCTOsiIel n3 N 9acTuil B MOMEHT BpeMeHHu ¢ OyIeT HaXOIUTHCS B IJIEMEH-
TapHOM HazoBoM oObeme dri...dps 6s-mMepHOTO (ha30BOr0 MPOCTPAHCTBA OKOJO TOYKH
(r1,...,Ps). Mexxmy srnmm gacTruaHbIME QYHKIUAMA PACTIPENETEHNT AMEROTCS CIIETY O
e COOTHOHIEHN A, BBITEKaOIe HEeIIOCPEACTBEHHO U3 OIIPEACJICHUA:

1
*/F5+1(t,r1,...,p5+1)d1‘5+1dp5+1. (181)

Fs(t7r1> ~-~>Ps) = V
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WcnonszoBanne Takux GyHKIHN paCIpeIeenns MO3BO/ISIeT BEIUNUCIUTD CPEIHNE 3HATE-
HUST OMHOYACTUYIHBIX, IBYXYIACTUIHBIX U T.JI. OIEPATOPOB (bu3nyecKux BeaudnH. Hampu-
Mep, JIJId MaKpOBEJIUYUHbL, OlucbiBaeMoil oneparopom (1.73), umeem:

1

N A
Alt,r) = Z/Aj(r,pj)Fl(t,r,pj)dpj (1.82)

<l

Ecmu Bce /ij omunakosel, T.e. A; =a(j =1,2,...,N), 10

A(t,r) = g/d(r,p)Fl(t,r,p)dp (1.83)

Jiis MaKpOBeJIMYKH, ONUCHIBAEMbBIX ABYXYaCTHYHBIME OneparopaMu tuna (1.74) uveem:

1 1 A
A(ta I'/, I'N) = 5 Z W /AL] (I'/, Pi; I'N, p_])FQ(t7 rla I'N7 Pi; p])dp7dpj (184)
i#]

Ecnu Bce A;; onunakossl, T.e. A;j = a, 10

N(N - 1)

A / U —
(t7r 7r ) 2v2

/d(r/, p/7 r//’ p”)F2(t7 I_17 I_//7 p/, p//)dp/dp// (185)

rzge pasyMeerca MOXKHO cuntarh (N — 1) = N,
Takum 0O6pa3oM /11T OCHOBHBIX MAKPOBEJIMYWH, PACCMOTPEHHBIX BBIIIE, TIOTYIaEM I
CHCTEM, COCTOAINX U3 OAMHAKOBBIX JACTHIL:

N
pltr) = my [ Filt,r.p)dp (1.86)
v
Jtx) = [ PRt P (187
_ 1IN,
E(t»r)*%v p Fi(t,r,p)dp (1.88)
it r)—iﬁ/ Fi(t,r,p)d (1.89)
JU, _mV pri(t, r,p)ap. .

Samada cBOAMTCS, TAKAM 0DOPA30M, K HAXOXKJIEHUIO SBHOTO BHIAA OJHOYACTUIHON (DyHK-
MU PACIIPEIESICHUSI.

O0mwmit moaX0N K HAXOXK/IEHUI0 YACTUIHBIX (DYHKINH PACIPEIeIeHUsS MOXKET OBbITh
chopMynupoBaH caeayomuM obpasom. IlpousBonabHas N-dacTudnas GyHKIU pacipe-
Jenennd (1.76) mogaunsgeTcd pacCMOTPEHHOMY Bbilile ypasHeHuto Jluysuig (1.47),(1.48),(1.50):

OF’
=~ X — (H,Fy} (1.90)
ot
IIpounrerpuposas ypasuenue (1.90) no dhazopbim npocrpancrsam N —§ 4acTulL, € y4eTOM
(1.79), monyuaewm:

ian(tﬂ"h ~--7Ps)

VS at = /{Ij[7 FN}drS+1"'de' (191)
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[TpuanMast TAMUIBTOHUAH CUCTEMBI 63GUMOIETCMEYOUUL TACTHI] B IPOCTEHIIIeM BUIE:
1 & 1
- 24 - .
H= Qm;pi + ngm 1), (1.92)
= Py

[oCJIe JIOBOJIBHO TPOCTBIX, HO HECKOJIbKO I'POMO3JKUX peobpasoBanuil [16], nosmyuaem

u3 (1.91):

8FS . N 5 51/ (|I'7I — r5+1|) 8F8+1
={H® F}+ — E / drsyi1dps 1.
ot { ) } v P ari 81.)7 I's110Ps+1 ( 93)

rae H(®) 0bo3nataeT raMusIbTOHAAH MOICUCTEMBL U3 S TACTHII

Bazkuneituieit ocobennocrbio ypasaenus (1.93) siBisiercs T0 06CTOATEIBCTBO, UTO YPaB-
HEHWE JBUXKEHUA I S-IaCTHIHON (DYHKIINKM PAaCIpPEAeIeHus COACPKUT UIeH, KOTOPDIi
CBA3aH € B3aMMOJIEHACTBUEM IOACUCTEMBI U3 S YaCTHIL C OCTAJAbHON 4acTbio [N-4acTUYHOR
CUCTEMBI U 3aBUCAINHN OT S + 1-vactuunoil pyukmun pacnpeneaenus F 1. Takum obpa-
30M, MPU MOCTPOEHUY YPABHEHWI [BUKEHUS IJIs YaCTUYHBIX (DYHKIUH PaCIpese/eHust,
MBI (hAKTAIECKHU MOPOKIAEM OECKOHEUHYIO CUCTEMY UHTErpo-TudhepeHnnaIbHbIX yPaB-
HEeHWil, TaCTO UMEHYEMYIO yenoukoti Bozoaobosa. Ilpu crporom moaxome CaemoBasio-Ob
pelraTh BCIO 3Ty IEMOYKY YPABHEHHI, UTO, pa3yMeercs, HUYeM He Jierde, UeM PeInaThb
obmree ypapuenwne JluyBunia fis N-dacruaHodt GyHkinu pacupeaenenusi. Jemo B ToM,
OJIHAKO, 9TO B Psle CAYIaeB HA OCHOBE MOJENBHBIX (DU3UYECKUX MPETOJIOKEHNH YIAeT-
cst “06opBaTh”’ ITY OECKOHEUHYIO IIEMOYKY HA KOHEYHOM YHUCJe, BbIpas3us Hanpumep Fsiq
qepe3 Fs,Fs_1 n T.0. Torma ocraerca 3aMKHyTas CHCTEMa S ypaBHeHuit aius Iy, Fo,..., F.
B wactHOCTH, 0COOBIM WHTEPEC MPEACTABIAET IIOIyUeHNe 3aMKHYTOTO VPABHEHHS I
OHOYACTHIHON (DYHKIMK PACIPEIETCHN BHIA:

o

= = L) (1.94)

rme L — mekoropsorit omeparop. CocTapBieHre W peIreHne 3TOr0, TaK HA3BIBAEMOIO KuU-
HEMUYECK020, YPABHEHUA ABJAETCA IEHTPAJIbHON 3aJiadeil KWHETUYECKON TeOpuU WJIN
Pusuneckoli xunemurxu. B OOIBLUIMHCTBE CIy4aeB pPeLIEHHE KHHETUIECKUX ypPaBHEHW
MO2KHO IIPOBECTH TOJILKO npubsimkentbiMu Merogamu [17]. B pesysibrare MoxHO Bbivuc-
JINTH TIOBEIEHNE CPETHNUX OT PA3IUIHBIX (PUBNIECKUX BEJTMINH, BKIIOUAS JAa¥Ke UX IBHYIO
3aBUCHUMOCTDL OT BPEMEHH, T.€. B HEPABHOBECHOM CJydae. BoJsbIasg 9acTh HAMX JIEKITHIH
TTOCBSAIIEHA, OIHAKO PABHOBECHBIM 3amadaMm. Popmagmsm dacTudHbIX DyHKIUN pacipe-
JeIeHns MOXKeT OBITh ITOJI0KEH B OCHOBY TOCTPOEHMS M PABHOBECHOM CTATHCTUIECKOI
mexanuku [18, 19|, HO B manbHeiiueM Mbl UCHOABb3yeM 60JIee TPAJUIIMOHHBIE [IOIXO/IbL.

1.7 Marpuna nJIOTHOCTMH.

Jlo cux mop MBI PACCMATPUBAIN KIACCUIECKYIO CTATHCTHIECKYI0 MEXAHWKY, B KOTOPOIi
COCTOSTHHE CHCTEMBI OTUCHIBAJIOCH TOYKOH (p,q) B 6N-meprOM (Ha30BOM MPOCTPAHCTBE
KOODJUHAT U UMILYJILCOB BCEX YaCTHIL, & IBOJIOIUA BO BDEMEHH OIIPEe/Iessa/1ach yPaBHEeHN-
avu lamunbrona. B KBaHTOBOH MeXaHWKe TaKOe OMUCAHWE CTAHOBUTCS HEBO3MOXKHBIM,
XOTst OBI MOTOMY, 9TO COrJIACHO MPUHITAITY HEOMPEAEIeHHOCTH MBI HE MOYKEeM OHOBPEMEH-
HO OINPEJETUTh KOOPAUHATY ¥ UMITYJIbC KBAHTOBOM dacTuribl. OTCIONa sICHO, 9TO B 00IIEM
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caydae TpebyeTcs TMOCTPOeHHEe CHENHUaIbHOrO alnapaTa KBAHTOBOH CTATHCTUYECKON Me-
XaHUKW. 3aMedaTe/bHO, OJHAKO, YTO OCHOBHBIE MOJIOXKeHus Mmeroma ['mbbca ocrarorcs
CIIPABEJIMBBIMU M NP KBAHTOBOM ITOIXOJIE.

1.7.1 Yucrseiii ancaM0OJIb.

B KBaHTOBOH MEXaHHMKE COCTOSHHE MHOTOYACTUYIHON CHMCTEMBI ONMCBHIBAETCS BOJHOBOM
dyukumeit ¥ (X1, ...,XyN, ), 3aBUCAIIEH OT BPEMEHH U KOOPAUHAT YACTHUI] X1, ..., XN (WU
OT JPYroii CUCTEMBI OJIHOBPEMEHHO U3MEPUMbIX BEJIMYHUH, HAIPUMED MMIYJIbCOB). DBO-
JIIOIAS COCTOSTHASL BO BPEMEHH onpegensercsa ypapaennem IIpeaunarepa:

L oY

ih—— = Hi (1.95)

ot

Hanpuwmep, amst cucrembl 3 N OIMHAKOBBIX YACTHIL C MACCOH M, He 00JIAIAIONINX BHYT-
PEHHUME CTEIEHAMHA CBOOOIBI M B3aMMO/IEHCTBY FOIIX MEXK,Ty COOOM C MOMOIBI0 MAPHOIO
norennmana U(|x|), ypasuenne [[penunrepa uMeer Bu:

Oy - 1
ot T —o D Vi D Ul —xxl) o ¥ (1.96)
j=1 j#k

VYpasuenne llpenunarepa mogHOCTHIO ONMPEEISIET BOJHOBYIO MOYHKIHIO 1) B MOMEHT BpPe-
MeHU t, ecIM OHa W3BECTHA B HavuaJbHBIN MoMeHT ¢t = (0. Hampumep, A71sT W30IMPOBAHHON
cucTeMbl, Korna H He 3aBUCUT SBHO OT BPEMEHU:

W(t) = e Mhap(0) (1.97)

— dopmanbrOe pemenne ypapaenus [Ipenurarepa.

JlnHaMudecKre mepeMeHHbIe B KBAHTOBON MEXaHUKE HE eCTh (DYHKIIUU COCTOSTHUS JTH-
HAMMYECKON CHCTEMDbI, 8 IPEICTABJIAIOTC JTUHEHHBIME CAMOCOIPSPKEHHBIMU (3PMUTOBBI-
MU) ONEPATOPAMU JEHCTBYIOIUME B TUIHOEPTOBOM IIPOCTPAHCTBE BOJHOBBIX (DYHKITHIA.
CrekTp X cCOOCTBEHHBIX 3HAYEHUI OMPEIeIaeT BO3MOXKHbBIE 3HAYEHW ST HAOTIOIAEMbIX (Dri-
3UYECKUX BEJIUYNH. 3a/laHie KBAHTOBOMEXAHUIECKOT'O COCTOSTHIS CUCTEMBI 1), HE O3HAUA-
€T TOYHOI'O 3HAHM: AUHAMMYECKHUX [I€DEMEHHbIX. SHAHUEe BOJHOBOH (byHKuuu (BeKTOpa
COCTOSIHUS B TH/ILOEPTOBOM ITPOCTPAHCTBE) MO3BOJISIET BHIYUC/IATE JIUITh CPEJIHIE 3HAYE-
HUsI TUHAMUYECKOU TIepEMEHHO, MpeIcTaBIsgeMoil ormeparopoM A B cOCTOSHUN -

<A>= (", AY) (1.98)
rae, KakK 06131‘{1-10, CYUTaeM BOJIHOBBIE (I)yHKI_H/II/I HOPMUPOBAHHBIMU Ha €IUHUILY:

(" ¢) =1 (1.99)

a CKOOKHM 0D03HATAIOT CKANAPHOE MPOM3BEICHHE BEKTOPOB B I'MIbOEPTOBOM IIPOCTPAH-
cTBE!

(5,0) = / day* (2)6(z) (1.100)

rjie, JJ1s1 KPATKOCTH, 0D03HAYAEM Uepe3 L BCIO COBOKYITHOCTH KOOPAUHAT X1, ..., XN . JIUIIh
B YACTHOM CJIyd4ae, Korjua ¢ ecTh coOcTBeHHas (GyHKius oneparopa A, dopmyna (1.98)
JlaeT TOYHOE 3HAYEHUE BEJUIUHBI A B COCTOSHUE 1.
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CocrosiHre, OMUCHLIBAEMOE BOJHOBOM (DYHKIMEH HA3BIBAETCS YUCTbIM COCTOSHUEM.
CoOTBETCTBYIOIINI CTATUCTUIECKUN aHCAMDJIb, T.€. OOJIBINOE UHUCIO HEB3AMMOIEHCTBY-
omuX “Konnit”’ JAHHON CHCTEeMbl, HAXOAAIMNXCA B JAHHOM KBAHTOBOM COCTSIHWM, Ha3bI-
Baercd auctbiM ancambiem. Hucroe cocroguue (aHcamMbib) AT MAKCUMAALHO NOAHOE
OIIMCAHNE CUCTEMbI B PAMKAX KBAHTOBOM MEXAHUKHU.

Bripaskenust 11 cpeHUX 3HAUEHUN (DU3UYECKUX BEIUYIUH B YUCTOM aHcambie ymob-
HO 3alKCATh ¢ MOMOIIBIO MPOEKIHOHHOTO OIepaTopa. JaIuIleM JINHEeHHBIH orepaTop A B

MATPHUYIHOM Z-TIIPEACTABJCHUHN, OIIPEACJINB €ro C IIOMOIIBIO MATPHUYIHBIX JJIEMECHTOB!

Avp(z) :/dx’A(a:,x’)w(x’) (1.101)
Toncrasus (1.101) B (1.98), momy=uv:
<A>= / dazdx’ A(z, 2 YP(2',x) = Sp(AP) (1.102)
re:
P(z,2') = ¢(z)p*(2) (1.103)

— IPOEKIMOHHBIA oneparop Ha cocrosiue 1. MOXKHO CKa3aTh, 94TO YHUCTHIA aHCaMOJIb
OIIMCHIBAETCS TIPOEKIMOHHBIM oneparopoM (1.103), a cpeamue 1o aHcaMOIII0 BHIYUCISIOT-
ca ¢ nomotnpio (1.102). EcrecTBeHHO, Y4TO TAKOE OMUCAHUE COBEPIIEHHO SKBUBAJIEHTHO
OTIMCAHUIO C ITOMOIIBI0 BOJTHOBOH (DyHKIUH.

Camo Ha3BaHWE MPEKITUOHHBIN OMEPATOP CBA3AHO C TeM, YTO JeificTBue omeparopa P
HA MPOU3BOJILHBI BEKTOP ¢ B I'MJIBOEPTOBOM IIPOCTPAHCTBE IMPOEKTUPYET €ro Ha ‘‘Ha-
npaBJieHne’ BEKTOpa 1:

Po= [ dPloa)ele) = (", o)ule) (1104
ITpoekumoHHbLii OLIEPATOP IPMUTOB, YTO BUAHO U3 €ro oupejesenus (1.103):
P*(z,2") =Pz, ) (1.105)
Kpowme Toro umeem cBoiicTBO:
P2 =P (1.106)

uro caenyer u3 (1.104) — nmocse ofHON onepanuu MPOEKTUPOBAHK, BCE MOCIEYIONIHE
MIPOEKTUPOBAHHUST HA TOKE “HAIIpaBIeHHE”’ yKe He HU9Iero He MeHaioT. Kpowme Toro, Bcerma
nMeeM:

SpP =1 (1.107)

qro caenyer u3 (1.102) nocsie nopcraHoBku BMeCTo A eAMHUYHOIO OLEpaTOpa UM U3
ompenenenns (1.103) ¢ yuerom ycaosusa vopmuposku (1.99).

1.7.2 CwMmermauubsiii aHcaM0JIb.

KBanToBag crarucTrdecKast MEXaHMKA CTPOUTCS HA OCHOBE PACCMOTpeHnA ancambia 60-
Jiee OBIIero Bujia, HEXKeJI PACCMOTPEHHBIH BbIIIE YUCThIA aHCcaMO/b, & UMEHHO CMeULaH-
HO20 aHCaMOJIsT, OCHOBAHHOTO Ha HENOAHOM HADOPE MAaHHBIX O KBAHTOBOMEXaHWYECKOH
cucreme. PaccMoTpuM DOIBINOE YHCIO TOXKIECTBEHHBIX HEB3AMMOIEHCTBYIONIUX KOIMUH
JAHHOH CHCTEMBI, KOTOPBIE MOT'YT HAXOIUTHCA B PA3JIUYHBIX KBAHTOBBIX COCTOSHUAX. B
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CMEIAHHOM aHcaMbJIe ONpPeIeIeHbI JIUIIb BEPOSITHOCTH W1, Wa, ... OOHAPYIKUTH CUCTEMY B
COOTBETCTBYIOIINX €€ TOYHBIX KBAHTOBBIX COCTOTHUAX 1, g, .... MbI, TakuM 0Opa3oM, He
3HAEM TOYHO B KAKOM MMEHHO M3 CBOMX BO3MOXKHBIX COCTOSHHUI CHCTEMa PEeasbHO HAXO-
JIATCS, B 3TOM CMBICJIE HAIIE 3HAHWE W ABJIAETCS HEMOJHBIM, 3HAEM MBI JIMIIb YKA3AHHbIE
BepositHocTH. OQJIHAKO U B CMEIIAHHOM aHCAMDJIE Mbl MOXKEM, B IPUHIUIIE, HARTH CPEIHEe
3HaYeHue JI000H (hU3NYIECKOl BEJIMYNHBI, TPEICTABISIEMON omepaTopoM A:

< A>= " wp(vf, Avy) (1.108)
k

IpudeMm

dwp=1; wp <L (1.109)
k

D10 BHIpaXKEeHNE OUEBUAHO, HOCKOIBKY (1, A)y) npeacrasager coboil KBAHTOBOMEXAHM-
ueckoe cpefdree oneparopa A B cocrostaum . Yucrsiit ancaM6Ib ecTh YaCTHBIN ciaydaii
CMEITAHHOTO, KOT/Ia PABHBI HYJI0 BCE BEPOSITHOCTH Wi KPOME OTHOHN, PABHON enuHUIIE.
Torna (1.108) cBogurcs k (1.98).

st m3ydeHns CMEIIaHHBIX aHcaMOjeil yaoOHO BBECTH CTATHCTHYIECKHH OIepaTop,
npeiozkeHHbil Hezapucumo don-Heitmanom u Jlangay. Bepremcsa k jguHeiHOMY Omepa-
topy A B MmarpuusoM z-uipeacrasienun (1.101). ogcrasnssa (1.101) 8 (1.108), noryaum:

<A>= /dxdx’A(x,x’)p(a:',x) (1.110)
< A >= Sp(pA) (1.111)
e
pea’) = 3wy (et ) 1112)
k

— cmamucmudeckut; onepamop B MaATPUIHOM T-TIPEJICTABJIEHNN WU MAMPUUE NAOMHO-
cmau.

MaTpuua mI0THOCTH 3aBUCHT OT 2N MEePEeMEeHHBIX X1, ..., XN, X 1, ..., X N ¥ HOJUNHSI-
eTCs YCIOBUI0 HOPMHUPOBKH:

Spp =1, (1.113)

KOTOPOE OYEBUIHO W3 OTPEIECTEHHS:
Spp = /da;p(a:,w) = Zwk(w,:,wk) =1 (1.114)
%

e nociefHee paBeHCTBO ciexayer u3s (¢Yf, ) = 1u Y, wy = 1. Yeaosue (1.113) ecrs
AHAJIOr yCJIOBHSI HOPMHUPOBKY DYHKIMH PACHPEAEIEHNS B KIIACCHIECKON CTATUCTHIECKOMH
MeXaHWKe.

3amuce B Buge (1.111) yao6Ha B TOM OTHOIIEHWH, YTO IIIYD MATPUIBI HHBAPUAHTEH
OTHOCHUTEJIBHO YHUTAPHBIX peobpazosatuii. [Tosromy dopmyna (1.111) daxruyecku He
BaBUCUT OT MCIOJb3YEMOTO MPEJCTABICHUSA OMEPATOPOB A U p, OHA CIpaBeiIuBa PH
1000M, & HE TOJBKO IIPHU MCIIOJB30BABIIEMCH BbIIE T-IpeAcTaBiaenun oneparopos. Ha-
LIpUMED, B JUCKPETHOM N-IIPE/ICTABIEHUN:

<A>=" Apnpom (1.115)

mn
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rae Amn — MATPUYHBIC DJIEMEHTHI onepaTopa A B N-TIPeICTaBIeHWN, Ppny, — MATPHUIA
IJIOTHOCTH B N-TIPEICTABJICHHN.
Marpuna miornocTu (CTaTUCTUYECKU OEPATOD) SPMUTOBA:

p(x,2") = p(a, x) (1.116)

YTO CJIEyeT HelOCPEACTBEHHO u3 onpezenenus (1.112). C moMoIpio IpOeKIMOHHOIO Olle-
patopa (1.103) crarucrnaeckuit oneparop (1.112) MOXKHO 3anmcarh B BUJE:

p= Zwkﬂpk; Zwk =1 wp<l1 (1.117)
k k

rie Py, — NpOeKIuOHHbII Olleparop Ha cocTosiHue 1. B 4acTHOM ciiyuae, KOrna PaBHbL
HYJIIO BCE Wy, KPOME OJIHOTO, PABHOIO €IMHHUIE, CTaTucTHYecKuii oneparop (1.117) npocro
COBIIAJIAET € TIPOEKIMOHHBIM omeparopoM (1.103).

B zaxmiouenne mokaxKeM, ITO CTATONEPATOP MOJOKUTEIBHO ONPEIeeH, T.e. He NMeeT
OTPUIATEIbHBIX COOCTBEHHBIX 3HaUeHMI. [I0CKOIBKY p 9PMUTOB, YCIOBUE TTOJTOKHUTE b
HOIT ONPEIeIEHHOCTH ero COOCTBEHHDBIX 3HAMEHNH 3aINCHIBACTCI B BHJE:

< A% >= Sp(pA?) >0 (1.118)

rae A — IPOM3BONBHBIN 3PMUTOB OmepaTop. B caMoM fesne; TPUBOAA p K JHATOHATIBHOMY
BHUJLY, 9TO BO3MOXKHO M3-3a €ro 3pMuTOBOCTH, 3ammimeM (1.118) B pume:

nk nk
YTO BJIEYET ppy, > 0. s maTpuust maorsoctn (1.112) ceoitcrio (1.118) BBIMoaHEHO, T.K.
< A2 >= Zwk(Az)kk = ZkakmAmk = Zwk|Akm|2 Z 0 (1120)
k km km

TaK 9TO CTATUCTUYECKHIT OMEPATOP IOJIOKUTEJIBHO Onpezesien. MOKHO TaK¥Ke MOKA3aTh,
9YTO BCE MATPUIHBIE SJIEMEHTHI MATPHUIIHI TNIOTHOCTH OTPaHHUYIEHbI [4]:

Spp® = |pmnl* < 1. (1.121)

1.8 KBgBaHTOBOE ypaBHenue JlnmyBuiid.

PaccMOTpUM BPEMEHHYIO 9BOJIONUI0 MATPUILI ILJIOTHOCTH (CTATONEPATOPA) JJIs aHCAM-
OJIs cHMCTEeM ¢ TaMWJIBTOHMAHOM H, KOTODBIA He 3aBUCHT SBHO OT BPEMEHH. B MOMeHT
Bpemenu t craroneparop (1.112) umeer Bun:

ol ') = S witbna, i (o, 1) (1.122)
k

IJIe BCS 3aBUCUMOCTH OT BPEMEHH COJEPXKUTCH B BOJTHOBLIX (DYHKIUSX, & BEPOATHOCTH Wi
HE 3aBUCAT OT ¢, T.K. OHM COOTBETCTBYIOT PACIIPEILTIEHHUIO cucTeM B ancamoOse mpu t = 0.
Bosnosbie dyukuuu ¥y (z,t) npeacrasusior coboii pemenusa ypasaenus IIpenuurepa,
VIOBJETBOPSIONINE HAYATBHBIM YCIOBHUSIM:

V(2. 1) |1=0 = Vi () (1.123)
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rae Y () - HEKOTOpasi CUCTeMa, BOJHOBBIX (DYHKIUE, ONPENeIAIONINX MATPHUILY [LJIOTHO-
ctu ipu ¢t = O:

ploa’) = 3w (@)t (o) (1.124)
k

Ecnu B HAYATBHBIT MOMEHT BPEMEHH OTHOCHTEIHHOE YHCIO W) JUHAMUYECKUX CHCTEM
HAXOIUIOCH B cocTostHnn Y (x,0), TO B MOMEHT BPEMEHHM t TAKOE XK€ TIUCJIO CUCTEM OyIeT
HAXOAUTHCA B cocTognuu Yy (x, t).

Nsmenenne cocrostaus ¢y (x,t) BO BpeMeHn ompenenserca ypasaernem I peamarepa:

AL AL (1.125)
ot
U, B MaTPUIHOM Z-TIpeACTaBJICHUM:
MW - /dx’H(m,x’)wk(x’,t) (1.126)

CoOTBETCTBEHHO, MATPUIIA IJIOTHOCTHU YIOBJIETBOPSET YPABHEHUTO:

L Op(x,a’,t)
mi@t =
= /dm” Z [H(z, 2" Y wppr (2", )5 (2 1) — wehr(z, )i (2 ) H (2", 2")] =

k
= /d:r” [H(z,2")p(x" 2’ t) — p(z, 2" t)H (2", 2")]
(1.127)
[Jie UCIONB30BANIN SPMATOBOCTL Tamuibronnana H*(z, ') = H(a',x). Takum obpasom

MBI TIOJIy9aeM yPaBHEHHUE ABUZKEHUE JIJIs MATPHUIIBI INIOTHOCTH — KBAHTOBOE yPaBHEHUE
JInysunnsg. B onmepaTopHOM BHUJE 3alMChIBAEM €T0 KaK:

LO0p
zha = [H, p] (1.128)
e
1 1 B
ﬁ[Hap]—%(HP—PH)Z{H,P} (1.129)

— kBaHTOBBIe cKOOKM Ilyaccomna.
Jas cucreM, HAXONANUXCS B CTATUCTUYECKOM PABHOBECHH O HE 3aBHCUT ABHO OT
BPEMEHM U KBAHTOBOE ypaBHeHue JIuyBusiia npuobperaer BUI:

[H,p] =0 (1.130)

TaK 9TO P KOMMYTUPYET C TAMUJIbTOHUAHOM U SIBJISETCS WHTEDAJIOM IBUXKEHUS, AaHAIO-
TUYHO CHTYAINN B KJIACCHYIECKONW CTATHCTUYECKON Mexanwke. KoMMyTaTuBHOCTH Omepa-
TOpPOB p 1 H 1 ¥X 3pMUTOBOCTH O3HAYAIOT, YTO OHU MMEIOT ODIIYI0 CHCTEMY COOCTBEHHBIX
dyukiwmit. [Tosromy craroneparop paBHOBECHON CHCTEMbI MOXKHO IPEJICTABUTH B BUJIE:

pla,2') =Y w(Ep)i()yi(2') (1.131)

k
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rJie BOJIHOBbIE (DYHKIUU yKe eCTh cOOCTBEHHBIE (DYHKIMU TaMUJIbTOHUAHA (CTAIMOHAD-
uoro ypasaenus Ipenunrepa):
Hyy, = Ep (1.132)

B kBaHTOBOI MexaHWKe HE BCe COOCTBEHHBIE (DYHKITMN ABJSIOTCS TOMYCTAMBIMUA, & JIAIIH
T€, KOTOPBIE YJOBIETBOPAIOT HEOOXOMUMBIM CBOMicTBaM cuMMerpun. Hampuwvep, as cu-
creMbl (PEPMHOHOB JOIyCTUMBI TOJBKO aHTUCAMMETPHYHBIE, 8 IJjig GO30HOB — CHMMET-
puusbie (cBa3b cuuna u craructuku). [Tosromy B (1.131) upeanonaraercs cyMMUPOBAHHE
HE 110 BCEM, & TOJIBKO IO JOIYCTHMBIM KBAHTOBBIM COCTOAHHMAM CHCTEMBIL.

1.9 MuKpoKaHOHUYECKOe paclipejiejieHre B KBaAaHTOBOI
CTATUCTUKE.

OCHOBHBIE UIEW TEOPUU CTATUCTUYECKUX aHcambseidl ['mbbOca HEmocpeacTBEHHO MOTYT
6bITH 0DODITIEHBI ¢ KJIACCHYECKOT0 HAa KBAHTOBBIN ciayyail. B cocrosinum paBHOBecHus: MaT-
PHIIA IIOTHOCTH MOKET 3aBUCETD JIUITH OT addumu6Hbiy MHTErPATIOB IBUYKEHUS, IO TPHU-
YHUHAM, COBEPIIEHHO AHAJOTHYIHBIM PACCMOTPEHHBIM BBIMIE JJI KJIACCHIECKOTO CIIydasd
(dbakropuzauus MaTpULpbl IOTHOCTU IS CTATHCTHYECKH HE3ABUCUMbBIX CUCTEM H -
JUTUBHOCTE ee jiorapudma). B KBaHTOBOH MEXaHWKE TAKUMU UHTEIPAJIAMU JIBUIKEHUS
OIIATH YKe SIBJIAIOTCA: NOJIHAs dHeprug cucreMbl (oneparop Lamunbrona H ), momHbI nM-
ysbe P v nosnbiit MomenT uMimysibea M (cooTBETCTBYOIIME ONEPATOPDL, AeCTBYIONINE B
IPOCTPAHCTBE BOJIHOBLIX (byHKuuii). COOTBETCTBEHHO, DABHOBECHAS MATPULA [IJIOTHOCTH
MoxkeT ObITh pyHKIMeH Toabko or H, P, M:

p=p(H,P,M) (1.133)

Ecau aucao wactun, N ancambiie He 3a7aH0, TO €ro Hy>KHO y4eCcTh KaK JOMOJHUTeIbHbLH
AJI/INTUBHBIA WHTEIDAJI JIBUKEHUSI:

[N,H] =0 (1.134)
rae N — omeparop, IPUHUMAIONIAH Teble mooKuTenbube 3uadenusa 0, 1, 2, .... Toraa:
p = p(H,P,M, N) (1.135)

Hist memomsuzkuoi cucreMul P = M = 0 u umeem:
p=p(H) wm p=p(H,N) (1.136)

Kpowme Toro craroneparop MOKeT 3aBHCETH, KAK OT [IapaMeTPOB, OT BEJIUYUH, KOTOPBIE
3aJIaHBI [IJIsT CUCTEM B aHCaMOJIe, HampuMep oT obbema V.

MukpOoKaHOHUYIECKOE PACIPEIeeHIe B KBAHTOBOM CTATHCTHUKE MOYXKHO BBECTH TOYHO
Tak)Ke, KaK W B Kjaccuiyeckoit. PaccMorpuMm jyia 3Toro ancaMO/b 3aMKHYTBIX, SHEPTe-
TUYECKYM U30JUPOBAHHBIX CHCTEM C MOCTOSTHHBIM OObeMOM V' ¥ MTOJIHBIM YHCJIOM YaCTHIL
N, IMEeIIAX ONMHAKOBY 9HEPrHi0 ¢ TOYHOCTHIO 10 AFE < F. [Ipeamnonoxum, 910 1J1s
TAKUX CUCTEM BCE KBAHTOBBIE COCTOsIHUS B dHEepreTudeckom cinoe K, E + AE pasnosepo-
amnuot. Torna:

QUE,N,V)]"! mpu E<E,<E+AE

w(Eg) = { 0 BHE 3TOTO CJIOA (1.137)
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YTO W HA3BIBAETCS MUKDPOKAHOHUYIECKUM DACIIPeIe/IeHrneM KBAHTOBOH crarucTuku. TyT
BCE QHAJIOIMYHO K/JIACCUYECKOMY CIydat0, Tobko crarsec (E, N, V) ue pasen dazoBomy
obbeMy, a IPSAMO IPEACTABILeT CODOI YMCI0 KBAaHTOBBIX cocToAnMiA B cioe F, E+AFE nns
cucrembt ¢ gucaoMm dacrurn, N u obbemom V. 910 cpady ciaenyer u3 ycaoBhs HOPMUDPOB-
ku Y, w(Ey) = 1. MUKPOKaHOHUYECKOMY PACLPEIEIEHUIO COOTBETCTBYET CTATOLEPATOD
(MaTpuIA TJIOTHOCTH):

p(z,a') = QNE,N,V) Y ve(a)i(a) (1.138)

1<k<Q

YTO MOXKHO 3alliCaThb M B OII€PATOPHOM BHJIE:
p=QYE,N,V)A(H - E) (1.139)

rae A(z) npeacrasiser coboii GyHKIMIO, OTIudHY0 0T Hy/s Ha uaTepBate 0 < z < AF),
r7le OHa paBHA €JIWHUIE, U PABHYIO HYJIIO BHE 3TOI'O MHTEpPBaJla.

IToggepkuem, 9TO TPEAIOIOKEHNE O PABHOBEPOSITHOCTH KBAHTOBBIX COCTOSHUH C O/TH-
HAKOBOH 3Hepruen /ijid 3aMKHYTOW M30JIUPOBAHHON CUCTEMBbI ABJIAECTCA IPOCTEHIINM, HO
OTHIOJb HE CAMOOYEBUIHBIM Tpeanosoxkenuem. [Ipobrema 060CHOBAHMST ITON TUNIOTE3bI
COCTABJISIET CYTh KBAHTOBOMEXAHUYIECKON IPrOAMIeCKONl TPOOIeMbI.

1.10 YacTuvHble MAaTPUIBl IIJIOTHOCTH .

AHaNOTUYHO CUTyaruu, PACCMOTPEHHON BBIIIE B KJIACCHYIECKOM CJIy4ae, 3HAHUE MOJIHOM
MaTPHUIIBI TJIOTHOCTH [N-JaCTUYHON CHUCTEMBI, B OONBIMTUHCTBE MPAKTUYECKUX 330349 BO-
Bce He Tpebyercsa. PaxTuyueckn, Hanbosee BaKHYI0 NHGOPMAIHIO O CHCTEME MOYKHO T10-
JIyYUTh, U3ydasd CTATUCTHYECKUE ONepaTOpbl (HEOOJbINNX) KOMILIEKCOB YaCTUI] UM Ya-
cTuuHble MaTpulpl wiorHocTu [20]. PaccMorpuM ongTh HPOU3BOJIBHYIO CHCTEMY, COCTOS-
myio n3 N OOMHAKOBBIX YaCTHUIl. Bymem 0003HaYaTh 4epe3 X1, Lo, ... N IEPEMEHHDBIE STUX
JacTuIl (3T0 MOTYT OBITh WX KOODAWHATHI, MMITYJILCHI W.T.1.). BonHoBbIe dhyHKIMH Beeit
CUCTEMBI SABISIOTCH (DYHKIMAMY ITUX MePEMEeHHbBIX:

Yn(,t) = n(21, s TN, ) (1.140)

rae n obozHa4daer “Homep” (HabOp KBAHTOBBIX YHCEN) JAHHOIO COCTOAHHS cucTeMbl. Ore-
paropbl GUBNIECKUX BEJIUYUH IIPEICTABISIOT CO00H 0O0DIEHHbIE MATPUIIBI CAETY IOIIETO
BHIA:

A=Az, ...,zn; 2, o 2ly) (1.141)

Paccvorpum craroneparop N-9acTUYIHON CHCTEMBI:

(21, ey TN T, Xy ) = anwn(m, ey TN E)UR (T, oy Ty, T) (1.142)

B caydae wacTui, mogauHAOMAXCA CTaTUCTUKE Bo3ze:
P (1, ..yzn, t) = Yn(x1, ...y TN, T) (1.143)

rae P — omeparop nepecraHoBku nepeMmeHubix x; (1 = 1,2,...,N). B caydae wacrun,
HNOTUUHSAIOMMXCA cTaTUCTUKe DepMu:

Py (21, .y xn,t) = (=) (1, ..., zN, 1) (1.144)
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P P

rae (—1)" = 1 nas gerHbIX MepectaHoBoK u (—1)7 = —1 — s weverHsix. [losromy B

oboux ciaydasx
Pp=pP um PpP~!'=p. (1.145)

IIpu BuIUUCICHUN CPEIHUX 3HAUCHUN TUHAMAYECKAX MEPEMEHHBIX OOBITHO TTPUXOIAT-
cd MMeThb JeJIO C OllepaTopaMiu, 3aBUCAIINMHI OT IIePEMEHHBIX OJHOU, MBYX,..., S-4aCTHIL:

A=) Al (1.146)

1<r<N
Ay= > Alr,r) (1.147)
1<r;<r;<N
A = > A(ry,ra, ..., 15) (1.148)

1<r;<rs<...<r;<N

rae yepes r; 0003HAYEHA 3aBUCHMOCTH OT KoOopauHAar i-i wactuupl. CpeaHue 3HaveHUs
TAKUX OIEPATOPOB BbIUUC/IAIOTCH Y€Pe3 YaCTUYHbIE CBEPTKH MATPHIIBL [IJIOTHOCTU p (T.€.
Yepes IIMyphl OT p 110 YACTH TEPEMEHHbBIX). B caMoM fiesie, yIuThiBasg CBOUCTBA, CUMMeT-
PUH OIIEPaTOpa P OTHOCUTEIHHO TepecTanoBok dactull (1.145), monydaem:

< Ay >= NSpi{A(1)p:(1)} (1.149)

MNiu_l)Spu{A(l»?)pz(l,?)} (1.150)

< Ay >= 5

N(N = 1)..(N — s +1)

<A >= . Spr2...s{A1,2,...,9)ps(1,2,...,5)} (1.151)
I BBEJIECHbI ODO3HAYCHHA:
p1(1) = Spa,.. .np(1,2,...,N) (1.152)
p2(1,2) = Sps... . np(1,2,...,N) (1.153)
ps(1,2,...,8) = Spst1,...np(1,2,..,8,s+1,...,N) (1.154)

rJIe 171 KPATKOCTH MCTIONMB30BAHBI 0003HaTenHus po(1,2) = pa (1, 225 2}, 25, 1), Spap2(1,2) =
SPayp2(x1, 2; 2, h; t) n T.0. BemmauHbL ps HA3BIBAIOTCSA CTATUCTHYECKAMH OTIEPATOPAMH
KOMILIEKCOB § YaCTULl, WK S-4aCTUYHLIMM MATPULAMU ILIOTHOCTH.

Jlnsa oneparopos ps, B cuiy (1.145), uMEIOT MECTO COOTHOIIEHWS:

Pyp P71 = p, (1.155)
rae P, — omeparop mepecTaHOBKH § YaCTHII,
ps(1,2,...,8) = Spsr1ps+1(1, ..., 8,8+ 1) (1.156)

YTO OJaeT BhIpaXKEeHue S-9aCTUIHOMN MaTPpHUOBL IJIOTHOCTHU Y€pe3 S + ].—qaCTI/I‘{HyIO.
[Tepeiimem oT omepaTopoB ps K omeparopam Fj:

Fs(1,...,8) = N(N = 1)...(N — s+ 1)ps(1, ..., 8) (1.157)
st mux, corsnacuo (1.156), umMeroT MeCTo Ciie/yoliue COOTHOUIEHHS:
1
Fs(1,...,s) = mSpsﬂFHl(l,...,s,s—l—l) (1.158)
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B mpemene N — oo npu (pUKCHPOBAHHOM S MOYKHO MpeHeOpeYh S B 3HAMEHATEJNE, TaK
q9TO!

1
F,(1,..,s) = NSpS“Fsﬂ(l,...,s,s—l—l) (1.159)

Benunuannsl Fy, M0 aHAIOTHUN C KJIACCHYIECKUM CIydaeM, OyaeM Ha3bIBaTh S-9aCTHIHBIMU
dyukimaMu pacnpenenenusi. [Ipu mepecranoBkax, odeBumno, nmeem: PyF P L = F,.
Ipu srom u3 (1.151) cpearue GUBHUECKUX BETUUUH IIPUHAMAIOT BUJI:

<A, >= éspl,_“,s{A(L...,s)FS(L o 8)} (1.160)

Bamuiiem ormeparop A CTaHIAPTHHIM 00Pa30M B TIPEICTABJIEHUN BTOPUIHOTO KBAHTOBA-
HUS:

1 !/ !
_ ) + o F
A = a E A(fr, o Isi [ J1)ag, ay agr..ag (1.161)
{£:£'}
re a}T, @y — OIEPATOPHL POXKICHUS ¥ YHUITOXKEHAS JACTUL B HEKOTOPBIX OJHOTACTHI-
HBIX COCTOSTHUSX, XapaKTePU3yeMbIX KBaHTOBbIME aucaamu f, a A(f1, ..., fs; fl, . f1) —

COOTBETCTBYIOLIMI MaTPUYHBINA 3JIEMEHT oleparopa auHamudeckoil nepemensoii A. To-
T7a, BBIYUCIISAS CPEJHUE TT0 aHCAMOJIIO, MOJIYyIaeM WX B BUJIE:

1
<A, >= 5 Z A(f1s oo fs3 oo oo f1) < aF, - agrap > (1.162)
(.17}

Cpasnenue c (1.160) naer Torga caemyrolee o0Iee BLIPAKEHUE JIJId S-9aCTUIHOMN BDyHK-
MY PACIIPEIE/ICHUSA B IPEACTABICHNE BTOPUIHOIO KBAHTOBAHUA:

Fy(1,...,s) =< a} ..af ag ..ap > (1.163)

O4eHb yI0OHOE TIPHU PEIIEHNN KOHKPETHBIX 337189 KBAHTOBON CTATUCTUIECKON MEXaHUKH
I TIIMPOKO WCTOTB3YEMOE B COBPEMEHHON TEOPUH CHCTeM MHOTUX JacTuir®. DakTmueckn,
BBIYHCJIEHHE 9TUX BEJIMYUH B PAZHBIX (DU3UUECKUX CUTYAITUSIX U ABJISIETCST OCHOBHOH 33,12~
uett aroit Teopun. OJHUM U3 METOIOB TAKUX BHIYUCIEHUN SABJISIETCS TIOCTPOCHUE CHCTEMbI
3alEIISIONIMXC ypaBHeHuil st Takux dbyHkimii pacupegenenus (uenouku Boromo6o-
BA), AHAJIOIMYHON KJIACCUIECKOMY CIY4al0, U €€ NPUOJINKEHHOIO PEIIIeHUsT TEeM WU UHBIM
cnocobom. TTomobubL 10/1X0/1 UCHOIB3YeTCsl, B YaCTHOCTH, IIPUA BBIBOJIE KBAHTOBBIX KH-
HETUYECKUX YPABHEHMUIA.

s psjna 3a7ad, a Takxke s OOCYKIEHNS COOTBETCTBHUS C KJIACCHYECKUM CJIy-
9aeM, 9acTO BBOIST TAK HA3BIBAEMYIO (DYHKITHIO pacrpenenenus Burxepa B “cMernan-
HOM” KOOPIMHATHO—MMITYJIbCHOM TIPEICTaBIeHUH. i 9TOr0 pacCMOTPUM OZHOYACTUY-
Hyl0 Marpuny miotHoctu p1(1) = p(x,x'), Toe X — KOOPAMHATHI YaCTHUIBL U OIIPEIETUM
BUTHEPOBCKYIO (DYHKIINIO PACTIPEIEICHUS KaK:

flx,p) = ﬁ /dEe%pg,o (x - g,x — g) (1.164)

T.e. npoBeaa npeobpazosanne Pypoe 110 pazHocTu KoopauHat & = x — x'. nTerpasst oT
9TOM (DYHKIINU 110 X U P UMEIOT BUI, JHATOHAIBHBIX JIEMEHTOB MATPHIIBI MJIOTHOCTH B X
U P — MPEICTABICHUN:

o, %) = /dpf(x,p) o(p,p) = /‘dxf<x,p> (1.165)

8TlomuepKHeM, YTO yIJIOBBIE CKOOKH 0603HAYAIOT 3/1eCh YCPeIHeHeHHe (BHIYHUCICHHE TITyPa) C MOJTHOH
N-gacTuuano#t Marpunei njaoTHOCTH!
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9TO JIETKO MOJYYaeTCd U3 ONPENENCHUA IOCTIe COOTBETCTBYIOINMX 3aMEH ITePEeMEHHBIX.
Pasymeercs, ¢ynkuuio pacupenesienus f(X,p) Helb3s paccMaTpuBarTh Kak (DyHKIMIO
pacnpejiesieHus [0 KOOpAUHATAM U uMITysibcam (coorHorrenust neonpenesennoctu!). Ho
ee WHTerpaJibl JAI0T 0 OTAEIbHOCTH (DYHKIMK PACIPENEIEHUA 10 KOOPAMHATAM U UM-
nysibcaM. Cama e BUIHEPOBCKasi (DYHKIIUS PACIPEIESICHUS MOXKET ObITh J1a2Ke OTPHUIa-
TEJIBHON U HE MMEET CMBICIIA OObIYHON (Kiaccuueckoil) hyHKIUN pacipeneaeHus.

1.11 SDuTponus.

1.11.1 TI'mb6coBckasg SHTPOINLA. DHTPONUA U BEPOATHOCTD.

Bepremcst K c1ydaro KJIACCUYECKON CTATUCTUYECKON MEXQHUKN U PACCMOTPUM JIOTapudM
dbyHKIIMK pacnpenesenns ¢ 0OPATHBIM 3HAKOM:

OTa BeMMYUHA UTPAET OCOOYI0 POJIb, BBIIIE MBI YK€ BHJIEJNU, YTO OHA AJIUTUBHA, I
darropusyrommxcs GyHKINH pacnpeaesenns He3aBUCUMBIX TIOICUCTEM, 9TO AHATOTHIHO
CBOWCTBY &JIATUBHOCTH SHTPOIUE B TepMoinHamuke. CpejiHee 3HAYEHUE ITOH BEJTUIUHbBI
Ha3bIBAETCS TMOOCOBCKOM SHTpONHEH:

dpdq
S=<n>=-— / mp(p,q,ﬂ Inp(p,q,t) (1.167)

Bbruucium 9Ty 3HTPONUIO Jj1s MUKPOKAHOHUYECKOro paciipeiesnenus (1.58) paBHoBecHOit
saMkHy 1O cucrembl. [lopcrasias B (1.167) dynkuuio pacupesesnenus s suue (1.58):

_ [ [UE,N,V)]"" mpu E<H(pq) <E+AE
ppa) = { 0 BHE 3TOTO CJI0A (1.168)
rae
1
E<H(p,q)SE+AE
TIOJTy IaeM:
_ dpdq 1 1
S(E,N,V) = / @rh) N NI (B, N, V) m[Q(E,N, V)] =

E<H(p,q)<E+AE
=InQ(E,N,V) (1.170)

Takum 06pazoM, A1 paBHOBECHOTO MUKPOKAHOHUIECKOTO aHCAMOJIsI 9HTPOIINS PABHA, JI0-
rapudMy CTATUCTUYECKOTO BECA, T.€. JIOTAPU(MMY UnNC/Ia KBAHTOBBIX COCTOSIHHN B IHEP-
FeTHYECKOM cJioe mupuHoit AF, COOTBETCTBYIONMX JAHHOMY MAaKPOCOCTOSHUIO HAIIeH

CHCTEMBI.

9CrarucTuueckuii sec Q(E, N,V) = exp S(E, N,V) 1o camoMy OIpeme/NeHHi0 eCTh GHCIO ypOBHEil
9HEPruu, NPUXOAAIUXCA HA WHTEpBase sueprun AFE, xapakrepu3ylonmil mupuHy PACHPEeIeHusT Be-
posaTHOCTEH 0 3HEpruu. Pazgequs AE wa Q(E, N,V) 04eBHAHO TOJLYIUM CPEHEE PACCTOSTHUE MEXKIY
OT/IeJTBHBIMU YPOBHSIMH Ha JAHHOM YYaCTKe CIIeKTpa cucTeMbl BOmm3u E. O6G03HAYAS 3TO PACCTOSHUE
D(E) numeem: D(E) = AFEexp(—S(E)). Takum obpasom, seqmuanna sarponuu S(E) ompenenser ry-
CTOTY YpPOBHE SHEPTeTUTIECKOTO CIIEKTPa MAKPOCKOMMIECKONH CHCTEMBI. BBU Iy aIIUTHBHOCTH SHTPOIIUA
MO>KHO yTBEDXK/IaTh, 9YTO CPE/IHEE PACCTOSIHUE MEXK/IY YPOBHSIMYM TaKOW CUCTEMBbI SKCIIOHEHI[UAJIbHO YObI-
BAET C YBEJMYEHHEM UHCJIA IACTHUI] , TAK ITO CIIEKTP MAKPOCKOMHIECKOTO TeJsa, (DAKTUIECKH, SIBJISIETCS
menpepsiabiM [1, 2].
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B xBaHTOBOI CTATHCTHUKE MOKHO aHAJIOTTIHBIM 00PA30M BBECTH OMEPATOP IHTPOIINH,
KaK JIorapu™M MATPUIThI LIOTHOCTH:

n=—1Inp (1.171)

Boiiie Mbl BUJEM, YTO CTATHCTUYECKHUN OMEPATOP O IPMHUTOB U MOJOKUTETHHO OMpe-
nesnen. CireJoBaTeIbHO, €ro JorapudM 3pMUTOB, & ONEPATOP SHTPONUU MOJOXKUTEIBHO
ompenened. B camom Jese, ecium wi,Ws, ... — COOCTBEHHBIE 3HAYEHHUS OMEPATOPA P, TO
CcOOCTBEHHBIE 3HAUEHUs OIIEPATOPA 1) PABHBI COOTBETCTBEHHO — Inwi, — Inwsy, ..., Tak Kak
coOCcTBeHHbIE 3HAYeHWs (DYHKIIMKM OT OIEPaTOpPa PABHBI ITOH ke (DYHKIMH OT COOCTBEH-
bix 3Hadennii. U3 0 < wi < 1 npm atom crexyer, ato — Inwg > 0.

Omneparop suTponuu 00JI3Ja€T CBOMCTBOM aJIUTUBHOCTH — €CJH OMEPATOp p €CTh
MPSIMOE TTPOU3BEIEHNE OTIEPATOPOB P W P32

P =p1 X p2 (1.172)

TO
n=—Inp; —Inpy =01 +n2 (1.173)

Temepp MBI CHOBA MOXKEM BBECTH TMOOCOBCKYIO SHTPOINIO KAK CPEeIHUM JIorapudM Mar-
PHUIIBI TIJIOTHOCTH CO 3HAKOM MUHYC:

S=<n>=—<lnp>=—Spplnp (1.174)

SHTpOHI/IH — IIOJIOZKHUTEJIBHO OIIpedC/ICHHAd BEJINYHNHA, B JUAI'OHAJBHOM IIPEACTaBJICHUN
OHa UMEET BUI:

S==> wlnwy >0 (1.175)
k

JIump B 9aCTHOM CJIydae, KOrJA CTATOINEPATOP OIMUCHLIBAET UHCTOE COCTOSHUE WMEEM:
S = 0. Econ p oumcpiBaer craTucTudecky HezaBucuMble aHcambmn (1.172), 1o o4eBuiHO
S =51+ 52, tme S; = —Spp1lnp; u So = —Spps 1n pa, Tak 9TO TUOOCOBCKAS SHTPOIHUS
ob1amaeT CBOWCTBOM A UTUBHOCTH, AHAJOTUIHO IHTPOIUY B TEPMOIUHAMUKE.

O6cyauM cTaTHCTUYIECKUH CMBICT SHTPONUH. [IycTh MAKPOCKOTIMYECKOE COCTOSTHIE CH-
crembl, Kpome 3Hadenuit F, N,V xapakrepu3yercs KaKUMHU-THOO MMapaMeTpaMHu & WM
(1,22, ..., Zpn). IIyCTb CTATHCTUYECKUI BEC COCTOAHUA C PUKCUPOCAHHbLMU 3HATCHH-
MU 3TuX mapaMerpos pasen (E, N,V z). Torma BeposTHOCTh PEATU3AIMNA COCTOSHUS
(E,N,V,z), corjlacHO NPUHIIUILY PABHON BEPOATHOCTH COCTOSHUH B MUKPOKAHOHUIECKOM
pachpee/leHnu PaBHA!

Q(B,N,V,z)
= - EN P .
wle) = =gy = Cew(S(B, NV, ) (1.176)
rmue
S(E,N,V,z) = InQ(E,N,V,z) (1.177)

— surponus cocrosuus (E, N, V, z).

B GospmmncTBe ciyuaeB Hambosee BepOATHOE 3HAYEHWE T* U CpenHee 3HAUYEHUWE <
Z > BEJIMYUHBI T COBIIQJAIOT IPYL ¢ JPYIOM, TAK KaK BEPOATHOCTH w(X) MMeeT OCTPBI
MaKCHUMYM TIpH & = ¥, CJIM CHCTEMa, TIOCTATOYHO BennKa. Hanbosee BeposiTHOE 3HAUEHTE
x* ompejenseTcs U3 yeJaoBUS MakcuMyMa w(x):

S(E,N,V,z) = Mazx npu z=2z" (1.178)



1.11. Durponus. 37

um . .
8S(E’N’;;;1’ %) g j=1,2,...n (1.179)

Herpymwo coobpa3nuTh, 9TO BEIHUINHA
w(Az) = C"exp{S(E,N,V,z* + Az) — S(E, N, V,z*)} (1.180)

OlIpeIeJIgeT BEPOATHOCTh OTKJjOoHeHuil (duykryanuit) Az mapamerpoB  or ux HauGo-
7ee BepoATHBIX (cpennnx, papHoBecHbix!) 3Hauennii'®. DTo cBoOifcTBO BHTpPOMHU JIEZKUT
B OCHOBE €€ CTATUCTUIECKUX NPWIOKeHui (nmpwanun Bombnmana), B 9acTHOCTH HA HEM
crpoutcs Bes Teopus GaykTyarmil (DiHmTedin).

1.11.2 3akoH Bo3pacTaHHS SHTPOIUN.

W3 TepMOaIMHAMUKE W3BECTHO, 9TO IHTPOINS W30IUPOBAHHON CUCTEMbI BO3PACTAET, UJIH,
B CJIy4ae TePMOJINHAMMYECKOTO PABHOBECHs!, TIOCTOSIHHA. 1J1st pABHOBECHOTO Ci1y4ast Tuh0-
COBCKOE OITpeJIeJIeHre SHTPONUN HE BBI3BIBAET COMHEHUM, HUYXKE MBI emme ybeauMces, 91o
OHO BITOJIHE SKBHUBAJEHTHO TEPMOIUHAMUYIECKOHN SHTpomuu. Hadge oOCTOUT HEI0 eCin
dbyukuna pacrpenenenus p(p,q,t) 3apucut oT BpeMernu. HeTpyaHo yOeauThest, 4To st
W30/IMPOBAHHON CUCTEMBI THOOCOBCKAS IHTPOIUsT BOOOIIE HE 3aBUCUT OT BPEMEHH, & IM0-
TOMY M He MOKeT Bozpacrtarhb. B camom nene, mycts npu ¢t = 0 GyHKIMA pacnpesesneHus
pasra p(p°, ¢°,0), a B MomenT t ona pasHa p(p, ¢, t), Te (p, ¢) meKuT Ha bazoBoil TPaeK-
ropun, npoxoasmeii uepes (p°, ¢°) u onpeaenaemoit ypasnernsavu Iavunbrona. CoriacHo
reopeme Jlnysusist umeem (1.45):

p(p°,4%,0) = p(p, g, 1), (1.181)

TOrIa rnOOCOBCKAsS SHTPONNA B MOMEHT ¢ PaBHA:
dpdq
S=— [ ——— t)1 t) =
/(%h)gNN!p(nq, )Inp(p,q,1)

- 7.07.0

= 7/ (QZIE)/)?](\IZN'p(pO7q070) lnp(p07q070) (1182)
TaK KaK COTJIACHO Teopeme JInyBuiiist 0 coxpaHneHun (pa3oBoro obwhema nuMeeM u dpdq =
dp®dq®. TlosToMy ru6GCOBCKas SHTPOINS He MOKET CJIYKUThH B KAUECTBe OOIIEro OIpese-
JIEHUsT IHTPOIUHU MPOU3BOJIHLHOTO HEPABHOBECHOTO COCTOsSTHUS. B 3TOM mapaIokce 3aKIIio-
YeHA MPUHITAITHATLHAS TPYJTHOCTH 0OOCHOBAHUST HEOOPATHMOTO TEPMOTUHAMUAYIECKOTO TI0-
BeJIEHUA HA OCHOBE OOPATHMBIX BO BPEMEHH yPABHEHUI MEXaHUKH, BbI3bIBABIIAA OOJIbIITHE
JIUCKYCCUM B 1IEPUO/J] CTAHOBJIeHUs crarucrudeckoil mexanuku (Bosabuman, Hepmedo, ITy-
ankape, ['u66c).

Tem He MeHee, Ha OCHOBE psiia paHHUX waeil ['mOOca MOXKHO TPEIIOKUTL HEKOTO-
poe 0b600IIeHNe, TEMOHCTPHUPYIONIEe 3aKOH BO3PACTAHUs SHTPOINUN. BrepBble OHO ObI-
JI0 pacCMOTPEHO B m3jaraemoil nmxke dopme Idperdecrom n AdanacbeBoit-Dpendect.
Onu nperoxmim “orpyours”’ rubOCOBCKOE OIPE/IeTIeHNe SHTPOIINH, BBE/I BMECTO HCTHH-
Hoit (“MenkocTpyKTypHOI”) dbyHKIMYU pacupenenenus p(p, q,t) “orpybmennyw” (“kpymnHo-
CTPYKTYPHYIO”) IJIOTHOCTH BEPOSITHOCTH:

N 1
p(p,q,t) = pi = ;/ dpdqp(p, q,t) (1.183)

0B camom mene: w(z* + Az) = Cexp{S(z* + Az)} = C'exp{S(z* + Az) — S(z*)}, rae C' =
Cexp{S(z*)} — HOBasT KOHCTAHTA HOPMHPOBKH.
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T7le MHTErPUPOBAHNE BEIETCS MO (DUKCUPOBAHHBIM MAJIbIM sSUeiiKaM (ha30BOro MPOCTPAH-
cTBa w;. Takas onepanus ycpeauenns (orpyb/ienus) pyHKIUM pacupeieeHns 03HadaeT,
9TO MBI BBOAUM HEKOTOPYIO €CTECTBEHHYIO KOHEYHYIO TOYHOCTH, C KOTOPOH MBI MOXKEM
peaJIbHO MCCJIEe0BATh ABUKEHNE cucTeMbl B (ba30BoM mpocrpancTee. Hampumep, ¢ yue-
TOM KBAHTOBBIX 3(DHEKTOB, KAK YK€ OTMEYAJIOCH BbIIIE, CYIIECTBYET HUKHSISA IPDAHUIA
s obbeMa AUk w;, KoTopas He MoykeT ObiTh Membme (27h)%Y B cooTmercTREE C
TpeGOBAHNAME IPUHIKIA HeonpeaeaeHHocTH . Orpybrennas GyHKIHS pacpeeeHns
(1.183) oveBuAHbIM O6GPA30OM MOCTOAHHA BHYTPH COOTBETCTBYIOINEH A9eHKH w;, OKPY¥Ka-
omeil narAy0 TOUKy (p,q). CooTBercrBeHHO, MOOOH MHTErpan ¢ QyHKIMER pacnpeme-
Jienusi 110 BceMy (ha3zoBOMY IIPOCTPAHCTBY MOXKET ObITh 3aIMCAH B BUE:

/dpdqp(p,Q)--- = mei... = Z/ dpdgp(p,q)... = /dpdqﬁ(n q)-.- (1.184)

I'ub6coBCKaS YHTPOIIN, TOCTPOEHHAS HA OCHOBE Orpy0IeHHON (PYHKINN pacIpeaeaeHnsd,
y2Ke, BOODIIe TOBOPsI, He TIOCTOSHHA, BO BPEMEHHU U MOXKET BO3pacTaTh. UToObI yOeIuThes
B 3TOM, CPABHUM 3HAUYEHUS THOOCOBCKOI SHTPONNY, BBIYUCIEHHON [I/1sT KPYITHOCTPYKTYP-
HO¥ (hyHKIMU pacnpeaeeHns B MOMEHTHI Bpemenu ¢t u t = 0, moJsrarast, YTO B HA9aJIbHBIH
MOMEHT UCTHUHHAS [IOTHOCTH PACIPEIETeHNs COBIAIAET C OrpyOIeHHOM:

p(%,4%,0) = p(p°,4°,0) (1.185)
Nmeenm:
Sy — Sy =
= —/dFﬁ(p,qﬂf) lnﬁ(p,qyt)+/dFop(p°7q070) Inp(p°,¢",0) =

—~ [ dr (o a. ) e 0.t) - pp. 0. O lpo0. 0} (1180

rjie ucosb3oBaau reopemy Jluysumis B uge dl'g = dI' u (1.181), a TakKe CHSLIU THIBILY
y dbyHKunum pacnpezesnenusd, He CTOslel noj 3HakoM In, uro corsacuo (1.184) Bcerna
MOZKHO CIEJIaTh 1101, 3HAKOM HHTerpasial’?.

Jljig mo0bIX IBYX HOPMHUPOBAHHBIX (DYHKIHH PACIPENCTICHAA p U 0, OIpeIeeHHbIX

B 0HOM ()a30BOM IPOCTPAHCTBE, HMEET MECTO CIeyIollee Hepapencrso I'utocals:

/drpln (pp,) >0 (1.187)

1B nemom cuTyarms B KBAHTOBOH CTATHCTHIECKON MEXAHWKE B OTHONICHWH PACCMOTDEHHS BDEMEH-
HOI IBOJIIOIIY 3HTPOIINKA COBEPHNIEHHO aHAJIOTUYHA W Mbl OTDAHUYNMCS HUXKE aHAJU30M KJIaCCHIECKOro
CJTydasi, OTCBLIAsl 3AMHTEPECOBAHHBIX K COOTBETCTBYIOMEH CXeMe PACCMOTPEHHsI KBAHTOBOH SHTDONIUH B
kuure 3ybapesa [4].

12 Teiticreurensro: [ dpdgp(p,q)Inp(p,q) = > ;pwilnps = Y, [fwi dpdgp(p, q) In m] =
J dpdgp(p,q) In 5(p, q), uTo u ucnonszosano 5 (1.186).

/7
13 JlanHOe HEPABEHCTBO €CTh CJIEACTBHE HEPABEHCTBA, In (5) >1-— % (p > 0,p/ > 0), Tae 3max

PaBEHCTBA UMEeT MeCTO JIUIIb IIpU p = p’. DTO ACHO U3 CIIpaBeaIuBoro aas z > 0 HepasencTsa lnz > 1—

% (paBercTBO pm « = 1), rae monaraem © = 5. ITocse yMHOXKEHUS HA, 0 ¥ HHTETPUPOBAHUS 10 (PA30BOMY
/

MPOCTPAHCTBY, MOJydaeM: fpln <§) dl’ > fp (1 — %) dl' = 0, rge y4im ycjioBre HOPMUDPOBKH, 9YTO U

JokazbiBaer (1.187.)
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OprYeM 3HAK paBeHCTBa uMmeer Mecto Jjuinb npu p = p'. Torna uz (1.186) (monaras
p=p') cpasy momyqaem:

St > So (1.188)
IIycrs p(p°, ¢°,0) me coorsercTByeT CTATHCTHYECKHM PABHOBECHOMY aHCaMOJIIO, TOrIa B
MOMEHT BPEMEHN {:

p(p; q;t) # p(p. q;t) (1.189)

TaK KaK xoTs p(p, ¢, t) ¥ HE M3MEHsIeTCs1 BIOJTb (ha30BOH TPAEKTOPUY, HO B TAHHYTO TIEHKY
w BOJM3U TPOU3BOJNBHON TOYKHU (P, q) OyAyT IPUXOAUTL W YXOOUTH (DA30BblE TOYKH W3
JPYTHX f9€eK M 9TH IIPOIIECCHI, BOODINE IOBOPsI, HE KOMIEHCUDPYIOTCs. TakuM obpas3oM
MTPOUCXOIUT TPOIECC “iepememupanus’’ (Ha30BbIX TOUYEK 1m0 (a30BbiM sdeiikaM. C yaeTom
(1.189) u3 (1.188) cremyer:

Sy > S, (1.190)

T.e. YHTPOIHUS, ONPEIETEHHAs C MOMOINBI0 KPYIMHOCTPYKTYPHON (DYHKIMU pacrpesesie-
HUSI, BO3PACTAET CO BPEMEHEM. DTO 3aKJIUEHNE BEPHO, €C/U ABUKeHNe (ha30BbIX TOUYEK
“MeeT MePEMENUBAOIINI XapaKTep B YKA3aAHHOM BhIMIe cMmbicye. [lepememmBarommii xa-
paKTep IBMKEHUsT OKA3BIBAETCS TECHO CBA3AHHBIM C JIOKAJHHOW HEYCTONYIMBOCTHIO (ba-
30BBIX TPAEKTOPUil, BO3HUKAIIEH (Kak npaBuso!) st HeTPUBUAILHBIX (DUBNIECKUX CH-
cTeM, JIAazKe € MaJIbIM 9ucJIoM dacTull [14]. Dra HeycTolYrMBOCTD IPOABISETCS B SKCIIOHEH-
IWAJILHO OBICTPOM “paszberanmu’ marke M3HAYAIHHO OJIU3KUX TOYEK COCETHUX (ha3OBBIX
TpaekTopuii. Bosee moapPOOHO ITU U PSAM CMEKHBIX BOIIPOCOB paccMOTpeHbl B [Ipuioxke-
nun A.

Beenenne KpynmHOCTPYKTYPHOIM (DYHKIHE PACIPEIEIEHAs HEMb3sd, OJHAKO, PACCMaT-
pPUBaTh B KAYECTBE BIIOJIHE YIOBJIETBOPUTEIBLHOTO pernerus mpobiaembt. eino B ToM, 9To
4eM MeHbIe MacInTad orpyOseHus, TeM BO3PACTAHUE SHTPONHMK S; MEHbBIIE, B IPEIese
w — 0 OHO TakKe CTpeMuTCs K Hy0. Bo3pacranue »xe pu3ndeckoil IHTPOIUU HE MOXKET
3aBHCETH OT MacITaba orpybIeHns, HAIPHMED, ecJii Obl MbI Tpunsam w ~ h3Y | ncxong uz
TpeOOBaHUN KBAHTOBONW MEXAHUKM, TO POCT IHTPONUN OMPEIEIIIIcC Obl BEIUINHON MOCTO-
auuoit [Lranka h, a 9170 oueBuaHO He TaK. TyT MOXKHO BBICKA3aTh PA3HBIE TOYKY 3PEHUSI,
HALPUMED JI0JIr0€ BPeMsl CUUTAJIOCH [4], 4T0 npuMeHss OLepalyo KPYIIHOCTPYKTYPHOIO
YCPEIHEHUsI, MBI JTOJI?KHBI COBEPINATE JBa, MPEIEIbHBIX MTEPEX0a: OOBIUHBIN TEPMOINHA-
MUYECKUH IIPEeIes CTaTHCTUIecKoi Mexauuku N — 00, V' — oo upu N/V = const, a yxe
nocae smoeo npenen w — 0. CoBpeMeHHas ToYKa 3peHust [14] cocTouT B TOM, 9TO T€PMO-
JuHaMUYecKuil npeses Tyt HecyiecrBer. CBOMCTBO nepemeruBatus (II0J10KUTEIbHOCT
surponuu Konmoroposa - Cunas, cM. Ilpuioxkenue A) nocrarouna aus asi obecrederust
“IpaBUIBHOTO” CTATUCTUYECKOTO TIOBEIEHUST YIKE JJI CUCTEM C UUCJIOM CTerneHeil cBoOo-
et N > 2. VsonupoBaHHas CHCTEMa, HE3ABUCUMO OT HAYAJBHBIX YCIOBHUH, TOCTUTAET
PABHOBECHOT'O COCTOSIHUS, B KOTOPOM €€ MOYKHO PABHOBEPOSTHO OOHAPYKUTH B JIFOOOM
U3 ee BO3MOXKHBIX COCTOSHUI (IPrOAMUYECKOE [IOBEJICHHUE).

Hpyras rouka 3penud [1, 2] Ha onpeneserre SHTPOIUU HEPABHOBECHOIO COCTOSHUS OC-
HOBBIBAETCs HA HECOMHEHHO BEDHOM olipeesieHun pasHosecHoit surpoiuu (1.170). Ipeu-
TTOJIOKHUM, UTO CUCTEMA HAXOIUTCSA B HEKOTOPOM COCTOSTHUHU HETOJIHOTO PABHOBecUsi U 0y-
JIEM PACCMATPUBATH €¢ B Te€UEHUEe TPOMEKYTKOB Bpemenu At. Paznenum cucremy MbIc-
JIEHHO HA YaCTH, HACTOJHKO MaJIble, YTO X CODCTBEHHBIE BPEMEHA PEIAKCAIINY MAJIbI IO
cpaBhenuio ¢ At (BpemeHna pesiakcaliuy OOBIYHO YMEHbIIAITCA C YMEHBIIEHHEM Da3Me-
poB cucrembl). Takue H0ACUCTEMbBI MOXKHO CYUTATH HAXOAAIIMMUCH B T€YEHUE BPEMEHU
At B HEKOTOPBIX CBOUX YACTHBIX PABHOBECUSAX, OTIMCHIBAEMBIX COOTBETCTBYIOIINMU MUK~
POKAHOHWYECKUMU (DYHKIMSMHU pacIpeaesiennsi. K HUM MOXKHO PUMEHUTDH JTAHHOE BbI-
1I1e OPE/IeIeHNe CTATUCTUIECKOrO BECA U BBIYUCINTH uX dHTponnu. CraTucTudeckuii Bec
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CHCTeMBI B I[eJIOM OIpejiefidercss Kak mpoussesenne ) = [[. Q; crarsecos ormesnbHbIX
nozcucreM, a surponust S = y_..S;. [Ipu TakOM paccMOTPEHHH SHTPOLHS €CTh BeINIHHA,
XapaKTepU3yInad CpeJHue CBOHCTBa Teja 38 HEKOTOPBIA OTJIWYHBIA OT HYJS IIPOMeE-
KyTOK Bpemenu Atf. ZIlcHO, 9TO B 3TOM TOAXOIE [Jis CIUIIKOM MAJIBIX TPOMEXKYTKOB
Bpemenu At NOHATHE SHTPOIMK BOOOIIE TEPSIET CMBIC/, B YACTHOCTH HEJIb3sl FOBOPUTH O
€€ M2HOBEHHOM 3HAYEHUU.

3aKOH BO3PACTAHUST IHTPONUH B TAKOM MOIXOE MOXKHO MPOAHATUIUPOBATH CJIEIYIO-
M 00pasom. PaccMoTpuM 3aMKHYTYI0 MAKPOCKOIIMIECKYT0 CUCTEMY B MOMEHT BPEMEHU
t. Ecaiz MbI pa3o0beM 3Ty CHCTEMY HA OTHOCUTEIBHO MAJIbIE YACTH, TO KAXKad U3 HUX Oy-
JIET UMETDH CBOIO (DYHKIUIO PACIPE/IETICHUs p;. JHTponHs S BCEH CUCTEMBI B TOT MOMEHT
BPEMEHU DABHA:

S=-Y <lnp >=—<]][p> (1.191)

ITocKOMBKY MBI CIUTAEM HAIU TOACUCTEMbI KBA3WHE3aBUCHMBIMHU, MOYKHO BBECTH (DYHK-
IUIO pacIpeesieH st JJig BCeil CUCTEMBI B BUJIE:

p= Hpi (1.192)

st Toro, 9TO0RI MOMYYnTh (DYHKIIUIO PACTIPEeTeHns B DOIee MO3MHWI MOMEHT BPEMEHU
tl, HaI0 IPUMEHUTDH K P YPABHECHUA MEXaHUKW 1A IBUZKECHUA 3&MKHyTOI71 CHUCTE€MBI, TOr'Aa
p Iepeitaer B MoMeHT BpeMenn t' B Hekoropyio ¢pyukuuio p'. JIis Toro, 4To6bl oIy YUTh
pYHKIIUIO pacrpeje/enns B MOMEHT ¢’ 1Jig ONHOH TOJBLKO i-if 4acTu, Ha/0 HPOMHTErpU-
poBaTh p' 1o BeeM pa30BBIM 06LEMAaM BCeX IIOICHCTEM, KpoMe i-r0. Ecnm sty dpynrnmo
pacnpenesieHnsi 0003HAYUTE P, TO JJIst Hee B MOMEHT t' oIy dnM:

1J2 i—1 Ji41

Bamernm, aTo p', BOOGIE TOBOPsI, Y2KE HE PABHO MPOW3BEACHUIO BCEX ;. DHTPONHUSA B
MOMEHT BpeMeHHM ¢’ €CTh, CONIACHO MPUHATOMY OLPEEICHHIO:;

== <lnp}> (1.194)

rie yepeqHeHne < ... > NOHHMaeTcd yxKe ¢ pyHKIme# pacnpenenenusd p' . Bocmonbsyemcs
/
renepb HepapenctBoM Inx < —1, cnpasemyusbiv s x> 0. [loacraBum crona x = %

U TIOJTY IUM:
/
Hi Pi

0

—Inp'+ ) Inpj < -1 (1.195)
i

Ecan ycpeaunTh 06e CTOPOHBI 3TOTO HEPABEHCTRA, ¢ TIOMOINBI0 (DYHKIINH pacTpeeIeHns

p', To mpaBas wacth mact Hyab, Tak kKak [ dlvdDs.. [, p) = [I, [dlip; = 1 B cuny

ycaoBuit HopMupoBKY. JleBast e yacTb cBoguTcs K < —Inp’ >+ <Inp) >, rak 4ro

noTyqaeM:
—<Inp >-5<0 (1.196)

B cuny Tteopembr JIuyBunns (byHKIWMS pacIpemesieHust p He MEHSeTCsl TPU JIBUKEHUN
0 3aKOHAM MEXAHWKW, MOITOMY BeauumHa — < In p’ > ocraercs paBHOH — < lnp >,
KOTOpast eCTh HadabHas suTponus S. Takum o6pazoM moIydaem:

S’ > 8, (1.197)
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YTO OKA3BIBAET 3aKOH BO3PACTAHUS JHTPOIUU: ECAU COCMOAHUE 3AMKHYMOU CUCTEMDbL
68 HEKOMOPHLT MOMEHTN BPEMEHU 3A0GHO MAKPOCKONUYECKUM 06pa3om, mo Haubosee e-
POAMHBLM CACICTNEUEM 8 HEKOMOPHLT 0PY20TL MOMEHM, 8pEMEN OYdem 603Pacmanue -
MPONUL.

VpaBHeHus MEXAHUKHN XaPAKTEPUIYIOTCA CHMMETPUell 1T0 OTHOIIEHUIO K 3aMeHe ¢ Ha
—t. Ilosromy, ecim 3aKOHBI MEXAHUKHU JOIMYCKAIOT HEKOTOPBIN IIPOIECC, COMPOBOXKIAI0-
muiics, HATPUMEDP, BO3PACTAHWEM SHTPOIMUM, TO OHW JIOJNXKHBI JOTYCKATh W MPSMO MPO-
TUBOTOJIOKHBIN TTPOIECC, KOTIA CUCTEMA MTPOXOIUT YePe3 Te XK€ CaMble KOHMUTYpaIuun
B 0OpaTHOM TOpsAKe u ee suTponusi yobiBaeT. Kasamocsk Obl, 3TO MPOTUBOPEYUT 3AKOHY
BO3pacranus SHTponuu. Ha camMom ke fesie TOIBKO 9TO MPUBEIEHHAA €r0 HOPMYIUPOB-
Ka HUCKOJIBKO HE IIPOTUBOPEYUT CUMMETPHHN IO OTHOIIEHUIO K OOPAINIEHIIO BPEMEHU, TAK
KakK B Hell TOBOPUTCST TOJBKO O Hanbosiee BEPOATHOM CJI€JCTBAU MAKPOCKOMUIECKH OIIpe-
JIEJIEHHOTO COCTOSTHUS. DTO CTAHOBUTCS €IIe sSCHee, eCiu 0OPATUTh BHUMAHWE, 9TO TIPH
IPOBEIEHHOM BBIIIE JOKA3ATEILCTBE MBI BOBCE HE MOIb30BAIUCH TeM, 4To ¢ > t. Anaso-
HYHBIE PACCYKICHUA MOKa3bIBaOT, 9To S’ > S u npn ¢ < ¢'. HBIMEU C/IOBAME, TPHHITAI
BO3paCcTaHudA HTPONUN O3HAYAET TOJIBKO TO, YTO €CJIH JAHO HEKOTOPOE MAaKPOCKOIIH4e-
CKHM OLIMCAHHOE COCTOAHUE, TO U3 BCEX MUKPOCKOIIMYECKUX COCTOAHUM, Y/I0BJIETBOPAIOIINX
JTAHHOMY MAKPOCKOMHYIECKOMY COCTOSTHUIO, TOMABISIONIEe DOJBITUHCTBO JAET B CIIETYIO-
[IHe MOMEHTBI BpDEMEHH BO3PACTAHUE IHTPONUU (UJIU Ty JKE CAMYIO SHTPOIIMIO).

Jlydimre MOHSATH CUTYAIMIO MOYKHO C MOMOIIBIO 3aMEUATENHHOM 3IBPUCTUIECKON MO-
JIenn, TpeioXKeHHOM, B cBoe Bpewms, 11. u T.9pendecramu. Ilycrs numeercs 2R mapos,
[IPOHYMepOBaHHBIX 0T 1 10 2R, pasyoxKeHHbIX 10 aByM dmukaM A u B. Ilyctb B nuckper-
HBII MOMEHT BPEMEHH S HATUMK CIYIalHbIX YHCET BBIIAET HEKOTOPOE IEJI0e YHCJIO U3
uaTepBasia Mexkay 1 n 2R. Torma map ¢ COOTBETCTBYIONINM HOMEPOM IT€PEKJI IbIBACTCS
U3 ANUKA, TIe OH JIEXKUT, B APYroi. 3aTeM 3Ta MpoIeaypa MHOTO pa3 MmoBTOpsercs. B
HaIlle BPeMsi, TAKOU MPOIECC IPOITE BCEr0 PEaTn30BaTh C MOMOIIBI0 KOMIbIOTEpa. UHTY-
UTUBHO COBEPIIEHHO SICHO, 9TO GYIET MPOUCXOAUTD. [IyCTh, /s TPOCTOTHI, B HAYATBHBIH
MOMEHT BpeMeHHU Bce Mmapbl Haxofarca B amuke A. Torga na mepBom mmare mMbr 06sg3a-
TesibHO TepereceM map u3 A B B. Ha Bropowm 1mare Mbl MOXKeM BEPHYTHCS K HAYAJIBHOMY
COCTOSAHMIO, HO BEPOATHOCTH 3T0r0 panHa (2R) L. Ho ecm uncio 2R 10CTaTOuHO BEIWKO,
TO ¢ momaBAAIONIelH BepoaTHOCThIO 1 — (2R) ™!, B anmk B monager n ciemyiommii map. 1
BOOOIIIE, TI0KA N4 (9ucsio mapos B siyke A) Gyger muoro 6osbiie np (Yucia mapos B
aimuke B), mbl “npakrudecku Beerna” Gyiaem HabIOIATh nepexoibl ToJabko u3 A B B. B
CaMOM JieJie, PACCMOTPHM TOT Mporiece HeMHOro nomapobuee. IlycTb B MOMEHT BpeMmeHU
s B sammuke A HaXOmUTCA N4 (S) MAPOB, a B AlUKe B cOOTBETCTBEHHO uX Torma 2R — n 4.
BeposiTHOCTE TIOsIB/IEHUST B CAEAYIOMIAN MOMEHT S + 1 mrapa ¢ HOMEPOM, JIEZKAIUM B
amuke A ecTb 54, a BepOATHOCTD NOABJISHNs TTapa U3 AmuKa B, oueBnmno, ecTh 212%“.
Ho mokyma na > 2R — na, TO “OTHOCHTEIbHAST BEPOATHOCTD” 2;%% TIOSTBJIEHUST TTIAPa
u3 A, IO OTHOIIEHMIO K IOABJIEHHIO Imapa u3 B, odesuano 6oabmie 1. ITostomy Gosee
BeposaTeH nepexon A — B u pasHOCTh MEXKIy YHCIAMHU IIAPOB B 00OMX SIIAKAX YMEHb-
MIAETCsI. DTA TEHIAEHIIUS CYIIECTBYET MOKa He HACTYIHUT PABEHCTBO ng — (2R —ny) = 0,
¥ OHa BCe cjrabee MO Mepe TOTO, KaK 3Ta PA3HOCTh CTPEMUTCs K Hy/. Takum obpasom,
10 M€pe YPABHUBAHWSA YHC/IA MIAPOB B 0OOMX ANUKAX, BEPOATHOCTH TOSBJICHUS ITAPOB
u3 A uan B Bce Gosiee npubamzKaTcs IPYr K APYLY M PE3YJIbTAT CTAHOBUTCS BCE Me-
Hee SICHBIM. B pe3ysbrare BBIHUMAHUS OYEPEIHOrO Iapa MOKEeT MPOU30UTH JajbHeHIee
BBIPABHUBAHUE YHUCJIA IMAPOB B 000OUX SIMMKAX, HO MOXKET MPOU30HUTH W MPOTUBOMOJIONK-
noe. Ha Puc.1.2 moka3an pe3yabTaT KOHKPETHOH peaau3aiuu TaKoTo 3KcnepuMenTa, ¢ 40
mapaMu. BuaHo, 9To cHauamsa mpoIece KasKeTcss HeoOpaTUMBIM, HO BOIM3H “TOIOXKEHNA
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Puc. 1.2: Tunwunas peanuzanug “ H-kpusoit” dpeudecros. o ocu opawHaT OTI0XKEHO
sHavenne [na(s) —np(s)| =2|na(s) — R|.

paBHOBecHs” BO3HMKAIOT Kojiebanus (Gaykryamuu!) pasHOCTH YUCIa MAPOB, YKA3bIBAIO-
IEe Ha TO, YTO B JEfCTBUTEILHOCTH MBI HMEEM JIeJI0 ¢ OOPATHMBIM mporeccoM 4. Mer
HE MOYKEM CKa3aTh, UTO T4 PA3HOCTH yOBIBAET BCEI/Ia, HO MBI MOXKEM OBITH yBEPEHBI,
9TO IpH OOJBINNX IUCTIAX MApoB 2R, oHa yObIBaeT “mouTu Beerga’, MOKa MBI JAJEKH OT
“pasHopecuss’. IloBemerne SHTPONMMH HEPABHOBECHOM MHOTOYACTHIHON CHUCTEMbI MMEHHO
takoe (¢ 0OpaTHBIM 3HAKOM)!

Momens OpendecToB MO3BOJIAET JIETKO OTBETUTH HA BCE BO3PAXKEHHS MTPOTUB 000C-
HOBaHWS TEPMOJUHAMWIECKOH HEOOPATUMOCTH HA OCHOBE CTATHCTUIECKUX COODPAXKEHUH.
B wacTHOCTH, B COOTBETCTBUM C TIPUHIIAIIOM MHUKPOCKOMUYIECKONH OOPATUMOCTH, BIIOJIHE
BO3MOZKEH IIPOIECC, KO Mocye “obpalleHns BpeMeHn’ ABUKEHNE IIapOB MOHIET B TOU-
HOCTH 0bpammo BAOIL ToH xke “ H-kpusBoit”. Ho Komneuno xe, mpu 60abmmx R 3TOT mpo-
IIECC COBEPITIEHHO HEBEPOsITEH. BeposSTHOCTL TOro, uTo “KOrma — HUOYab  BCe MIapbl CHOBA
OKaXKyTCsl B OJHOM SIIIIUKE BOBCE HE PABHA HYJIIO, HO OY€Hb MaJia (HEBEPOSITHO MaJia, IIpU
3HadeHuax R ~ 1022!). HMerHo TaKOM CMBICJI HMEET TePMOINHAMUIECKasa HeOOpaTUMOCTh
¥ 32KOH BO3DACTAHUSA JHTPOIWH.

Wrak, obmenpunsaTas TOYKa 3PEHUsS COCTOUT B TOM, 9TO P MOCTIEIOBATEIBHO TPO-
XOAUMBIX H30JTHPOBAHHON CHUCTEMOM COCTOSHHUI COOTBETCTBYET BCE 00.a€e 8EPOAMMHOMY
paCIpesiesieHuio. ITO BO3PACTAHNE BEPOSITHOCTH UPE3BBbIYANHO BEJIUKO, B CUIY BakTOpa
exp(S), rye B SKCIOHEHTE CTOUT AIAUTUBHASA BEIWUIUHA. [109TOMY MPOIECCHI, TPOTEKA-
IOIIe B HEPABHOBECHON 3aMKHYTOM CHCTEME, UAYT TAKUM 00PA30M, UYTO CHCTEMa Helpe-
PBIBHO TIEPEXOIUT W3 COCTOSHU C MEHBINEH B COCTOSHHE ¢ OOJbINEH SHTPOMHEH, MTOKa,
HAKOHEIl, SHTPONNA HE JOCTUTAeT HAWOOJBIIETO BO3MOXKHOIO 3HAYEHHs, COOTBETCTBYIO-
IIIEro MOJIHOMY CTATHCTHIECKOMY paBHOBeCHO. [0BOpPs 0 “Hambosiee BEpOATHOM TOBEIE-
HUW, CJIEAYeT UMETh B BUJLY, UTO B JEHCTBUTEILHOCTH BEPOSITHOCTD MEPEXOIA B COCTOSTHUAE
¢ GosbIeil SHTPOIUEHl HACTOJIBKO MOJABISIONIE BEINKA, TI0 CPABHEHUIO C BEPOSTHOCTHIO
CKOJIBKO HUOY/Ib 3aMEeTHOTO €€ YMEHbBIIEHNs, 9TO TOC/eHee BOOOIe (DAKTUYIECKN HUKO-
r/1a He MOXKeT HabJII0IAThCd B Ipupo/ie (Kpome Masibix GuayKTyarmil). I1ro GopMyampoBKa

14Ha mamem pucyHKe 5TH (DJIYKTYaIHH BCEI/(a MOJOKHTEMbHE, IIOCKOIBKY IO OCH ODIMHAT OTJIOXKEH
MOAYJ/Ib PA3HOCTH YHCJIA MAPOB B simukax A n B.
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3aKOHA BO3DACTAHUS IHTPOINUU B YHCTO BEPOATHOCTHOM cMbiciie (Boabuman). “Bpsi-iu
chOpMyYIUPOBAHHEBII TAKMM 00Pa30M 3aKOH BO3PACTAHUS SHTPONUU BOOOIIE MOT ObI ObITH
BBIBEJIEH Ha OCHOBE Kiaccuueckoit Mexanuku’[1, 2]'°. B pamMkax coBpeMeHHOl CTaTHCTH-
YeCKOH MEXaHWKHM HepaBHOBeCHBbIX cucreM [4, 18] u dwusudeckoit kuneruku [15, 16, 17]
YJIAeTCsl IBHO MPOJIEMOHCTPUPOBATH BO3PACTAHUE SHTPOIUH HA 1EJIOM Psiie KOHKDPETHBIX
CTATUCTUYECKUX MOJEEld.

15 langay UpHMHAJIEKUT HHTEPECHOE 3aMEYaHHe O TOM, YTO B KBAHTOBON MEXAHHKE IOJIOKEHHE
HECKOJIbKO MeHsieTcsl. XOTs ypaBHeHue Illpennnarepa camo mo cebe WHBAPUAHTHO MO OTHOIIEHWIO K W3-
MEHEHWIO 3HAaKa BpeMeHH (IIpH OJHOBPEMEHHOW 3aMeHe 1 Ha 1*), KBAHTOBAS MEXaHWKA COJEPKHUT B
cebe HEKYIO0 HEIKBHBAJIEHTHOCTH OOOWX HANPABJIEHWH BPEMEHH. DTa HEIKBHUBAJIEHTHOCTDH IPOSIBJISETCS
B CBSA3U C BaKHEHIINM /IS KBAHTOBOU MEXaHHKHU IIPOIECCOM B3aMMOJEUCTBHS KBAHTOBOTO OOBEKTA C
KJIACCHYECKOM CHCTeMOH. A MMEHHO, eC/iX C JAHHBIM KBAHTOBBIM OOBEKTOM IIOCJIEIOBATEIHLHO IPOUCXO-
nat gBa mporecca A m B, To yTBepKaeHHe, U9TO BEPOSTHOCTH TOTO WJIHM HHOTO DE3YJIHTATa IIPOLECcCa
B onpegensiercst pesysbraroMm nponecca A, MOxker ObITb CIPaBEJIMBO JIMLIb B TOM CJIy4ae, eCiau LIpO-
necc A umesn mecTo pasbine nponecca B. Takum 06pa3oM, B KBAHTOBOH MeXaHHWKe UMeeTCst hpu3udecKas
HE’KBUBAJIEHTHOCTh 0DOUX HANpABJEHUN BPEMEHH, U 3aKOH BO3PACTAHUS SHTPOMUM MOT OBl OBITH €€ MaK-
pockonuuecKuM BbiparkenueM. OHAKO, B TAKOM CJIy€ae JOJKHO ObLIO ObI CYIIeCTBOBATHL COEPIKAIIEe
h HepaBeHCTBO, 00ECIEYHNBAIONIEE CIPABEIINBOCTL STOrO 3aKOHA. /[0 CHX MOp HUKOMY elle He YAJIOCh
NPOCJIEAUTH TAKYIO CBSI3b M MOKA3aThb, ITO OHA MeHCTBUTEIbHO HMeeT MecTO. Croga K€ MOYKHO OTHECTH
U BO3MOXKHOCTH OOBSICHEHHSI TEPMOJAMHAMUYECKON HEOOPATUMOCTH HAa OCHOBE SKCIIEPHUMEHTAJIBHO yCTa-
HOBJIEHHOTO B COBPEMEHHOH (DU3UKE SJIEMEHTAPHBIX YACTHUI[ YPE3BBIYANHO €1ab0ro HAPYIIEHHS TaK Ha-
3piBaemoit C' P-cuMMeTpun, Hen30e2KHO IPUBOAIIErO K OU€Hb CIa00My HApYyIIeHHIO T-MHBAPUAHTHOCTH
B IIPOIIECCAX B3aUMOJEHCTBUA JIEMEHTAPHbBIX YACTHUILL.
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I's1aBa 2

PACIIPEJE/JIEHVNE I'MBBCA

2.1 Kanouuveckoe pacnpegeseHne ['ub6ca.

Ilepeitnem K pacCMOTPEHUIO BAaXKHEHINEH, ¢ MPAKTUIECKOH TOYKU 3PEHUSA, 331391 O Ha-
XOXKIEHUH (DYHKIIUU PACTIPEJETIEHNsT TPOU3BOJIHHOTO MAKPOCKOTTMIECKOTO TEJIA, SIBJISHO-
Ierocsd MaJiol 9acThio Kakoi-nbo 60JbINoi 3aMKHYTOH ciucTeMbl. Bhiienm U3 3aMKHY-
TON CHCTEMBI MHTEPECYIOIee HAC TeJIO0 W OyIeM pacCMaTpUBATh CUCTEMY KaK COCTaB-
JIEHHYIO U3 JIBYX YaCTeil: U3 JTAaHHOIO Teja (HO,HCI/ICTeMbI) U BCEH OCTaJIbHOI ee dacTu
(oKpyzKarolIeil uHTEpeCyIoIee HAC TEJI0), KOTOPYIO OyeM HA3bIBATH MePMOCTAmOoMm Wl
cpeuoii (Cm. Puc. 2-1). Tlogpazymesaercs, 4ro repmMocTar npejacrasiser coboil cucremy
¢ OOJIBITIUM YHCIIOM CTETeHeH CBODOIBI, CITOCOOHY OOMEHUBATHCST SHEPIHUEH ¢ paccMar-
pUBaeMoO# TO/ICUCTEMOIt, IPUYEM CUNTAEM, YTO OH HACTOJIBKO BEJIUK, YTO €r0 COCTOAHUE
[P TAKOM B3aHMOJIEHCTBIN He MEHSIeTC .

ITpoBemem paccMOTpeHUe CHAYAA HA OCHOBE KBAHTOBOM crarucTtuku. COBOKYITHOCTH
JAHHOM CHCTEMBI U TEPMOCTATa OYIEeM PACCMATPUBATH KAaK €IWHYI0, JHEPreTUIEeCKH 30~
JIMPOBAHHYIO 3aMKHYTYIO CUCTEMY C TaMUJIbTOHUAHOM

H = H, + H, (2.1)

rae Hy — raMuibTOHUAH u3ydaeMoil cucrembl, Hy — raMuIbTOHUAH TEPMOCTATA, KOTOPBII
[PEJIIIONAraeTCsl 3HAYUTENHLHO DOJBIINM, 9eM UHTEPECYIONas HAC CucTeMa. Baanmoseii-
CTBHE MEKJly CHCTEMON ¥ TePMOCTATOM IIPEIIOIaraeM O9eHb MAJbIM, HO, CTPOTO TOBOPS,
HE PABHBIM HYJIIO, IOCKOJIBKY OHO JOJIKHO O0ECIIEIATH MOCTOSHCTBO SHEPTUH [TOJHON CH-
crembl (B ramusibronuane (2.1) ono Boobie ne durypupyer) 2. B rakom ciiyuae, BosHo-
Bast (DYHKIUSA, COOTBETCTBYIOIIAs TaMUIbTOHUAHY (2.1), pacnagaercsa Ha MPOU3BEICHIE
BOJIHOBBIX (yHKIWMiT TepmocTaTa (cucTeMa 2) W u3ydaeMoro Teia (cacrema 1):

Yir(2,y) = Yr(2)Yi(y) (2.2)

rae Y () — coberrennnie dyuxmun Hy, 1¥;(y) — cobcrsennne dyukimu Ho, a ¢ u y —
COBOKYIIHOCThH KOODJIUHAT CHCTEMbBI U TEPMOCTATA, COOTBETCTBEHHO.

Hlocnenyiomee n3nokenne, B 0OCHOBHOM, cienyer [4]. Psj Bonpocos uzioxen o [1, 2].
2HanprMep, TeNTOBOH KOHTAKT TeTa C TEPMOCTATOM OCYIIECTBIIAETCA Tepe3 CTEHKH COCYIa H ABJA-
€TCsl MAJIBIM [IOBEPXHOCTHBIM 3D PEKTOM.

45
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Puc. 2.1: Cucrema (1) B Tepmocrare (cpeje) (2).

VYpoBHuU sHEPrUM HOIHON cucTeMbl (C yueroM (pakTuIeckoro npenebpexenns hdex-
TaM¥ II0BEPXHOCTHOI'O B3aMMOJAEHCTBUA) PABHBI cyMMe ypoBHeii cucrem (1) u (2):

B, = FE; + E} (2.3)

rue Ey — yposuu cucremsr (1), E; — ypoBHu sHepruu repMocrara (2).
Crarncrudeckuit onepaTop (MaTpHIlA JIOTHOCTH) TOMHOM (3aMKHYTOM!) crcTeMBI MMe-
eT BH/I;:
play;a'y') = wikti (@, )0, y) (24)
rIe Wiy ONPEJENAETCA, B COOTBETCTBUM C HAIIMM OCHOBHBIM IOCTYJIATOM, MUKDOKAHOHH-
4eckuM pactpezeneanem (1.58):

w(Ei) =

{ [UE)]™" mpn E<Ey <E+AE 25)

0 BHE 9TOTO CJIOS

Marpuily mwIOTHOCTH U3ydaeMoi cucTembl (1) 1MOJyYnM, BBLIYUCIUB ILIIYyP OT HOJHOIO
craroneparopa Mo KoopiuHaTaMm TepMocTara (cucrembr (2))3:

p(z,2') = Spap(zy; 2'y') = Zwm/dywm(w,y)w?k(w’7y) (2.6)
ik

OTKYZa, C IOMOIIBIO (2.2) ¥ UCIIONB3Y sl OPTOHOPMUPOBAHHOCTH BOJHOBBIX (DY HKIMA, HEME/I-
JIEHHO II0JIyYaeM:

p(x,a’) = wipr(@)i(a) 2.7)
k

3STO BIIOJIHE aHAJIOTHUYIHO TOMY, KaK BBIIIE€ MBI IIOJIYyY9aJIl, HAIIPUMEP, OAHOIYACTUIHYIO MAaTPULy I1JO0T-
HOCTH U3 ,ZLByX‘{aCTI/I'{HOI‘/JI.
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rie

w =Y Wik (2.8)

Orcrosa 9CHO, UTO JJIs TOro YTOOBI HANTH PACIIpeie/ieHrne BEPOATHOCTEH PeAT3aIuu Co-
crosuuil B cucreme (1), Hy?KHO IPOCYMMUPOBATH PACIIPE/IEJIEHUE BEPOATHOCTEN B IIOJIHOI
CHCTEME 110 BCEM COCTOsSIHUAM TepMocrara (masee obo3Hauaem Jjisd kKparkocru Fi, = E):

1
w(Ey) = Zw(EZ + Ei)|Ei+Erv=E = am Z llg,=E—E,- (2.9)
fAcuo, aro (2.9) cBomurcs K:
QW(E-FE
w(Ey) = 2'(Q(E)’“) (2.10)

rae Qg(F — E)) — 9uciao KBAHTOBOMEXAHUYECKHX COCTOSHHI TEPMOCTATA, COOTBETCTBY-
fomux sueprun E — Ei, a Q(F) — 4uc10 cOCTOSHWIA MOJTHON CUCTEMBbI, COOTBETCTBYIOITUX
sueprun F.

BBoas surponuio tepmoctara Sz(F) u surponuio Beeir cucrembl S(E) ¢ 1OMOIIBIO
(1.170) nepenmmem (2.10) B BHIE:

w(By) = exp{S2(E — By) — S(E)} (2.11)

YaureiBasg, ITO HAIIA, CUCTEMA (1) MaJIa [0 CPABHEHHIO C TEPMOCTATOM, TaK 910 U Fj, <
FE, npoBesieM pasiosKeHHe:

08
So(E — Ey) ~ S4(E) — a—EQEk (2.12)
TMoncrasnss (2.12) B (2.11) monyvaem:
w(Eg) = Aexp <—?> (2.13)

rae Beesin memnepamypy T (repmocraral) Kak:

1 95(E)  9lnQy(E)
T 0B  OF (2.14)

Takoe onpegenenve (0OpaTHONR) TEMIEPATYPHI COBIANAET C TEPMOIMHAMUYECKUM, €C-
JI1 OTOXKIECTBUTH HAIIY CTATUCTHYECKYIO SHTPOMNHUIO ¢ TepMmoauHaMuveckoil. B (2.13)
A = exp{S2(E) — S(E)} = const, ne 3apucamas or Ej, T.e. OT COCTOAHWS MHTEPECY-
omeii Hac cucrembl (1), koropyio, dakrudecku GyueM OIpenessaTh U3 yCIOBHS HOPMU-
poBku. Beipaxenue (2.13) — onna u3 Baxkueimux HOPMyJI CTATUCTUYECKON MEXaHUKH,
OHA OIIPesieNiseT CTATHCTHYECKOe PACIIPeIesieHre JIJis IPOU3BOIBHOTO MAKPOCKOITITIECKO-
ro Teja, SBJSIONIETOCT CPABHUTEIBHO MAJION YACTHI0 HEKOTOPOil OOJBINON 3aMKHYTOU
cucTeMbl (& 9TO, O CYTH JIeJ1a, eCTh Haubosiee ObNIMii Crydail, ¢ KOTOPBIM IPUXOAUTCS
UMeTb JIEJIO IIPU PElIeHrH PeasbHbIX 3a1a4 — OKPyzKamomas cpejaa Beeraa ectsb!). Boipa-
skenne (2.13) Ha3BIBaeTCA KanoOHUMECKUM PacTipenenerneM ['ubbea.

Hopmuposounas nocrosinaas A ompesessiercst ycioBueM » ., W = 1, OrKyJa u u3
(2.13) cpasy momygaem:

1 By
—=7= T, .
y ;e (2.15)
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Brenennyto 3mech BeJIMUUHY Z Ha3bIBAIOT cmamucmuyeckold cymmot. C moMombio Ta-
KOro 0003HaYeHUsI KAHOHUYECKOe pacupesesenue (2.13) nepenuchbiBaercs B CJELYIOIIEM
cranjapTHOM Buie’:
_ Ey
w(Ey) =Z Yexp | —— (2.16)
T
Cpepnee 3nadenne ai060i (HU3MIECKON BETUIMHBI, OMUCHIBAEMOIl omeparopoM [, MOKHO
Tenepb COCYUTATH C TMOMOIIBIO pacupenenacHns [ uboca Kak:

< f>= Z’wkfkk = mikef (2.17)
k doe T

k€ T
e frr — AUArOHAJBHBIN MATPUYHBIH 3/IeMeHT [ 110 BOJHOBBIM (DYHKIIUSM, COOTBETCTBY-
IOIIM TOYHBIM YPOBHSIM SHEPIUU CUCTEMBI F,.

B kiaccuueckoil cTaTUCTHKE MOXKHO IeHCTBOBATH COBEPIIEHHO aHAJOTHYHBIM 00pPa-
30M. Bbiesnm 13 3aMKHYTO KJIaCCHYECKOH CUCTEMBL MAJIYIO YaCTh ([IOJACUCTEMY ), TOTAA
sslemenT obbema dl'y dasoBoro npocrpancTsa Beell (OIHON) CHUCTEMbI MOXKHO 3aIUCATH
B Buge dI'g = dIVdTl, tae dI" otHOCUTCs K Hamedt nogcucreme, a dIV k Tepmocrary (OKpy-
skaroreil cpene). Hac unrepecyer pyHKIUs pacnpeneaeHus s IOICUCTEMbI, a TIe HaX0-
muTcs B (pa30BOM IPOCTPAHCTBE TEPMOCTAT HAC HE MHTEPECYET, MO3TOMY IO ITepPEeMEHHBIM
TEPMOCTATa HYXKHO MPOUHTErPUPOBATH. TOrma MO NPUHITUILY PaBHOBEPOSATHOCTHA COCTO-
SHUA B MUKDOKAHOHUYECKOM aHcamOiie (OIUCHIBAIONIEM IIOJIHYIO 3aMKHYTYIO CUCTEMY —
LOJACUCTEMA + TEPMOCTAT) LIPOCTO LOJLY YaeM:

dw ~ Q'dl (2.18)

rae ) — dazossrii 06bem (cTaTBec) TepmocraTa. Ilepenuimen Termeps ITOT CTATBEC 9epes
SHTPOIHUIO:

Q' ~exp{S'(Ey — E(p,q))} (2.19)

rae By — sueprus Beeii 3aMKHyTO# cuctembl, a E(p, ) — sneprus nogcucrembl. [locaenusst
3aIUCL TIPOCTO YYUTHIBACT, UTO dHeprus tepmocrata B = FEy — F(p,q), Tak kak Fg =
E' + E(p,q), ecnmu B3auMOAEHCTEREM TOJICACTEMBI W TEPMOCTATA, MOXKHO MPAKTUICCKH
npenebpeunb. Temepsb Bce MPOCTO:

dw = p(p,q)dl’ ~ exp{S'(Eo — E(p, q)) }dl' (2.20)

TaK 49TO
p(p,q) ~ exp{S'(Eo — E(p,q))} (2.21)
Kak u BhImme mpoBeneM pas3iioXKeHue:
dS’(Eo)
dE,

= S'(Ey) — Ep.9) (2.22)

S"(Ey — E(p,q)) = S'(Eo) — E(p, q) T

T7Ie OMAThH BBEJIM TeMTepaTypy TepMocTtaTa 1. B utore monydaeM KaHOHUYECKOE pacipe-

IeJieHue:
_ E(;»q)

p(p,q) = Ae (2.23)

‘Ecau U3MEPATh TEeMIEePaTypy B rpajycax, a He B JHEPreTHYECKHUX €JMHHUIaX, KaK 3TO JesjJaeM Mbl
BO BCEM Kypce, TO Be3xe HaAO caenars 3ameny 1T — kT, rne kp = 1.38 10~ 165pr rpag — mocrosiEHAS
Bosbnmana. B wacraocru rorma kp nobasurcs u B onpegenenue surponuu: S = kp In Q2.
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rae E(p,q) — sueprus nsygaemoro tesia (IOACUCTEMBI B TEPMOCTATE), Kak (DYHKIU €ro
KOOPJMHAT ¥ MMITYJILCOB. HOpMUpOBOUHAA MOCTOAHHASA A ONpeaensercs yCaoBHeM:

E(p )

Z=A"1= /dFe =g (2.24)

rae 7 MOXKHO HA3bIBATh CTATHUCTHUICCKUM HHTErpaJjoM.

Bepremcst Kk kBanTOBOMY caydao. Kanonndeckomy pacmupeaenenuio I'uboca cooTBerT-
CIByer CraruCTHYecKuil oreparop (Marpuua IWIOTHOCTH) BUIA:

plz,a')=2"" Z (i) (2.25)

r/le T — COBOKYIIHOCTh KOOPAMHAT (1 BO3MOXKHO CIMHOB) dacrul (ecau paboraeMm B KOOD-
JMUHATHOM TIpeZCTaBIennn), () — cobcreernbe DyHKIMHA raMuiabronnana H.

Bsenem onepamop exp (——) Torna MOXKHO 3aIMCaTh KOMIIAKTHOE OIEPATOPHOE BbI-
paKeHne Ijid KAHOHUYECKOrO PacCIIpe e/ IeHHUs:

H
— g1 _Z 2.26
p exp ( T) (2.26)
1 OJis CT&TCyMMbIZ

Z = Spexp (—é{) (2.27)

JlaHHOE BBIpaXKeHUe JJisi CTATCYMMBI OU€Hb YI00HO, TaK KaK M3-33 WHBAPUAHTHOCTU OTTe-
panuu Sp OTHOCUTENLHO MPEJICTABICHUST MATPUI] OHO HE 3aBUCHT OT BBIOOpa (DYHKIHi
¥y (x), KOTOpBIE MOTYT U HE GBITH COOGCTBeHHBIME (byHKIUAME H .

JIo cux mop MBI TOBOPHUJIN O KAHOHWIECKOM pacipeaenennn ['nub0ca Kak o CTaTUCTHIe-
CKOM DACIIPEJIeJIEHUN JJTsl IOACUCTEMbBI BHYTPY OOJIBITION 3aMKHYTON CHCTEMBI. 3aMETHUM,
uyro Bbiie B (1.56) Mbl, dakTuyecku, yxKe MOJIydaid ero nouTu “u3 Hudero’, npu ob-
CY>KJIEHUH DPOJIA SHEPTHUHU W [IPYTUX AUTHBHBIX HHTErPAJIOB JBUXKeHusi. [[poBe1eHHbIIH
TaM BBIBOJ[, B MIPUHIIUATIE, BIIOJIHE TTPABUJIEH, HO OH HE BIIOJHE PACKDPHIBAET (DU3MUECKU
CMBICII 3TOTO pacnpe/ienenns. BakHO MOAYEpKHYTh, 9TO KAHOHWYECKOe PAaCIpeeeHre
MOXKHO C YCIEXOM TPUMEHSTh W JJis OIPEIeJIeHNsT OCHOBHBIX CTATUCTUYECKUX CBOUCTB
3aMKHYTBIX cHCTeM. /leficTBUTENbHO, 3HAUEHUS TEPMOIUHAMUYECKUX XaPAKTEPUCTUK TeJ
HE 3aBUCAT OT TOTO, PACCMATPUBAEM-JIA MBI TEJI0 KAK 3aMKHYTOE WJIN KaK MOMENEHHOEe
B BoOOpazkaeMbiii Tepmocrar. Qrindue 3aMKHYTOTO TeJa, 0T HE3aMKHYTOI'O [POsIBJILAET-
¢S, TIO CYIMECTBY, JIWINB MPU PACCMOTPEHUN CPABHUTEILHO MAJI0 MWHTEPECHOTO BOMPOCA
o durykTyanusx 1moHoi sHepruu Tes. KaHoHudeckoe pacupeneseHue JaeT 1is cpeHedt
dbaykTyanumu 3Tol BEIUYUHBI OTJIMYHOE OT HYJIsd 3HAYEHUE, KOTOPOE IS TEeJId, HAXOMs-
IErocsi B CPeJie, UMEET PEAIbHBIH CMBICI, & JJId 3aMKHYTOrO Tea (PUKTUBHO, TOCKOIBKY
9HEPrusi TAKOTO TEJIa MO ONPEIEJIEHUIO TIOCTOSHHA U He QJIyKTyupyer. B Toxe BpeMsi, Ka-
HOHMYECKoe pacrpesenenne ['nbbca HecpaBHEHHO ymobHee 7S TPOBEICHNST KOHKPETHBIX
pPacyYeToB, HEXKeJIN MUKPOKAHOHUYEeCKoe. VIMEeHHO OHO peasibHO M HCIIOJIb3YeTCsl, COCTaR-
Jisisi OCHOBY aIIapaTa CTATHCTUIECKOH MEXAHUKH.
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2.2 Pacnpenenenne MakcseJsua.

B kadgecTBe mpuMepa mpocTeiiero, Ho BaXKHOTO, TPUMEHEHUT KAHOHMYIECKOT'O Pacipee-
JIEHUsI PACCMOTPHUM BBIBOJL C €r0 MOMOIIBIO pacupesenenus Makcseia. dueprusa E(p, q)
B KJIACCUYECKOM CJIy49ae BCEI/Ia MOXKET ObITh IMPEICTABIEHA B BUI€ CyMMBbI KHHETHIECKOMH
¥ TOTEeHIMAJIbHON 3Hepruii. Kunernydeckasa SHEPrusi uMeer BHJ KB3IPATUYHON (HDOPMBI
IO UMITYJIBCAM OTIEIBHBIX ATOMOB TEJIa, 8 MOTEHITUAIBHAST TAeTCs HEKOTOPOil dyHKIneit
WX KOODJMHAT, 3aBUCAIIENH OT 3aKOHA B3aUMOJIEHCTBUSA M BHEIIHETO 0/, €CJIU TaKOBOe
nMeeTcd:

E(p,q) = K(p) +U(q) (2.28)
TaK 9T0 BEposaTHOCTL dw = p(p, q)dpdq 3anuchiBaeTcs B BUJIE:

K(p) U(q)

dw=Ae T e T dpdg (2.29)

T.e. pa3bUBAELTCST HA MPOU3BEIEHNE JIBYX MHOXKUTENEH, U3 KOTOPBIX OJUH 3aBUCUT TOJIHKO
OT HMIIYJIBCOB, & JAPYroil — TOJBKO OT KOOPAWHAT. DTO O3HAYAET, UTO PACIPEESTECHUS
BEPOSTHOCTEH Jijisi UMILYJIbCOB (CKOPOCTEN) U KOODAMHAT HE3aBUCUMbL APYD OT JApYyra.
ITosTOMY MOYXKHO HAITHCATD:

_ K
dwy, =ae” T dp (2.30)
dwy = be” o dq (2.31)

Kaxnas u3 srux QyHKIU pacupegesenns MOXKET ObITh HOPMUPOBAHA HA EIUHUILY, 9TO
U OTNPEIEIUT HOPMUPOBOYHBIE KOHCTAHTHI @ U b.

PaccMoTpuM pacripeneseHue BepoATHOCTEN i UMITYIbCOB (CKOPOCTEit), KOTOPOe, B
paMKax KJIaCCUYECKOI'O MOAXOAA, HE 3aBUCUT OT BH/IA B3aUMOJIEHCTBUSA HaCTUIl BHYTPHU
CHUCTEMBI WJIM OT BHEIITHErO TOJs W SABISAETCH, B 9TOM CMBICIE, YHUBEPCAIbHBIM. Jliis

aTOMa, ¢ Maccoil m mMeeMd:

dw, = aexp (— (2 +p; +p§)) dp,dp,dp. (2.32)

2mT

OTKyJa, B YaCTHOCTH, BHJIHO, YTO W PACHPEICJICHUA OTJICJIbHBIX KOMIOHEHT HMITYJIbBCA
Takzke He3aBUCHMBbL. [IOCTOSHHYIO @ OnpesesuM u3 yejaoBus HOPpMUPOBKU. C HMOMOIIBIO
usBecTHO# dopmynnr [yaccona-Taycca’:

I:/ dee=o = [ (2.33)
a

—0o0

HAXOIUM

o0 o0 o0 1
a dpa:/ dp / dp. exp {—(pi + 1} +p3)] =
/—oo —o0 . —o0 2mT Y
oo f 3 ‘
=a </ dpepz/zmT> = a(2rmT)3/?

5Kunerwyeckast SHEPrus BCETO TeJd — CyMMa KHHETHIECKUX SHEPIHH KasKJOrO M3 BXOASIIAX B HETO
aTOMOB, TaK YTO BEPOSITHOCTH ONSATH PACHATAETCS HA IPOU3BEIeHNe MHOXKHUTEeH, KaXKAbIH U3 KOTOPBIX
3aBHCHT OT MMIIYJIbCOB OJHOTO aTOMA.

2 2 2.2
6Jlerko Bumgerp, uto 12 = ffooo dre= % ffooo dye~ Y = ffooo dx ffooo dye— (@ +y7)

2
2m [ dppe= " =7 [° dze”** = m/a, uro u jsoxazsisaer opmyuy llyaccona-l'aycca
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TaK 9TO:

a= (2rmT)~3/? (2.34)

OKOHYATETTBHO PACIIPE/IETIEHRE BEPOSITHOCTEH I UMILYJIbCOB UMEET BU/I:

Pitp, Pl

1
W = Gy P omT

dpydp,dp. (2.35)

[Mepexosst 0T UMITYIBCOB K CKOPOCTSIM, MOXKHO HAMUCATH AHAJOTHYIHOE PACIPeIeeHIe

IJ1d CKOPOCTEI:
3/2 m(v: + v2 +v?)
m
dw, = (—) exp | ————H% = dvgdvydv, (2.36)

2nT 2T ‘

D10 U ecrh pacnpesesenne MakcBesljia — OIVH U3 NEPBbIX PE3YIbTATOR KJIACCHIECKON
crarucTuku. OAKTHIECKH, OHO PACTIa aeTCsl HA MPOU3BEICHUE TPEX HE3ABUCHUMBIX MHO-

JKUTETEen:
[m w2
dw% = ﬁe 2T d’Ua;... (237)

KaxK/blil U3 KOTOPBIX OIPEAEadeT PACHpeeJIeHUe BEPOATHOCTEN I OTACJIBHON KOMITO-
HEHTbI CKOPOCTH.

Samerum, 4TO pacnpeseseHne MakcBesaa UMeeT MeCTO U JIJIs IOCTYIaTeIbLHOTO JIBH-
JKEeHMs MOJIEKYJl (HAPUMED, B MHOMOATOMHOM Ta3e), BHE 3aBUCUMOCTH OT XapaKTepa
BHYTPUMOJIEKYJIPHOrO JIBUXKEHUSI aTOMOB (1 B 9TOM CJydae — Macca MOJIEKYJIbI), OHO
K€ CIIPABEJJINBO it ODOYHOBCKOI'O JIBU2KEHUS YACTHUII, B3BENIEHHBIX B YKUIKOCTH.

Ecnu oT nexkapTOBBIX KOOPAWHAT B IPOCTPAHCTBE CKOPOCTEH EPEHTH K ChEePUIeCKUM,
Oy IUM:

_m
2nT

re v — abCoJIIOTHASA BEJIMYUHA CKOPOCTH, a 6 U ¢ — MOJAPHBIA U a3uMyTaJbHBIA yI-
JIBbI, OTIPEIEISIONTIE HAalTpaBAeHue BEKTOpa CKOPOCTH V. HTerpupys mo yriam, HaxXoauM
pachpeiesieHne BePOSTHOCTeH /st aDCOTIOTHON BEJTMYIWHBI CKOPOCTH:

3/2
dwy, = ( ) e~ % o2 sin fdfdpdv (2.38)

3/2 2
m _mo
dw, = 4w (—) e~ 2T v dy (2.39)
2T

B kavecTBe NPOCTOTO MpUMEPA TPUMEHEHHs! pacpeenenns MakcBesta, BBIMACIAM CPel-
Hee 3HAYEeHWEe KWHETWIECKOH 3Heprmm aroma. nsa mo6oil M3 MeKapTOBBIX KOMIIOHEHT

7
o0 mo2 T
<v?>= ,/277% /_OO dvgvie” 21 = o (2.40)

CKOPOCTH MMEEM ' :

IMosromy cpesHee 3HAYEHUE KMHETUYECKON sHeprun aroMa pasuo 31'/2, r.e. 3kpT' /2 upwu
M3MEPEHUU TEMIEPATYPhl B Ipaaycax. Torna cpeitsis KAHETHYECKasl SHEPrus BCeX Ya-
CTHI T€Ia B KJIACCHYECKOH CTaTHUCTHKE Beerma pasHa 3NT/2, rme N — mONHOE 9HCIIO
aTOMOB.

2 _n41
"Ins unrerpana obmero Busa In = [i° dzz"e” " mmeem: In = %a 2 F("T'H), rae ['(x) -

I'-byukius, 3Hadenns: KOTOPOR IPHU IMOJIYIEJIbIX 3HAYEHUSIX APryMEHTA XOPOIIO H3BECTHHI.
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2.3 CBobogHasi 3Heprus B pacnpegejenuu ['nb6bca.

B coorsercrBum ¢ BbipaxkenueM (1.175) sHTponms Tesna MOXKeT ObITH BBIYHCIECHA KaK
cpesiHee 3HaueHMe Toraprdma GYHKIMN PaCcTIpeIeIeHtsT:

S=—<lnwg >= —Zwk In wy, (2.41)
k

IMozacrasiss ciofa KAHOHUYECKOe pacipenesienue B sue (2.16), noxydaem, 9To:
— < lhw > InZ + %kakEk =InZ+ %, rie < E >= Y, wpE} — cpenuds
smeprud. Ilockonbky cpemmgast sHeprug < F > — 3T0 KaK pa3 TO, UYTO IMOHUMAETCS IO,
sueprueil resna E B repMonuHaMuke, MoxkeM Hanucarb (2.41) B Buge: S =1nZ + %, WU,
VUYUTBIBasl, 9TO CBOOOIHAS YHEPTUs B TepMmonuHamuke F' = E — TS
E
F=-ThhZ-= lenZe*Tk (2.42)
k

DTO BLIpAXKEHHWE JAeT OCHOBHYIO (DOPMYIy PABHOBECHOU CTATHCTUYECKON MEXAHUKUA —
BBIpazKeHME 1710 CBOOOTHON IHEPTHHU MPOU3BOIBHON CHCTEMBI U€pPEe3 €6 CTATHUCTUIECKYIO
cymmy. PakTugecKkn, 3T0T (PyHIAMEHTATBHBIA PE3yIbTAT O3HATAET, ITO JII9 BHIUNCTCHUS
CBOOOITHON SHEPIUN TeJa JTOCTATOYHO 3HATH €r0 TOUHBIA anepzemudeckuts cnexkmp. Ilpn
TOM 3HAHUS, CKAYKEM, BOJTHOBBIX (DYHKITHI He Tpebyercs, a 3aa1a HaAXOXK IEHUs CIIEKTPA
ypasuenus [lpenwnrepa, B mTpuHIUTIE, TPOITE MOTHON KBAHTOBOMEXAHUYECKOHN 3aa¢H,
BKJIIOYAIONIEH U HAXOXKJIEHUE BOJHOBLIX (yHKIMI (COBCTBEHHBIX BEKTOPOB).

U3 (2.42) BugHO, 9TO HOPMUPOBOYHBIH MHOXKUTENb B pacupeneneann [mooca (2.16),
dakTUYECKH, BHIPAKAETCS Yepe3 CBOOOIHYIO IHEPTHUIO: % = e%, Tak uro (2.16) moxker
OLITEH 3AICAHO B BUJIE:

(2.43)

F - E
T

W, :exp<

B KOTOPOM OHO 9ACTO W NMPUMEHSICTCS.
Ananoruyabiv 06pa3oM, B KJIaCCUYeCKOM cay4ae, ucnonb3yd (1.167), (2.23) u (2.24),

MOJTY YAEM:
F—E(p,q
p(p,q) = exp ( T( )) (2.44)
rie
E
F= —Tln/dP exp (—(’;‘D) (2.45)
roe dI' = %. Takum 0O6pa3oM B KJIACCHKE CTATCYMMa, 3aMEHSIETCS CTATHCTUYIE-

ckum unTerpajoM. C yaerom toro, uro F(p, ¢) Bcerga MoxKeT GbITh IPEJICTABICHA B BUJIE
cyMMbl KuHerndeckoit K (p) u norenuumanbuoii U(g) sHeprum, a KMHETHYIECKAs IHEPIust
€cTh KBagpaTndHag (GOpMa 10 UMILYJILCAM, HHTETPHPOBAHAE [0 UMIIYIbCAM B CTATHCTH-
9EeCKOM MHTETPAJIE MOXKHO BBIIOJHUTE B 00meM BUie (Cp. BBIMIE BBIBOM, PACIIPEIETEHHS

MaKCBeJ’IJ’I&!). HOSTOMy 33Ja4a O BBIYHUCJICHHU CTATHCTHYCCKOI'O MHTEI'PaJia CBOAUTCA K
_ U
3a/Iaue HTErPUPOBAHUS TI0 BCEM KOOpAWHATAM (DYHKIIUKA €~ T | 9T0, KOHEYHO, B 0OIIeM

ClIy4dae HEBO3MOXKHO CACJIAaTh TOYHO.
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2.4 Pacnpenenenune 'ub6ca ¢ mepeMeHHBIM YHCJIOM Ha-
CTHII.

Jo cux mop MBI MOJTYATUBO MPEJIIONATATN, YTO YUCJI0 YACTUIL B TeJe €CTh HEKOTOpad
3a/laHHAS [IOCTOsIHHAS BeiMdnHa. B 1eficTBUTENIbHOCTH, MEXK Y PA3IUIHBIMU HOACACTE-
MaMu OOJBIION CHCTEMBI MOXKET MPOHUCXOIUTH OOMeH dJacTuramu. dwuciao gactunr N B
niosicucremMe 6yaer GAyKTyHpPOBaTh BOJU3M CBOErO CpeaHero 3uadenns. QyHKIUs pacipe-
JIETICHUS 3aBUCHT TENephb HE TOJBKO OT IHEPIHH KBAHTOBOTO COCTOSTHUS, HO W OT YUCJIA
qactur, N B Tese, IpuieM CaMH YPOBHH dHeprun Fjiy TOXKe pas3anyHbl IPpH PasHbIX V.
BepositHocTb ety comepkarh N 9acTull U HAXOAUTHCS TPU 9TOM B k-M cocTosiann OyaeM
0bo3HaUATH Wi N . BUg 370 (DYHKIME MOXKHO ONPEIEIUTh B TOYHOCTH TEM YKe CIIOCODOM,
KaKUM BbIe ObLIa NoaydeHa QyHKIUS Wy.

Iycrb 3amkayTas cucrema c sueprueii £ u auciaom wactun N(© cocrour us asyx
c1a00 B3aMMOIEHCTBYIONMX moJcucTeM ¢ sueprusmu £’ (tepmocrar) u Fyy (Mastag nom-
cucrema) u qucnamu gactun, N/ (tepmocrar) m N (mogcucrema):

EO g v+ E NO-=N4tN (2.46)

IIpeamonaraem, 9ToO HATEPECYIOMAS HAC MOACACTEMA, MAJIa TI0 CPABHEHHIO C TEPMOCTATOM
(pesepByapom uacTui):
Exn < E' N<N' (2.47)

IlockonbKy mosHAA CHCTeMa CIATAETCA 3aMKHYTO!, K Hell MOXKHO ONATh IPUMEHUTh MHK-
DOKAHOHWYIECKOE pacrpesienenne. AHATOTHIHO TOMY, KK 9TO IETAT0CH BbIIIE TPY BBIBOIE
KAHOHMYECKOTO paclpeieeHns, HalJIeM pacupeeeHue BePOATHOCTER B MAJIOU MOACHU-
creMe WiN, IPOCYMMHUPOBAB MUKPOKAHOHHYECKOE paclpejesieHne IOJIHOH CHCTeMbl 110
BCEM COCTOAHUSAM TepMmocrara. B nosHoit ananorun ¢ (2.10) nomydum:

Q(EO — By, NO - N)
WEN = -
QO (E0), N(O)

(2.48)

e ' — crarsec Tepmocrara, Q20 — crarsec Beeit 3aMKHYTOM cucrembr. FIComnb3ys onpe-
JIeJIeHre SHTPONNH HEMEJJIEHHO TIOTyJaeM:

wiy = Constexp {S’(E(O) — Epn, NO — N)} (2.49)

JTlasee MOXKHO CHOBa, paz3ioxkuThb S’ 110 crenenam Eiy u N, orpaHn4YuBasch JIUHEHHLIMA
YJICHAMU:

S (E® — Epn, NO —N) ~ §"(E©, N©O) - <8S’> Epn — <aS’) N+ ... (2.50)
/ oE V,N / ON E\V

Benomanm TEIIEPb TEPMOAMHAMUYICCKNE COOTHOINCHWA AJ1A CUCTEMBI C IIEPEMEHHDBIM YHC-
JIOM YaCTHIIL:

dE =TdS — PdV + pdN; p= (gﬁ) (2.51)
A%

NJIN
_dE P

@ Tk
dS = = + dV — dN, (2.52)
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05y _ 1 (o9S8\ _ »n
(@), (), =1 2

Torna pasmoxenue (2.50) mepenucsBaeTCs B BHIE:

OTKYJa TTOJIyYaeM:

E N
S'(B® — By, N© = N) ~ §/(BO, N©) - ZE 4 B2 (2.54)
MpUYeM HY>KHO UMETh BBUIY, UTO XUMUYIECKUN MOTEHITHAJ (1 U TeMmeparypa 1 mis Tesa
(MosCUCTEMBI) M TEPMOCTATA, COBIAJIAIOT B CUJLY YCJIOBUI TEPMOIMHAMUIECKOIO PABHOBE-
cus.
Takum obpazom, momydaeM QyHKIHMIO pacupeneleHus B BUIE:

uN — EkN)

. (2.55)

WEN = Aexp <
HOpMI/IpOBO‘{Haﬂ IOCTOAHHAA A onaTh MOXKeT OBITH BbIpazK€Ha 1epe3 TepMOAuHaAMMNYIe-
CKH€ BEJINYNHBI. ,ZLJIH 3TOTO BBIYUCIIUM SHTPOIINIO Tesia:

1
S:—<lnwkN>:—1nA—%<N>+T<E> (2.56)

njin

ThA=<E>-TS—pu<N >. (2.57)

OroxaecrBisia < E > ¢ TepmojguHaMudeckoil sneprueit rena F, a < N > ¢ tepmo-
JIUHAMAUYIeCKUM qucoMm dactur, N u yuutbBasi, uto B — TS = F, a F — uN ectb, 10
oTpeiesieHnio, TepMouHaMuaeckuil nortenmuan 2 &, umeem T'ln A = €, Tak gro (2.55)
MEPENUCHIBACTCS B BUE:

Q—FMN—EkN) (2 58)

wszeXp< T

DTo M ecTh OKOHYATENbHAS POpMa pacnpenenenusa ['nooca 1ist CHCTEMBI ¢ TEPEMEHHBIM
YUCJIOM YACTHUIL, KOTOPasd HA3BIBAECTCH OOALUIUM KAHOHUMECKUM DACITPENETICHUEM.
VesoBue HOpMUPOBKEU pactpeesenus (2.58) umeer Bu:

ZZwkN:e%Z e%ZefE’%N =1 (2.59)
N &

N k

Orcrona nmonydaem oblee BhIPasKEHHE [JIsi TEPMOAMHAMUYECKOrO oTeHmana, 2:

Q=T (&f 3 e—Efer) (2.60)
N k

T7Ie BhIDAXKEHWE B TPABOI JaCTH MOXKHO HA3BATH OOJIBINON CTATHCTUYECKON CyMMOA.

Beipaxkenust (2.42) u (2.60) ormpeaessifor TepMOHHAMUYIECKHE BEJIMIMHB! IPON3BOIIb-
HBIX CHCTEM, HAXOAAIIUXCS B COCTOAHHME paBHOBecudA. [Ipm sToMm cBoboanasa smeprus F
onpenesiercs (2.42) kak dyukiua T'; N u V| a repMogunamuydeckuii moreHnuad §) onpe-
nensercs u3 (2.60) xak dbyuxkuua T, pu V.

8He myTarh CO CTATHCTHYIECKHM BECOM!
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AHAJIOTHYIHO NIPEILLIYIIEMY, B KIACCHIECKON CTaTHCTHKE HOBITOE KAHOHUIECKOE PAC-
peJieJieHue UMeeT B

QO+ uN—E dp) dg(V)
+ p N(p,fJ)> pdg (2.61)

dwy = exp ( T (2rh)3N N

Ilepemennyio N nwuineMm 31ech B BUIAE MHACKCA ¥ PYHKIINN PACIPEICICHHS U Y SIEMEHTA
¢hazoBOro 06bEeMa, ITOOBI MOAIEPKHYTh, ITO KaXKIOMY 3Ha4IeHni0 N COOTBETCTBYET CBOE
dazoBoe 1pocrpancrso (co cBoum uuciaom usMmepenuii 6N). Qopmysa ajisd noreHuuaa

() umeer Tenepb BUI:
. E
Q=-Tln ;e/TN / dl’ v exp (Ng{j’q)) (2.62)

AcHo, 9TO TIpM ONpeeIeHN BCEX CTATUCTUYECKUX CBOMCTB Tejia, KpoMme (DIyKTyaruit
MOJTHOTO YHCIA YACTUIL B HEM, KAHOHUYECKOE W DOJIBINOE KAHOHHIECKOE PACIPEIeeHud
I'u66ca coBepieHHO KBUBAJIEHTHBI. [Ipn nperebpexxennn PIyKTYaIINsIMEA INCIA IACTHUIL
N umeem 2+ pN = F u 3Tu pacupeneeHns IpoCcTO COBIAAAIOT.

Wcnonp3oBanre TOrO WM WHOTO PACTIPEIEeHUs B OOJBITUHCTBE 3339 SIBJISETCS
JIUIITb BOIPOCOM yI00CTBa Bhraucienunii. PakTudeckn, MUKPOKAHOHMIECKOE PACIIpeme-
JIEHWE SABJISIETCS CAMBIM HEYIOOHBIM, a Haubosee yIOOHBIM YaCTO OKA3BIBAETCA DOJIBIITOE
KAHOHUYIECKOE PACIIPEIETIEHNE.

2.5 BpIBoa TepMOoAMHAMUYECKNX COOTHOMIEHU 13 pac-
npenenenns I'mboca.

3aBepiiuM Ternepb Hallle CTATUCTUIECKOe 0DOCHOBAHNE TEPMOINHAMUKYU BBIBOIOM €e OC-
HOBHBIX COOTHOITEHUN n3 pacnpenesenust ['utbca. Kire mpu obCcyRaeHny poau aiuTuB-
HBIX UHTErPAJIOB JBUKeHud 1 BbiBoge (1.56), apisionierocs, GakTHIECKH, KAHOHUIECKUM
pacnpeenenneM ['ub6ca, Mbl OTMEYAIN, YTO MHOXKUTEIb ( ipu uepruu B (1.56) onuna-
KOB, /IJIsl BCEX II0/ICUCTEM JAHHOM 3aMKHYTON CUCTEMBbI. Y YUTBIBAS, YTO B KAHOHUYECKOM
pacnpenenenun $ = —1/T, Mbl IPUXOAUM K BBIBOLY, YTO 3TO YCJIOBHUE KBUBAJEHTHO
OOBIYHOMY TEPMOAMHAMUYIECKOMY YCJIOBHUIO PABEHCTBA TEMIEPATYP IS BCEX YaCTEH Cu-
CTeMBI, Haxofdmmelica B papHosecun’. HeTpyaHo mOHATH, 4To TemmepaTypa 1 > 0, Tax
KaK MHadYe Hem30€XKHO Pa3oiiercd HOPMUPOBOYHAS CYyMMa » ;. Wi, OCKOJIBKY SHEPIHH
ypoBHEH Ej MOTYyT NMPUHUMATH CKOJIb YrOgHO O60bInne 3HaveHna. Bee 3T cBoficTBa COB-
MaJAI0T ¢ OCHOBHBIMHU CBONCTBAMU TEPMOAMHAMUYIECKON TEMIEPATYPHI.

[Ipu BBIBOIE OCHOBHBIX TEPMOJIMHAMUIECKUX COOTHOIIEHNH MOXKHO MOCTYIATH TI0 Pa3-
HOMY. 3amuineM KAHOHHYIECKOe PACIpeIesieHre B OepaTOPHOM BUJE KaK:

p=e T (2.63)
Toraa ycmoBrue HOPMUPOBKE Spp = 1 MOXKHO TEPenucaTh TaK:

e T =Sp (e*¥) (2.64)

9Bripaxenue (1.56) coBmagaeT ¢ KAHOHMYECKHM pacipejeenuem (2.43), eCin CIUTATb TaKikKe, 4TO
a = F/T u paccMaTpuBaTh HOKOSILYIOCS CUCTEMY.



56 Imapa 2. PACIIPEJEJIEHHUE I'TBBECA

9TO, TI0 CYTH JIE1A, sIBJSETCs onpeaeaenneM ¢Bobomuoit suepruu. [Ipoauddepenmupyem
9T0 paBencTBo 1o 1, Torma

F 10F\ _r 1 _H

FE
YMHOXKas 3TO paBeHCTBO HA T2eT n yunthBasg < H >= E, mojyuaeM 0CHOBHOE TEpMO-
JauHAMETYIecKoe cooTHomenne ['nbbca-leapmMrombias

OF
F=F+T— 2.
+ a7 (2.66)
CpasHuBas 310 BeIpakenue ¢ onpenenennem F' = E — TS| nonyyaem
OF 1
=——=——(F-<H .
S 5T T( < H >) (2.67)

Boiuie B (1.174) Mbl Bujienu, 4T0o B ONEPATOPHOM BHUJIE SHTPOIIMS 3AIKMCHIBAETC KaK:
S =—Spplnp (2.68)

TOK IECTBEHHOCTH ITOTO BHIPAYKEHUST [Jist S ¢ MPEABIAYIINM BUIHA U3 TOTO, YTO COMJIACHO
(2.63) umeem Inp = +(F — H), ocTajbHOE OUeBUIHO.
B jpyrom BapmaHTe pacCy:K/IeHWil, pPACCMOTPUM YCJIOBHE HOPMHUDOBKHU B BH/E:

F—E,
deT =1 (2.69)
k

n npomuddepeHImpyeM 3TO paBeHCTBO, PACCMATPHUBAs €r0 JIEBYIO YacTb Kak (QyHKITHIO
T ¥ HEKOTODPBIX BEJIHMYUH A1, A2, ..., XaPAKTEPHU3YIOMNX BHENIHHE YCJIOBHUS, B KOTOPBIX
HAXOUTCA PACCMATPUBAEMOE TET0. DTH BEJIMIUHBI MOTYT, HAIIPAMED, OTIPEIEIATh HGOPMY
1 Pa3MePHI 3aHUMAEMOTO TeJIOM 00beMa, 337]aBATh BHEIIHHUE [TOJI U T.I1. Y POBHU SHEPTUU
cucrembl Ej 3aBUCAT OT A1, Az, ... Kak oT mapamerpor. duddepenuupyst nomyuum (st
KpaTKOCTH Timmem ofuH mapamerp A)'0:

Wi 8Ek F — Ek
— |dF — d\ — dT| =0 2.
o @7
Orcrona nmeem:
O0E, dT
F = ——— + —(F — E .
d ;wk d)\zk:wk an + T( Zk:wk k) (2 71)
Vunresas Teneps » ., wp =1, Y, wpEy =< E>=FEun )y, wk% = %’ a TaKKe
F — E = —TS u coorromenne'!:
O< E,> O0<H>
= 2.72
oA oA (2.72)
F-Bp F—E,
10Tounee, sanmmenm mosmstit auddepennuan nesoit qactn (2.69): dY e T =, wid ( T ’”) =

0, uto u macr (2.70)

UEcnu ramunsrormas H, a ¢ HIM # €ro coOCTBEHHEBIE 3HAYeHHs [, 3aBHCAT OT mapaMeTpa A, TO

Bab;\k — (%)M, OTKy/la MOCJIe ycpeaHeHus u ciemayet (2.72)
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TOJIy9aeM OKOHYaTeJIbHO:

0< H> OF
dF = =SdT + ————d\ = —=5dT + —d\ 2.73
o\ oA ( )
9TO ecTh OOt Bu, aud pepeHimaaa CBOOOIHON IHEPTUU B TEPMOINHAMHKE,
AnamorngueivM 00pa30M, U3 YCJIOBHST HOPMUPOBKHU BOJIBINIONO KAHOHUYIECKOTO PACTIPE-
netenus 12 (2.59) mMoxkHO mOMyunTh 06mME BU Muddepennuana TepMOINHAMIYECKOTO

noreHnmana ):

H
9 = —SdT — Ndu + aia%d)\ (2.74)

Boie noapasyMeBasioch, YTO BHEIIHHME IIAPAMETPBI A1, A2, ... MAKPOCKOIHYECKHU Xa-
PAKTEPU3YIOT COCTOSIHUE CTATUCTUIECKOTO PABHOBECUST PACCMATPUBAEMOi cucTeMbl. Ta-
KAMW TIaPAMETPAMHU MOTYT ObITh 00bEM COCYIA, HAPSKEHHOCTH BHEITHETO JIEKTPUIe-
CKOT'O MJIM MArHUTHOTO TIOJISI M T.J. JTHU MAPAMETPBI A1, A2, ... CAMTAIOTCI MEHSIOMTHMHUCS
CTOJIb MEJJIEHHO, YTO 33 BPEMs I[OPAJKA BPEMEHU PEIAKCALMHM CUCTEMbl K PABHOBECHO-
MY COCTOSHHIO MX MOXKHO CUMTATh HPAKTHUYECKH [TOCTOSIHHBIMU. TOrga MOXKHO CYUTATh,
9TO B Ka2KJbIii MOMEHT BPEMEHH CHCTEMa HAXOIUTCS B COCTOSHUY PABHOBECHsI, HECMOTPS
Ha, M3MEHeHHe BHEIIHWX HMapaMerpoB. Takoii mporece M3MeHeHUsT BHEITHUX MapaMeTpOB
HA3BIBAETCsS KBA3UCTATHIECKUM. KCJIM paccMarpuBarh MapaMeTphbl A1, Ag, ... KaK 0000-
LIEHHBIE KOOPAMHATHI, TO COOTBETCTBYIONINE 0DOOIIEHHBIE CUALI PABHBIL:

OH

A= o
o

(2.75)
15T KBa3UCTATHYIECKOTO TIPOIIECca HADII0IaeMOe 3HAUCHIE ODODIIEHHBIX CHJI PABHO CPeI-
HEMY 3HAYEHHUIO 110 PABHOBECHOMY CTATUCTUYIECKOMY aHCAMOIIIO BUIA:

o< H >

< Ay >= Sp(pA;) = — E3e

(2.76)
Paccmorpum HeKOTOpBIe TTpUMepbl. B 9acTHOM ciiydae, €ciii B KadecTBe 00O0BINEHHOTO
BHEIITHETO TapaMeTpa BhIOUpPaeTcs 00beM cucTeMbl V| 0D0DIIeHHAsS CH/TA €CTh JABJIEHNE:

O0<H> 0F

P=—%v ="

(2.77)

Torpa (2.73) UpUHAMAET U3BECTHDIHA BUJL:
dF = —SdT — PdV (2.78)

Ecau B kawecTBe 06001IIEHHOTO TapaMeTpa BLIOMPAeTCa BHEITHeE dIeKTpudeckoe mose E,
10 06ODOLIEHHAsT CUJIA €CTh BEKTOD LOJApU3anuu (LOJIHBIA 3JeKTPUYCCKUH JUIIOJIbHbLI

MoMeHT Tena) P:
0<H>

OE

123ameTim, 94TO 6OJIBIIIOE KAHOHHYECKOE PACIPE/IE/IEHIE TAKKe MOYKHO MOJTYyYHTh U3 PACCY K ICHHIT, HC-
[OJIB30BAHHBIX IpH BBoAE (1.56), ecau paccMOTpers 9ucio dacTul N Kak JUHAMAYECKYIO IePeMeHHY IO,
KOTODasi, O9€BU/IHO, TAKIKE SIBJISETCS A JUTHBHBIM HHTErPAJIOM ABHKEHUs. 'TOraa, I HOKOAImeHCs cu-
CTeMbl MOXKHO Hamucarhb: Inwiy = a + BERN + YN, rae v u 3 A0/mKHBL GbITH OJUHAKOBBI JJISL BCEX
gacreil pasHoBecHOU cucremst. Ilogaras o = Q/T, f = —1/T u v = p/T nomyaaem GObIIOE KAHOHH-
JecKoe pacupejesenue. IIpu 5TOM, OUEBHIHO, NOJTy9aeM M U3BECTHOE yCJIOBHE PABEHCTBA XUMUIECKHX
HOTEHNHMAJIOB HOACUCTEM, HAXOAAIUXCA B PABHOBECUH.

dF = —SdT — PdE; P = — (2.79)
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s BHemHero maruuTHoro rnosst H anamorn+aHo nMeem B KadecTBe 0OOOIEHHON CHIIBI
HOJIHBIA MArHUTHBIA MOMEHT (HAMAIHUYEHHOCTD) Tesa M:

o< H >

dF = —-5dI' —MdH; M = —
7 OH

(2.80)
Takum obpazom, (haKTUIECKN HAM YIAJIOCH TTOIYIUTh MIOJHOE CTATUCTUKO - MEXAHUIEeCKOEe
000CHOBaHWE OCHOBHBIX COOTHOIIEHUH TepMOIWHAMUKH. HamoMHWM, YTO WCTOPUYIECKH
BO3HUKHOBEHNE CTATUCTUYECKON MEXAHUKHU CBSI3aHO MMEHHO C MOTBITKAMU PerieHus ITOH
3a/1a4u.

Tlocmeanuit Bommpoc, KOTOPBI OCTAIOCH €Ie PACCMOTPETD B CBA3M ¢ IpobmeMoii oboc-
HOBAHHUA TEPMOIWHAMHUKH, 9TO BOMpoc o Teopeme Heprcra, Ha3zbiBaeMoli, WHOTIA, Tpe-
THUM HAYAJIOM TEPMOIUHAMUKI. JAMETUM CPa3y Ke, 9TO B OTJIMYNE OT IEPBOTO U BTOPOTO
HavaJI, KOTOPbIe HEMOCPEJCTBEHHO CIEYIOT, KaK Mbl BHEJN W3 pacnpeiesnenus ['uboca,
CTOJIb K€ 001Iee J0Ka3aTeILCTBO TeopeMbl HepHeTa OTCyTCTBYeT, XOTs 151 BCeX “pazyM-
HBIX” MOJIENIEH CTATHCTHIECKON MEXaHWKY OHA BBITTOIHsIETCA. B caMoMm jiesie, paccMoTpum
BOIIPOC O TOM, K €My CTPEMHUTCs pacupenencHne ['uboca:

wy=e T (2.81)

npu 1" — 0. Ucnonb3ys BbIpazkeHue Jjisi SHTPOINKA B BUIE

1
S = T(< H>-F), (2.82)

sanuiem wy = exp{—S + & (< H > —Ej,)}, wm:

<H>-Ey Ey—-F
wk:exp{—S—i— 0420 k}

- 7 (2.83)

rie Ey — 9Heprus OCHOBHOTO COCTOSAHUS CHCTEMBI, TakK uTO Fy > Fy npu k # 0. Berauciss
upejen Boipaxkenud (2.83) mus T — 0, nosyunm:

7lﬂi_>m0 wi, = wi(0) = exp{=5(0) + Cv(0)}p, —E, (2.84)
rae
| 1 mpu Ey=E
6Ek*EO = { 0 mpn By £ Eo (285)

B (2.84) Cy(0) = (254>),_, mpencrasnsier coboii Temoemkocts tea mpu T = 0 u
nocrosaaoM ofbeme. Ho u3 Beipazkenus (2.82), no mpasuiy Jlomurass, cieiyer, 4To
npu T' — O:

S(0) = <a<mlf> - gi)ﬂo — Cy(0) + S(0) (2.86)

rak 9ro Cy (0) = 0 (Hepucr). CoorBercrBenHo, Boipazkenue (2.84) ceoaurca K:
wk(O) = eXp{—S(O)}(SEk_EU (2.87)

4910, GAKTUIECKH, UMEeT BUJ MAKPOKAHOHUIECKOTO PACIIPE IETIEHNUS:

1
wk(O) = QfO(SEk,EO (288)
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rie (g — KPATHOCTh BBIPOKIEHUS OCHOBHOTO cOCTOsiHUs. (OTCHOa SCHO, YTO IHTPOIUAS
mpu T = 0:
S(0) =InQy (2.89)

st GobIIMHCTBA U3BECTHBIX CUCTEM (KPUCTAJLIbI, KBAHTOBBIE Ma3bl U XKUJIKOCTU U T.II.)
OCHOBHOE COCTOSTHUE SIBJISIETCST HEBBIPOXKICHHBIM, Tak 4TO (g = 1, ¥ SHTPOMUS CTPEMUTCS
k mymio ipu T — 0. Jlaxxe ecau Qo > 1, vo npegen limy_, o % InQy = 0 (surponus,
B pacuere Ha OJHY YaCTHUIY), TO MOXKHO cuurarhb, uro S(0) = 0, 4ro u cocrasiasger
conep:kanue TeopeMbl Heprera 13,

K coxanenwnio, me/10 0OCTOUT HE TaK MPOCTO ¥ (PU3HIECKAsS CYIIHOCTh TeopeMbl HepH-
CTa CBSA3aHA HE IPOCTO C OTCYTCTBUEM BBIPOXKIEHHS OCHOBHOIO COCTOSHUS, HO ¢ OCODEH-
HOCTSIMU 3HEPIeTUYECKOr0 CIIEKTPA CUCTEMBI MPU MAaJIBIX BO3DYIKICHUSIX, a €€ MPOsB-
JIEHUST HAYUHAIOT OIIYIATHCA y¥Ke MpH TeMreparypax 1, KOTOpbie CYIIECTBEHHO IMpe-
BBIIIAIOT PA3HOCTH TEPBOr0 BO3OYKIEHHOTO M OCHOBHOTO YPOBHEH cucTeMbl. Bobiie Mbr
yKe OTMEYasH, 9YTO YHEPreTHIECKUil CIeKTP MAKPOCKOMWYECKOTO Tl MOXKHO CIHTATD
MIPAKTHYECKH HEIPEPBIBHBIM, TAK Y9TO 3Ta BEJIMYUHA TPAKTUYECKN HEHADIIOIAEMO MAJIA.
HampuMep, JJIS HIeaJbHOTO Ta3a aTOMOB ¢ MacCoH m, HAXONAIMXcs B oobeMe V = L3,
MOKHO OIEHHUTE:

h? h? 2T

Fi— EO ~ —k rae kme = f

2m min W (290)

npugeM obbeM V. — 0o. PakTUUIECKH Ke, /i TOrO ¥Ke UIAEATBHOIO ra3a, MPOsiBJIEHUs
Teopembl HepHCTa CTAHOBATCS 3aMETHBIME [IPU TEMIIEPATYPAX MOPIIKA TAK HAZBIBAEMON
B2 (N\2/3

TeMnepaTypbl BbIpoxKienua Ty ~ - (7) .

st Toro, arobbl HoKa3arh Teopemy Hepmcra g obimero ciydast, Hy»KHO ObLTO ObI
HCCJIeIOBATh pacnpenenerne Ey, BOIM3U OCHOBHOI'O YPOBHS, T.€. UCCJAEA0BATDH ITOBEICHHE
craructuueckoro seca U(E, N, V) s6musu E = Ey B o6miem suge. /Io HacTOSIIIEro BpemMe-
HU TaKOe UCCJIEIOBAHNE YIABAJIOCH CIENATh JIUIIb JIJIsi ONPEIEJIeHHBIX Mojeeld. MoxKHO
CKa3aTh, 9TO BO BCEX CJIydYasX, KOIMa cjaabble BO3DYKIAEHUS] CHCTEMbBI MPEICTABIISIOTCA
B BH/E WIEAJBLHOIO I'a3a KBA3WYIACTHUIL, TeopeMa HepHcra oka3bIiBaeTcs BHITOTHEHHOM. B
,D;aﬂbHeﬁHleM, MbI 6y,HeM HNMETDb AeJ10 TOJbKO C TaKHMMH CHCTEMaMH.

Ha sTom 3aBeprmaercst M3JI03KeHHE OCHOB TUOOCOBCKON CTATHCTUYECKON MEXaHWUKMU.
Bee manbueiiiee n3iokenue, Mo CyTH Jeya, Oyaer IpUMEHEHUEeM 3Toro obIero moaxoa,
K Pa3/IMIHbIM KOHKPETHBIM 3aJavdaM TE€OPpHUU CUCTEM MHOI'MX YaCTHII.

13Teopema Heprcra mempuMenmMa K aMOphHBIM TeTaMm (CTEKJIaM) WM HEYTOpsI0YeHHBIM CILTaBaM,
KOTOpPBIC HE HAXOAATCSA B COCTOAHUU TEPMOJUHAMUYIECCKOTIO PABHOBECHUSI, HO MOryT CYyIIECTBOBATH IIpA
TeMneparypax 1" — 0, ocTaBasch “3aMOpPOKEHHBIMK’ B OJJHOM M3 MHOTHX BO3MOKHBIX JJIsI HUX METaCTa-
OU/IBHBIX COCTOSIHUM ¢ OueHb GosibmMM (MHOI/ A IPAKTUIECKU OECKOHEUHBIM!) BPEMEHEM DesIaKCaluu.
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I'maBa 3

NIEAJIBHBIIN T'A3

3.1 Pacnopenenenne boabivaHa.

B kauecTBe mpocreiinieit cucTeMbl, Ha KOTOPOl XOPOINO WIIOCTPUPYETCS ITPUMEHEHNe
00X METOA0B CTATHCTHIECKON MEXaHUKN, PACCMOTPUM MIEAJbHBIN ra3, COCTOMIIIN 13
HeB3aMMOIeHCTBYIONITX ATOMOB WJIF MOJIEKYIT . DTa MOJeh chirpaia GOIbITyIo poIh Ha
HAYAJLHOM 3Talle PA3BUTHS CTATHCTHYIECKOH (DH3UKU>.

OTcyTcrBrue B3aUMOIEHCTBHS MEXKY aroMamMu (MOJIEKYJIAMHA) UICATHLHOTO Ta3a M03-
BOJISIET CBECTH KBAHTOBOMEXAHUIECKYIO 33/]a4y OIpe/IesieHus ypoBHeli suepruu L, Bcero
ra3a B IeJOM K 3aza4e 00 ONpeJe/IeHU yPOBHEH YHEPTUHU OTAEJIBHOrO aroMa (MOJIeKy-
Jibl). D1 ypoBHu Oysem 0003Ha4YaTh £k, rAe k — upejcrapisier coboil Habop KBAHTOBbBIX
YHUCEIT, ONPEAESAIOIIIX COCTOSHIE aToMa (MOJIEKYJIbl ). DHeprun F,, BhIPAyKaIOTCs, BBUILY
OTCYTCTBUS B3aUMONEUCTBHUS, B BUIE CYMM JHEPIUil KaKI0# MOIeKy/abl. OO03HAUMM N
YUCJIO YACTHI] B Ta3e, HAXOMAMMUXCH B k-M KBAHTOBOM COCTOSHHHU. BbramcjuMm cpemnee
3HavdeHne < Ny > B BarKHOM IIPEIECIBHOM CIIydae

<np > 1L (3.1)

DuzmvecKkn ITOT ciydall COOTBETCTBYET CUIBLHO pa3peskeHHoMy Tra3y. IIpuMennm K Moste-
KyJIaM Ta3a KaHOHWYecKoe pacipenesenue ['nbbca, paccmarpuBas OTIEIbHYIO MOJIEKYITY
B Ka4YeCTBE MMOJCUCTEMBI B TepMoOcTare. TOrma sSICHO, YTO BEPOSITHOCTH MOJIEKYJIE HaXO0-
JUATHCA B k-M COCTOSIHUH, & TIOTOMY U CPEIHee YUCJI0 < Nj > MOJEKYJ B 3TOM COCTOSTHUH
~ e’%, TaK 4TO

‘k

<ng>=ae T (3.2)

rae koddduimenT a onpeaessaercd U3 yCJIOBUs HOPMUADPOBKU:

Y <np>=N (3.3)
k

rae N — noanoe ducio yacrull B rase. Pacupenenenue (3.2) HasbiBaercs pacupejeneHuem
Boabimana.

1Pazymeercs, qyis yCTaHOBIEHHS TEPMOJHHAMUYIECKOIO PABHOBECHS BCEra HEOOXOIMMO CYIIECTBO-
BaHHE HEKOTOPOIO, XOTs-Obl OUeHb CJ1a00ro, B3auMOAEHCTBHS (HAIPUMED OUYEHb PEJKHX CTOJIKHOBEHHM
aromoB (MoJiexysn)). IIpu BEIMUC/I€HIN DABHOBECHBIX TEPMOAMHAMHIECKHAX CBOUCTE B MOJEJIH UACAIBHOIO
ra3a 00 3TOM B3aHMOJAEHCTBUH MOXKHO 3a0BITH.

2Tlocsieaytommee u3J10KeHue MOYTH 1EJIMKOM OCHOBAHO Ha [1, 2].
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IIpuBenem apyroil BApUAHT BHIBOIA STOTO PACIPEIEIEHUs, OCHOBAHHBIN HA TTPUMEHE-
HuM OOJIBIIOrO pacupeesienns ['nbbca K COBOKYITHOCTH BCEX UACTUIL ra3a, HAXOISIIAXCS
B JIAHHOM KBaHTOBOM COCTOSIHUM (paccMaTPUBAEMOli Kak mojcucTeMa B Tepmocrare). lo-
naras B obmeii dopmysie pacupeneneaus ['ub66ca ¢ nepemennbiM uuciaoMm dacrui (2.58)
E = nge, N = ny u npunucbiBasg MHAEKC K elle u BesuduHe ), Moy dum:

Qptng(p—cp)
T

Wy, = € (34)
2y .
B uactHocTn, wy = €T nupencraBiaser cob60fl BEPOATHOCTD MOJHOTO OTCYTCTBUS ACTHII,

B JaHHOM coctoguuu. B mHTepecylomem Hac mpenene < ni ><K 1, BEPOATHOCTL wy =
Q

2k
eT =1, nosromy u3 (3.4) MOXKHO TIOJYUNTh:
H—Ep
wy=e T (3.5)
Yr0 3Ke Kacaercsi BEPOSTHOCTH 3HAYEHNUIT Ny > 1, TO OHH B TOM 3Ke MPUOIIHIKEHNH JOJIK-
HBI OBITH MOJIOXKEHBI PABHBIME HY/TI0. [I03TOMY B CymMMe, ompejemnsiomeii < ny >, ocTa-
eTCA TONBKO OIHO CJIATAEMOE:

<np >= anknk = wy, (3.6)
ng
U MBI TIOJTydaeM:
p—ey
<np>=e T (3.7)

Taxkum obpazom, Koabduunent B dopmyne (3.2) OKa3LIBAETCS BRIPAXKEHHBIM Uepe3 XH-
MUYeCKHH [MOTeHIIA Ta3a, KOTOPBIH oIpelesdeTcd B HEABHOM BHUIE U3 yCIOBUS HODMHU-
POBKH Ha 4nciio dactur (3.3).

3.2 Pacnpenenenune BboJapiiMaHa B KJacCUYeCKOil cTa-
THCTHUKE.

IIpenpiayinee paccMOTpeHne BEIOCH HA, KBAHTOBOM si3bIKE. [[0CMOTpHUM, KaK BCE 3TO Tie-
pemnuchIBaeTcs B Kinaccuke. Beegem dN — cpenHee 9ucyio MOJEKY, 3aKIIOUEHHBIX B 316~
MeHTe 06beMa hazoBOro MPOCTPAHCTBA MOJEKYIbl dpdq = dp1...dp,.dq...dg, (3nech T —
YHUCII0 cTenenel cBoboabl MoJieKyIibl). Hanuiem ero B Bue:

dpdq
dN = ,q)dr dr = ——— 3.8
n(p,q)dr dr @nh)" (3.8)
rae n(p, ¢) WIOTHOCTH BEPOATHOCTH B (pa30BOM mpocrpaucrse. Torma:
—e(p,q)
n(p,q) =e T (3.9)

rze £(p, q) — SHEPrusA MOJEKYJIbl KaK (DYHKIMA KOOPAUHAT M UMIIYJIbCOB €€ ATOMOB.
it ra3a He HAXOSIIETOCA B KAKOM-/TH0O0 BHEIITHEM I10J1€ OTCIOIA TOJKHO, O9E€BU/IHO,
HOJIYINThCS paclpeaetenie Makcpema®:

N P2+p2+p2

N = G mmyz® T ey (3.10)

3B omImume OT 3aIMCH STOrO PACIPEIeeHNs, PACCMOTPEHHON BBIIIE, 3/[eCh BBECH MOMOIHUTENbHBIIL
MHOKuTENb N/V | CBA3aHHBIA ¢ HODMUPOBKOH HA IJIOTHOCTH YMCJIA YaCTHUIL.
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dN, = V 277_71_, 2T dvmdvydvz (311)

rie m — macca Momekyst. Cpaprenne (3.10) u (3.9) maer ef = & (2m)3/2h3 (mT)~3/2,

TaK 9TO XHMIIOTE€HIINAJI 6OJ'IBLLMaHOBCKOFO ra3a:

N (2m)3/2h3
=T | ="~
peam (v (mT)3/?

DTOT pe3yabTAT MOKHO TIOJYYUTh U HEIOCPEJCTBEHHO U3 YCAOBUA HOPMUPOBKHU (3.9) Ha
[IOJTHOE YMCJIO YacTull B eaunuie oobema (3.3). B camowm nesne, B knaccuvyeckoMm npubiu-

N( m )3/2 _ mi4vited)
e

(3.12)

_ patpi4pl .
KEHUH € = ——5—=, TaK 4o (3.3) 3anumercs Kax:
3 2, 2. 2
i3 n d P _Paxtrytey N
T =N mm ef [ e T = O (3.13)
p (27h) Vv

uto U gaet (3.12) mocse BHIYUCICHUS SIEMEHTAPHOTO TaYCCOBA MHTETPAIa:

N Bp A2\ T N (27)3/2R3
—Tnd =~ ([ —L ¢ =t =Tl (=2 .
w=1 5 ([ et ) (¥ o) (3.14)

Takum 06pa30M XUMUYECKUI IOTEHINAJ Ta33 MOJHOCTHIO OIIPEIEIIeTCs IIOTHOCTHIO Y-
CTHUI] Ta3a U TEMIEPATyPOii.

Paccemorpum Teneps ra3, HAXOAAMIANCS BO BHEITHEM TT0JIe, B KOTOPOM MOTEHITHAJIBHAS
SHEPrUsi MOJIEKYJIbl 3ABUCUT TOJBKO OT KOOpAMHAT ee neHTpa unepuuu: U = U(z,y, 2).
Hampumep peub moxkeT ObITH O rpaBHTANMOHHOM moje. MakcBeamoBckoe pacmpemesne-
HU€ [0 CKOPOCTSM OCTAETCS, KAK Mbl BH/IEIU BbBIIE, HEM3MEHHBIM, & PACIIPE/IEIEHUE TIO
KOOPJWHATAM TIEHTPA WHEPIUY OTpeIessiercss (POpMYyJIoii:

_U(z,y,2)

dN»,» = Nnge — T dV (315)

9TO W JAET GHCI0 MOJEKYJ B DJIEMEHTE IMPOCTPAHCTBEHHOTO o0bema dV = dxdydz. Ilpn

9TOM BE€JIUYHUHA
U(r)

n(r) =mnge” T

(3.16)

MPEICTABIACT COOOI MIIOTHOCTE YUCIIa TACTHIL B TOUKe . [locTosTHHAs 1y €CTh TIOTHOCTh
B Toukax, rie U = 0. Bopaxkenue (3.16) nasbiBaercs dbopmynoil Boibimana.

B kauecTBe npuMepa pacCMOTPUM Ta3 B OJHOPOIHOM TDABATAIIMOHHOM ToJie (3emin),
HATIPABJIEHHOM BIOJIb OCH Z, Tak uTo U = mgz (g — yckoperue cBOGOAHOTO MAIEHWUS) 1
JIS PACIPEIETICHN IIIOTHOCTH Ta3a MOIydaeM 0apOMEeTPUYIecKyt0 (DOPMYITy:

mgz

n(z) =nge” T

(3.17)

Tlie ng — TUIOTHOCTH Ha ypoBHe z = 0 (Ha ypoBHE MODH).

3.3 HepaBHoBecHBIlT naeaJbHBII Ta3.

PaccMoTpuM mieasbHBIN a3 B MTPOU3BOJILHOM (HEOOSI3ATEIbHO PABHOBECHOM ) COCTOSTHUM.
IIpenmomnoxkumM, 9TO BCe KBAHTOBBbIE COCTOAHMA OTIEIBHON JaCTHUIBI MOYKHO pacIlpesie-
JIUTH 10 HEKOTOPBIM I'PYIIaM, KaKIad U3 KOTODPBIX CONEPXKUT OMU3KHE IO SHEPIUAM
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COCTOSTHUS, TPUYEM KAK YUCJI0 COCTOSHUM B KaXKIOW TPYIINE, TAK W YUCIO HAXOISIIAXCS
B HEX TACTHI] BCe Ke OYeHDb BeJUKH:. IlepenyMepyeM 3TH TPYIIBI COCTOSHUI HOMEPAMIE
j=1,2,... unycrs G ecTb 4UCIIO COCTOAHME B j-ii rpy1e, a [N; — I1UCI0 YaCTHIL B 3TUX
cocroguugax. Torga mabop gmcen IN; OyIeT HOTHOCTBIO XapaKTePU30BATH MaKPOCOCTOMA-
HUe€ ra3a, a uX IPOU3BOJIBHOCTb U O3HAYAET, YTO COCTOSHHUE, C KOTOPHIM MbL HMEEM JIEJI0,
SBJISETCS TPOU3BOJIBHBIM HEPABHOBECHBIM COCTOSTHUEM.

BerancinM 3HTPONUI0 TAKOTO COCTOSTHUS, YTO CBOJIUTCA K 3ajade 00 OmpeneeHun
CTATHCTHIECKOTO Beca ) MaHHOrO MaKPOCOCTOSTHUS, T.€. YHC/Ia MUKPOCKOITHIECKUX CIIO-
c06OB, KOTOPBIMI TO COCTOAHHE MOXKeT ObITh OCyIIecTBIeHO. PaccMaTpuBasg KaxKayio
rpymiy u3 NV; 9acTuI] KaKk He3aBUCHMYIO IoJcucTeMy u 0003Ha4as depes {1; ee crarsec,

nMeeM:
o=]]9 (3.18)
j

Tenepw Hano cocuntarsh 2. B crarncruke BosbIMana cpefHme 9rcTa 3amOTHEHAS BCEX
KBAHTOBBIX COCTOSHMI MaJIbl [I0 CPABHEHUIO ¢ euHuIeH. D10 3Ha4uT, uro N; K G, XoTd
camm 1o cebe IN; Bce yKe 0UeHb BeIWKH. MamocTs Imcest 3amoTHeHNs TTO3BOJIAET CIUTATh,
9TO BCE YACTHIIBI PACTIPEAETIEHBI IO PA3TIUIHBIM COCTOIHUSIM HE3ABUCUMO APYT OT JAPYTa.
Iowmermas kaxkayro w3 N; Jacturm B onHO n3 (G COCTOAHMIT TOTYTIMM BCETO Gj 7 BO3-
MOXKHBIX PacipeneseHnil, Cpeil KOTOPBIX eCTh OJIHAKO TOXKJIECTBEHHbBIE, OTJIUYAIOIITNECS
TOJILKO [EPECTAHOBKOM (OANHAKOBBIX ) 4acTHIl. I[09TOMY COOTBETCTBYIOIIEE YUC/IO HYKHO
eme nozesnuTs Ha N;!, Tak uro:

G
Q; = 7]\%! (3.19)
TOI‘,H& IHTPOIUA ra3a BBIMUCIACTCA KaK:
S=mQ=> InQ; =Y (N;InG; —InN;!) (3.20)
J J

Bocnomesyemcesa dbopuynoii Ctupannra, cnpaseammsoii mpu N > 1 5:

N
InN!~ Nln (e) (3.21)

U IIOJIyIUM:

eG;
S = E N;jln—2 (3.22)
N
; J
J
D1a dhopMysa onpenessieT SHTPOIHUIO HAEATHHOrO Ta3d, HAXOMAAIIErocs B TPOU3BOIBLHOM
MaKPOCKOIIUIECKOM COCTOAHHH, olipeesigeMoM HabopoM uucen N;. [lepenumenm ee, BBena
cpejHue uncia < n; > JacTHIl B KaXKJOM U3 KBAaHTOBBLIX COCTOAHMI j-it TPYNILI < nj >=
N;/G;. Torma: .
S = g Gj<n;>In—— (3.23)

- <n; >

J
Ecnu npukenne 9acTuIl MOXKHO PACCMOTPETH KBA3UKJIACCUIECKH, MOXKEM MEPEATH K pac-
HpejiesieHrIo JacTul, B pazoBoM mpocrpaHcTse. Paznenum ¢azoBoe mpocTpaHCTBO Ha

4310 npemoIONKEHE, IO CyTH J€JIa, HE SBJISETCS OrPaHMYeHHeM OOIHOCTH HAINEro aHaJIu3a.
5Tpu N > 1 cymma In N! = Inl1 4+ In2 + ... + In N npubimkeHHO CBOIUTCS K fON dxInz, oTKyma u
caegyer (3.21).
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obnemunkn Apt) AgU) | kaskaprii 13 KOTOPBIX MAJ, HO COIEPIKUT BCE e GOMBIIOe YNCI0
gacrull. Iucjia KBAHTOBLIX COCTOAHUMN, MPUXOISAIIMXCA HA 3TH OObEMYUK, PABHBL (I —
YUCIIO CTelenel cBobOIbl MOJIEKYJIbL ra3a, JIJid OJHOATOMHOrO ra3a r = 3):

) ,
= AT, (3.24)

a YHCTIA YACTHIL B 3THX coCTosHMAX HamumeM B Buge N; = n(p, ¢) A7), Moncrasnss sru
BbIpaxkenus B (3.23), nosydaem:

'I’L(p’ Q)

S = /dTn(p, q)In (3.25)

— BOJILIIMAHOBCKYIO SHTPOIHIO W/ICAJILHOIO I'a3a B IPOU3BOJILHOM HEPABHOBECHOM COCTO-
STHWUH, OTIpeJieNIzeMoM odnowacmuynoti bynkumeit pacipenenenus n(p, q) .

Kak cBazana 6onpimanoBckas suTponua (3.25) ¢ rubbeosekoit (1.167)7 B rub6eos-
CKOW 9HTPONUM: ind

s—- | G 0.0 p(p.a. ) (3.26)

p(p, q) oboznagaer moaHYI0 N-4acTUaHy0 (DYHKIUIO PACIPEIESICHUST, 3ABUCSIIYIO OT KO-
OPJIUHAT U UMITYTLCOB Beex N MoJsieKy B rase. JLg uaeanbHOro ra3a, B KOTOPOM 9aCTHUITHT
He B3amMOAEHCTBYIOT, 3Ta (DYHKIINA PacCIpeaeIeHnsi O9eBUIHBIM 00pa3oM (haKTopu3yer-
cd (crarucTuyeckas HE3aBUCUMOCTb — OTCYTCTBUE B3aumogjeiicrBusi!) Ha npoussejeHue
(omHOUACTHYHBIX) (DYHKIUH pACOPEIETeHUs OTIEIbHBIX TACTHIL:

N &
p(p:q) = NN H n(pi, i) (3.27)
i=1
rae omHouacTHaHble GyHKIUM pacnpenenenus n(p;,¢;) HOPMEPYEM KaK (MMEEM BBHIY
O/IHOATOMHBIH ra3, r.e. 7 = 3.):

| Gt a) = N (3:28)

Muoxureas N!/N™N B (3.27) coriacopbiaer 3Ty HOPMHDPOBKY C HPUHATOM BbINIe s
p(p, q):

1 [ dpidg N dpdq
/de(p, q) = {N/ (2;h);n(plvq1)} =1 dI = RPN (3.29)

Torna ucnonbays (3.27), (3.21) B (3.26), monygaem:

dp1dq, n(p1, q1)
S = 7/ (2ﬂh)3n(p1,q1)hl? (3.30)

4To coBuazgaer ¢ (3.25).

S Dyuxmua pacopegenenus n(p, q) MOXKET 3aBHCETH OT BPEMEHH, COOTBETCTBYIONIAA 3aBUCHMOCTL MO-
2keT ObITh PACCIMTAHA C IOMOIIBIO KUHEMUECK020 ypasHenus Bonbmana. VimerHo ayist saTponnu (3.25)
B pPaMKaxX KHHETHIECKON Teopmu moka3biBaercs H-meopema BosbiiMaHa, OIMCHIBAIONIAS BO3PACTAHHE
(3.25) ¢ pocrom BpemeHwu.
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B cocrosaum paBHOBECHS SHTPONHS AOTXKHA UMETH MaKCUMaThbHOe 3HadeHue. 13 sro-
ro TpebOBaHUsT MOYXKHO HAafTH PABHOBECHYIO (hyHKIHIO pacmpesiesnenus. Haitmem taxwe
< n; >, Ipu KOTOPBIX cyMMa (3.23) mMeeT MaKCHMyM, IPH BBIIOTHEHUH AOIOJIHUTEb-
HBIX YCJIOBHIi ITIOCTOAHCTBA YMCJIA YaCTUL] U CPeJiHel SHepruu:

ZNj:ZGj <Ny >=N (331)
J J

ZEij :Zngj < ny >=F (332)
J J

Bocmone3yemcst MeTOIOM HeOTpeIeIeHHBIX MHOXKNTe el Jlarpanka u pacCMOTPHUM YCIIO-
BHE:

B,
%(S +aN +BE)=0 (3.33)

rie a u 3 — HekoTopble mocrosuubie. [IpoBons anddepenimpopanne, HaXoIuM:
Gj(-In<n; >+a+Pe)=0 (3.34)
orkyaa In < n; >= a + fe;, nam
< nj >= exp(a + fe;) (3.35)

DTO ONATH €CTh pacmpejenerre BoblMata, a MOCTOSHHBIE (v M 3 cBA3aHbl ¢ T u p:
a = pu/T, B = —1/T. Mocnennee siCHO, B YaCTHOCTH, U M3 TOIO OOCTOATEILCTBA, YTO
(3.33) MOKHO 3amucarb B BUJIE COOTHOIIEHUs Mex 1y uddepennunanavu: dS + adN +
BdE = 0, 9To mOMKHO COBNAJATH C M3BECTHBIM M3 TEPMOIAMHAMHUKH BBIPASKEHUEM JIJIsi
nuddepennmana sayrpenneit suepruu (npu dukcupopannom obbeme) dE = TdS + pudN.

3.4 CBoboagHas »Heprus 00JIBIIMAHOBCKOI'O HAEAJIHHOI0
ra3a.

[IprMenum ocHOBHYIO (hOPMYIIy CTATHCTHYECKON MEXaHUKU:

En

F=-ThZ=-Th) e ™ (3.36)

JI7Isl BBITHCJICHUsT CBOOOIHON SHEPrUM HIeaJbHOrO Ia3a, HOIIMHSAIONIEIOCS CTATHCTUKE
Bosbimana. YpoBHY 9HEPTUH CUCTEMBI B 1eJTI0M F,, TpeACTaBIgr0T cOO0# CyMMBbI 3HEPT Ui
€k, KOTOPBIE B DOJBIIMAHOBCKOM CJIydae MOXKHO CIATATH BCE PA3TUIHBIMU MEXKIY COOOL
(TOCKONBKY B KaXKI0M COCTOSTHUM UMeeTcs He 6osiee ofHoil Mosiekysbl ). Torna, 3amucoiBast

_En o _fk .
e 7 B BUJAC NTpOU3BCICHUAd MHOXKUTEJICUu € 1T OJsd KazKI0U U3 MOJIEKYJI U CYMMUpyd
HE3aBUCHUMO IIO0 BCEM COCTOAHUAM Ka}K,HOIL/’I MOJIEKYJIbI, TIOJIYYUM IJd CTATCYMMbI ra3a

clleIyIomiee BHIPayKeHue. :

N
°k

Z~ | et (3.37)

k

_En _fky _fky Ry
"Mmeem e~ T =e T e T ..e” T ,rme Bcero N muoxkmreseit, npuaem sce kr (L = 1,2,...,N)

pasmbie. 3aTeM BBITHCIACM D D g e D g — (Zk)N, aro u gaer (3.37)
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DT0 BhIpAKEHME HAJO elle pasaejuTh Ha N! — 9UCI0 NepecTaHOBOK TOXKJECTBEHHBIX
gacrul, (Mosekysn). Torna umeem:

N
iy 1 ek
Z=Y 7 = d et (3.38)
n k
IMoxncrasausia 910 Bhipaxkenue B (3.36), mosydaeM:
F=-TNInY e 7 + Tl N! (3.39)
k
WM, BOCTOJIb30BaBIICH cHOBA In N1~ N In N/e, nmeem:
€ _ck
F=-NTh{ Ek:e 7 (3.40)
B kjaccHueckoi CTaTHCTHKE MOMKHO Cpa3y HAIMCATh:
e _ea) dTpdrq
F=—-NTln— | d T dr = 3.41
n— / Te T Grh)r ( )
rJie T ONATh YHCIAO CTeneHeil cBOOOIBI MOIEKYJIBI Ta3a.
3.5 VYpaBHeHHE COCTOAHUSA WJAeaJILbHOTO ra3a.
OHEPrHUI0 MOJIEKYJIBI Ia3a MOMKHO 3allUCaTh B BH/IE:
2 2 2
Pz + Pyt
ek(Dasys P2) = ———— + ¢, (3.42)

2m

[Je HEPBBIA 9I€H — KMHETHYIEeCKAsd SHEPrus [OCTYNATEJbHOrO JBHXKEHUA, A €, — BHYT-
PEHHUE YPOBHU SHEPIUM MOJIEKY/IbI (COOTBETCTBYIONINE, HAIIPUMED, €€ BPAIIEHHUIO, KOJIe-
GaHusM ATOMOB BOJIU3M UX TOJIOKEHUN DABHOBECHS, BHYTPUATOMHBIM YPOBHSAM W T.1I.).

IIpy 9TOM BazKHO, 9TO €} HE 3aBUCAT OT HUMIIYJILCOB (CKOpPOCTEil) M KOODAMHAT LEHTDA

uHepImu MoseKy/Ibl. Torga cyMma, crosmias 1o 3uakom In B (3.40), pasma®:

S b [ [ [y [ e
— € T p p p e 2mT =
k (271—71)5 |4 —00 ! —0 Y —00 -
3/2 ,
mT _ %k
=V (%hZ) Y e (3.43)
k

Torna cBoboaHAs SHEPTHS ra3a 3aIUCHLIBACTCH KaK:

7\ 3/2 o T\ 3/2
F=—NTIn eV(m ) Y e | =-NTh ev<m ) A (3.44)

o

~

N \ 2mh? N \ 2mh?

8Uurerpan mo dV 3;ech CBA3aH ¢ HHTErPEPOBAHHMEM MO KOOPJHHATAM IEHTDPA MHEPIUH MOJEKYJIbI 1
JIaeT IPOCTO HOJHBIH 00beM, 3aHnMaeMblit razom V.
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’
€
@ ” r -k
[Oe BBEIX “BHYTPEHHION  CTATCYMMY MOJEKYAbl Z' = ), e~ 7. JTa cyMMa He MOXKET
OBITH BBIYUCJIEHA B 00IEM BuIe, TpeOyercs 3HaHWE BHYTPEHHWX YPOBHEH IHEPTHU MO-
JIEKYJI TAHHOTO ra3a. BakHo, OMHAKO, YTO OHA TPeACTaBJIfeT cODO# TPOCTO HEKOTOPYIO
dyukuuio Temueparypsi, Tak 4to (3.44) naer moJiHOE ONUCAHUE 3aBUCUMOCTU CBOBOIHOMN

SHEpruwM oT o6beMa. Boimensst B (3.44) ujen 3aBucsmnii TOIBLKO OT 0ObeMa, HMeeM:

eV mT \ /2 ,
F=-NT -+ Nf(T); [(T)=-Th(5=) Z (3.45)
Torga s JABJIEHWS Ta3a HEMEITIEHHO TTOTy 9aeM:
OF NT
P:_W:7 wm PV =NT (3.46)

NN ypaBHEHNE COCTOSAHUS MAeaIbHOTO Tra3a. Ecan m3MepsaTs TeMIepaTypy B IpajIycax:
PV = NkgT = RT (3.47)

Jlns rpamv—monekymst raza N = 6.023 102 (amcno Asoragpo), R = 8.314 107spr/rpax,
kp = 1.3804 10~ *®spr/rpas.

Bnas F', MOXKHO HaliTH W Apyrue TepMOARHAMUIeCKHEe Bearmannbl. Hanpumep, TepMo-
JTUHAMUYIECKUi oTeHnpral ['mbbca ecTh:

v
<I>:F+PV:E—TS+PV:W—TS:—NTln%+Nf(T)+PV (3.48)

rae W — saranbnus. 3amensis V depes P u T ¢ moMoinbio ypasHenus cocrosiaust (3.46),
910661 BhipasuTh Y kak dbyaxkmuio P u T (manomuum, uro d® = —SdT + VdP) u BBONS
HOBYI0 dyukmuio remneparypsr X (1) = f(T) — TlnT, nonyuaem:

®=NTlnP+ Nx(T) (3.49)
Ourponus raza (HanoMuuM, uto dF = —SdT — PdV):
OF eV
=——=Nln— - Nf/(T .
S o n F(T) (3.50)
unn, Kak yakiusg P u T
0 ,
Sffa—TflenPfNX (T) (3.51)
Buyrpenuss sueprus rasa:
E=F+TS=Nf(T)- NTf(T) (3.52)

u gpiserca (pyHKnuedl OJHOH TOJBKO TEMIIEPATYPbI, TO YK€ BEPHO W JJi SHTAIBIUH
W = FE+ PV = E+ NT. 9T0 MOXHO JIETKO IIOHSTH — MOJEKYJbl HJE€aJIbHOTO Ia3a
He B3anMOJIEHICTBYIOT, TAK YTO N3MEHEHUE CPEJIHEr0 PACCTOSHUS MEKIY HUMH TPU U3Me-
HEHUHU 0011ero 00 beMa He MOXKET CKa3aThCs Ha ero suepruu. Bmecre ¢ £ u W ynkimsamu
T sasitorest n Temnoemkoctu Cf, = (%)V uC, = (%—VTV) p- 1acTo MCIOMB3YIOT TemIo-
eMKOCTH B pacuere Ha omHy Mouekyny: C, = Nc, u Cp, = Ncp. Hus upeansHoro raza
W — E = NT, tak 4r0 Pa3sHoCIb ¢, — C, UMeET YHHBEpCaJIbHOE 3HAYCHUE:

cp—Cp=1 mmm c¢p—c,=kp (3.53)

B pacuere na rpamm-monekyny Cp — Cy = R.
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3.6 WMneanbHBIN ra3 ¢ MOCTOSHHOI TEIJIOEMKOCTBHIO.

DKCIEPUMEHTATHHO U3BECTHO, UYTO B IIMMPOKOM WHTEPBAJIE JTOCTATOYHO BBICOKUX TEMITE-
paTyp TEmI0eMKOCTh Ta30B OKA3bIBAETCS TMOCTOAHHON BenudumHOU, He 3apucdrieit or 1.
Qusndeckre TPUIUHBI ITOTO CTAHYT SICHBI HUXKE, 8 CeffYac MbI MOKAYXKeM, 9TO B TPEIIIo-
JIOKEHUH TMOCTOSHCTBA TEIJIOEMKOCTH, TEPMOINHAMUIECKIE BETUIUHBI 1a3a MOTYT ObITH
BBIYUCJIEHBI B OOIeM Buje. A MMEHHO, MOXKeT ObITh OlpeseseHa B ODIEM BHUIE Hen3-
BectHast dyHkms remmeparypsl f(T'), BBemennas woime B (3.45). OraswiBaercst, 9To B
STOM CJIyYae HaM He HYJKHO BBIUHC/IATH BXOIAIILYIO B Hee “BHYTPEHHIOW crarcymmy Z'.
B camom mene, muddepeHuupys 1o Temneparype Bbipaxkenue (3.52) mias BHyTpeHHEN
SHEPTUHU HAXOIUM:

cp = =T f"(T) (3.54)

CauTas TEmI0eMKOCTh KOHCTAHTOI, OMPEIeNseMOll 03 SKCIIEPHMEHTA, HHTerpupyeM (3.54)
JIBAZKIBL M TIOJLY TAEM:
f(I)=—c,TInT — (T + ¢ (3.55)

rae ¢ ¥ €9 JABe KOHCTaHThI MHTerpuposanus. Torma us (3.45) nomydaeM CBOGOIHYIO SHED-
THIO B BUJIE:

F=Ney— NTl % — Ne,TInT — NCT (3.56)

IMocrogrnast ¢ HA3BIBAETCS XUMUYECKON MOCTOSHHON ras3a, Jiisi KOHKPETHOrO ra3a OHa,
TaK¥Ke KaK W TelJIOEMKOCTH, MOYKeT ObITh ONpeesieHa dKcrnepuMenTaabao. OTcoma, ¢
nOMOIIBIO (3.52), moJyYaeM BHYTPEHHIOI SHEPIUI0 B BUJE JUHEHHON (DYHKIMK TeMuepa-
TYPBI:

E = Negog+ Ne, T (3.57)

Tepmonuramuydecknii orernman ['mb6ca nomydaercs npubasiaeHneM K (3.56) Besudn-
vl PV = NT| npudem HaJI0 BBIPA3UTH O0OBHEM Ta3a Uepe3 [TaB/IEHHE U TEMIEPATYPY.
Ionygaewm:

®=Neg+ NI'InP — Nc,TInT' — N(T (3.58)

uranbmus W = E + PV pasna:
W = Neo+ N, T (3.59)

Juddepentmpys (3.56) u (3.58) mo T, moIydnM SHTPOIMKIO, BHIPAYKEHHYIO COOTBETCTBEH-
nodepes T uV uau T u P:

oOF eV

g <8T)V = lenW +Ne,InT + (¢ +¢,)N (3.60)
oo

g=_ (2= =—-NInP+ Ne,InT + ((+¢,)N (3.61)
ar ),

W3 31ux BhIpasKeHU MOKHO TIOJYIUTh 3aBUCHMOCTD, CBSI3BIBAIOINITYI0 00bEM, TEMIIEPATY-
Py U JaBJIEHUE HJEAJLHOrO ra3a (C MOCTOAHHON TEIIOEMKOCTBIO) IIPU €ro aauadarude-
cKoM paciuupenun win cxkaruu (aguabara Ilyaccona). Ilockonbky npu aguabaTudeckom
[pOIecce SHTPOIHA OCTAETCA MOCTOAHHON, To n3 (3.61) nmeem: —NInP + Nep,InT =
const, orkyna T /P = const, uian, UCHOIB3Y Cp — ¢, = 1t

TYP'™7 = const (3.62)
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rae v = ¢p/cy. Ucnonssysa ypasuenue cocrosuust PV = NT', monydaeM COOTHOLICHHUST
vexay T'u 'V u mexny PuV:

TV'™t = const PV = const (3.63)

3.7 3aKoH paBHOpAacCIIpeJeJIeHnd.

Paccmorpum 3313ty 0 T€PMOAMHAMUYECKUX BEJIMYAHAX FA30B C TOYKHU 3PEHUS KJIACCHIe-
ckoit crarucTuku. Mosieky/ia raza mpeacraniser coboit KOHGUIypamnuio aToMOB, COBEpP-
MIAONIAX MaJjble Kojaebanus BOMM3U MOJIOKEHW PABHOBECHs, COOTBETCTBYIOMINX MUHMW-
MYMY HOTEHIIMAJILHON YHEPIUN B3aUMOJEHCTBUAA:

Tosc

U= go + Z Aikq;qdk (364)
i,k=1

TIe €9 — MOTEHITHAJILHAS SHEPrhsl B3aUMOIEHCTBHST aTOMOB, KOT/IA BCE OHH HAXOIATCS B
MTOJIOXKEHNUAX PABHOBECHS, T'pse — UHUCIIO KOJIEOATEILHBIX CTEMEeHeH CBOOOIDI.

Benmmuvny 7,s. MOXKHO HAMTH IO UHCIY ATOMOB 1 B MOJIEKYJIE. N—aTOMHAs MOJIEKY-
Jia UMeeT Bcero 3n crerneHeit cBoboabl. VI3 HUX TpHU COOTBETCTBYIOT MOCTYIIATETHHOMY
JIBUYKEHWIO MOJIEKYJIbI KaK IeJI0r0 M TPU €€ BPAIEHUIO KaK 1eoro. OCTabHbE CTeleHn
CcBOOOIBI — KONIEDATETbHBIE U Tosc = 3N — 6. Ecim Bce aTOMBI PACIIONOXKEHBI IO OFHON
OpaAMO#i (B 9aCTHOCTHU y JBYXATOMHON MOJIEKYJIbI), TO BPAIATEIbHBIX CTelneHel cBOGOIbI
Bcero ase. B arom ciydae 7,5 = 3n — 5. Ilpu n = 1 xonmebarenbHBIX cTeneHei cBOOO b
HeT.

Tonuas sueprus £(p, ¢) MOTEKYIIBI €CTH CyMMa TIOTEHITAATBEHON U KHHETHIECKOH SHED-
ruii. [Tocnennsist aBisieTcss KBaApaTUIHON PyHKIMEH 0T BCEX UMILY/IbCOB, YMCJIO KOTOPBIX
PABHO TOJIHOMY YMCJIy 3n crenenei ceobomanr. [loaromy sueprus €(p, q) = o + fr1(p, q),
rae fr1(p, ¢) — kBagparuuHas GYHKIUS UMIYIHCOB U KOOPIMHAT, IIOJHOE YHUCIIO EPEMEH-
HBIX B 3TO# byHKIMU ecTb | = 6n — 6 (a5 Henmueiinoii Mojexkysbl) wiu [ = 6n — 5 (s
suHeiiHoi). Y oxHoaroMHOro rasa | = 3, KoopauHATHL BOOOIIE HE BXOJAAT B BbIPAXKEHUE
JIJISL SHEPTHH.

B pesysbrare ayst cBoboaHOM 9Heprun ra3a n3 (3.41) nmeem:

o

F=-NTh % / dre= 1 (3.65)

I[IpomsseneM 31ech 3aMeny nepeMennbix p = p'/T,q = ¢'/T 1nst Beex | epeMeHHbIX OT
KoTOpbIX 3asucut byukiys fr7(p,q). Beaencrsue kBaaparuunocru dbyuximu fr7(p, q)
HMEEM:

fri(p,q) =Tfrr(v',q') (3.66)

u T B TIOKa3aTese 3KCIOHEHThI B NOAUHTErPAJLHOM BLIPAYKEHUH COKpAIAeTcsa. AHauo-
TUYHOE TpeodpazoBanne AuEepeHITnaIoB 3THX MEPEMEHHbBIX, BXOAAIMNUX B dT JACT MHO-
sxurens TV/2, koropslit BEIHOCHTCH 3a HHTerpas. HTerpHpoBaHme Mo KoleGaTe bHbIM
KOOD/IUHATAM ¢ TIPOU3BOIUTCS MO TON OOJIACTH UX 3HAYEHU, KOTOPas COOTBETCTBYET KO-
JiebaHUSIM ATOMOB BHYTDH MOJIeKysbl. OIHAKO, BBUILY OBICTPOIl CXOAMMOCTH (KBAAPATHY-
Hast (DYHKIUSA B 9KCIIOHEHTE), HHTCTPUPOBARAE TIO P’ U ¢/ MOJKHO PACTIPOCTPAHUTE OT — 00
JIO 00, TOTJA WHTErpPaJjl CBeIeTCs K HEKOTOPOH KOHCTAHTE, HE3ABUCAIIEH OT TEMITEPATYPHI.
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YauTeiBasg ere, 9TO MHTETPUPOBAHNE TT0 KOOPAWHATAM IEHTPA, WHEPITUU MOJIEKYIBI TACT
obbem V| 3aHUMAEMBII ra30M, TTOJIYYUM JJIsT CBOOOIHON JHEPTHH CJIEAYIONIEE BhIPAYKEHNE:

AVe T2
F=—-NTln % A = const (3.67)
PackpoiBag morapudm, moaydaem:
eV l
F:NEO—NTan—NiTlnT—NTlnA (3.68)

9TO B TOYHOCTH COBIAaeT ¢ (3.56), ecn MOMOKATH:

!
Cy = = (3.69)

u ( = In A. CoorBeTcTBEHHO:

)= o+l ”TQ (3.70)
Takum 06pa3oM, IUCTO KJIACCHUIECKHUI HICANBHBIN ra3 007a1aeT MOCTOSHHON TeIIoeM-
KOCTDIO, IIPUYEM HA KaXK/YIO [I€PEMEHHYIO B YHEPIMU MOJIEKYJIbL &(D, ¢) MPUXOAUTCH 1O
pasrOil mome 1/2 B TermoemkocTn ¢, (wmu kp/2 B OOBIMHBIX €OVHWIEAX), WM YKE IO
pasroit none T/2 (kpT/2 npu mamepenwn T B Tpagycax) B ero SHEPTHH. ITO TPABH-
JIO HA3BIBAETCS 3GKOHOM PAGHOPACTPEOEAEHUSA T SIBIISIETCS BECbMa, OOIIUM Y TBEPIK ICHUEM
KJTACCUIECKOM CTATUCTUIECKON MEXaHUKM, B YACTHOCTH, KaK Mbl YBUJIUM HUKE, OH JIETKO
0600IIaeTCS B HA CAyHIall KOHICHCHPOBAHHLIX Tes’ . VMes BBHIY, UTO OT HOCTYIIATEIbHEIX
U BPAIATENBHBIX CTENEHEH CBOGOMBI B £(P, ¢) BXOAAT TOIBKO COOTBETCTBYIONTAE WMITYTh-
ChI, MOXKHO CKa3aTh, UTO KarKJIad M3 ITUX CTemeHel CBODOIbI BHOCHT B TEILJIOEMKOCTH
BKJIag 1/2. Or Kax10i ke Komebare bHol crenenn ¢Bo0oas! B £(p, ¢) BXOAAT ABe Hepe-
MeHHbIe (KOODAMHATA U UMITYJIbC) U €€ BKJIQJ B TEIJIOEMKOCTb paBeH 1.

3.8 OpgHOoaTOMHBII MJeaJIbHBIN ra3.

Paccvorpum ogmoaroMubIil naeaabHbIN ras. IlosHoe BbIUncaeHne CBOOOTHON SHEpPTUN

L5

TaKoro raza TpebyeT KOHKPETHOrO BbIYHC/IeHUs “BHYTpeHHell” craTcyMMbl Z', BBeJeHHOH
B (3.44):

k

7'=% e 7T (3.71)
k

[l € — BHYTPEHHUE YPOBHU SHEPIUM ATOMA. DTU YPOBHU MOI'YT ObITh BBIPOXKIEHHBIMY,
TOTJIA COOTBETCTBYIOIIEE CJIAraeMoe BOMIET B CTATCYMMY g Da3, IJe gr — KPATHOCTH
BbIpOXKieHus (crarsec yposus). Torma:

Z' = ng(f%C (3.72)
k

9Tlpu IOHMKEHHH TeMIIepaTyphl HAOIIOIAIOTCSA CyIeCTBeHHEIE OTKIOHEHHS OT 3aKOHA PABHODPACIIPe-
nestennst. O9YeBUHO, ITO IOCTOSHCTBO TEIIOEMKOCTH IPOTHBOpednT u Teopeme Hepucra. cropuyueckn,
HapYLIEHNEe 3aKOHA PABHOPACIIPE/IeJIeHUs] ObLIIO OJHUM U3 BAaXKHBIX YKa3aHHI Ha HEJOCTATOYHOCTH KJIAC-
CHY€CKOI'0 PaCCMOTPEHHUs, 9YTO, B UTOI'€, IIPUBEJIO K CO3/JaHUI0 KBAHTOBONR MEXaHUKH.
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CrobosHast sHEprus raza, coryacHo (3.44), ecrs:

eV
F=—-NTln|—
n N(

7\ 3/
n ) z (3.73)

2mh?

Kak u3zBecTHO, aToMHble TepMbI (OTBJIEKAACH OT UX TOHKON CTPYKTYDbI) DACIIOJIOKEHbBI
TAK, YTO PACCTOsIHUE OT OCHOBHOIO /IO HEPBOrO BO3DY2KJEHHOTO YPOBHSA CPABHUMO IIO
BeJIMYHHE C dHepruell noHu3anuu aroMa I;q,, 9T0 [l PA3JIMYHBIX ATOMOB HAXOJIUTCH B
npegenax lion/kp ~ 5 — 28 10*K. Tlostomy, npu temmeparypax T < I;o,, TpeaCTaBIA-
IOIUX OCHOBHOM MHTEPEC, B ra3ax MPaKTUYECKH OTCYTCTBYIOT He TOJbKO HOHH30BAHHBIE,
HO U BO30yXKeHHbIE aTOMbBI. 1[03TOMY BCe aTOMBI ra3a MOYKHO CYMTATH HAXOAAIMMUCS
B OCHOBHOM COCTOSTHUH.

Paccvorpum mpocreiimmuii caydai aToMOB, KOTOPBIE B OCHOBHOM COCTOSIHHN He 0018~
JAIOT HU OPOUTAIBLHBIM MOMEHTOM, HU cnuHOM (L = S = (), TakoBbI, HATPUMED, aTOMBI
6aaroponabix razosl’. Ilpum 3ToM OCHOBHOE COCTOAHNE HEBBIPOXKJIEHO W “BHYTPEHHAA”
cTaTCyMMa CBOAUTCS K OIHOMY caaraeMoMmy: Z' = e~ 7. Torma u3 (3.73) cpasy momyda-
eTcs BBIpayKeHHUe 7151 CBOOOJHOMN dHepruu Tuia (3.56) ¢ MOCTOSHHOM TEITOeMKOCTHIO!

Cy =3 / 2 (3.74)
U XUMHUIECKON MOCTOSIHHOI:
c= 3 (3.75)
2 27h2 '

— dopmyna Cakypa-Terpome.

HonyquHHe BbIDazKE€HUA ITO3BOJIAIOT HaNTH KpI/ITepI/Iﬁ IPUMECHUMOCTH CTAaTUCTHUKU
Boabnmana. Beime mbl monyunan pacapesenenre BoabiMana B MpeanoloKeHuNn MaJIo-
CTU CpPeTHUX YHCes 3aIOJTHEHNS YPOBHEN:

H—ep
<ng>=e T <KL (3.76)

()“IQBI/I,D;HO7 4TO JOCTATOYHO HOTp66OBaTb BBIIIOJTHEHNUA YCJIOBUA!
eT < 1, (3.77)

OTKYZIa, KCTaTH, sICHO, YTO XUMTIOTEHIMAT OOMTHIIMAHOBCKOTO Ta3a BCErqa OTPHIATeseH
U BeIUK 110 abcomoTHON Beauuunne. Halinem xumnorennuan us onpeaenenus p = ®/N|
BOCIIOJIb30BABIIUCH BBIPAZKEHUEM JIjIsi TEPMOIMHAMUYECKOr0 noTennuaia ['ubbca (3.58),
HOJCTABUB TYIA Cp = ¢y + 1 = 5/2 u ¢ n3 (3.75). [lonyuaem:

P [2rh?\*? N (2xn2\*”?

49TO, OYEBUIHO, COBIIAJIAET C HANIEHHBIM BBIIIE APYIMM CIHOCODOM BbipaxkeHuem (3.12).
Toraa uz (3.77),(3.78) nosyyaem Kpurepuil IPUMEHUMOCTU GOJIBLIMAHOBCKOM CTaATUCTUKN

B BHUJE:
N /232 B2 /N 23
= ( ) <1 wm T> () . (3.79)

vV \mT m\V

10TIoapo6roe obCysxIeHme Gosee CIOKHBIX CAYy9YaeB, TAKXKE KAK I MHOTOQTOMHBIX (MOJIEKYJISAPHBIX)
ra3oB, MOKHO Hajitu B [1, 2]
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Takum 06pa3oM, cTaTUCTUKA BoJblMaHa MPUMEHMMA, €CIH Ia3 JOCTATOYHO PAa3pesKeH,
a TeMIIEpPATYPhL JIOCTATOYHO BHICOKH. XapaKTepHas TeMIEPATYpa (SHEPrusl), CTOANIAs B
npaBoii 4acTu mocaeaHero HepasercTsa B (3.79) Ha3blBaeTCs TeMueparypoii (sueprueii)
BBIpOKIeHAs ra3a. OHa TeMm BbIe, 9eM OOJbIIE MJIOTHOCTH rasa. OU3nIecKuil CMBICT
9TOr0 KPUTEPUs HETPY/IHO MMOHATDH M3 CJIEAyOMUX MPOCThIX OneHOK. CpegHee MexKaroM-
HOe PACCTOsHIE B paccMaTpuBaeMom raze a ~ (V/N)'/3. Ksanrosas HeompeieeHHOCTE
SHEPTUH aTOMA, COOTBETCTBYIONIAs €ro JTOKATM3AIlUH Ha TAKUX DACCTOSHUAX, MOPAIKA
Ey ~ nf; ~ %Z(N/V)Q/?’. Yeaosue T > Ey (3.79) o3nauaer, 4T0 KBAaHTOBbIME D dek-
TaMu MOXKHO TpeHeOpeub. Hamporus, mpu 1T < Ej kBaHTOBBIe 3(PDEKTHI CTAHOBATCS
CYIIECTBEHHBIMEA M OT CTATHCTUKHA BOJbIIMAHA HY’KHO IEPEXOINTh K KBAHTOBOI CTATH-

CTHKE UJIeajbHbIX ra3ost!.

llHey,E[OBIIeTBOpI/ITe.HbHOCTb IIOJIYy9Y€HHBIX BBINIE Bpra)KeHI/Iﬁ AJIA TEPMOJUHAMUYIECCKUX BEJIIUIUH HUIE-
AJIBHOTO ra3a gCHA YK€ W M3 OUYEeBUIAHOIO IPOTHBODEUHs ¢ TeopeMoii Hepucra: HE SHTPONHS, HU TEILIO-
€MKOCTBb He obpamaiorcs B Hysab upu 1 — 0.
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I'1aBa 4

HENJIEAJIbHBIE I'A3bI

4.1 OTKJOHEHue ra3oB OT UJeaJIbHOCTU.

B peasibHbIX ra3ax, ecTECTBEHHO, ATOMBL (MOJEKYJIbI) B3aUMOJEHCTBYIOT MEXKIY COOOIA.
Bymem cumrarh ra3 gOCTATOYHO PA3PEIKEHHBIM, TaK YTOOBI MOXKHO OBLIO IpeHeOpedh
TPOUHBIMHU, YETBEPHBIMU U T.J[. CTOJTKHOBEHUSIMHU MOJIEKYJI U TPEINOJIOKUTh, YTO UX B3a-
IMOTIEHCTBIe OCYIIECTBILETCS JHIND MyTeM IIAPHEIX CTOJKHOBEHM | .

JLJist TPOCTOTHI PACCMOTPUM OTHOATOMHBIN peasibHbIH Ta3. Iprxkenune ero gacrur Oy-

A€M PaCCMaTPUBATDH KIIaCCUYIECKHU, TaK 9TO €ro 3HEPIrud 3aIllUIIeTCAd B BUIE:

N 9
b
E(p,q) = E om +U (4.1)
=1

Y OZHOATOMHOIO Ta3a IHEPrUsi B3AUMOIEHCTBUSA €CTh (DYHKIIUS TOJBKO B3AMMHBIX PaC-

& o _E®aq
crosauit Mexk Iy aromamu. CTaTucTUIeCKuil MHTErpast f dle™ T pasbuBaeTcd Ha IPO-
HU3BE/ICEHNEe MHTErpaJia 110 UMITYJIbCaM aTOMOB N MHTErPpaJia 110 UX KOOPDAUHATAM. HOCJ’IQ,ZL—

HU UMeeT BU:
/dvl.../dVNe—% (4.2)

st uneansroro raza U = 0 u sror maTerpas pasex mpocro V. fcHo, uro mpu BbIvmc-
JIeHNH CBOOOHOM SHEprun cOrmacHo (2.45) MBI HOLyUIHM:

1
F=Fy —Tan—N/dvl.../vae—% (4.3)

rae F;q — cBobGOmHAS HEPTHUs UIAJBHOTO Ta3a. lIpubapissd u BblUMTAS U3 MOIWHTE-
IPAJIbHOTO BBIPAKeHHs 10 exunuie u yautbsas [ dVi... [dVy = VN nepenmmenm (4.3)

B BHJE:
1
F:Fid—Tln{VN/dVl.../dVN (eF-1) +1} (4.4)

IIycTh ra3 He TOJBKO JOCTATOUHO PA3pPEeKeH, HO U KOJIMYECTBO ero JOCTATOYHO MAaJlo, TaK
YTO OJHOBPEMEHHO B HEM CTAJTKUBAETCS He DOJee OHON Taphl ATOMOB. DTO HE €CTh Orpa-
HWYeHWE OOITHOCTH, TAK KAK B CUITY I IUTHBHOCTH cBOGoaHOH sreprun F' = N f(T,V/N).

Hlocaepyromee usioxkenue uejaukom ciegyer [1, 2].

5
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BzanmozeiicTBue MexkIy aroMaMH He O4eHb MaJIO TOJBKO TOTJA, KOTJA IBA ATOMa Ha-
XOJATCS OYeHb OJIU3KO JIPYT K JApyry (cramkuparorcs). [103TOMy HOIMHTErPAIBHOE BBI-
paxenne B (4.4) 3aMETHO OTJIHYHO OT HYy/sS TOJBKO B T€X CJIydYadx, KOTJA Kakue-mnbo
JIBA aTOMA O4YeHb OJIM3KH APYT K APYLY. DTOMY YCJIOBHUIO MOYKET YAOBJIETBOPUTH OIHO-
BPEMEHHO He 0oJiblie OfHOH mapbl aTOMOB (eC/IM ra3a JOCTATOYHO MAJIO), IPHYEM 3Ty
napy MOXKHO BbIOpaTh u3 N aToMoB %N (N —1) criocobamu. Besrencreue 3T0ro HHTErpast
B (4.4) MOXKXHO HaNWCATh B BUJIE:

W/dvl.../dvjv (e -1) (4.5)

rae Uiz — 9Heprus B3anMOAEHCTBHS IBYX aTOMOB (KAKHX MMEHHO — HEBAYKHO B CHJIY HX
onunakosoctu). Ilo Bcem ocranbHbIM KOOpauHaTaM (KpOMe KOODAMHAT aroMoB 1 u 2)
unTerpupyem, uro gaer upocro VN2 Kpome toro N(N — 1) ~ N2 B cuny N > 1, Tax
qro (4.5) cBoauTCA K:

NQVN*Q/(W1 / Vs (e*% - 1). (4.6)

Toncragasist 3To Bepaskenne B (4.4) n ncrmonbayst In(1 + z) = = pn = <K 1, nmeem:

TN?
F=Fy— W/dvl /dv2 (f% - 1) (4.7)

IJe BTOPOE CJIAaraeMOe /aeT MaJIyio MOMPABKY K CBOOOHHOW SHEPIMHM HIEAJBHOIO ra3a
n3-3a B3aumoseiicTBud. [lorentman B3anmoneiticteusa Ui 3aBUCHT OT PACCTOSTHUS MEXKTY
aromamu. [Tosromy B (4.7) MOXKHO MEPEATH K HHTErPUPOBAHUIO 110 PA3HOCTH KOODIUHAT
JBYX arOMOB W [0 KOOpAWHATE uX IeHTpa maeprmu. [locnennee mact croBa obbem V.
OKOHYATETBHO IOy IaeM:

N2TB(T)

F=Faq+ v

(4.8)

re:
Uiz

B(T) = %/dV (1 - e—T) (4.9)

OTcrona HaxXoAuM JaBJICHHE:

P= (4.10)

ov v V

oF NT (1 NB(T))
rae yareno, arto P,y = NT/V. 310 ecTh ypaBHEHHE COCTOSHUS ra3a B PACCMATPUBAEMOM
PUOIHKEHIH.

W3 TepMOIMHAMWKY M3BECTHO, 9TO U3MEHEHUs CBOOOIHON YHEPTUU U TEPMOIMHAMU-
YECKOrO TIOTEHITNA/IA TPY MAJIbIX U3MEHEHU X BHEITHUX YCAOBUH PABHBI APYT JAPYTY, IPH-
9eM OIHO OepeTcsl MPHU MOCTOSHHOM 00beMe, a APYTroe IPH MOCTOAHHOM JaBaeHun. Ecin
pPaccMOTPeTh OTKJIOHEHUE I'a3a OT UAEATBHOCTH KaK Takoe usMenenue, To u3 (4.8) MOKHO
MOJIYYUTh COOTBETCTBYIOMIee Bhipaxkenue st . HyKHO TOMBKO B ONPABOYHOM HJI€HE
BBIPA3UTH 00LEM Uepe3 JIaBJIeHNe, MPUUEM TO CIeAyeT CAeNaTh C MTOMOIIBI0 yPABHEHMS
COCTOSTHUS MI€AJBHOTO Ta3a. Torma:

® = d;q+ NB(T)P (4.11)
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Uy

s 4,

Puc. 4.1: XapakTepHbIil B, MTOTEHITHAIA MEKATOMHOTO B3aNMOAEHCTBH.

OTcioga MOYKHO BBIPA3UTH 00bEM Uepe3 JaBlIeHUe:

NT
V= +NB(T) (4.12)

Bce nmosyuennbie popMyabl UMEIOT CMBICJI JIMIIb [PH yCIOBHU, 4TO uHTerpan (4.9)
cxomuTcd. g 9Toro Hy:KHO, YTOOBI CHJIBI B3ANMOAEHCTBI AOCTATOIHO OBICTPO yObIBaA-
Ju ¢ paccrosiaueM. Kenm Ha Oonbmmx paccrosuusx Ujg ~ r~ ") To Hyx#HO n > 3. s
OIHOATOMHBIX Ta30B Ujo uMeer Bui, moxkasanubii Ha Puc.4-1. [nybuHa moTeHIma bHOMR
sMbl Uy 0OBIYHO TIOPSIIKA, KPUTUIECKON TeMIIepaTyphl JJaHHOTO BelecTBa. [Ipu BhICOKHUX
remneparypax 1T > Uy Bo Beelt obmacta r > 2rg mmeem |Uys|/T < 1 1 nomueETErpansHOe
Beipaxkerne B (4.9) 6mmsko K mHymo. ITosromy 3Hadenne unrterpana B (4.9) B ocHOBHOM
onpegengerca 001acTeio 7 < 2rq, rue Uya/T IOJOXKUTENBHO U BEJMKO, COOTBETCTBEH-
HO MOJIOKUTEJIEH U BECh MHTErPaJI. TakuM 0O6pa30M, MpY BBICOKUX TEMIIEPATYPAX UMEEM
B(T) > 0. Hanporus, upu auskux T < Uy OCHOBHYIO POJIb B HHTErPAJIE UIPACT 0OIACTD
r > 2rg, rae teneps Uja/T OTPUIATENIHHO W BEIUKO 1O aBCOMOTHON Benrnaune. [1osTo-

My, TIPH JOCTATOYHO HU3KWX Temmeparypax umeem B(T) < 0, a 3asucmmocts B(T) or

_Y% .
TeMIIepaTypbl OlipeaeasdaeTrcd, B OCHOBHOM, MHOXKHUTeEJEM € T . U3 srux paccyxKaenuun

SICHO, 9TO TIPH HEKOTOpOi Temmeparype B(T) mpoxomut uepes nyns: B(Tp) = 0 (Touxa
Boiins).

Vpasuenue cocrosuus (4.10), 1o cyuecTsy, Jaer HepBbI NONPABOYHbBI YIEH K Pa3-
JIOYKEHUIO JaBjeHus 1o crenenam 1/V ) ciemytomero suza:

P

4.1
Vv Vv - V2 (4.13)

NT ( NB(T) NZ2C(T) >
=— {1+ + ..
IlepBrriit nonpaBOYHBIN YJIEH 37€Ch CBA3AH C MAPHBIME CTOJKHOBEHUSIMU ATOMOB, BTOPOM
— ¢ TpoitHbIME ¥ T.7. Be3pa3MepHbIil MAJbIil TapaMeTp ITOTO PA3IOKEHUT — OTHOIIEHNE
Nug/V “obbema” 0IHOTO aToMa vy K TPUXOASNIEMYCsl HA OIUH aToM obbeMy rasa V/N.
Kosddurmenrst B, C, ... Ha3bIBAIOTCs BUpHaIbHbiMU KO3dh dunuentamu, a (4.13) — Bupu-
aJibHOE pazsiokerne. MoKHO MOKa3aTh, 9T0 00IIasd CTPYKTYPa BUPHATHHOTO PABIOKEHUS
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nMeeT BU/:
o3} Jn .
P=TY" - (4.14)
n=1

rae £ = Pg/T = N/V, a supuanbubie K03 UIUEHTHI:

J=1 (4.15)
Jo = /dv2 (e_# - 1) (4.16)
Jy = /dvg/dvg, (e— el SRR, SRS +2) (4.17)

u T.;1. Uarerpaset B J,, IOCTPOEHBI 11O OY€BUTHOMY 3AKOHY: [IO/IMHTEIPAJIbHOE BBIPAXKEHUE
B Jy, OTJIMYHO OT HYJIs, JINIIb €CJIU 1 ATOMOB OJIU3KU APYT K APYTY, T.€. IPU CTOJKHOBEHUN
7. aTOMOB.

4.2 ®dDopmyna Ban-aep-Baasbca.

Teopust xkKuakocreil mpeacrasisger coboil 0COOEHHO CIOXKHBINR Pa3mesl CTATHCTHIECKOH
MexaHuKu. [IpakTu+decky HEBO3MOXKHO YCTAHOBHUTL Kakme-anOo obrmue (GopMysibl, KO-
JINYECTBEHHO OMUCHIBAIOIIUE CBOUCTBA KUIKOCTEH. OIHAKO, MOXKHO JOCTATOYHO JIETKO
MOYYUTH HEKOTOPYIO MHTEPTIOJSIIHOHHYO (DOPMYY, KAUYECTBEHHO OMKCHIBAIOIIYIO TIepe-
XOIT MEXKITY KUIKOCTHIO W Ta30M U SBJIAIONIYIOCS MTOCTATOYHO XOPOIIAM W MPAKTHIHBIM
VPABHEHWEM COCTOSIHHSA CHCTEMBI a3 — KHUAKOCTHb. Pedb maer o0 m3BecTHOH (opMyrie
Ban-nep-Baannca.

OnucanHbiit BINIE XapaKTep B3aMMOMEHCTBHsI ATOMOB Ta3a MO3BOJSET ONPEIETUTh
BHJ, IEPBBIX 4IeHOB pasnokennsa B(T) mo crenensM oOpaTHON TeMIEpaTyphI, MPEIIIO-
Jlarasi MaJOCTh OTHOIIECHUSL:

U
D« 4.1
7 < (4.18)

Nwmes BBuay, uro Uiz ecTh DYHKIMST PACCTOSHUST I MeKIy aroMamwu, 3amuiem B (4.9)
dV = 4nr?dr u pazobbeM 06IACTh UHTEIPUPOBAHUS HA, JIBE YACTH:

279 e3¢}
B(T) = 27r/0 drr? (1 — 6_#) + 277/2 drr? (1 - 6_%) (4.19)

70

ITpwu sHauenusx r € [0, 2rg] smeprus B3ammomeiicreus U2 09eHb Besuka. [1osTOMy B TIED-

BOM MHTErpPaJIe MOXKHO MTPEHedpedb UJIeHOM e~ 1o cpaBuenuio ¢ enunuteii. Torga sror
uHTerpan pasen b = 16773 /3 > 0 u mpeacTapageT coboil yaeTBepeHHLIH “06beM” aToMa.
Bo sropom materpade esge |Urs|/T < Up/T < 1. II03TOMy HOAUATErPAILHOE BBIPAZKe-
HUE MOXKHO PasjokuTh 1o creneaM Ups /T U OrpaHUYUBIIKCH EPBBIM HEUCUE3AIOIINM
YJIEHOM 3alNCATh:

27 [ a
-= drr?|Uys| = — = 4.20
T ), o |Ur2| T (4.20)
e a = const > 0. Takum 06pa3oM HAXOAUM:
B(T)=b-2 (4.21)
= 7 .
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Coorsercreenno u3 (4.8),(4.11) maxoaum:

N2
F = Fu+ (T ~ o) (4.22)
b = @id—f—NP(b—a/T) (4.23)

VcKOMYI0 MHTEPHOIANMOHHYIO (DOPMYITY MOXKHO TOMY4IdTh U3 (4.22), KoTopas cama 1o
cebe He yIOBIETBOPSET HEOOXOIUMBIM YCIOBUSM, TaK KAK HE YUNTHIBAET OTPAHUIEHHOCTH
ckumaemoctu Bemecrsa. [loacrasum B (4.22) cBOGOAHYIO SHEPTHUIO MIAEAILHOIO ra3a B
Buge (3.45) Fig = —NTIn % + Nf(T) n nonyunwm:

e Nb N2a
F=Nf(T)-NTln— —-NT(lnV — — | — — 4.24
HT) = NT = N7 (v = ) = 2 (1.24)
Ecam ra3 ocrarodno pa3pekeH, pacCTOAHUA MKy aTOMAMH 3HAYUTEILHO OOJIbIITe, €M
ux pazmepsl, coorercteernno V > Nb. Torma nmeem:
Nb Nb
In(V-N))=lnV+hn(l-—)xhV-— (4.25)
%4 v
Teneph caesaem pemaromud mar u 3aMenuM jorapudm B (4.24) wa gorapudm, crosmmit
B JIeBOIl yacTh mpubasKeHHoOro papeHcTsa (4.25). Torma (4.24), dakrnueckn ¢ Toil ke
TOYHOCTBIO, 3AIIUIIETCH KaK:

N2%g

F:Nﬂﬂ—NTm%W—Nw— (4.26)

Nb NZ2q
\%4

= id—NTln(l— %

B Takom Buge 312 hopMysia yKe yI0BIETBOPSET MOCTABIEHHOMY YCIOBUIO: TPU OOJIBITHX
V ona mepexonut B BhIpaykeHue JJIs HAeATbLHOTO0 Ta3a, a MPH MATILIX V OHA JIEMOHCTPHUPY-
€T HeBO3MOXKHOCTD GecripenesibHoro cxkarus raza (upu V' < Nb apryment In cranoBurcs
orpunareibubiM). g naBieHus 1oy daem:

oF NT NZ2a

p—_97 _ _ = 4.27
oV V—-Nb V? (4.27)
i N2
a
(P+V2> (V- Nb)=NT (4.28)
— ypaBHenue cocroguus Bau-nep-Baanbca. 113 (4.26) MOxKHO HaiiTu SHTPONUIO:
Nb
a TakrKe BHyTpeHHIOWw sHepruio B = F +T'S:
NZ2a
E=Fa-— (4.30)

Orciona BugHO, uTo TemioeMkoctb C, = (OE/0T)y coBnajaer ¢ TEmIoeMKOCTbIO UJIe-
albpHOrO Tasa. Bropoit wien B (4.30) COOTBETCTBYET SHEPIUM B3AMMOAEHCTBHS ATOMOB
rasa, OH OTPHIATEEH, TaK KaK MEXKIy aTrOMaMHu B CPEIHEM MIPeobsIagaioT CUJIbI MPHTSI-
ZKCHMA.

Vpasuenne Ban-nep-Baannca npencrasisier coboit KpaiiHe yIadHblii TpUMep UHTEP-
MOJIAIIHOHHOIO YPABHEHUS COCTOAHUS, BIIOJIHE IOCTATOYHOIO J1jIs KAYeCTBEHHOI'O AaHAIN32
BO MHOTUX DEAJIbHBIX CUTYyaAIlUAX.
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4.3 TepmoamHaMUdeckure BeJIMIUHBI KJIACCUYIECKOM M1a3-
MBI.

W35107KeHHBIH BbIIIE METO/T BBIYUCICHUS TEPMOIUHAMUYCCKUAX BEJIMYUH HEUJICATTHHOTO T'a-
32 3aBEJIOMO HENPUMEHUM JJIsl Ta3a, COCTOAIIEr0 U3 3apPSAKEHHBIX YACTHI], B3aMMOJIEH-
crBylonux mo 3akony KymoHa, Tak Kak B 9TOM CJIydae BXOJSIIME B HAMK (HDOPMYJIBI
uHTerpaasl mpocto pacxoaarcsa (Upz ~ r71). B 3ToM BaxKHOM cydae TPeGYeTcs CITeIy-
aNbHOE PACCMOTPEHHE.

NTak, paccMOTPUM MOJIHOCTHIO HOHW30BAHHBIH ra3 (MnasMy). 3apsisl 4acTuil (MOHOR)
Oyaem 0003HAUATD Zye, TIe UHIEKC G OTJINYAeT COPTa UOHOB (€ — 3JIeMEeHTapHbIH 3apsa,
Zo — TIOJIOKUTENBHBIE U OTPUIATEbHBIE Yucia). [Iycrh n, — YUCI0 HOHOB a-TO COpPTa B
ennHUIE 00beMa Ta3a. B menom ra3 meiTpaeH:

> Zanao =0 (4.31)

ITycTh OTKJIOHEHUS OT UACATLHOCTH MAJBL. JIJIst 3TOTO HY>KHO, 9TOOLI CPEIHSA SHEPTHS
KY/JIOHOBCKOTO B3aMMOIEHCTBHs AByX HOHOB ~ (Z€)?/r(r ~ n~'/3) 6pi1a Mama mo cpas-
HEHMIO CO CpenHel KnHeTmdeckoi sueprueit ~ 1. Takum 006pa3oM JOIKHO BBIIOTHATHCS
HEPABEHCTBO:
T \3

(Ze)’n'B < T wm n< (Z262> (4.32)
Beuny ycnosug smexTporeiTpanbaocT (4.31) cpeaee 3HAUCHNE SHEPTHA KYJTOHOBCKOTO
B3aMMOIEHCTBASA TACTHI] IIA3MBI TPH 00HOPOIHOM DACTIDEIEJICHUN YACTHI] B TIPOCTPAH-
cTBe 06pamaercsa B Hy/b. [lepBble MOIPABKU B T€PMOJUHAMUICCKAX BEINYMHAX TLIA3MBI
BO3HHKAIOT TOJBKO IPH y4eTe KOPPEIAIHMH MEXKIY HOJOKECHUAMH DPA3IMYHBIX YACTHIL
(Koppeasyuontvie NONPABKY,).

JINS HAXOKJCHAA TONPABKY Feorr B SHEPTHH TLIA3MBI 3ATIHAIIEM:

1
E(:orr = V§ ; Zaena()(ﬁa (433)

TIe g — MTOTEHITUA TIOJIS, TeHCTBYIOIIEr0 Ha, WOH G-TO COPTA €O CMOPOHbL OCTNANOHBLT 3G~
pados. Cnenys merony, npeanoxkenHomy Jlebaem u XiOKKeIeM 3aMETUM, 9TO KAXKIbIH 13
HOHOB CO3JIaeT BOKPYT cebs HEKOTOpoe (Cdhepryueck CUMMETPUYHOE) HEPABHOMEPHO 3a-
psizkernoe nonHoe obaako (“my6y”). O6o3HAYUM ILIOTHOCTH PACIIPEIEJNEHUs UOHOB (a-ro
copra) B 9TOM Obs1aKe M. [lorennuanbHas sHeprus Jr0b0ro HOHA G-I0 COPTA B JIEKTPH-
YECKOM TI0JIe BOKPYT 3aJAHHOTO MOHA, CKA¥KeM TUMa b, ecTh Z ey, TIe ¢ — MOTeHIINA,
cozaBaeMblii 3ruMm pukcuposanubiv nonoM. Cornacuo dopmysie Boabimana (3.16):

Na(r) = Nao exp (—Z“QT@(T)) (4.34)

Koadpunment 3mech paBeH ngg HOCKOJIbKY BIAIM OT HeHTpa uoHa b (rue ¢ — 0) mwior-
HOCTBH 00JIaKa MIOJIKHA MEPEXOINTh B CPEIHION IJIOTHOCTH B rase. llorennman ¢ moss B
MOHHOM ODJIaKe CBA3aH C IJIOTHOCTBIO 3apama B obiiake ypaBuenueM Ilyaccona:

V2p(r) = 4rme Z Zana(r) (4.35)
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Vpasuenus (4.34), (4.35) 06pa3yioT cucTeMy ypaBHEHUH, ONPEJEISIONIYIO CAMOCO2ZAACO-
6GHHOE 3JIEKTPUIECKOE TIONIE B CHCTEME MOHOB.

[Ipu cremanHOM TPEAIONIOKEeHnH 00 OTHOCUTENLHON C1a00CTH B3aMMO/IeH CTBH ST HOHOB
SHEPrus Zyep Mada 1o cpasaenuio ¢ T u (4.34) MOXKHO 3amHcaTh B BUJIE:

Zaenyg
Ng(r) = ngo — Tocp(r) (4.36)

IMoncrapnsis 310 Bblpaxkenue B (4.35) W MMest BBUIY YCIOBHE 3JEKTPOHEHTPATBHOCTH
(4.31), nomyuaem:

V2 — k20 =0 (4.37)
TIe
4me?
K2 = — > Z2nao (4.38)
a
Benauunna k umeer pasMepHOCTb OOPATHON IINHBL.
Cdepuvecku cummerpudnoe peienne ypashenud (4.37) umeer BUL:

—RT

e

o(r) = const (4.39)

r

BGsu3u Or LeHTpa MOHA OHO JOJRKHO NEPEXOJUTh B OOBIMHBIN Ky/JIOHOBCKUH HOTEHUMAI:
» = Zye/r, Tak aro B (4.39) const = Zye u Mbl MMeeM:

—RT

o(r) = Zbee . (4.40)
Ilosie SKCTOHEHIMAIBHO crajaeT Tpu 7 > k. Jamna 1/k adbdexTusrO ompenenser
pa3Mepbl HFOHHOrO 06JIaKa U HA3BIBAETCH JI0AEBCKUM DAIMyCOM 9KPAHUPOBAHUS (AJTUHOMN
KPAHUPOBKH). DTO SBJEHUE IKPAHUPOBAHU JAJbHOAEHCTBYONIEr0 KYJIOHOBCKOIO B3a-
VMOJIEMCTBYSI, MTPEBPAIIAIOIIETO €ro B 3(h(HEKTUBHO KOPOTKOIEHCTBYIOIIEE, UTPAET OUEHB
6OJIBITYI0 POJIb B (DUMKE TLIA3MBI, (DU3UKE IJTEKTPOJUTOB U B (PU3KKE TBEPIAOrO TEJIa.

Paznaras (4.40) B psaj nIpu MajbIxX K7, HailgeM:

Z
o(r) = e Zpek + ... (4.41)
T

Ouyuiennbie uieHbl crpemsited K vyt nupu 7 — 0. Ilepsbiil 4ien ecTb KyJIOHOBCKOE 110J1e
€aMOro JAaHHOTO MOHA b. BTODOI WiIeH mo3TOMy HMEeeT CMBICJI MOTEHITHATA, CO3TABAEMOTO
BCEMH OCTAJILHBIMU MOHAMH B TOYKE HAXOXKJICHUSA JAHHOIO UOHA, T.€. TY CAMYIO BEJIMUNHY
©a, KOTOPYIO MbI BBeNU B (4.33): 04 = —Z4ek.

TakuM 06pazoM HOSydaeM CIeIyIoliee BhIPAKeHHe sl KOPPEIAUOHHON SHEePrun
[L7IA3MbI:

Vi 5 2 3 | 2 3/2
Eeorr = _5’% za: Zing = —Ve T (ZaZanao) (4.42)

WKW, BBOJA ITOJTHBIC YHUCJIa PA3JIHYHBIX HOHOB B ra3e Na = na0VI

3 | T

Eeorr = —¢ TV

(BN, 22)*? (4.43)
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Wurerpupyst TepmonunaMudeckoe coorornenne I'ubbca—Tenpmronbia (2.66), sanucan-

HOE B BUJIE % = —a% %, MOXKHO HaiiTy u3 F oy COOTBETCTBYIONIYIO TOOABKY K CBOOOTHOIM

SHEPTUM:
003 3/2
e T
F=Fy— 2 ] — § N.Z: 4.44
T3V TY ( . a) (444)

TlocTosiHHYI0 HHTErpUPOBAHUS MOXKHO TOJIOXKUTH PABHOM HYJII0, TOCKOAbKY mpu 1T — 00
JIomxHO ObTh ' = Fy. OTcioma momyyaeM JaBJIeHUE:

) 3/2
NT e3 ™ 9
P=— -5 I7 (; NaZa> (4.45)

rae N =3 N,. AHAJIOrHYHO, KaK U BBbILIE, MOKHO HaiiTH:

3/2

2¢3 (7P\'/? 9
(p - @id - 37T <N) ;Naza (446)

DTO MOJIyUAeTCsl, €CIU PACCMOTPETh BTOPOi YjieH B (4.44) Kak Maiyio 106aBKy U BbIpa-
3UTH ee C HY>KHOH TOYHOCTHIO depe3 mepementne P u T



I'maBa 5

PACIIPEJIEJIEHIN A ®EPMU 1
bO3LE

5.1 Pacnopenenenue @epmu.

Bbliiie Mbl BUIEIH, DU TIOHUKEHUH TEMIIEPATY DI UACATBHOrO Ta3a (IpU 33 JaHHON ILIOT-
HOCTH), CTATUCTHKA BosbliMaHa CTaHOBUTCA HENPUMEHUMON U3-33 KBAHTOBBIX 3 bEKTOB
(cp. (3.79)). osromy, ansi onmcanus cooTBeTcTBytoleil obiactu remueparyp (IIOTHO-
creil) JospkHa ObITb OCTPOEHA Jpyras CTATHCTUKA, B KOTOPOI CPEIHMEe YMC/a 3al0J-
HeHNs pa3jINuHBIX KBAHTOBLIX COCTOSHHMII He IPeANOarajoTeS MAJILIME! . DTa CTATHCTH-
K& OKA3BIBAETCS PA3HOM, B 3aBUCHMOCTH OT TOTO, W3 YACTUII KAKOTO PO COCTOUT ras.
Hawubomee dbyHmaMeHTATHEHBIM JeTEHIEM YACTHUIL HA KJIACCHI B COBPEMEHHON KBAHTOBOI
TEOPUU ABJIAETC UX JejeHne Ha BepMUOHBL (YACTULBI C [OJYIEIbIM CIIMHOM) U GO30HbL
(uacTuupt ¢ nesabiM ciiuaoM ). Bosinosbie dyHknuu cucrembl N TOXKI€CTBEHHBIX (DEPMUO-
HOB aHTUCUMMETPUYHBI OTHOCUTEIHLHO TIEPECTAHOBOK YACTHIIL, 8 HO30HOB — CUMMETDPUYHBI.

st cucTeMbl 9acTHIl, ONMUCHIBAIOIIAXCS AHTUCHMMETPUIHBIMI BOJTHOBBIMU (DYHKITHS-
mu (bepMuoHoB), cupaseius upunimin [laynu, crarucruka, OCHOBaHHAs HA TOM MPHH-
e HasbiBaeTcs craTucTukoi @epyu (@epmu—/Tupaka). Kak u Bblie, Ipu BBIBOJE Pac-
npesesernst BoabiiMana w3 GosbInoro KanoHndeckoro ancamb6as (cp. (3.4)—(3.7)), npu-
MeHUM pacmpejesienne ['nb6Oca K COBOKYITHOCTH BCEX YACTHIL, HAXOIAIIMXCH B JAHHOM
KBAHTOBOM cocrosguuu (noacucrema B repmocrare). CHoBa 0603HauuM ), TepMOAUHA-
MHYECKHH IIOTEHIMAI ITON CUcTeMbl yacrull, roraa u3 (2.60), yuyursBagd, 4TO HJisd rasa
cBoOonHbIX yacTull B, = ngey, nojydaem:

Qi = —Tlnz (e“}ak )nk (5.1)

nk

rae ny — 9UCIo YacTur B k-M kBanToBOM cocroguuu. Cormacro npunmuny [aymm umcia
3aI0HEHUA KayKIO0T0 COCTOAHNA (PepPMUOHAMU MOT'YT IPUHUMATE JIUIIL 3Ha4YeHHA () HiIn
1. CoorBercrBeHHO B cymMMe 10 ng B (5.1) ocTaeTcs TONBKO JBA YA€HA U Mbl HMEEM:

O = -Th (1 + e“?’“) (5.2)

! Marepuas 9Toit IIaBbI HOJHOCTHIO OCHOBaH Ha [1, 2].

83
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ITockombKYy cpeiHee 9rUCIO YACTHUI] B CHCTEME PABHO MPOW3BOIHON OT moTeHImana (g mo
XUMIIOTEHITHAIY (4, B3SITONH ¢ OOPATHBIM 3HAKOM, TO:

p—eg

o0 e T
<np>=-——F = — (5.3)
o l1+e 7
NJIn:
1
<ng >= T (54)
e T +1

910 u Ha3biBaerca dyukiueidn pacnpenenenus Pepvu. Herpyaro Buzers, uro Bcerza

<ng ><1, anpn e T < 1ms (5.4) nomyuaem pacnpenenenne Bombivana?.

YenoBue HOPMUPOBKY A1 paciipenenerust PepMu 3alUChIBASTCA KaK:

1
> =

1 N (5.5)
k,eT +].

rae N — MOJHOE YHCJIO YACTHUIL B Ta3e. DTO PABEHCTBO, (DAKTUYECKHU, ABJISETCS HESBHBIM
YPABHEHWEM, OTIPEIEJISAIONIUM XUMIOTEHIINA 1a3a U, KaK pyaknnio T u V.

Tepmoaunamuydeckuii morenimalt € ra3a B 1eJ0M, O4EBUAHO, nouayudaercsd u3 O (5.2)
CYMMHUDOBAHUEM [0 BCEM KBAHTOBBIM COCTOSTHUSIM:

H—EL

Q:-Tzkjln(ure T ) (5.6)

5.2 Pacnpenenenue bo3se.

Ilepetinem Temepb K 0OCYKAEHUIO CTATHCTUKW, KOTOPOH MOAIMHSIETCS WAEAThHBIN Ta3,
COCTOSIIMI W3 YACTHI| C [EJbIM CIMHOM (BGO30HOB), OMUCHLIBAIOIINXCS CUMMETPUYHBIMI
BOJIHOBBbIMU (DyHKIUsAMEU — craructuke Boze (Boze-diininreiina).

Ynca 3amoHeHNsT KBAHTOBBIX COCTOSTHIN /171sT DO30HOB HUYEM He OTPAaHUYeHbl 1 MO-
IyT IPUHUMATH JI00bIe 3Hadenus. Auamoruauo (5.1) umeem:

L p—eg \ Tk
O = Tm;(e 7 ) (5.7)

Crosiuii 3/1eCh PSiT IPEICTABIISIET CODOI Nre€OMETPUYECKYIO TTPOIPECCHUI0 U CXOAUTCS TTPU
H—EL
e T < 1. IlockoJbKY 3TO yCJIOBUE IOJIKHO UMETHh MECTO TIPHU JTIOOBIX £, sICHO, UTO

<0 (5.8)

T.e. XUMIIOTEHIAT 603e-ra3a BCETIa OTPUIATEeH. Bhiiiie Mbl BUAEITH, YTO /1Jis1 GOJIbIIMA-
HOBCKOro ra3a i < 0 u Besmk mo abcosorHoii Benmanne. Huxke mbr ybeaumca, 910 miist
depmu-raza [ MOXKeT OBITh JTHO0T0 3HAKA.

Cymmupys nporpeccuto B (5.7), nosaydaem:

O = Tln (1 - e”?"‘) (5.9)

2Ecnu norpe6oBaTh BBIIOJHEHHS 3TOIO HEPABEHCTBA JJIsl JIFOOBIX €, TO OHO CBEIETCS K et/ T < 1,
4TO COBIAJAET C KDUTEPUEM IIPUMEHHUMOCTH DOJIBIIMAHOBCKONU CTATHUCTUKH, 3alIUCAHHBIM B (3.77).
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Orcrona aag < ng >= — a(;?f AMEeM:

<np >= (5.10)

Ep— M

et —1

p—ep, .
— pacmpegenenne boze. CHoBa, ipu e T < 1 umMeem 1mepexo K DOTBIIMAHOBCKOM CcTa-
THUCTHUKE.

YcaoBue HOPMHUPOBKH ONSATH MMEET BHUI:

1
szgkfiu_1 (5.11)
E €7

U HEABHO ONpeJIeigeT XUMUYECKUI MMOTEHITHA.
IMonubiii TepMogMHaAMUYECKUI TTOTeHIMA §) s Beeil cucrembl. anasoruduo (5.6)

€CTh: e
Q:TZln(l—e“Tk). (5.12)
k

5.3 HepaBHoBecHble bepMu— u 603e—Ta3kl.

PaccvoTrpum sHTpONMIO HEpaBHOBECHBIX (pepMu- 1 603e-ra30B 1 MOJIYINM (DYHKIIUH Pac-
npespesenuss Pepyu u Bose u3 ycioBusi ee MAKCUMAIBLHOCTH B PABHOBECHOM COCTOSIHWH.
AHamu3 MOYKHO TTPOBECTH COBEPIIEHHO AHAJOTUYHO TOMY, KAaK TaKas ¥Ke 3a7a9a peria-
JIACh BBIIIE IJIs DOJBIIMAHOBCKOrO Ta3a. Ouarh pacupenesinM Bce KBAHTOBBIE COCTOSHUS
OTIETHHOM YACTUIIBI Ta33, 0 TPYINAM, KaXK/1as U3 KOTOPBIX COAEPKUT OJU3KUE 10 IHEP-
IHH COCTOSHUS U IePeHyMepyeM 3Ty rpynmsl HoMepamu j = 1,2, ... Ilycrs G — uucno
cocroguuil B j-ii rpymnne, a N; — 9UCI0 9acTul B 3THX cocroanuax. Habop wmcen N;
TTOJIHOCTHIO XapaKTePU3yeT MUKPOCKOTIYECKOe COCTOSTHHE Ta3a.

B cnyuae cratuctuku @epMu B KayKIOM W3 KBAHTOBBIX COCTOSHUIN MOYXKET HAXOIUTHCS
He 6GoJiee OHOM YacTULBL, HO Yucia [N; He MaJibl, & TOIO ke nopdznka, uro u G;. Yucio
BO3MOZKHBIX CIIOCO60B pacupeneaurs [V; 01uHAKOBBIX YacTull 110 G cocrogHuaM, He 60-
Jlee YeM IO OJHOH B KazKIIOM, €CTb YUCJO cHocoOO0B, KOTOPBIMH MOXKHO BBIOpaTh N; H3
G cocTosHmiA, T.e. uCI0 codeTanuii u3 G; 3neMeHTOB 1o N

;!

= NGy — Ny)E

(5.13)

Jlorapudmupys u ucnonb3ys Juist Becex rpex daxropuasos B (5.13) dopmyiy Crupuaunra
In N~ N 1n(N/e), Haxoamm aHTPOIHIO:
S:Z{GjlnGj—lean—(Gj—Nj)ln(Gj—Nj)}. (514)
J
Beoaga onarh cpeaHue 4ucia 3alo/HeHHd < nj >= Nj / Gj TIOJIY9YUM CJIETYIOIee BhIpa-
JKEHUE 1151 SHTPONNNA HEPABHOBECHOTO (DepMHU-ra3a:
S=- ZGj[< n; >In <n; >+(1-<n; >)In(l- < n; >)] (5.15)
J
W3 ycmoBus MaKCUMAJTBHOCTH TOTO BHIPAYKEHVS MPU JOMOJTHUTEIBHBIX YCIOBUSX:

ZNj:ZGj<nj >= N, Zstj<nj >=F (516)
J J j

J
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T.€. IO METOy HeOoNmpeeeHHbIX MHOKHUTemel Jlarpanxka u3:

0
—[S+aN+[E| =0 5.17
0 < n; >[ “ bE] (5.17)
nomygaeM bynkimumio pacnpejenenus Pepyu < nj >= [e*TF% + 1]71 e a = —p/T,

B=1/T.

B cnyuae cratuctuku Bose B KasKJI0M KBAHTOBOM COCTOSTHUN MOYKET HAXOIUTCH JTIOH0E
YHCIIO YACTHI], TAK ITO CTATHCTUIECKHUiT BeC {); €CTh UHCIIO BCEX CIOCOD0B PACIPENENUTD
N; qactun mo G COCTOSHUSIM:

(Gj + Nj — 1)!

2 = (G; — 1IN,

(5.18)
B camom zene, pedb mzer o umucie cnocoboB pasMerneHusa N; OIMHAKOBBIX IIAPOB IO
G; amukam. I300pa3um mapel B BHJIE Psia HOCAEN0BATENBHO PACIONOKEHHBIX TOYEK,
a SIMUKH ITepeHyMepyeM U n300pa3uM IpaHuipl Mexay HuME (G — 1 BepTHKAIBHBIMU
yeproukaMu. Beero uncao Mect (Ha KOTODBIX HAXOUATCS TOYKH WM YEPTOYKHU) B ITOM
nociegosarenbaoctu ectb G + N;j — 1. MckoMoe 4uc/Io pa3MelieHuii mapos 0 AIIIKaM
€CTh UHCJIO CIOCOO0B, KOTOPBHIME MOKHO BBIOpars Gj — 1 MecT A1 9epTodex, T.e. UHCIO0
cogerannii u3 N; + G; — 1 snementos mo G; — 1, orkyna u nonydaercs (5.18).

JlorapudMupysa Kak u BbIlle U TpeHebperast eIuHUIEH N0 CPABHEHUIO ¢ OOJBITHME
gucaamu G + N u G, TOTyIuM:

S=> {(Gj+N;)In(G; + N;) = N;InN; — G;In G, } (5.19)
J
Beonsa < 7 > 3alUIIEeM SHTPOINIO HEPABHOBECHOI'O 603e-Ta3a B BUIE:
S = G,[(1+ <n; >)In(l+ < nj >)— <n; >In<n; >]. (5.20)
J
13 ycaoBua MakCHMyMa 9TOTO BBLIPAXKEHHsI, TAKZKE KAK M BBIMIE B (PePMUEBCKOM CJIyUae,
MOKHO TIOJTyYnUTDh pacupenenenne Boze.
IIpu N; < G; (5.15), (5.20) ecTecTBEHHO MEPEXOAAT B OOIBIMAHOBCKYIO (DOPMYITY
(3.23):
S=> G, <nj>In—— _ZG <n;>{1-In<n; >); <n; ><1. (5.21)

J

B obparuom npegensaom ciyuae, korna N; > G, 1.e. < n; >> 1, surpouua 603e-ra3a

(5.20) cBogmTCH K:
eNj

G;’

(5.22)

G;—1
. N,
a craructudeckuit Bec (5.18) ; = Py
J :

5.4 (O6mume cBoiicTtBa hbepmu— 1 603e—Ta30B.

MHuorue ob1Ire BEIpAXKEHUS /I IS TEPMOJAMHAMAIECKUX BeJIndnH (depMu- u 603e-ra3a
MOXKHO BBIMTUCATH B 00mieM Buje. Huke, B 9TOM pasznesie, BEpXHUN 3HAK COOTBETCTBYET
cratuctuke Pepmu, a HIKHIINE — Bo3e.
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Dueprusi cBOGOAHON (9/1€MEHTAPHO) YACTUIIBI UMEET BUJL:

p2

1
— (i +p,+p)=-— (5.23)

€
P 2m’

2m
HpI/I JAaHHOM 3HAQYCHHUHN UMITYJIBCA COCTOAHHE YaCTHUIIbI OIIPpEAe/IAeTCA TaKzKe HAallpaBJICHN-
eM ee crimHa. IToaTomy umcero wacTui B aseMeHTe $ha30BOTO MPOCTpaHcTBa dp,dp,dp.dV
MOXKHO MOJIY9UTH yMHOXKeHueM pacnpenenenus ®epmu (Bosze) ma uucno cocrosiamii B
TOM 3JIeMeHTe PAZOBOTO 00bEMA:

dpzdp,dp,dV
dr = 2229 2277 =2 1 .24
gdr nh)? g=2s+ (5.24)

e s — couH JacTunsl. [losroMy nmeem:

d

dN, = 27 (5.25)
p
+1

Wurerpupys no dV mosygaem mpocTto mosHbiil 06bem rasa V. Torna mist pacupeneieHus
0 MMIYJIbCAM, TePexXos K CHEepUIecKUM KOOPIHHATAM B MMITYJIbCHOM MIPOCTPAHCTBE
(dpzdpydp, — 4mp*dp), momydaem:
Vp?d
dN, = AR (5.26)
2m2h3 (e T

WU pacupeaeseHue Mo SHePIuun:

gVm?/? \fda _ Nf(e)de

dN., = 5.27
Vord et £1 T 1 20
IJIe BBEJIM OYEHb TOJIE3HYI0 BEIMUUHY:
\% 3/2
N(e) = S e=gV e pe = V2me (5.28)

\f 253 2h5’

— TIOTHOCTH COCTOSTHHI YaCTHUIIBI B HHTEPBAJIEC SHEPTHi €, € + de. Tloay4uennbie popMymbr
3aMEHSIIOT KJIACCHYECKOe pacupeesenne Makcseia.
Nurerpupysa (5.27) no de, noayaum:

3/2 00
N = / — ,‘5 _gvm / de - \/g (5.29)
V2R g 41

Bronsg 6e3pasmepryio nepemennyio £/1 = z, 3anumiem:

N mT)3/2 [ z
N _ gmD)77 / PR (5.30)
V Vor2hd g e~ T +1

9TO B HEABHOM BI/I,HQ OHpeﬂeJ’[HeT XHMHOTeHL[HaJI [JJ KaK (byHKL[I/IIO T 1 IIJIOTHOCTHU qaCTI/IH

N/V.
CoBepriast aHATIOTHIHBIM 00PA30M TIEPEXO, OT CyMMHUPOBAHUSA IO COCTOSHASAM K HH-
TerpupoBaHuio 1o suepruam B (5.6), (5.12) nonyunwm:

3/2 oo he
0= gV Tm / dey/eln (1 te'T ) (5.31)

T V2m2h3 Jo
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HNurerpupys mo 9acTsaM, HAXOIAM:

2gVm3/2 [ 82
SatA / — (5.32)
3 V2m2h3
DTO BBIPAKEHHE COBIAIAET € TOYHOCTBIO 10 MHOKHTENA —2/3 ¢ MOMHON SHEpruel rasa,
PaBHOI:
V4 3/2 &‘3/2
E= / edN, =21 / de—. (5.33)
V2m2h3 e T +1
Kaxk m3Becrro n3 repmogunaMuru 2 = —PV, tak uro u3 (5.32), (5.33) momyuaaem 0600-
HIEHHOE YPABHEHUE COCTOSHMA KBAHTOBOTO MICAJIBHOIO Ta3a B BUJE:
2
PV =-F (5.34)

3
B upenenbhoM ciyuae rada Bosbimana uveem E = 3NT' /2 (3aK0H paBHOPACIIPEIEJICHHUS )
u (5.33) nepexoaur B ypasueuue Kuaneiipona: PV = NT.
IepenwuceiBas ypasuenue (5.32) B Buze (cp. (5.30)):

gv/2mB3/2T5/2 /oo ; 53/2
0

p_ (5.35)

3m2h3 Zez—% +1
LOJIy4aeM [apaMeTpUyYecKoe ypaBHeHue cocrosuus (napamerp pl), T.e. cBa3b mexuy P,
V u T, npu nanHOM 3HAMEHUN (.

PaccmorpumM Masibie KBAaHTOBBIE HMONPABKH K OOJILIIMAHOBCKOMY YPABHEHUIO COCTOS-
mus. s 910oro my:kHO BOCHOIb30BaThes e/’ < 1 (60IBIMAHOBCKMIT IPEIeT) U pas-
JIOXKUThH OJUHTErPAJIbHOE BbIpakeuue B (5.35) Mo cTeneHsM e(/T)=2 " coxpansis aBa
[IEPBBIX 4JIEHA Pa3JjiokeHwusd. Torma:

> 23/2 ° © H 3ﬁ M 1 H
dz—— = dzz3/%er > (1 eT_Z) = ——e¢T (1 = eT> . 5.36
/o e+ /0 - 4 NPE (5:36)

Toraa (5.35) MOXKHO IEPENNUCATH KAK:

gvm3/2T5/2
(2mh2)3/2

S

Q=-PV =-— e

(1 T 251/2 ) (5.37)

D10 BbIpaXKeHUe, PAKTUICCKH, UMEET BH/JL:

gvm3/2T5/2 2
Q= QBoltz + WG T, (538)
Manbre g00aBKM K TEPMOAVMHAMHYECKUM TTOTEHIINAIAM, BLIPAXKEHHBIE UYepe3 COOTBET-
CTBYyIOIMUE MepeMeHnbIe, OJIMHAKOBDI. HO3TOMy, BbIpazKad ¢ TOMOIIBIO COOTBETCTBYIOMINX
GOJILIIMAHOBCKUX BhIparkeHuii, Haiimennyio nonpasky K (2 yepe3 T' u V (BbIkjIagKu omyc-
KaeM), JIErKO MOJIYYUTh CBOGOIHYIO SHEPTHUIO Ta3a B BHUIE:

a3/2 N2j3
F = FBoltz + gm (539)
Orciofa HeTpyaHO HANTH:
7T3/2 N3
PV=NT<{1+ ———— 5.40
1= S v (540)
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Buaum, uro ksanTOBbIe TOnpaBKu (ofpaiaionmecs B Hyiab npu i — () OpuBoAsaT K
JOTMOJTHUTETHHOMY POCTY JaBJeHus B (DepMU-Ta3e U ero yYMeHbIeHno B 6o3e-raze. B atom
[POSIBIIAETCA €CTeCTBEHHOE cTpemiienne (hepmuonoB “uzberars”’ Apyr apyra ([IPHHIHIL
IMaynu!), Torga kax mist 6030HOB MMeeT MecTO 00PATHOE IIOBEJeHHe.

5.5 BbIpoxkeHHbI 3JIEKTPOHHBIN Ta3.

BaxkHoe MpuUHIUNHAIBHOE 3HAYEHWE MMEET HU3YUeHWe CBOWCTB (hbepMu-ra3a mpH JI0CTa-
TOYHO HU3KHUX TEMIEPATYPAX, KOTOPbIE, KCTATH CKA3ATh, TPAKTUIECKH MOTYT OKA3aThCA
oUeHb BbICOKHMHU. Mes BBUAYy HamboJee BasKHbBIE NpuMeHeHnsa craructuku ®epmu, Oy-
JIeM TOBOPUTH HUKE 00 3JEKTPOHHOM Ta3e, COOTBETCTBEHHO HUIKE TojaraeM g = 2(s =
1/2).

Haunem ¢ pacemorpenust curyarnuu npu 7' = 0. D10 caydail Tak Ha3BBAEMOro TOJ-
HOCTBIO BBIPOXKAEHHOTO (pepmu-raza. [TocKoMbKy B KaXKI0M KBAHTOBOM COCTOSTHWH MO-
JKeT HaXOJIUThCA He 00Jee OJHOTO 3JEKTPOHA, TO, (PAKTUIECKH, OHW M 3AIOJHSIIOT BCE
COCTOSIHUSL C IHEPIUAMU OT HAUMMEHbLel (PaBHON HYJII0) 10 HEKOTOPO HauboJIbLIel (Ha-
3pIBAEMOl anepzueti Pepmu), BETUUINHA KOTOPOI MPOCTO ONPEEIseTcsl YUCIOM JaCTHUIL
(7I0THOCTBIO) B Taze.

Yucsio KBAHTOBBIX COCTOSTHUM 3JTEKTPOHOB, ABIXKYIIMXCA B 0bbeme V' ¢ abCoMOTHON
BEJIMYUHON UMIYJIbca B HHTEPBAJE P, p + dp paBHO:

dpdpV
(2mh)3
DJIEKTPOHBI 3ATIOJHSIIOT BCE COCTOSIHUSI ¢ UMIYJALCOM OT HYJIs 10 MaKCUMAJIBHOTO M-

nynsca p = pr (umnyave Pepmu). [omHOE YUCTO 3TEKTPOHOB B 3TUX COCTOSHUAX OTPe-
TTETISTETCST U3°:

(5.41)

174 PF 9 Vp%
N = 213 o p dp: ?)’]TTH?’ (542)
Torma gna mmmynabca PepMu MOIyIaeM:
N\ /3
pr = (3n2)Y/3 <V) h (5.43)

v uMnyasc Qepmu Tem 60BINE, YeM OOJIbINE TIOTHOCTE ra3a. HeTpymHao coobpas3uTs, 910
u3 (5.43) mosyuaercst MpoCTas OLEHKa Pp ~ h/a, rjie a — cpelHee PACCTOSHUE MEXKIY
YJaCTHUIaMHU B rase.

CootrBercrBenno, sueprus Pepmu pasaa’:
2 2 2/3 2
PR 2\2/3 h N h
=—==(3 — | = ~— .44
F = om (377) 2m (V ma? (5.44)
47rp?}’7

3MaKTHYeCKH TYT IPOCTO BHIUUCIAETCH 00beM chepve Pepmu Vi = , & YHCJIO JIEKTPOHOB OIIpe-

3
= " \%
JIeJISI€TCA YHCJIOM JOCTYIHBIX UM COCTOsSHHE “BHyTpH’ 310l cdepnl kak: N = QVﬁ, 4TO U JAeT

(5.42). TlosepxuocTh cdepsl Pepmu HA3BIBAETCSA noseprrocmuvio Pepmu. B Merannax, rae sHepretude-
CKHH CIEKTP JIEKTPOHOB MOXKET CYIIECTBEHHO OTIMIATHCS OT PACCMATPUBAEMOTIO 3€Ch CIEKTPA CBOOOI-
HBIX JIEKTPOHOB, IOBEPXHOCTH PepMu MOXKeT BOBCe He ObITh cdepuueckoit. 'eomerpust (1 TOmOIOrHs)
nosepxuocTeil PepMu Urpaer 04eHb 0OJIBLIyI0 Posb B Teopuu MeTasios [21]. CoorsercTBeHHO, IPUBO-
JIUMBIE 3/1€Ch IPOCThIE OIEHKH IIPUTOJHBI, CTPOrO IOBOPS, TOJBKO IS IPOCTHIX METAJUIOB (HaIpuMmep
IIEJIOYHBIX B GJIarOpPOJHBIX).

43amernm, uro Bemunna sHeprum depMu, IPAKTHUECKH, COBIAJAET C BBEJCHHON BBIIIE TEMIIEDATY-
poii (smeprueit) Bopoxxaenus rasa (3.79).
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Puc. 5.1: ®ynkuus pacupenenenus GepMu 1 pas3MIHBIX TEMIEPaTyp npu ep/kp =
50000K.

EcrecTBenno, 4T0 OHa TAKYKe PACTeT ¢ POCTOM IIoTHOCTH Tasa ~ (N/V)2/3,
Oyuknusa pacnpenenenns Pepmu:

1

Ep—H

Np = ————
et +1

(5.45)

npu T — 0 mpepparaercst B “crynenbky Pepmu’™

_J 1 opu p<pr
np—{ 0 mu p>pr (5.46)

njin

1 <=
ne = { bt & = p=Er (5.47)
0 mpu e>pu=cp

Xummorennuasa rasa @epyu npu T = 0 coBnagaer ¢ rpanudHoil sueprueit Pepmm:

p=cecr (T=0) (5.48)

ITpu koneunbix Temneparypax T’ < ep (CUIBHO BBIPOXKIAEHHBIH Ta3) crynenbka Dep-
mu “pasmbiBaercs’ B obsactu Hepruil ~ T (cm. Puc.5-1). Herpyauo mousars, 9ro c
pocrom Temmeparypbi, npu 1 > e£p pacnpegenenne ®epMu NEPEXOAUT B PACIPE/Ie-
snenve BoabiiMana. COOTBETCTBEHHO, ¢ POCTOM TEMMIEPATYPHI XUMITOTEHITHAT HAYUHAET
YMEHBITATHCS OT MOJOKUTETLHON BEJIMYUHBI TIOPSJIKA £ W CTAHOBUTCS OTPHUIATETHHBIM
B 00JBIMAHOBCKOI obyactu 1T >> ep.
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Hommas sueprus raza npu T = 0 momy4aercs ymaoskenunem (5.41) wa p?/2m u unre-
PHPOBAHNMEM TI0 BCEM HMITYJIBCAM JIO P = PF:

Vv PF Vps
S dpp* = —E 4
2mm2h3 ,/0 bp 10mm2h3 (5.49)
i, ¢ yaeroM (5.43)
3(3w2)%/3 p2 [ N\**
EF=——77——|—= N 5.50
10 m \V ( )

C momompio o6mmero cooTHotmenust (5.34) HAXOMWM ypaBHEHHE COCTOSTHUS MOJHOCTHIO
BBIPOKIIEHHOTO I'a3a:

(B> B2 (N)5/3 (5.51)

5 m\V

tak uro npu T = 0 nasenne dbepmu-rasa ~ (N/V)5/3,

QaxTHYecKn, BCe 3T (QPOPMY/IbI MPUMEHUMBI U TIPUA JIOCTATOYHO HU3KUX TEMIIepa-
typax T < ep. Ilonpaskn k HuM nMeior mopanok seamauant (T/cr)%. Temmeparypa
®epmu (remueparypa Bbipoxkieaus) Trp & €p JJid JMEKTPOHHOrO ra3a ¢ ILUIOTHOCTHIO
N/V ~ 10%2cm™3, tunnanoi, HanpuMep Ui METAJIOB, M MACCOil 9acTHI[ M ~ M.,
TIe M, — Macca CBODOIHOTO 3JEKTPOHA , JIEYKNUT, KAK HETPYIHO MOCYUTATH, B MHTEpBAJIe
10* — 10°K. I1o3TOMy 3JIeKTPOHHEL I'a3 B METa/IaX B HOPMAJLHBEIX YCJIOBHAX BCErIA
CUJIBHO BBIPOXKJIEH. B I0JIyIPOBOIHUKAX, T KOHIEHTpalus ([JIOTHOCTD) 3/JEKTPOHOB
MOYKEeT MEHAThCS B BEChMa IMUPOKUX MPEIEeNaxX, 3TO He TakK. B HUX YacTO CTATHCTHUKA
HocureJieil Toka ObiBaeT H0JIbIMAHOBCKOI.

B sakouenue ciaesaeM HEKOTODPBIE 3aMEYAHUS O POJU MEKIJIEKTPOHHOTO B3AMMO-
HeiicTBusi. BLIpO:KIEHHBIN 3JEeKTPOHHBIN a3 TeM “HaeajbHeil’, deM OOJbIIe ero IIoT-
HOCTB. B camom fieste, xapakTepHas KHHETHYECKAsl HEPIHs JEKTPOHOB NOPAIKa SHEP-

2 2
run @epvnt: ep ~ L (N/V)¥/3 ~ ) rre a mesanexTpontoe paccrosmne (B MeTanax

IpaKTUYeCKH COBIIaJaroniee ¢ XapaKTepHbIM MeXKaTOMHBIM paCCTOHHI/IeM) . B Toxe BpeMs

XapaKTepHasi BeJINYNHA KYJOHOBCKOTO B3ammojeiictBus U ~ % Torna Ge3pasMepHbIit
[apamMeTp TeOPUM BO3MYIIEHMH MO B3aUMOAEHCTBHIO NPOCTO ONPE/IeNAETCs OTHONIEHHEM
% ~ SmE ~ %pﬂF = %, r/ie BBEJM CKOPOCTH 3JIEKTPOHOB Ha IIOBEPXHOCTH (yPOBHE)
®epyum vp = pp/m. OTCIOOA BUAHO, 9TO W€M MEHBINE BEJINIHHA ¢ (COOTBETCTBEHHO,
4yeM GOJIbIlle TJIOTHOCTH Ta3a Wik cKopocTh Pepmu), TeM 3T0T Ge3pa3sMepHbIil mapamMerp
MEHBITIE U MEHbIIEe POJb 3(pPeKTOB B3auMoieiicTBus. BCIIOMHUM Teneps, 9T0 TTOCTOSHHAS
TOHKO# CTPYKTYDBI 7 ~ %7 ~ 1072, te ¢ ~ 3 10%wm/cex — ckopocTh cBeTa B BaKyy-
Me. B Merayuiax (MpH TUMWYHBIX TIIIOTHOCTSIX 3JE€KTPOHHOTO ras3a), Kak JIETKO OIEHNTh,
vp ~ 10%cm /cex. TToaTomy, GakTHIecKH, B peasbHBIX METAJIAX MapaMeTp TeOPUH BO3-
MYIIIEHTIH O B3aUMOIEHCTBUIO BCET/Ia HE MAJT: % ~ 1! ToabKO NpH TIOTHOCTSX, TOPA3I0
OOJIBINNX METAJUIMIECKUX, T3 YJIEKTPOHOB MOXKHO PACCMATPUBATH KAK MOYTH CBOOOIHBIN
(uneanbupiii). [losToMy CTAHOBUTCS HEMOHATHBIM, [I0YEMY IPUOIIMKEHHE IOYTH CBOOOI-
HBIX JIEKTPOHOB TAK XOPOIIIO OIIMCHIBAET MHOI'ME OCHOBHBIE CBOiicTBa MeTasios. IlosHoe
pelrerne 3Toi mpobIeMbI TOCTUTAETCS TOJBKO B PAMKAX TEOPUH PePMU-HCUIKOCTIU, ITTe-
MEHTBI KOTOPOH OYIyT PACCMOTPEHBI HAMU TIO3/THEE.

5HamoMHEM, 9TO MaCCa 3JeKTPOHA B MeTaJljle He 06s13aTebHO COBIAAAET C MACCOIl CBOGOJHOIO SJIeK-
TPOHA.
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5.6 PengTuBmucTckuii BBIPOXKIEHHBIN 3JIEKTPOHHBIN Ta3”.

ITo Mepe cxKaTus JEKTPOHHOIO I'a3a CPEIHssl SHEPTUs 3J1€KTPOHOB (1 sueprus Depmu
£F) YBEIMIMBAETCA U, PAHO HWJIH TIO3/HO, CTAHOBUTCSA CPABHUMOM ¢ 3HEpTHel TOKOS Mc? 1
ITOTOM JIa2K€e TIPEBBIMIAET ee. Toraa CTaHOBATC CYIIECTBEHHBIMHA PeIATUBUCTCKIE 3P dek-
Tol. PaccMOTpUM BBIDOXKIEHHBIN YABTPAPETATUBUCTCKAN a3, SHEPIUA YaCTHUI] KOTOPOIO
BEJTMKA TI0 CPABHEHMIO ¢ mc2. B 3TOM ciIyuae sHepreTudecKuii CieKTp 3JeKTPOHOB MMeeT

BHUI:
ep =V 2p? +m2ct = cp. (5.52)

Jlis 9mciia KBAHTOBBIX COCTOSTHUI, & COOTBETCTBEHHO W s uMiyibca Pepvu mmveeMm
npexHne (POPMYIIBL:
Awp2dpV

2 .
(2rh)3 (5.53)
Vo, Vi
N= w203 Jo PP = 3oy (5.54)
N 1/3
pr = (3n%)1/° () (5.55)
v
Opmnako, s sueprun PepMu BO3HUKAET YIKE COBCEM IPYroe BBIPAKEHUE:
) N 1/3
er = cpr = (3133 he (V> (5.56)
CoOTBETCTBEHHO, TTOTHAS IHEPTUS ra3a:
cV PF Cp4
E=—r: dpp® =V —LE .
m2h3 J PP 4723 (5.57)
nn "
3(37w2)1/3 N
JlaBieHre MOXKHO IOy IUTDh AuPEePEHITNPOBAHUEM 10 00BHEMY:
E (3m2)1/3 N\ Y3
P=—=~—"—hc| = 5.59
3V 1 N\v (5:59)
U OHO OKA3BIBAETCA TPOMOPIUOHAIBHBIM MJIOTHOCTH B crernedu 4/3.
CootHormenue .
PV = 3 (5.60)

MMEET MeCTO JJIsT yALTPAPEIATHBUCTCKOTO ra3a He TOJHLKO MpH abCOTIOTHOM HyJe, HO U
IPH BCEX TeMIeparypax. JlefcTBUTeNbHO, pu €, = cp u3 (5.6), Iepexoas 0T CyMMUpPO-
BaHUA 10 UMIYJIbCAaM K MHTETPUPOBAHUIO 110 SHEPTHUH, MIOJIYUaEM:

v [ p=e
Q:—m ; d€1n<1+6 T ) (561)
OTKYZa MHTErPUPOBAHMEM II0 YACTAM HaimeM:
1% e el
Q=—-PV=—rF—+= de—— 5.62
37'['203h3 0 665;“’ —+ 1 ( )

OrMeTuM, 9T CIeAyIOLee OTCIOA IABJICHNE SIBJISETCS IPeIeIbHBIM JaBIeHIeM, KOTOPOe
MOXKET NMETh KaKOoe-JIM00 MaKPOCKOIHMIeCKoe TesIo [§].
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5.7 TenmoeMKOCTh BBIPOXKIEHHOTO 3JIEKTPOHHOTO ra3a.

Boime MbI y2Ke oTMEYaH, UTO IPH KOHEYHBIX TEMIEPATypax 00JacTh “pasMbITua’ CTY-
menbku Pepmu ~ T'. Haitnennnie HamMu Boipaxkenust 1yt 1 = 0, bakTuyeckn, siBIAIOTCS
YIeHAME HY/IEBOIO TOPSIKA 110 MaJoMy ([P HU3KUX TeMIieparypax) napamerpy 1 /ep.
IMocmoTpuM, Kak MOXKHO HAUTHU TEPBbIE TEMITEPATYPHBIE IOIPABKH TI0 3TOMY TapaMeTpy.
Briparkenne [y T€PMOIMHAMAYECKOTO TOTEHITNANA YJEKTPOHHOTO ra3a, B COOTBETCTBUHU
c (5.32), nmeer Bu;

4V 3/2 e8] 63/2
g | e (5.63)
3v2r2hs J eT +1
Paccvorpum maTerpast obiero Buga ¢ pyukmueit pacupenenenus Pepmm:
I— / de—1E) (5.64)
Jo eT +1

rae f(e) — nekoropast byHKIM, TaKkasi, YTO MHTErpaJi cxoaurcd. B yacrnom ciaygae (5.63)
umeenm f(g) = %2, Uccnenopanue (5.64) moxkno nposectn B obmem suge [1, 2] u momy-
YUTH JJIS HETO CJIEAYIONIEe PA3IOKEHNUE:

~ . 7T2 2 ¢/ 771'4 4 p111
IN/O def (&) + T2 ) + 2T ) (5.65)

KOTOpOe, (DaKTUIECKH, OLPEIeseT pasjioxenue Beex dbusndeckux peaudann Tuna (5.63)

B PsiJl IO CTeneHsM mMasoro napamerpa 1'/ep.
Monaras sxgecs f(¢) = €%/ maxomum u3 (5.63):

T2 /2/~Lm3/2

Q=Qy -V e

(5.66)

rje 1epBoe cjaraemoe orsedaeT BkJsaay 1 = 0. PaccmarpuBasi BTOpoe ciiaraemoe Kak

MaJIyIO IMOOpPaBKy K (g u BbIpaxkas B HeM 4 depe3 N u V ¢ moMoIbio “Hy/neBoro’ mpu-
. 2 .

ommkenns (5.48) p = ep = (312)2/3(N/V)?/3, MoxeM HemocpeaCcTBEHHO BHITHCATH

BBIpazKeHUe JJIA CBOOOHOM 3Hepruu’:

B [V 2/3

e Beesn oboznatenne B = (1/3)%/%m/h?. Orciona HAXOMIM SHTPOTHIO:

v\ 2/3
S = BNT <N> (5.68)
" TEILIIOEMKOCTD: 2/3
08 |4
C=To) = BNT (N> : (5.69)

TaK YTO TETIOEMKOCTH BHIPOKIAEHHOTO (DepMU-Ta3a TIPW HU3KNX TeMIepaTypax JuHeHHa
o remneparype (TermnoeMkocTsb [aymu). Mcnob3ys MPUBEIEHHOE BbINIE BLIPAYKEHUE JJTst

63/16(:1) MBI CHOBa HCHO.HI)3yeM TeopeMy O MaJIbIX ,HOG&BK&X K TepMO,JI/IHaMI/I‘IeCKI/IM IIOTEHIIHAJIaAM:
D)1, v,y = (F)r,v,n = (6®)r,p,N = (6E)s, v,y = (0W)s,p.N
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nporHoCTH cocTosauii (5.28) ¢ g = 2, jerko ybeaurhes, uro (5.69) MOXKHO mepenucarh

KaK:
7T2

T7Ie BBEJTH TIJIOTHOCTH COCTOSTHUH 3JIEKTPOHOB Ha MoBepxXHOCTH Pepmu:

m
vp =N(e =ep) = szh@v (5.71)

DTO KOHEUHO He ciaydaitno. Beipaxkenue (5.71) jerko mHTEPOpeTHpoBaThH “Ha MAILIAX .
Mpbr y2Ke BHJIEH, 9TO B BBIPOXKIeHHOM (hbepMU-ra3e TeMrneparypa, hakTuIecKn, 3aTpari-
BaeT JINIIb y3Kuil cioit anepruit ~ T B okpectHOoCTH ypoBHa Pepmu. UHCI0 37IeKTPOHOB
B 3T0oM ciioe ON ~ vpT. Ilpu HarpeBanun cucrembl Ha 01 IpajycoB, TOJIBLKO 3TH 3JIE€K-
TPOHBI ¥ MEHSIIOT CBOIO HEPTHIO HA BeJIMUNHY ~ 01 Kaykawiii. Torga nsMeHeHnue aHepruu
cucreMbl mpu Harpesauuu 0F ~ vpTOT, a remnoemkocts C = 0E /6T = vpT. Dra Ha-
IUIA/IHAS MHTEPIPETAIUs KaueCTBeHHO 00bsCHSeT, Kak B (hepMu-ra3e CHUMAETCs IIPOTH-
BOpeUne KJIaCCHIECKOro 3aKOHaA paBHOpacnpeenenus u TeopeMbl Heprcera. ®akTudecku,
mpu T — 0 He Bce 3JE€KTPOHBI yYACTBYIOT B TEIIOBBIX MPOIECCAX, a JHUIIb T€, COCTOs-
HUsI KOTOPBIX HPUHAJJIEXKAT YIOMHYTON NOJ0CKe BOmM3u ypoBHus @epmu, u 310 9uciio
crpemutcst K Hyo npu T — 0. Pesyabrar (5.70) ouenb BaykeH. PakTWUIecKH, OH JaeT
OJIMH M3 FKCIEPUMEHTAIbHDBIX CIOCODOB U3MEPEHUS BEJIMYUHBI TJIOTHOCTH COCTOSHUH Ha
yposue @epMu B MeTaslle U3 U3MEPEHHI 3JIEKTPOHHOIO BKJIAIa B TEIJIOEMKOCTh. B 1po-
cTefiieM Caydae, KOra MOXKHO [TOIb30BATHCS BhIparkeHueM (5.71) (310 MOXKHO JIe/1aTh B
ao6om Merasuie ¢ nouru cepuydeckoii nosepxuoctbio Pepmu), orcioga cpasdy 1oy daem
SKCIIEPUMEHTAIBHbIA METOJ| OMPEIeSICHUs MACCHI IJIEKTPOHA B MeTasuie (KOTopas, Kak
MbI 3HaeM, HeOOA3aTeIbHO PABHA MACCe CBODOIHOTO IJEKTPOHA,).

IIpuBejem j1jist HOJHOTH! TAK’Ke W BbIPAYKEHUE JIJIs SHEPIUU BBIPOXKIEHHOIO (hepMu-

rasa: 23 ) 43
B 1% mT 1%

E=Ey+ =NT?( — =Fy|14+0.18 — — 72

0t (N) ot <h2> (N) (5.72)

rae Ey naercsa soipaxkenunem (5.49). Orcroga, KCTaTw, JIETKO BUIETDH, YTO OTHOCUTEIHHAS
TeMIepaTypHas OMpaBKa K SHEPIHH CHCTEMBI, Ha caMoM feie, nveet ManocTsb (1T'/er)?.

Pacuer Temnoemkocrn 3 C = g—g Jaer, pasymeercsd, npexkanii pesysibrar (5.69).

5.8 Maruerusm 3JIeKTPOHHOTO ra3a. Ciabdbie moJid.

Hamarau4eHHOCTD JEKTPOHHOIO ra3a B CIa0bIX MATHUTHBIX MOJIAX CKJIQJIBIBAETCH W3
JIBYX dYacTeil: M3 napamazrummoti HAaMarHuIeHHOCTH, CBSI3aHHON C COOCTBEHHBIM CITH-
HOBBIM MArHUTHBIM MOMEHTOM 3j1eKTpoHOB ([aynu) u uz duamaznummol HAMATHUYEH-
HOCTH, CBSI3aHHOH C KBAHTOBAHWEM OPOUTAJIHHOIO IBUKEHUS IJEKTPOHOB B MATHUTHOM
none (Jlangay).

B manbueiimem 6ymemM paccMaTpUBATh BHIPOXK AEHHBIH Ta3 3/IeKTPOHOB: 1 K £p. Ycio-
Bre cabOCTH MATHUTHOTO [OJI ITOHUMAaercs B cMmbicie nepasercrBa: upH < T, rae
up = 2‘172 — maraeron Bopa.

Boruucienns ynobHO TPOBOAUTL € TOMOIBIO TEPMOIMHAMHUIECKOTO TMOTeHTrasa 2,
T.e. B mepemenubix 1, V, u. Torna MarHUTHBIA MOMEHT CUCTEMBI OIPEIe/ISeTCs KaK:

o0
M=-— () (5.73)
oH T,V,u
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BaiiMeMcst CHAYAITA, TAPAMATHUTHON YaCThI0 HAMArHUIeHHOCTH. /lomoTHuTe ThHAS CIIH-
HOBAs YaCTh YHEPTHUH IJEKTPOHA, B MATHATHOM TIOJ€ paBHA +upH, njis qByX ero CruHo-
BbIX mpoekimit F1/2. CooTBeTCTBeRHO, B MO SHEPTHS 3MEKTPOHA £, = p°/2m 3aMeHs-
eTcsd Ha Epy = p?/2m + ppH. Tlockonbky € BxoguT B DyHKIMIO pacnpeneenus Pepyu
BCErZIa B KOMOUMHAIIMU € — [i, Y9KBUBAJEHTHOE IIPEJIBLIYIIEMY YTBEPKICHUE CBOJUTCI K
zamene Besne (4 — uF pupH. losromy, s norennuasa () cuCTeMbl B 1TOJIe MOZKHO CPa3y
HAIHUCATh:

Qu) = %QO(M +upH)+ %QO(N —upH) (5.74)

rae Qo(p) — moTeHIMAT B OTCyTCTBHE MarHUTHOrO mojis. Muoxwurens 1/2 mpocto yuu-
TBHIBACT YMEHBIICHUE B JIBA PA3a YUCTa KBAHTOBBIX COCTOSHUH 3JIEKTPOHA TP (PUKCHPO-
BAHHOH IIDOEKIIUN CIIUHA.
Paznoxkum (5.74) 1o crenensiv H u 110osy4uum (4/€Hbl 1EPBOIO LIOPSIKA, OYEBUIHO,
COKDAIAITCSA):
1 Qo (1)

Q(p) = Qo(p) + §ﬂ213H2Tﬂ (5.75)

Orciona osygaeM MarHUTHBIH MOMeHT (5.73) B BH/E:

9*Qo(1)

Ho npoussonnas 68%0 = —N u napaMarHuTHAS BOCHIPUUMYHUBOCTD, OTHECEHHAA K €TUHULIE

obbeMa raza, eCcThb:

2 2 2
_ M O"Qo(p) _ pp (ON
TV T T v o)y (5.77)

ITpenedperas MaabiMu npu 1 < £p TeMTIepaTypHLIME 3(bdeKTaMu, T.e. CUNTas Ta3 TOJ-
2
HOCTBIO BBIPOZKJICHHBIM, UMEEM [l = Ef = (3772)2/32%(N/V)2/3, U COOTBETCTBEHHO:

_ o (2mp)??
N =V (5.78)
1o nocse puddepenuupoBanus B (5.77) naer:
2 3/2 2
np(2m 1 m,
xp = RO B (5.79)

2m2h3 m2h3

— MAayIHeBCKY0 MAPAMArHATHYIO BOCIPUUMYHBOCTG. TakuM 00OpazoM, mapaMarHHTHA
BOCIIPHUMYHBOCTD BBIPOKIEHHOTO 3JIEKTPOHHOIO Ta3a He 3aBUCHT OT TEMIEPATYDHI (1Ipn
T < €p) ¥ NPONOPIUOHAIBHA IUIOTHOCTH COCTOSHHN 371€KTPOHOB Ha yposHe Pepwmu.
DTOT pe3yJILTAT CBA3AH IMPOCTO C TEM, YTO BHEIIHee MAUHUTHOE II0JIe IPUBOIUT K Hepa-
BEHCTBY 4HCJIA 3JIEKTPOHOB CO CIMHAMH II0 U OpoTuB noisd: Ny — N ~ vpupH, a 3T0
COOTBETCTBYET HAMATHMYEHHOCTH BAOJL nosid M = pp(Ny — N|) ~ u%vpH, uto u naer
BoCTIpUIMIHBOCTH (5.79) 7.

7CymecTBYIOT SKCIEPHMEHTAIBHBIE METOIbI, IIO3BOJISIONIAE HEIOCPEJCTBEHHO H3MEDSATh HMEHHO
TOJIBKO IIaPpaMAarHUTHYIO YaCTh BOCHPHUUMYHNBOCTUA B MeTaJlJIe (HaHpI/IMep u3MepeHusi CaBura HaﬁTa B
SAMP-sKCIIepUMEHTAX) U [I0JIy4aTh, TAKIM 06pa30M, HEIIOCPEJCTBEHHY 0 HHMOPMAIHMIO O BeJIHINHE ILJI0T-
HOCTH COCTOS{HI/II‘/’I, AHAJIOTUYIHO U3MEPEHUSAM 3JICKTPOHHOI'O BKJIAJAd B TEIIJIOEMKOCTD.
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Ilepeiinem Temepb K BBHIMUCICHWIO AMAMATHUTHOW YaCTH BOCTPUUMYUBOCTH, CBI3aH-
HO# ¢ OPOUTATBLHBIM JIBUKEHUEM 3JIEKTPOHOB. Y POBHU JHEPIUHU OPOUTAIBHOTO JIBUKEHUST
9JIEKTPOHA B MAHUTHOM II0JI€ [IPEJICTABIAIOT COOOM TaK Ha3blBaeMble ypoBHU Jlannay [7]:

1 2 2
Enp. = hwe(n + 5) + = =02n+1) 27; (5.80)
e we = L — IMUKJOTPOHHASA 4dacToTta, n = 0,1,2,...; p, — UMIYAbC ITEKTPOHA IO

HaHpaBﬂeHI/IIO mosst. Ilpw 3TOM 9mCI0 cocTOAHMI B MHTEpPBaIE dp, Tpu PUKCAPOBAHHOM
3HAYEHNH N PaBHO [7]:
V0e|H
(2wh)%c

dp- (5.81)

Torna uz (5.6) nmeem:

n=0 —

T
nJjan
Q=2ugH Z fluw— 2n+ VpupH) (5.83)
n=0
rie
Fu) = 121:23// dp, In [1+exp (; ;;)} (5.84)

CyMMuUpOBaHUE 110 T 3[,eCh MOXKHO [IPOBECTH C IIOMOLIBIO cieayoreil dpopmysst [1, 2]:

ZF n+ / deF(z)+ 214F (0) (5.85)

n=0

VcioBue ee MPUMEHHMOCTH COCTOMT B MAaJIOCTH OTHOCHUTEIHHOTO W3MeHEeHusi (PyHKIINN
F wa ognom mare n — n + 1. B HameMm caydae 3T0O ycIoBHE CBOIUTCS K TPeOOBAHUIIO
/LBH < T.

Ipnwmensist (5.85) k (5.83), (5.84), momydaem:

2uBffafotf2nuBfn

Qf%mH/ dwf (i — 2 Hir) +

on |n:0 =
~ (2upH)* 0f (1)
/ df(z oo (5.86)

Ieproe cnaraemoe 31ech He comepxkut H u, ouesumno, cBomutes K o(u) B oTrcyTcTBHe
mosst. Takum obpasom:

(5.87)

OTKYy/a, KAK U BBIIIE B MAPAMATHUTHOM CJIy9ae, HAXOIUM JTUAMATHATHYIO BOCIIPHUUM M-
BOCTL B BHJE:
2 2
Xd:@w:_lx (588)
3V ou? 3P '
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rJie TOC/IeIHee PABEHCTBO MOy 4eHo cpaBhenueM ¢ (5.77). Takum 00pa3oM, TuaMarHuTHAs
BOCIIPUMMYMBOCTDL (JmamarueTusM Jlanaay) 371eKTpOHHOro ra3a pasHa 1/3 napamaraur-
HO¥ BocnpumMmHanBocTa (napamarderusm [aymm.). B memom, BEIPOXK IEHHBIH 37€KTPOHHBIIH
ra3 OKa3bIBAETCA IMAPAMATHUTHBIM U €r0 MATHATHAA BOCIPUAMYHBOCTH PABHA

2

X=Xp+Xa= gX;r (5.89)

Cnenmyer, BIpoYeM, WMeTh BBUJIY, ITO 3TH COOTHOITEHHUS MEXIY Xp M X4 CUPABEIIIH-
BBI TOJIBKO [IJIsi TTPOCTEHIell MOIen CBOOOIHBIX JIEKTPOHOB, PACCMOTPEHHON BhIMie. B
PEeATbHBIX METAIAX, TJE BUJ CHEKTPA SJEKTPOHOB MOXKET CYIIECTBEHHO OTJIMIATHCA OT
MIPOCTEHRIIero, TH COOTHOIIEHUST MOT'YT JOBOJBHO CHJIHLHO HAPYINAThCsd. IMEHHO T03TOMY,
1pu OOCYKJEHUN IKCIIEPUMEHTOB 110 U3MEPEHUI0 MATHUTHOW BOCIPUMMYUBOCTH METAJ-
JIOB, BO3HUKAET JOBOJIHLHO CJIOKHAs MPoOIeMa pas3/iesieHns NapaMarHuTHOTO U JuaMar-
HATHOTO BKJIAJIOB.

Pazymeercs cyMMapHyo BOCIPHMMYUBOCTH MOXKHO BBIYUCJIUTH U cpaldy. s sroro
Ha0 GBLIO-ObI 3aIMCATh YPOBHH SHEPIHU JIEKTPOHA B BUIE &y, + = (2n + D)upH +
p?/2m F pupH, BKIIOYAB CIMHOBOE pacIielieHne B CHeKTp Jlamay. DTy COBOKYIHOCTD
YPOBHEH MOXKHO MPEACTABUTH B BUIE: &5, = 2nupH + p2/2m (n = 0,1,2...), mpuvem
KazKI0€e 3HadeHne ¢ n 7# 0 BeTpedaercs nBax el a ¢ n = 0 — ogun pa3. Torma, anasoruaso
MIPEIbIIYINIEMY PACCMOTPEHUIO, JIETKO IOy YUTh:

=2l { Sf(0)+ 3 F(u— 2y Hn) (5.90)
n=1

a JIsi BEIYUCJIEHUH BOCTIONB30BaThCsT (hOpMyIIoi cymmuposanus [1, 2]:

1 o0 1
SFO)+ 3 Fn) = /O drF(z) — - F(0) (5.91)

HeHOCpe,ELCTBeHHbIe BBIYUCJICHUA TIPUBOIAAT K PE3YJIbTATY 1A TIOJTHOM BOCIIPUUMYHUBOCTH

(5.89).

5.9 Mar=meTu3M 3JeKTPOHHOro rasa. CujabHbBIE TTOJIA™.

Paccmorpum Temeps 0071aCTH TaK HA3BIBAEMBIX KBAHTYIONIMX MATHUTHBIX MOJEH, M1JIst
KOTOPBIX:

T<pupH =hw. <ep =4 (5.92)

B sTmx yciaoBusX CTAHOBUTCH CYIIECTBEHHON NHWCKPETHOCTH ypoBueit Jlanmay, coorser-
CTBYIOMINX ABMXKCHHIO 3JIEKTPOHA B IJIOCKOCTH, OPTOTOHAIBLHON MarHITHOMY momio®. Te-
mepb y¥Ke HEeNMb3sl OTIASIUTb APYT OT APYra OpOWTAJIbHBIE W CIUHOBBIE 3(PPEKTH U MPH
BBIUUCJIEHUAX HYKHO HCXOAUTH u3 obiieii dhopmynt (5.90). Kak Gyzer kpaTko MoKa3aHo
wuke, tpu hw, = upH > T HAMarHUYeHHOCTH JIEKTPOHHOTO Ta33, COMEPKUT OCUUMAMU-
pyrowyro Kaxk Gyskinng H 9acTh, mprdeM aMIIIUTYAA 3THX OCIULAANANR He Maia. Mol
OILyCKaeM DsiJI IOAPOOHOCTEN B BHIYUCIEHUAX, KOTOPble MOXKHO Hailitu B [1, 2].

8910 jiBUKEHHE B KJIACCHKE €CTh IPOCTO IUKJIOTPOHHOE BPAIIEHHE 3JEKTPOHA C YACTOTOH We BOKPYT
HaIpaBJIeHHsl II0JsI. B KBAHTOBOM CiIydae 9TO BpallleHHe ONHUCHIBAETCS KaK OOLIYHBIN OCIUJIIATOD C TOi
K€ 9aCTOTOH, 9TO U IPUBOAUT K IIOSIBJIEHUIO IIEPBOro (OCHUIIISTOPHOrO) CIaraeMoro B cuexrpe Jlangay
(5.80). Bropoe ciaraemoe B (5.80) COOTBETCTBYET CBOOOIHOMY ABHXKEHHUIO JIEKTPOHA BJIOJIb HAIIPABJIEHUS
OJISL.
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ITpu pacuere (5.90), B ycaopusax (5.92) yike HeJb3s MOJb30BATHCS MPOCTHIME GOP-
Mynamu cymmupoBanus Tana (5.91), mocKombKy cymMupyemas (DYHKIHS MOXKET DE3KO
MEHATBCA NMpU nepexose or N K 1+ 1. CTaHmapTHBIl IpreM COCTOMT B MCHOJIL30BAHUY

dopmynsl cymmmposanusa Ilyaccona 2

1 - * - * 2mikx
éF(O) + ; F(n)= /0 dxF(x) 4+ 2Re ;/0 dzxe F(z) (5.93)
Toraa (5.91) MOXKHO HpPEACTABUTL B BUJIE:
TmV >

rie
2

°° e - 2eupH
I E—} H d . d 27r7,kx1 1 ﬁ . pz o .
k LB [m D /0 xe n { + exp (T o e (5.95)

Hac wnTEpecyeT TOMBKO OCIUJIIAPYIONAS 1O IO/ YaCTh WHTErPAJIOB,KOTOPYIO Oymem
oboznauare ;. Tlocie nogxonamux 3amMen nepeMeHHbIX U3 (5.95) MOXKHO HOJIYYHUT:

= > > h—E iTke imkp,
I, = — dp., deln |1 —_— —_— . .
& /_Oo D /0 cln +exp< T )] exp <,MBH) exp( QWWBH) (5.96)

Wurerpan mo p, 31ech MoxkeT ObIThH BeIIuCHeH [1, 2], mocie Yero nveem:

~ - 2 H o amke p—e
I, = —eﬂﬂ/%/ dee¥s 7 In [1 + eT} . (5.97)
0

31ech MOKHO JBAYKILI TPOBECTH MHTEIPUPOBAHME MO HaCTAM W TEepeiiTH K TepeMeHHol
& = (e — p)/T. Onyckas HEOCII/UTUPYIOILYIO IO TIOJI0 YacTh, MOKHO Hamucars [1, 2[:

- V2m(upH)®? irkp im o s itkT
I. = - d . .
k Trapsa P (,UBH 1 > /_Oo 6(6‘5 )7 P (,UBH£> (5.98)

Ilpu ppH > T omnpenendoyo poiab B OCTABIIEMCS WHTErpaje urpaer obmactb & ~ 1,
T.€. OKPECTHOCTh ypoBHA Pepmu € — pp ~ T', ITO TTO3BOIUIO HAMKCATH €0 B OECKOHETHBIX
npenenax. axTuuecku, nHTErpast Tenepb Gepercst o dbopwmyae [1, 2]:

e’} 3
iag € __Ta
/_DO de (e¢ +1)2  sh(ma) (5:99)

OKOHYATETBHO, JJIs OCIUJLTHPYIOIIEH 9acTh moTennuasa ) mojydaem:

V2(mupH)32TV & €08 (,;’?ﬂf - %)

Q= f 5.100
m2h3 k3/2sh ( Z2kT ( )
k=1 uH
9Popwmyna Ilyaccona nomywaercs ms pasencrsa: y oo 8(xz —n) = Yoo e? kT Cymma -

byHKIMit, CTOAIIAs CIeBa, €CTh Mepuoanvdeckasi (pyHKIHS C MEepUoaoM 1, a CyMMa COpaBa eCTh pas-
JiokeHune 3Toi GyHKIuE B psig Pypbe. YMHOXKaAsi 9TO PABEHCTBO HAa NPOM3BOJIbHYIO GyHKIui0 F () m
uHTerpupyd o = ot 0 g0 oo, nmomydaem dopmyny Ilyaccona. IIpu sTom HaZO TOJIBKO elfe y4ecTb, ITO
ujen cymmsl ¢ n = 0 pasen [;° dzoF (z)d(z) = F(0)/2.
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ITpy BLIYUC/IEHUU MATHUTHOIO MOMEHTa KakK IpPOu3BOAHON oT (5.100) 1m0 momo, Hy»KHO
b depeHImpoBaTh TOJMBKO Hanbosee OBICTPO MEHSIONNECT MHOKHUTEN COS B YUCTUTE-
JI9X 9JIEHOB CYMMBI. DTO JAeT pe3yabrar Jlanmay:

~ 2u3m3/2uTV > sin (ugqu - %)
M=-— . T (5.101)
Th3vH 1 \/Esh (71' T)

/LBH

TMosyueHHOE BBHIpAsKEHWE OCIMJTUDYET, MePUOANTHOCTh UMEETCsT 37eCh MO OGPATHOMY
nomo 1/H. Tlepnon nio nepementoii 1/H ects:

A (;) - 2“73 (5.102)

u He 3aBucuT OT Temneparypbl. [lpu srom A(1/H)H ~ upH/p < 1, 1.e. ocupnsiyu
npoucxogdar ¢ Goapmoit “gacroroit’. Takue OCHUIAAINKA MATHHTHOTO MOMEHTA, B IIOJIE
HAOMIOMAIOTCA B METaJIaX IIPH JOCTATOYHO HU3KHX TeMIeparypax u ‘“amcrhix’ obpas-
Iax M HasbiBaloTCa dddexkTom me-laaza — pan-Anbdsena. [Ipu pupH ~ T ammauryna
KomeGammii MarauTHOrO Momenta M ~ VuH'Y?(mup)3/?h=3. Monoronrnas wacts Ha-
maruuaeHnocT M onpenesisercs BbIYUCAEHHON BbIle BOCIPUUMYUBOCTBIO (5.89), Tak
aro M ~ Vp/2Hm3/ 2% h=3. Tostomy M /M ~ (u/ppH)"? > 1 n ammmryna ocrpm-
JIUPYIOIIEN TaCTH 8esuka IO cpaBHEHHUIO ¢ monoronnoi. Hamporus, mpu pupH < T 3T1a
AMILIMTY/a SKCHOHEHIMAIbHO ybbBaer Kaxk exp(—72T/upH) u cranosurcs npeneGpe-
KIMO MAaJIOH.
Bripaskenue s nepuoma (5.102) MOKHO nepenucarTh CAeAyIOnmM 06pa3oM:

A 1\ _lelh 1 2lelh 7w _ 2mle|h (5.103)
H) mcer ¢ 7p%h ¢Sk ’

rie Sp = Tp% — MIOMAIh MAKCHMATBHOTO “cevenmus’” cdepuyeckoit mosepxaocT Pepyn
raza cBODOMHBIX 9J1eKTPOHOB. OKAa3bIBAETCs, YTO TOCJIEIHEE BBIPAYKEHNE MPUMEHUMO H
JJIST METAJIJIOB ¢ TIPOU3BOJIBHBIMHU TTOBEPXHOCTAME Depmu, eciu nofd, Sy MOHAMATH TLJIO-
M2/Th JF060r0 9KCTPEMAIBLHOTO CeveHus CIoxkHOH nopepxaocTn ®epmu [21]. Tlockonbky
TaKUX CedeHuil y peanbHOi moBepxHocTr PepMu MokeT ObITH HECKOJBKO, BOZHUKAET U
HECKOJIBKO TIeproIoB ocmuisinii mqe-l'aaza — Ban-AnbdBeHa. DKCIEPUMEHTATBHOE H3Y-
YeHHEe ITUX OCHUJLIANIH MO3BOJIIeT HANTH SKCTPEeMAbHbIE cedenus oBepxuoctu ®epmu
PEAIbHOTO METAJJIA U yCTAHOBUTD, TAKUM 0Opa3oM, ee GOPMY U TOMOJIOIHIO.

AdderT me-Taaza — Ban-AnbdBeHa ABIAETCSA TTEPBLIM B TEJOM DSy OCIIHJIISIIUOH-
HBIX SBJIEHHH B METAJIaX, HAXOAAIUXCS B KBAHTYIOMIEM MATCHUTHOM IOJI€ TPU HU3KUX
TeMIeparypax. YIOMsIHEM, HATPUMED, AHAJTOTHIHBIE OCIUJLIANNN 3JIEKTPOCOIPOTHBIIE-
uug Merasuios (addekr [lybuukosa — ne-Taaza). Bee s1u adbdexrsl cBa3anb ¢ gammays-
CKUM KBaHTOBAaHUEM CIEKTDPA 3JeKTPOHOB B MaruuTHoM nose (5.80) u ¢ “npoxoxaenuem”
JVICKPETHBIX YPOBHEH MOMEPeTHOro NBUMKEHUS depe3 ypoBeHb DepMu MpU M3MEHEHWUM
BHEITHEr0 MarHuTHOrO nosis [21]. DxrenepuMenTanbHoe HabmoneHne sTux 3bGEKToB AB-
JISIETCS MOIITHBIM CPEICTBOM BOCCTAHOBJIEHNSI TEOMETPUN PEAJIBHBIX oBepxHOCcTel Pepmu
METAJLIOB.

5.10 BeipoxaeHnHbiit 603e—Ta3.

IIpu HU3KEX Temmeparypax CBOMCTBa 003e-Ta3a PaJUKAIBLHO OTJIUYAOTCS OT CBOUCTB
depuu-raza. Ilpu T = 0 6ce gacTupl raza 3aHUMAIOT COCTOSTHUE C HAMMEHBIEH JHEp-
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rueil € = (0, orpanndenuil, cBa3aHubIX ¢ npuHIUnoMm llaymm ans aux #er. PaccMorpum
YPABHEHHUE JjIsl [OJHOrO YMC/Ia YaCTHUIl, onpenensioiee xumnorennuan (5.30) B 603es-
CKOM CJIy4ae:

N _ gmT)> /ood vz (5.104)
0 e

=4 _

\% V2m2h3
Ecan npwm 3anaanoi nnorroctn rasa N/V normkathk Temmeparypy, To u3 (5.104) suaao,
UTO XUMUYIECKHUI TTOTEHIMAT (4, OCTABASICH OTPUIIATEILHBIM, YMEHBIITAETCS MO abCOIOT-
Hoit Benuuune. Ipu 3T1OM OH OOpaIaerTcs B HyJb IPU KOHEYHOU TEMIEPATYPE, OIpee-
JA4€MOii pABEHCTBOM:

N_ W/Oodz vz (5.105)
0

VS e o1
Crostimii 3mech UHTErpaa €cTh MPOCTO Oe3pa3MepHas KoHcTanTa ~ 2.315. Torma, perrrast
(5.105) oTtHocuTenbHo T, MOMyHaeM XapakTepHyio Temmepatypy 1o 10:

3.31h% (N\*/?

HA3bIBAEMYIO TeMIIepaTypoit 6ose-kondencaruu. PU3NIECKUI CMBICI 9TOTO TEPMUHA, TaK-
2Ke KaK ¥ BOBHUKAIOIIETO Py 3TOH Temieparype 3dderTa MOKHO MOHATH U3 CJIEIYIONNX
paccyKaeHuii.

ITpu T' < T ypasuenue (5.105) He uMeeT OTPULIATEIbHBIX DEIIEHUET g (1, TOrAa KaK
B craructuke Bo3e XUMIIOTEHIINAT HO/KEH ObITh, KAK MOKA3aHO BBIIIE, OTPUIATETIBHBIM
IIPH JIIOOBIX TEMTIepaTypax. ITO KaxKyIeecs MPOTUBOPeYne CBSI3aHO C TeM, YTO B JAHHBIX
YCJTOBHSIX HE3aKOHEH TePeX0Ji OT CYMMHDPOBAHHS 110 KBAHTOBBIM cocTosgHusM B (5.11) K
UHTErPUPOBAHUIO 1[I0 HENPEPLIBHON mepemenHoil (sueprum) B (5.30), (5.104). B camom
Jlesie, TPU TakOM [epexoje, nepsbiil wien B cymme no k B (5.11), coorBercrByroimit
yposaIO ¢ € = 0, ymHO)Kaerca Ha /€ = 0 (cp. dboOpMyny mjsl MIIOTHOCTH COCTOAHMIA
(5.28)) u mpocto BhIMamaer. Ha caMoM ke Jesie, TIpU MOHVKEHUH Temueparypsl 1 603e-
YACTUIBI OY/IyT CKAIJIMBATHCH UMEHHO B 9TOM COCTOSIHUU C HAUMEHBIIeH 3Heprueil, moxka
npu T' = 0 He momajyT Tya BCe.

ITosTomy, B meticrBurenbuoctu, npu 1 < Ty meno oOCTOUT CIeIyrOmmUM 00Pa3OM.
Yacruupl ¢ 3Heprueii € > 0 pacupenesnenst 1o dopmyse (= 01):

dN,. = M@
Vom2hd et —1

COOTBETCTBEHHO, MOJIHOE YHCJIO YaCTHUI] ¢ SHEpruaMu € > 0 paBHO:

. : .00 /2
B _ gV(mT)*/? / Vi [TV
Noso = / dN. = i, dziez — =N T (5.108)

(5.107)

Ocranbubie

T\ 32
Neo=N |1 () (5.109)
1o

YaCTHUI, HAXONATCS B COCTOAHMM € Hu3lmeil 3Heprueil € = 0. TO siBJIeHNE HAKOILICHUS
MAKPOCKOIIMYECKOr0 YHCIa YACTUL (KOHEYHON YaCTy OJIHOIO YUC/Ia YACTHUIL) HA HYJIEBOM

103ameTrM, 9TO TAK 2Ke KAK U B CIydae TeMmaeparypbl OepMu, JaHHOE BLIPAYKEHHE 110 TIOPSIKY BeJIH-
4uHbl, (PAKTUIECKH, COBIAAAET C TEMIEPATypPOil BBIpOxKAeHus ra3a (3.79).
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YPOBHE U Ha3bIBaeTCsa kondencayueli Bose — Snwmetina. Ilomaepkaem, 9ro pedsb naerT
0 “KoHIEHCAIMK B UMIIYJILCHOM TpocTpaHncTse (p = 0), He uMeromel Huyero obIero ¢
OOBITHON KOHAEHCAuel ra3a. acTunbl B 603e-KOHIEHCATE 00PA3YIOT MAKPOCKOIMHIECKOE
KBAaHTOBOE COCTOAHHUE C BECHMA CIENU(PUICCKIMA CBOACTBAMM.

Oueprus raza upu T < Ty oupeuensiercs vacruuamu ¢ € > 0 (cp. dopmyay (5.33),
zanucannyo st = 0):

0 3/2 3/275/2
gV(mT)3/2T/ 23/2 T m>/2T
FE=—— dz—— =~ 0.7T7TONT [ — =0.128g—————V A1

NI Ty T (3:110)

OTCIO,EL& TOJIYyYIaeM TEIJIOEMKOCTD:

OF 5F
1%
WHTerpupys TemIoeMKOCTb, HAXOIUM IHTPOIHIO:
T
C. 5F
S:/ AT = — (5.112)
o T 3T
u cBobonnyio suepruto F'=FE —TS:
2
F=-2E (5.113)
g naBiieHns ra3a uMeeM:
OF 3/2T5/2
pP=- (av) ~ 0.085lng (5.114)
T

B camoit touke T' = T Bce paccMoTpeHHBbIE (PUBNIECKAE BEJTUYUNHBI HEMPEPBIBHBI, HO
MOYKHO MTOKa3aTh, YTO MPOW3BOIHAS TETIOEMKOCTH 110 1" MCTIBLITHIBAET B ITOH TOUKE CKa-
40K [1, 2]. TToaromy, Touka 603e-KOHeH AN, GaKTHIECKH, SBJISETCS TOYKOH HEKOTOPO-
ro ¢azoBoro mepexosa. 3aMeTHM, BIIPOYEM, YTO CBOWCTBA ITOTO MEPEXOa CYIIECTBEHHO
3aBUCAT OT B3aUMOIEHCTBHS YACTHUI], KOTOPBIM MBI MOJHOCTHIO IpeHeOperan.

B reuenmne mHOrMX Jier sBieHue 003e-KOHJICHCAIMH B Ta3aX OCTABAJIOCH YHUCTO TEO-
PETHYIECKNM DPE3YJIBTATOM, XOTs BayKHOCThH ITOTO SBJEHUS MPEKPACHO OCO3HABAIACH W,
daxTudecku, spieHne 603e-KOHIEHCAIMKA HADJIONAIOCh B SIBJIEHUAX CBEPXTEKYUECTH U
CBEPXIIPOBOJMMOCTH B KOHJEHCUPOBAHHBIX TejaX (e, KOHEYHO, POJib B3auMOeiCcTBUs
ABJISIETCS ONPEeNEAIoNIei). DTu npobueMbl OyayT 06CyKIAThCs HUXKe. B mocieanue ro-
JIbl, OJIHAKO, dBJieHre GO3e-KOHICHCAIMH YIAJI0Ch HEeMOCPEICTBEHHO HaOII0IaTh B YHU-
KAJIbHBIX HKCIEPUMEHTAX C [MaPAMHU IIEJOYHBIX METAJIIOB, OXJIAXKIEHHBIMHU JI0 PEKOPJIHO
HU3KHX Temneparyp ~ 1077 K B creruabHBIX MATHATHBIX JOBYIIKAX. DTH CUCTEMBI, KaK
0Ka3aJI0Ch, JIOBOJILHO XOPOIIO ONUCBLIBAIOTCS UMEHHO MO/JIEJIbIO TTIOUYTH HIeaIbHOro H03e-
rasa. OTH UCCJIETOBAHUS SABJAIOTCS cefidac OmHON m3 HanboJiee WHTEPECHBIX W AKTUBHO
pasBuBawoluxcs obsacreil Gu3nKu cucreM MHOrMX dacTuil [22].

5.11 Craructuka POTOHOB.

BaskueitimumM 00beKTOM IPpUMEHEHHUA CTAaTUCTUKHI Boze asnsgerca JIEKTPOMAIrHUTHOE 13-
JIydenune, Haxoadmeecd B paBHOBECHUU (T.H. U3Jy4veHune 4YepHoro Teﬂa), T.€. CTAaTUCTHUKAQ
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doronos. JluneiinocTh ypaBHeHu# (IPUHIMIT CYIEPIO3UINE ) 3JEKTPOJIUHAMUKY O3HAUA-
€T OTCYTCTBHUE B3auMOo/IeiicTBusT (DOTOHOB — oHM 00pa3yIoT uaea bHb ra3. B cuny neno-
quCIeRHOCTH crmHa GOTOHOB (8 = 1) 3T0 ecThb ra3 6030H0B. PAKTHIECKY B JAHHON 3,144
OApa3yMeBaeTcsa Haamdne caaboro B3amMmomecTBusa (POTOHOB C BEIECTBOM, HEOOXOIH-
MOe€ [1JIsl YCTAHOBJIEHUSI TEPMOJAMHAMUIECKOrO paBHoBecus. Mexanu3m, 00ecieanBalonuii
yCTaHOBJIEHNE PABHOBECHST COCTONT B TIOTJIONIEHUN U HCITYCKaHUN (GOTOHOB BelecTBoOM 1.
DT0 00CTOATEIBCTBO PUBOIUT K BarKHOH 0COOEHHOCTH (POTOHHOrO rasa: 4HMC/IO YACTHUIL
N B HeM He COXpaHSETCH M JIOJIKHO OUPEIEIAThCS U3 YCJIOBHIl TEIJIOBOIO PABHOBECHUS.
Tpebyst MunuManbHOCTH cBOGOAHOM 3Heprun (npu 3agannbix 7' u V), nomydaem omHO
U3 yCJOBWI TOI0 MUHUMYMa B BHJIE: (g—f,) = p = 0, Tak 9TO XUMIIOTEHIIHAJ [a3a

$HOTOHOB:

.V

1 =0. (5.115)

OyHKIMSA pacrupeaesens (DOTOHOB MO KBAHTOBBIM COCTOSTHUSIM C ONPEIETeHHBIMU 3HA-
YeHugMu uMnyibca fik u snepruu fiw = fick (1 onpeeseHHbIMYU TOJSIPUBAIUIMU — PO~
eKIMAMY UX CIHHA) Jaercsa dopmynoii Bose ¢ p = 0:

1
Ng = 55—

Lw

(5.116)
eT —1

YTO Ha3bIBaeTCs pacupeenennem llnamka.
Cunras 0bbem V' mocraTodno 6OTIbIM, epeiieM 00bIIHBIM 06PAa30M OT JUCKPETHO-
I'0 K HEMPEPBIBHOMY PACIPEIETEHUI0 COOCTBEHHBIX YACTOT M3aydennd. Tucao KonebaHmit
¢ KOMTIOHEHTaMu BOJHOBOTO BekTopa Kk B mnteppanax d°k = dk,dk,dk, paswo, Kax wu3-
3
BECTHO, V(STI)% [8]. Hucnmo kosebanuii ¢ abCOMIOTHON BEINYNHON BOTHOBOTO BEKTODA B

unreppasie k, k + dk ectn:
\%

(2m)?
Ucnonb3dysas w = ck u ymHoxkas Ha 2 (MMeeTcst JBa HE3ABUCUMBIX HAIPABJIEHUs [10JIs-

pu3auyu), I0JIy4aeM YUCJIO0 KBAHTOBBIX COCTOAHUII (DOTOHOB € 4aCTOTAMU B MHTEPBAJIE
w,w + dw:

drk2dk. (5.117)

Vw?dw
—a (5.118)
Torma umncmo HGOTOHOB B JAHHOM WHTEPBAJIE UaCTOT:
Vv 2d
AN, = —— (5.119)

w23 o 1
Vuuoxkas Ha fw, IIOIyYUM SHEPIHMIO U3JIyYeHHs, 3aKII0YeHHYI0 B 9TOM y4acTKe CIeKTpa:

3
i, — Y e (5.120)

m2c3 ehTw —1

— dopmyny Ilnanka. CoorBercrBytomuii rpaduk nokazan Ha Puc.5-2. Breipaxkas Bce ue-

pe3 JJIMHY BOJHBI A\ = %, HMeeM:
1672chV  d\
dE, = = . (5.121)
e —1
U Xopommuii mpuMep Takoil CHCTEMBI — “peMHKTOBOE” H3IyUeHHe BO BCeleHHOl, OCTaBImeecs MOCHe

“bouibiroro B3psIBa’.
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16

J A

Al AN

0 1 2 3 4 §5 & 7 g

X

. 3 . _ hw
Puc. 5.2: @ynkiua [lnanka —; © = 7.

ITpu manbix yacrorax fiw < T u3z (5.120) nonyuaem dopmyny Pages — Txunca:

dE, =V ——w?dw (5.122)

m2e3

31ech HET 3aBUCAMOCTH OT i, 9TO KIACCHUYECKW Mpees, KOTOPBI MOXKHO cpa3y Ke
nosayuurb ymHoxkenueM (5.118) na T'; 1.e. upuMeHeHneM 3aKOHA DABHODACIIPEIEJICHUs K
KayKJOMy OCIUJIIATOPY 3JeKTPOMarHuTHOTO mois 2. B obpaTHOM mMpeaenbHoOM caydae
fu > T (xBaHTOBBIH mpeen) u3 (5.120) noaygdaem dbopmyny Buna:

h }
dE, = V—5w'e™ ¥ dw (5.123)
Tec

[110THOCTL CIEKTPAIBLHOTO PACHPEIEIeHNs IHEPIUU UEPHOTO U3JIYUIEHUS 110 YACTOTAM
dE,,/dw uvmeer MAKCUMyM TIPU W = Wiy, ONPEIEJIAEMONl PABEHCTBOM:

hw?n
T

~ 2.822 (5.124)

Takum 00pa30M, TIPU TIOBLIIEHAN TEMTIEPATYPHI MAKCUMYM DPaCIpPEIETCHUsT CMEIAeTCs
B CTOPOHY GOMBITUX YACTOT Mporopiuonaibio T’ (3akoH cMermenns) 13,

BoraucmM TepMOAMHAMWYECKIE BEJUIUHBI (POTOHHOTO Taza. Ilpu g = 0 cBobomHas
sueprusgs F = ® — PV = Npu + Q. Torna, nonaras p = 0 u nepexoms OT CyMMUPOBAHUS

12Herpyano BuaeTs, 9YTO MHTErpas (5.122) mo BceM YacTOTAM PACXOJUTCS, TAK UTO SHEPrusi POTOH-
HOTIO r'a3a OKa3bIBAeTCs O0ECKOHEYHOUW. DTO TaK HA3bIBaeMas yJbTpadHuoJeToOBast KaracTpoda, KOTopas
OBl OMHUM U3 CHJIbHBIX YKAa3aHUN HA HEJOCTATOYHOCTDH KJIACCHYECKOH Teopwuu, 4TO M mpuseso Ilman-
Ka K BBEJEHMIO KBAHTOB. 3amernm, 410 llnask npemsmoxus cBoio dopmyay (5.120), kak npocreiiuryio
HHTEPHIOAANUI0 MeXK Iy (5.122) 1 SKCHepUMEeHTAJIBHO OTKPBITHIM 3aKOHOM (5.123).

13 JT1st KOCMOJIOrIYeCKOro “pesTMKTOBOr0” M3 TyueHus: 3ToT MakcumyM coorsercreyer T ~ 3K.
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1o k K uHTErpupoBaHuio mo w B (5.12), noxydaem:

m2c3

F=T 4 /oocdww2ln(l—e_h%u)

Beoag © = hw/T u MATErpUPYA 1O YACTAM, Oy IUM:

T ° a3
F=-V_——707 d .
3n2h3c3 /0 Ter 1

Nurerpan 3aech pasen 72/15 [1, 2], Tak |To:

rae Ko dunment o (nocroannasa Credana — Bosbimana) pasen:

o w2k
60h3c2

ecau u3MepaTh 1’ B rpagycax. JHTPOIHS (DOTOHHOTO Ta3a:

oF _ 160 V3

S=—ar =3

TMonuas sHepTUs W3TyIEHUS:
4o 4
E=F+TS=—VT*=-3F
c

— 3akoH boabnmana. TemmoeMkocTh ra3a (pOTOHOB:

C, = (M) _ 1090 s
or /., c

oF 4o
P=—(—) =—1
<8V)T 3c

TaK 9T0 “‘yYpaBHEHUE COCTOSHUS

JlaBieHne N3TydeHN:

E
PV =—
3

(5.125)

(5.126)

(5.127)

(5.128)

(5.129)

(5.130)

(5.131)

(5.132)

(5.133)

YTO XaPAKTEPHO UMEHHO JJlsl PeJSITUBUCTCKOrO 1a3a co ciuekrpoM w = ck. Ilounoe (cpeu-

Hee) Yuca0 GOTOHOB MPU JAHHON TEMIIEPATYPE €CTh:

V &) 2 VTS [e’s] 2
N = / dw—"" = / dle ~ 0.244
0 0

m2c3 e 1 wicAh3 er —

(5.134)



I'maBa 6

KOHJAEHCVNPOBAHHDIE
TEJIA

6.1 TBeparnie Tesa. Huzkue remmnepaTypsbl.

B kpucrayiax npu HU3KHX TEMIIEPATYPAX aTOMBI COBEPIIAIOT MaJible KoJiebaHus BOIM3n
HEKOTOPBIX TIOJIOKEHWI PABHOBECHS, O0PA3YIOMNX KPUCTAJINIECKYIO perrerky. PakTu-
9eCKU, TaKasl YKe CUTYaIlus UMeeT MeCTO 1 B aMOP(HBIX TBEP/IbIX TEJIaX, e PABHOBECHBIE
HO3HUIAH HEYTIOPSI0UeHE B IPOCTPAHCTBe .

IIyctes N — ecrb umcsio mosekys (aroMoB), 06pasyoux TBEPAOe TeJIO, U — YUCIO0
aTOMOB B MOJIeKyJe (V = 1, eciu Tesio cocTOUT U3 aroMoB). Toraa TONIHOE YHUCIO ATOMOB
pasuo Nv. U3 obmmero uncia 3Nv cremeneil cBOOOIBI TPU COOTBETCTBYIOT MOCTYIIATE b=
HOMY W TPM BDAIATEJHbHOMY IBUKEHUIO TeJa Kak 1esaoro. [losromy uncso komedaresib-
HBIX crereneil cBobonsl ectb 3NV — 6. C ydyeroMm TOro, 94ro uuciao 3Nv OrpoMHO, MOXKHO
CIIOKOMHO TIpeHeOpeYh 9nuciioM 6 M CIATATh YUCIAO0 KOJEeDATENbHBIX CTerneHeil cBOOOIbI
paBHBIM IpocTO 3NV.

Huxke MBI He yUUTHIBAEM BOBCE 3/IEKTPOHHBIE CTEIIEHN CBODOMBI, TAK UTO BECH U3JIara-
eMbIil MaTepuaJl OTHOCUTCS, CTPOTO TOBOPS, K MU3IeKTpuKaMm. B mpocreiimem mpubinke-
HUW, B METAJJIAX MOXKHO CIYUTATH, YTO SJEKTPOHHBIE BKJIALI BO BCE TEPMOINHAMUICCKUE
BEJIMYMHBL TIPOCTO A0OABJIAIOTCS A ITUTHBHO.

C MexaHHYECKOH TOYKM 3peHust cucreMy ¢ 3Nv Kosiebare/IbHbIMU CTEIEHAMH CBOOO-
bl MOXKHO PACCMATPUBATH KaK HAOOP 3NV HE3aBUCUMBIX OCIMJLISTOPOB, KAXKILIA U3
KOTOPBIX (B rapMOHMYECKOM MNPUOJUKEHUN) COOTBETCTBYET OTIACABHOMY HOPMAALHOMY
kosebaruto [13]. 113 KBAHTOBOH MEXaHHKH M3BECTHO [7], 9TO 9HEPIHS TapMOHMYECKOTO
OCHUIIATOPA, UMEET BU;:

(o) o

rie fw — komebarenbublil kKBanT, n = 0,1, 2... — kogebareapHOe KBaHTOBOE uncao. Toraa
CTATCYMMA OJHOTO OCIUJLIATOPA OMPEIEIsIeTcs Kak:

o0
Zose = Y _ e~ F(0H1/2), (6.2)
n=0

! Bosbmras 4acTb HOCIIEAYIONIET0 MaTepuaia OCHOBaHa Ha [1, 2.

105
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Bynem orcuuThIBATH SHEPTUIO OCIM/LIATOPA OT Hauboaee Huzkoro (n = 0) konebaresnb-
HOTO YPOBHSI, BKJIIOUUB HYJEBYI) SHEPTUIO B MOCTOAHHYIO £(, OMPEACTSIONIYR) HATAIO
orcuera dHepruun. Torma:

> B 1
Z sc = 67%’” = D 6.3
a cBODOIHAS SHEPIUS:
Foge =T (1- ¢} (6.4)

CoorBeTcTBEHHO, CBOOOTHYIO SHEPTHIO TBEPOrO TEJIa MOXKHO HAIMNCATH B BUIE:

F=Ne+TY In (1—6*"%‘), (6.5)

re CyMMHUPOBaHUE UaeT 1o BceM 3NV HOPMAaIbHBIM KOJIeOaHUSIM, KOTOPBIE HYMEPYIOTCsT
MHIEKCOM «v. 37ech IN€g — 3HEprusl HyJEeBBbIX KOjebanwil, KOTOpasi, 09eBUIHO, IPOMOP-
IUOHATBHA YUCTY MOJEKYT Tela, a €9 — YHEPIruA, OTHECEHHAS K OIHONW MOJEKYyJe Mpu
T =0.

Paccvorpum mpeaenbubIil cay4dait Hu3kux TeMmueparyp. Illpu manbix 1 B cymMMe 110 o
WUTPAIOT POJIb JIWING YJIEHBI ¢ MaJbIMK dacToramu hw ~ T. Konebanus Majabx 9acToT B
TBEPIOM T€Jjie€ — 3TO OOBIYHbIE 3BYKOBbIE BOJIHBL. J[InHa 3BYKOBOI BOJHBL A = u/w, riae u —
CKOPOCTB 3ByKa. JJist 3BYKOBBIX BOJIH JIJINHA, BOJHBI BEJIMKA 110 CPABHEHUIO C TTOCTOSHHOMN
pelierky Kpucrajia (MJId CPeJIHUM MEXATOMHBIM DACCTOSHHEM B aMOPGMHOM TBEPAOM
Tese): A > a. COOTBETCTBEHHO, WX 9ACTOTH W K u/a. JIjist TOro, 9To6B MOXKHO GBLIO
paccMaTpUBAThL CYIIECTBEHHBIE JJIs HAC KOJEOAHNMS KaK 3BYKOBBIE BOJIHBI, TEMIIEPATYPA
CUCTEMBI JOJIKHA, V/IOBJIETBOPATD YCIOBUIO:

T < h% (6.6)

IMycrsb Teno usorponno (IT0 BepHO it aMopdHbIX Tej). Torma B HEM MOIYT PacIpo-
CTPAHSATHCH MPOIOJbHBIE (CKOPOCTh ;) U NOIEPeYHble (CKOPOCTH U:) 3BYKOBbIE BOJIHBIL.
IIpu sTOM /11 KX 9ACTOT MMEEM:

w=wk u w=uk (6.7)

rae k = |k| — MOmy B BOJTHOBOTO BEKTODA.

Yucao cobcTBeHHBIX KOIeOAHNI B CIIEKTPE 3BYKOBBIX BOJH € aBCOTIOTHON BEJIMINHOMN
BOJIHOBOI'O BEKTOpa B mHTepBasie k, k + dk u ¢ gaHHOI nonspusanueil paBHO:

Amk?dk
V—— (6.8)
(2m)

IMonaras ajs TPOAONBHON NOAAPH3ANNU k = W/, & I ABYX HOIEPEYHbIX — k = w/uy,
HAXOAWM, YTO B MHTEPBAJIE YACTOT W, w + dw UMeeTcs CIAeAYIONee TUCI0 KoaeOanuii:

2
wdw (1 2

Ve—motp | =+—=5]- 6.9

272 <ul3 u?) (6.9)

BBeneM HEKOTOPYIO CpPeIHIOI CKOPOCTh 3BYKA U C HOMOIIBIO CJIAYIOIMIEro COOTHOIICHHA:
3 2 1

= =S4+ (6.10)

U uy U
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Torna (6.9) 3amumiercs B BUIE:
3w?dw
2m2y3
B Takom Buze 3TO BBIpaXKEHHE MPUMEHNMO HE TOJTHKO K aMOPQHBIM TeJaM, HO W K KPH-
CTAJITIAM, €CJIM MO/ U MOHUMATH OMpPEeIeeHHBIM 00Pa30M YCPETHEHHYIO CKOPOCTh 3BYKA
B KpucTajuie jganHoi cummerpuu. Toraa, nepexons ¢ nomousio (6.11) or cymmupoBanus
mo a B (6.5) K MHTErPHPOBAHWIO TIO W, TOIYINM:

(6.11)

o0
F = Neo + SVT dww? In (1 - e*T) (6.12)
2m2ud J,

r/ie UHTErPUPOBAHNE MOKHO BECTH 10 GECKOHETHOCTH BBUIY OBICTPON CXOIAMOCTH WH-
Terpasa mpu Maibix 1. OrBiekasch or BKaana Neg, BUIAAM, UTO 3TO BhIPDAKEHNE OTJIN-
4yaercs or Bbipaxkenus (5.125) s cBobOIHOM 9HEPrUHM (DOTOHHOIO Ta3a JIUIIL 3aMEHOM
CKOPOCTH CBETa, ¢ HA CKOPOCTh 3BYKA W MHOXKHTENEM 3/2, CBA3aHHBIM C TEM, 9TO y 3BYy-
Ka Tpu nosigpusaiuu, a y ¢oronos — ne. CoOCTBEHHO, TOBOPS, yXKe Cefdac siCHO, 9TO
MOYKHO CKa3aTh, YTO TEPMOIMHAMUKA, TBEPAOTO TeJIa OTPEIeIeTCss KBAaHTAMU 3BYKOBBIX
Kosiebanuit — hononamu. 37eCh MBI BIIEPBbIE CTAJKUBAEMCS C CHTYAIMed, KOTIa, OMuca-
HUE MHOIOYaCTUYHON cucTeMbl (B3auMozeiicTByomux!) aroMoB (MOJIEKYII) OKa3bIBAETCs

BO3MOXKHBIM CBECTH K MOJIEJH HUJIEATHHOTO Ta3a K68a3UuaCmul,

Takum 0O6pazoM, MOKHO IIPOCTO BOCIIOIB30BATLCSA MOJIYI€HHBIMHU BBIMIE (POpMyaaMu
JI7Tst (DOTOHHOTO Ta3a € COOTBETCTBYIOIINMH 3aMeHaMU. MbI, OTHAKO, TTOBTOPUM BBIUHCITE-
Hus B aBHOM Buje. Onars BBoauM Ge3pa3MepHyio nepementyio & = fiw /T u unrerpupys
(6.12) 1o wacrsaM, noaydaem:

T4 00 fL‘3 7T2T4
F=Negy—V—=—= dr—— = Negg — V—p—=. 6.13
=0 2m2h3ud /0 Yer 1 =0 30(hu)3 (6.13)
DHTPOTHST CHCTEMBI €CTh!
oF 21273
or 15(hu)3 (6.14)
Queprug £ = F +TS:
w2 T4
E=N V————. 1
€o + 10(hu)? (6.15)
Teni0eMKOCTh TBEP/IOrO T/, B 3TOM IPUO/IMKeHUN (HU3KUE TEMIIEPATypbl!), OKa3bIBa-
€TCs PaBHOI:
OF 272
C=|%=)=cr VI~ T3 1
(GT) 5(hu)3 (6.16)

Tennoemxoctu Cp, u C), 31€CH MOXKHO HE PAa3IHYaTh, HOCKOIBKY NPH HU3KHX TEMIEDa-
rTypax ux pasHocts Cp, — O ~ T7, T.e. ABIAETCS BEIMINHO GOJIee BBICOKOTO MOPSIIKA
MAaJIOCTH, IeM CaMa TeIIOeMKOCTD [1, 2].

6.2 TBepablie Tesia. BbicOkue TeMIiiepaTyphbl.

TTepeiineM K paccMOTPEHWIO OBGPATHOTO MPEIETHHOTO CIyYast BHICOKNX TeMreparyp 1’ >
fiu/a. Torma MoXKeM 3amUCATH:

(6.17)
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tak uro u3 (6.5) nMeeM:

Twe,
F:Nso+T21nT':N50—3NVT1HT+3NVT1nh<w> (6.18)

rjie BBeJIU cpejHesorapudMuueckyio yacrory kosiebanuii ((poHOHOB) < w > Kak:

1
In<w>= IND %:lnwa (6.19)

W3 (6.18) naxonum sxepruio tena F = F — Tg—?:
E = Neg + 3NVT. (6.20)

Cry4ail BRICOKMX TEMIIEPATYD COOTBETCTBYET KJIACCHIECKOMY PACCMOTPEHUIO KOJTEOAHUHI
aroMoB, Tak 4ro (6.20) corsacyercs ¢ 3aKOHOM DABHOPACHDPEIENEHNs] — HA KayKIYIO U3
3Nv kosebaTeIbHBIX CTeneHel CBOOOIbI MPUXOIUTCs Iueprus 1. st TenmoeMKoOCTH nMe-
eM:

C = Nc=3Nv, (6.21)

rae ¢ = 3V — TemI0eMKOCTh Ha OJHY MOIeKyIy?. TakuM o6pazoM, IPH JOCTATOTHO BBICO-
KHX TEMIIEPATYPaX TEIJIOEMKOCTh TBEPIBIX TEJ TOCTOSHHA M 3aBUCHAT TOJBKO OT YUCIA
aroMoB B rese. B uacTnocTn onunakoBa u papua 3 (B OObIYHBIX enuHHIAX 3Kkp) aTOMHAs
TeII0EMKOCTD JII00bIX 3ieMentos (v = 1) — 3akon diosonra — ITru. IIpu HopMasibHbIX
TeMIIEPATyPax 3TOT 3aKOH HEIJIOXO HOATBEPIKIACTCA Ha SKCIIepUMeHTe’ .

Ucnonp3ys (6.21) 3anuiieM cBOGOJHYIO IHEPIUIO U SHEPIHUIO TEJIa B BUJIE:

F=Ney—NcI'InT+ NcT'lnh<w > (6.22)
E = Neg + NeT. (6.23)

DHTPOINS TeJIa PaBHA!

oF h<w>
S=—-——=NclnT - Ncln ——— 6.24
oT e ( )
Pasywmeercs, dopmyiy (6.18) MOXKHO BBIBECTH M HEMOCPEJICTBEHHO M3 KJIACCHYECKOIT

CTaTUCTUKH, UCXOAA U3 BbIPAZKCHNA:

F= —Tln/dFe_%. (6.25)
Iloncrasnsas ciona:
1 2 2 2

[e3%

U yU9uThIBasA, 9T dI' = W 1., dpadqe, BuanM, uTo uHTErpan pasduBaercs Ha Mpo-
uzBezieane 3NV OJMHAKOBBIX HHTETPAJIOB BHUIA!

o] o] 2 2.2
ps +wiq 27T
dpa/ dge exp (— " “) = (6.27)
/_oo o 2T Wa

2CuoBa muImeMm npocto C, HOCKOJIBKY y TBEPABIX TEJI PAZHUIA MEXK LY Cp u C, HE3HAYUTEJILHA, [1, 2]
3 J1J1s CI0XKHBIX COeUHe i (v > 1) 3akon /Tronoura — IITu npakTUYeCKH He JOCTUTAETCS — IIJIABIEHUE
BEIECTB WJIM UX PA3JIOXKEHUE HACTYIAET PAHbIIE.
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u, B urore, nojydaem (6.18). 3amerum, 94TO UHTErPUPOBAHKE 31€CH MOXKHO BECTH B Oec-
KOHEUYHBIX TIPEJIe/IaX BBUIY OBICTPOI CXOAMMOCTY HHTErPANIA, XOTS (DU3UIECKHA ATOMBI CO-
BEPINAIOT MaJble KoJIeGaHus B OKPECTHOCTH y37a pererku. COOTBETCTBEHHO, BCe 0DIaCTH
WHTErPUPOBAHUSA OTBEYAOT, (PAKTUIECKHU, (DU3NIECKH PASIUIHBIM MUKPOCOCTOSHUAM H
HUKAKOT'O JOIOJHHATEILHOr0 MHOXKHTENA Tuina N! B onpenenenne $ha3oBoro oobeMa BBO-
JWTH HE HAJO.

6.3 Popmyaa lebas.

Jlebait mpemyioKII OYeHb XOPOIIYI WHTEPIOJIAIMOHHYI0 (hOPMYITy s TemI0eMKOCTH
TBEPIBIX TeJ, IPUTOIHYTO [/ist JIIOOBIX TeMmepaTyp. Bynem ucxoaurs u3 Momenn, B KOTO-
poii Bce KosnebarebHbIE 4aCTOThI TBEPJOrO TeJIa PacipeieieHsl no 3akony (6.11), xors,
Ha CAMOM JIEJIe, 9TO BBIPAXKEHHE CIPABEITHBO TOJBKO [JIsT MAJbIX 9acTOT. CIIEKTP 4acToT
HY?KHO OIDAHUYUTH CBEPXY, IOCKOJBKY 4acTOTa KOJIeDaHuil B TBEPIOM Tejle HE MOZKET
TIPEBBIMIATH HEKOTOPYIO TPEIETbHYI0 JACTOTY, KOTOPYIO MOKHO OMPEIETUTD U3 YCIAOBUS
PAaBEHCTBA MOJHOIO YHUCIIa KOJeOaHUil TOJIHOMY YHCIIY KOJebaTe bHbIX cTeneHel cBoBoIb
3Nv:

3V, VW
TaK 9TO “wacmoma ,ﬂ€60,ﬂ Wp paBHa4l
6m2Np\
wp=u <V> ~u/a (6.29)

CoOTBETCTBEHHO, PACIPEIETIEHAE YACTOT, WU TIJIOTHOCTH COCTOSAHUI (DOHOHOB, B MOJIEIA
Jebast umeeT BUI:

2
INvZ- mpn w<wp
D

plw) = (6.30)

0 mpm w>wp
rJIe MBI BBIDA3MJIH U 9€pe3 wp € HOMOIIbIo (6.29).

Pazymeercs, co Bpemen Jebass B pu3uke TBEPHAOrO TEIA AOCTHTHYT OOJBINONH MIPO-
rpece, U peajibHas MJIOTHOCTH COCTOSHUN (DOHOHOB B TBEPIBIX TEIAX Celvac H3MEPAeTC
IKCTIEPUMEHTABHO, HATPUMED, B IKCIEPUMEHTAX TI0 HEYTIPYTOMY PACCESTHUI0 HENTpPO-
HoB. Ilpu aToMm, B 0071aCTH MAJIBIX 9acTOT OHA, ECTECTBEHHO, BCEria MMeeT J1e0aeBCKYT0
3aBUCHMOCTD ~ W2, HO TIPU MOBBINICHHH JaCTOTHI MOYKET CTATh JOCTATOYHO CIIOXKHOM (CM.
unanpumep Puc.6-1.). IIpenenbras yacrora, KOHEYHO, CYIIECTBYET Beera, Ho (6.29) onpe-
JeJISeT ee TOJIBKO IO MOPSIIKY BeInauHbl. TeM He MeHee, Moaenb /lebad, B OOMBITHHCTBE
CIIy4a€eB, JAET OYeHb HEIJIOXO0Ee OMMCAHME TEILIOEMKOCTH TBEPAbIX Teil. JebaeBckast 4acro-
Ta, TP ITOM PACCMATPUBAETCS KAK TOITOHOUYHBIN MApaMETD — XapPaKTEPUCTUKA JAHHOTO
TBEP/IOTO TEJIa, ONUPEIEIseMblil 19 3KCIePUMEHTA.

IMepexons cuoBa B (6.12) 0T CyMMUPOBaHKS K MHTEIPUPOBAHUIO, TIOJIYYUM CBOGOIHY IO
HEPTUI0 TBEPIOTO TeJa B BUE:

9N “b w
F=Negy+T 3y / dww? In (1 - 6_%) (6.31)
wp Jo

4CymecTBOBaHMe TAKOil IpeIENbHOM YACTOTHI, 10 CYyTH JeIa, ¥ OTIMYAET 3aJa4y O CTATHCTHKE (Ho-
HOHOB OT CTATHUCTHUKX (POTOHOB, JJIsI KOTOPHIX HUKAKOM IPenesbHONR JaCTOTHI HE CYIECTBYET. DJIEKTPO-
MarHHTHOE IIOJIe — CHCTeMa C 0EeCKOHEYHBIM YHCJIOM CTelleHeil cBOOOALI M B IPOCTPAHCTBE — BPEMEHH
MMHKOBCKOI'O He CyLECTBYeT HUKAKOW MHMHUMAJIbHOM JJIMHBI THIIA lIapAaMeTPa PeLIeTKU .
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g(w)

L

13
w, 10" padfc
Puc. 6.1: IlnorHocTs cocrosiuuii (poronos B Menu. CILIomHas KPUBas IOCTPOEHA, 110 Pe-
3yJbTaTaM KCIEPHMEHTOB II0 HEyHPYyroMy pacceanuio Helirponos. IIITpuxoBas Kpupas

coorBercTByeT Momenu Jebasi m mpoBeseHa TaKuM 00pPa30M, UTO ILJIOMIAIN IO, STUMU
IByMs KpuBbIMHU onmHaKOBBI. Temneparypa Jlebas 0p = 340K .

Benem Terneps ettie debaesckyio memnepamypy:

0p = hwp (6.32)
Torna:
T7\3 [0p/T
F = Neo +9NvT (9) / dzz"In (1 —e™%) (6.33)
D 0

r7e BBeIN DE3PA3MEPHYIO MEPEMEHHYI 2 = hT“ WNurerpupyst mo dacTsaMm u BBOAA (DYHK-
mmio Jlebast:

3 [ 23
D(z) = — d .34
@)= [ (634
MOKHO 3armcarh (6.33) B Bue:
_op Op

F = Neg + NuT 31n<1—e T)—D =)t (6.35)

Torna sueprua £ = F — Tg—? €CTh:

fp

E = Neo +3NvTD (= (6.36)

a TEIJIOEMKOCTbD:

C = 3Ny {D (GTD> - %DD' ((’TD> } (6.37)
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Puc. 6.2: TemneparypHas 3aBUCUMOCTD TEILIOEMKOCTH B Mozesu Jebas.

c T
3NU oT g

[ o
Ilpu T' < Op apryment dbynkiun Jlebas ek 22 >> 1 1 MOXKHO 3aMEHUTH BEPXHUH

Ha Puc.6-2 npusenen rpaduk 3aBUCUMOCTH

4
Tpees MHTerpaa Ha 6eCKOHEIHOCTh, TOTIA HHTErpal paBeH =

15, TaK 4To
4
™
Torma u3 (6.37) nomyanm:
12Nvrt (T \°
C~ % (01)) (6.39)

470 coBnazgaer ¢ (6.16).

Ipu T > 6p aprymenrt dbyuxiun Tebas man (x < 1), Tak 4TO B TEPBOM IPUOIHIKE-
aun D(z) = 1 u (6.37) naer C = 3Nv, n.e. 3akon Jrosonra — [TTH.

Bamerum, aro paxkruueckuii Bun dbyukiyu Jdebas D(x) TakoB, 9T0 KpUTEPHEM TIPHU-
MEHUMOCTH TPEIETbHBIX BBIPAXKEHUH [T TEIIOEMKOCTH SIBIAETCS OTHOCUTETHHAST Be-
muanna T u Op/4 — remnoeMKocTs npuMepHO noctoanna npu T > Op/4 u ~ T3 npu
T < 0p/4. B merannax, B obnacru Huskux temueparyp 1 < 0p/4 naguHaer nposs-
NAThCs JuHedHbIi 10 T BK/IAJ B TEILIOEMKOCTh OT CBOOOIHBIX 37eKTPOHOB (5.70); Ko-
TOPBIA [IOCTATOYHO MaJ [0 BEJIMYWHE W OBICTPO “MACKUPYeTCs’ PEMeTOYHBIM BKJIAIOM
MIPU BBICOKUX TeMIeparypax. s ero Beiaenaenust ya00HO CTPOUTD IKCIIEPUMEHTATBHY O
3aBUCHMOCTD TEIIOEMKOCTH METAJIJIOB OT TEMIIEPATYPHI B OOJIACTH HU3KUX TEMIIEPATYD B
koopaunarax C/T, T?. Tlockonbky B merasie upu srom C = T + BT3, 10 % =v+pT7?,
u 1o Beuunne C/T nipu T — 0 jerko onpeneauts Ko3bGUIUEHT vy, KOTOPHbIH, (hakTude-
CKH, naeT, coriacHo, (5.70) BeIMYUHY MJIOTHOCTH 3JIEKTPOHHBIX COCTOSIHUI METaJLaa Ha

yposue ®@epuu °.

53amernM, 4TO B aMOPMHBIX CTEK/IAX, JAKe JUIIEKTPUIECKHX, TAKXKE 4aCTO HAOIIOAeTCs TnHeH b
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Tabnura 6.1: Temneparypst lebas nekoTopbix BemecTs (K).
Pb | Na | KBr | Ag | NaCl | Ga | Cu | Al | Mo | SiOy | Si | LiF
105 | 158 | 180 | 225 280 320 | 340 | 430 | 450 | 470 | 645 | 732

B Tabnune 6-1 npusesens: 3uagenns reMmneparypsl Hebas, HaiieHHbIE U3 U3MEPEHUIT
TEIJIOEMKOCTH PEAJIbHBIX TBEP/IbIX TeJl. KM UCKII0UUTD Psijl OCODBIX CJIyYaeB, THIA aJl-
Masa, y koroporo 0p ~ 2000K, remmeparyps! /lebast GOMBITHHCTBA TBEPIABIX TE/T JIEXKAT
B unTepBaye 102K.

6.4 KsBanToBag >XXunakocTh. CneKTp 603€BCKOro THIIA.

B ornmuume OT razoB W TBEPALIX TEJ JJIS YKUIKOCTEH BBIYHUCICHHE TEPMOIHHAMUICCKUX
BEJIUYUH B ODIEM BHJE MPAKTUYECKU HEBO3MOXKHO BBHJY CHUJIBHOIO B3aUMOIEHCTBUS
MEXKJY ATOMaMU W MOJIEKYJIAMH W OTCYTCTBUS MAJOCTH KOJ€DAHUI, XapaKTepHOU s
TBepbix Test. OQaHako, obInee TEOPETHIECKOe PACCMOTPEHHE OKAZBIBAETCA BO3ZMOZKHBIM
JIJIST TAK HA3BIBAEMBIX KBAHTOBBIX KUIKOCTEH, HAXOMAIINXCsT BOJIN3U BOIN3U abCOTIOTHO-
IO HyJIsl TEMIIEPATYPhI, KOTJa CUCTEMa HAXOIUTCS BOIU3U OCHOBHOTO COCTOsiHUs. DakTu-
YECKM B TIPUPOJIE CYIIECTBYET TOJBKO OJHA peajibHas YKUIKOCTh, KOTOpask HE KPUCTAJ-
JU3YeTCs BILIOTH IO aOCOMIOTHOrO HYJIsT — 9TO rennii. BaykHedmuM mpruMepoM KBAHTOBOM
KUJIKOCTH SABJIAIOTCS JEKTPOHBI TPOBOINMOCTH B MeTasiax. CyIiecTByer eie psij, mpu-
MepOB 60Jiee IKZOTHIECKOIO XapaKTepa, HAIPUMEDP HYKJIOHBI B ATOMHOM /[Pe, BEIIECTBO
B HEATPOHHBIX 3Be37aX U T.. MHOrHE CBOHCTBA 3TUX CHUCTEM OYEHb HEOOBIYHBI, B HUX,
HANpUMED, HAGIONAIOTCS TaKHe 3aMevYaTebHbIe sIBJICHIS KAK CBEPXTEKYYEeCTh U CBEPX-
MPOBOJUMOCTE. B 11e10M, Teopusi KBAHTOBBIX JKUIKOCTEH TPEICTABJSIET MTPUHITHIIAAThH-
HBIl MHTEPEC U SIBJISIETCS OHAM U3 MEHTPATBHBIX PA3/IETI0B COBPEMEHHON TEOPUN CHCTEM
MHOTHX 9aCTHII.

MbI BUIETH, 9TO BEIYUCICHHE TEPMOIUHAMUIECKUX BEJIMIUH TPEOYET 3HAHUS CIIEKTPA
yPOBHEH 3HEPruu JAHHOrO Tejia. B ciydae cucreM CHALHO B3aUMOIAEHCTBYIONIIMX YaCTHII,
TaKUX KAaK KBAHTOBBIE YKUIKOCTH, PEUb MOXKET HITH TOJBKO 06 YPOBHAX, COOTBETCTBYIO-
IIUX BCEH KUIKOCTH B IEJIOM, & OTHIONbL HE COCTABJISIONINX €€ OTIAENbHBIX aTOMOB. [lpu
BBIYUCJIEHUU CTATCYMMBI MPU HU3KAX TEMMEPATypax JOCTATOUHO YUIECTh JIUIIL YPOBHH,
COOTBETCTBYIONME CIAOBIM BO3OYKICHUSIM CUCTEMBI HAJT €€ OCHOBHBIM COCTOSIHHEM, UTO
CYIIECTBEHHO YIPOIIAET TEOPETUIECKOE PACCMOTPEHHE.

OcnoBras uaeqa Jlangay coCTOMT B TOM, 9TO CJ1aD0 BO3OYKICHHBIE COCTOSHUST MAaKPO-
CKOLIMYECKOr0 T€1a, (B IAHHOM CJIy4ae KUAKOCTH) MOXKHO IIPEJCTABUTD KAK COBOKYIIHOCTh
OTHENBHBIX JJIEMEHTAPHBIX BO3OYKIEHUN — K6a3uvacmuy, 00JIaTaI0NX ONpPeIeIeH oM
sueprueil (cnekTpoMm BO30y¥KAeHuii). B IpOCTPaHCTBEHHO OAHOPOIHON cucTeMe (Kuj-
KOCTb) KBAHTOBBIM YHCJIOM, XaPAKTEPU3YIOMIUM 3TH BO3OYXKIEHUS €CTECTBEHHO MOXKHO
CUMTATH UMIYJIbC (B KPHUCTAJUIE — KBa3UMMILYJbC). [loka kBazuwacrur, Mano (HU3KHE
TEMIIEPATYPBI) KBAa3UYACTHIbL HE B3aUMOAEHCTBYIOT APYL C APYIOM M UX MOXKHO Dac-

CMaTPHUBATh, B IEPBOM TIPHOJIIKEHNH, KaK MIeaabHbI ra3’.

10 TEMIIEPATYPE BKJIAJI B TEIIJIOEMKOCTh, CBI3aHHBIN C BKJIAIOM TaK Ha3bIBAEMBIX TYHHEJIbHBIX COCTOSHUN
(nByxypoBHEBBEIX cucreMm). OZHAKO PACCMOTPEHHE COOTBETCTBYIOIIUX BOLIPOCOB BBIXOJHUT 33 IIPEJEJIBL
HAIIUX JIEKITH.

61loguepkrem, 4TO Ues BBEEHMS KBA3UIACTHI] ADCOMIOTHO HETPUBUAIbHA. OKOHIATEIHHOE TEOPETH-
qecKoe 0pOpMIIeHNEe OHA MOJIYYHIa B PAMKAaX COBPEMEHHOM TEOpHH CHCTEM MHOTHUX YaCTHI], OCHOBAHHOM
Ha Meroge Pynkuuii I'puna (cM. Humxke Iu1.11). TosbKO B paMKax TAKOrO HMOAXOAA MOXKHO CHOPMysnIupo-
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O/ iuH 13 BO3MOXKHBIX THIIOB SHEPTeTUYECKOr0 CIEKTPa ¢J1abo BO3DYKIEHHDBIX COCTO-
SAHUI KBAHTOBOH KUJKOCTH - CIIEKTD DO36BCKOIO THIIA, KOIVIA JIeMEeHTapHble BO30Y K 1e-
HUsI MOTYT TMOSIBJISITHCS W HUCYE3ATh MOOANHOYKE. MOMEHT UMITYIbca JII0D0H KBAHTOBOM
cucreMbl (B ZJAHHOM CJIy4ae MKUJKOCTH) MOXKeT W3MEHSAThCH JIUIIb Ha 1enoe qucio. [lo-
9TOMY BO3HUKAIOIIUE [MOOJMHOYKE IJIEMEHTAPHbIE BO3DYK/EHUs TOJKHbBI OOIAIaTh 116~
JIOYUCJIEHHBIM MOMEHTOM W TIOIYUHSTHCH craructuke Bose. 2KuakocTs, cocTosdmmas us
YACTHIL, MOIIUHSIONNXCS cTaTHCcThKe Bo3e, MomKkHa 061a1aTh CIIEKTPOM UMEHHO TaKOro
tuma. [Ipumep 6o3e-xunkoctn — xuakuit Het (wo ne He3, KoTopwlit apsgercs dbepMu-
JKHJIKOCTBIO).

Baskneitieil xapakTepuCTUKON KBA3UYACTUIL SABJISIETCH UX 3aKOH JUCIEPCUU (CIEKTD)
— 3aBUCHMOCTH UX SHEPIUHU OT UMITYJIbca. B 603e-3KuIKoCTH 31eMeHTapHble B30y XK 1eHus
C MAJbIMA EMIyIbcamu P (GonbmuMmu aywHAMYE BOJH /p) COOTBETCTBYIOT OOBIMHBIM
3BYKOBBIM BOJTHAM B KUJIKOCTH U UX CIIEKTP:

e(p) = up (6.40)

r/ie U — CKOPOCTb 3BYKa B KuikocTu. Takue seMeHTapHble BO30ykKeHud (KBa3HIacTH-
IBI) HA3BIBAKOTCA (DOHOHAMH. 3HAHWE CIIEKTDPA £(P) MPH MAJBIX P MO3BOJAET BHITHCIATH
TEPMOJIMHAMUYECKIE BEJTMIMHDL XKUJIKOCTH U1 CTOJIb HU3KUX 1, KOIJIA IIPAKTUIECKH BCE
JIeEMEHTAPHbBIE BO30Y K 1eHust ABasiiorcs ponoramu. CooTBeTcTByONme hOPMYJIbI MOXKHO
BBIMTHACATH CPa3y, BOCIIOIB30BABIINCH TIOJYUYEHHBIMU BBIIIE BLIPAKEHUAME JJIsT TEPMOJIH-
HAMWYECKUX BEJIWYHH TBEPAOTO TeJa TPU HU3KWX TeMreparypax. Pa3Hui@ Juiib B TOM,
YTO BMECTO TPeX HE3aBUCHUMBIX [IOJISIPU3alUil 3ByKa B TBEPAOM Teje (JIByX IONEPedHbIX
U OJIHO¥ IIPOLOJILHOM), B 2KUJIKOCTH BO3MOXKHO TOJIBKO O/IHA ([IPOJOJIbHAS), TAK Y4TO BCE
BBIpAYKEHUST HYYKHO pa3meiauTh Ha 3. Hampumep, [ajist CBOGOIHON SHEPTUU KUIKOCTH U3
(6.13) umeem:
2T
F=F, V90(hu)3 (6.41)

rme Fy — ceobommast sneprust }Kuakoctu pu 1 = 0. dHeprust >KUIKOCTH:

2T
E=EFEy+V—-— 6.42
0t 30(hu)3 (642)
a TEIJIOEMKOCTD: s
2T
= _ .73 .
C V15(hu)3 (6.43)

Mo Mepe yBenuUyeHust UMITYJIbCA KBA3UYACTHILI 3aBUCUMOCTD €(P), KOHEUHO, OTKJIOHSI-
€TCs OT JUHENHON’, TaJbHENINi ee X0 3aBUCUT OT B3aUMOJIENCTBUA YaCTUIL 2 KUJKOCTA U
HE MOXKeT OBITH orpejiesier B obmiem Bume. Ilpu nocTtarouno 00abIuX UMIYyabcax MyHK-
A £(p) BOOOIIE HE JOMKHA CYIIECTBOBATH, MOCKOJBKY 3J€MEHTAPHbBIE BO3OYKICHAA €
OOJIBIIMMY MMITYJIbCAME HEYCTOMYHMBBI OTHOCHUTEIHHO PACIA/Ia HA HECKOJIBKO BO30YKIe-
HU C MEHBIITUM WMITYJIbCOM.

HNcxons u3 aHain3a SKCIEPUMEHTAIbHBIX JAHHBIX 10 kunkomy He? Jlammay mocry-
JIMPOBAJI BHJ, CIIEKTPa JEMEHTAPHBIX BO30YXKIEHHH B 3TOH cHCTEMe, TMOKA3AHHBIH Ha
Puc.6-3. B 3ToM cuekTpe nMeercs XapakKTepHbI MUHUMYM IIPU P = P, BOIAM3U KOTOPOroO

BaTbh KPUTEPUH CyIECTBOBAHHMS KBA3WYACTHI, B TOH muu uHOM cucreme. CymecTByior curyanun (CHIb-
HO KOPDEJIMPOBAHHBIE CUCTEMBI), KOI/Ia KBA3HUYACTUIBI BBECTH Hesb3s U TpeOyercs CyIeCTBEeHHO Gosiee
CJIO2KHO€ OIIMCAHUE.
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JHepeus Efkg, K

Hungmec pft, sm™!

Puc. 6.3: CrexTp 3/1eMeHTapHbIX BO36y K Aenuil xuakoro He?. Touxu — sKcIepuMenT mo
HEYIIPYTOMY PACCesHUIO HEHTPOHOB.

dyukuus £(p) MoxKeT ObITH NPEJICTABICHA B BUIE:

(p—po)?®

elp) =A+ -
24

(6.44)
KBasuuacTuIibl B 3TOI 4aCTH CHEKTPA HA3BIBAIOTCA POTOHAMH . B HacTOdAIIee BpeMs 3TOT

CIIEKTP MOATBEPK/IeH IPSIMBIMH IKCIEPUMEHTAMH 0 HEYIIPYTOMY PACCETHUIO HEUTPOHOB.
DMIUPUIECKIE 3HAYEHUS KOHCTAHT HA POTOHHOM YYIACTKE:

A = 8.5K; % =1.910%m™Y;  ji=0.16mu. (6.45)

3aMeTHM, 4TO po ~ ha~ !, rlie a — cpeHee MesKATOMHOE PACCTOSHUE B KU JIKOCTH.

ITockoIbKY HEPTHST POTOHA COAEPKUT “mienn” A, To B obiactu Temneparyp T < A,
T.e. IIPU TEMIEPATYPAX JOCTATOYHO HU3KHUX, YTOOLI MOXKHO OBbLIO TOBOPHTH O PA3PEXKEH-
HOM POTOHHOM Ta3e, IMOCJEIHHN MOXKHO OIMCHIBATH BMECTO CTATHCTHKH Do3e pacupe-
sesienneM Bosbinvana. CooTBETCTBEHHO i BBIYUC/IEHUS “POTOHHOM” 4acTw TepMOiu-
Hammdecknx Bemmana He* MoxkuO mexomuth u3 (3.41), moOACTAaBUB B KOTODPOE CIEKTD
kBazugacTul £(p), He 3aBUCIIUI OT KOODAUHAT, HEMEJICHHO HAITUIIIEM:

2% d3p c(p)

F=-NTh— [ —£_ .
vy | @t (6.46)

Yucno gactur; N B raze pOTOHOB HE 33JIaHO, & CAMO ONPEIEISIeTCS YCIOBUEM MUHUMYMA
F. U3 g—ff = p = 0 HaxoguM T IUCJIa, POTOHOB:

v 3, )

7910 Ha3BAHHE HMEET YMCTO MCTOPHYECKOE IMPOUCXOXKJeHHe. B pamrnmx paborax JIammay moCTymmpo-
BaJI CyIeCTBOBAHME JBYX OTAEIbHBIX THIOB KBasmduacTull B He? — dononos u poronos, T.e. cymecTno-
BaHME [ByX HE3aBHUCUMBIX BETBEH CIEKTpa. B IOCJ/IeACTBUU BBISICHUJIOCH, YTO MUMEETCs €JUHbBII CIEeKTD,
B KOTOPOM MOKHO BBIJEJNUTH (DOHOHHBIH W POTOHHBIA yJIacTKH. Bonpekn HadanapHOMY MHEHHIO Jlamgay
0Ka3aJI0Ch, TAKJKE, 9TO IPUPOJA TAKOIO CIEKTPA TECHO CBA3aHA B sBJE€HHEM 003€-KOIACHCAI[UU.
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rze npocTo crouT pacupenenerne Boabivana ¢ p = 0. Tloacrasusas N = N, u3 (6.47) B
(6.46), nosmyuum:

T .
F,=—-N,Tlhe= —-TN, = 7(227)3 /dspe* T (6.48)

Bocnons3yemcs reneps B (6.47) u (6.48) siBHBIM BHIOM POTOHHOIO crekrpa (6.44). 13-3a
p3 > [T MOKHO TIPU MHTETPUPOBAHWH BHIHECTH P> & 3 3a 3HAK MHTETpasa, a WHTerpas
B3STh B OECKOHEUHBIX mpejenax. Torma:

2(aT)"*pgV _
@npeps

Sl

N, = F, = —TN, (6.49)

COOTBQTCTBQHHO7 BKJIaJd POTOHOB B 9HTPOIINIO U TEILJIOEMKOCTD:

3 A 3 A A\ 2
:N — e :N —_ J— J— .
s, T(2+T) c, T4+T+(T) (6.50)

TaK UTO TEMIEPATYPHAST 3aBUCUMOCTD SKCIMOHEHIMAILHA U nipu T' < A 3TH BKIAILI Ma-
JIbI TI0 CPABHEHUIO C HAHNEHHBIMU BbINe (POHOHHBIMY BRJgamu. [lpu T > A poronubie
BKJIAJIbI B TEPMOJUHAMWYIECKHE BEJTUIUHBI MOTYT MPEB30MTH (DOHOHHBIE, UYTO U TTPOUCKO-
JUT TIPU TOBBIIIEHUN TEMIIEPaTYPhI.

6.5 CBepxXTEKy4ecCThb.

2Kuakuit requit mpu TeMmeparypax HUKe TaK HaszbiBaeMoil A-touku 1) = 2.18K obma-
JIaeT 3aMevYaATeNbHBIM CBONCTBOM CBEPXTEKYYECTH — CBOHCTBOM TeYb MO Y3KUM TPYOKaMm
U IesM He ODHAPYKUBAs BA3KOCTH. DTO fABJIEHHE OBUIO SKCIEPUMEHTAIBHO OTKPBITO
Kanureit 8 1938 roxy, a Teopus 3TOro sABjeHUs ObLIa MOCTPOEHA UYepe3 HeCKOJIbKO JIeT
Jlannay.

Paccvorpum cuagana curyammio npu 1 = 0. Ilycts KugkocTh Teder mo Tpybke ¢
TIOCTOSTHHOM CKOpPOCThIO V. Hammdme BA3KOCTH TPOABUIOCH OBI B TOM, 9TO Osaromapsa
TPEHUIO O CTEHKH TPYOKM M TPEHUIO BHYTPH CAMOM KMJIKOCTH IIPOUCXOAMJN ObI IPO-
IIECCHI TUCCUTIAINY KUHETHIECKON IHEPTUN TeUeHNs U MOCTENeHHOe 3aMeJIeHe TTOTOKA.
V10O6HO PACCMOTPETh TEUEHUE B CUCTEME KOOPAMHAT IBUKYIIEHCS BMECTE C KUIKOCTHIO.
B »r10it cucreme xKumkwit rejuil MOKOWTCs, & CTEHKU TPYOKM IBUAKYTCS CO CKOPOCTHIO
(—v). Ilpn HammIMM BASKOCTH MOKOSIMANCA TEMUil MOKEH ObLT OBl HAYATH JIBATATHCA.
C MHUKPOCKOIUYECKON TOYKM 3PEHUST FCHO, 9TO MOSBJICHUE BUXKEHUS JTOJIZKHO HAYATDH-
¢S C TIOCTEMEHHOTO BO3OYIKIEHUST BHYTPEHHUX NBUKEHUU, T.€. C TOSBIEHUS B XKUJIKOCTH
3JIEMEHTAPHBIX BO3OYKIeHUI (KBA3UIACTHIL).

[peanonoxum, 910 B KUJKOCTH TMOSIBUJIOCH OJTHO €IMHCTBEHHOE 3JIEMEHTAPHOE BO3-
Gy KJIeHne C UMITYIbCOM P 1 9Heprueii £(p). Torma sneprus xuakoctn Ey cnenaercsa pas-
HOI1 9HEprum 31010 Bo30yKAeHud (p), a uMmnyabc Py — ummyascy p. Ilepeiinem renepnb
0bpaTHO B J1ADOPATOPHYIO CUCTEMY KOODIWHAT, B KOTOPOH TpyOka mokouTcs. CoriacHo
U3BECTHBIM U3 MexaHuky [13] dopMynaM npeobpa3oBaHusi IJHEPTHH H NMITYJIbCA [TPY TIpe-
obpazoBanusax [ammies nmeem 1y sueprun E u nvmmynsca P xumakocTu B taboparopHoit

cucreMe:
Mov?

P=Py+Mv E=EFEy+Pyv+ (651)
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rae M — macca apukyieiics xugkocru. [ogcrasnas smecro Eg u Py Bemuuaunnt £(p) u
P, 3amuIem:

Mo?
2

Ho 3nmecs wren 1/2Mv? npeacrasiser coGoil MPOCTO HEPBOHAYAIBHYI0 KHMHETHYECKYIO
SHEPIUIO TEKYUIEH KUJIKOCTH, a (D) +PV TOrIa €CTh USMEHEHUE IHEPLUL HCUIKOCTIU OG-
200apA NOABAEHUIO 6 HET 00HO20 INEMEHMNAPHO20 8036YsHCIeHUA. DTO U3MEHEHNUE TOJIIKHO
OBITH OTPUIATETHLHBIM, TIOCKOJIBKY SHEPTHST JABUKYIIEHCS KUJIKOCTH JTONXKHA YMEHbITAThH-
e

E=¢(p)+pv+ (6.52)

e(p) + pv < 0. (6.53)

IIpu 3a7aHHOM P BeIMYWHA, CTOAIIAS B JIEBOM YACTH HEPABEHCTBA, NMEET HAWMEHbIIIEe
3Ha4YEeHHE IIPU AHTHIAPAJIEJBHBIX P U V, IO3TOMY B JII000M CJIydae JOJIZKHO ObITh £(p) —
pv < 0, Tak 9TO:

v > ip) (6.54)

p

DTO HEPABEHCTBO JOJIZKHO BBITOJHITHCS XOTsI ObI JIJIST HEKOTOPHIX 3HAYEHWH WUMITY/IBCA,
P 37eMeHTapHOro Bo30yxK1eHus. [loaToMy OKOHYATETHLHOE YCIOBHE BO3MOXKHOCTH ITOSIB-
JieHUsT BO30YXKIEHUN B ABUXKYIIEHCS KUAKOCTU TTOJIYUUM, HANIT MUHUMYM BEJTMTIVMHBI

e(p)/p:
Ve = Mmggf) (6.55)

Teomerpuveckn Beauduna €(p)/p eCTh TAHMEHC yTJIa HAKJIOHA IPAMOMA, IPOBEJICHHON W3
HAYAJIa KOOPAMHAT B TJIOCKOCTH €, D B HEKOTOPYIO TOUKY KpuBoii € = £(p). Ero Munumym
OIIPEIEJISIETCs TOUKOM, I/Ie 3Ta NpaMas KacareabHa K €(p). Eciu 31or MUHEMYM OTIHYeH
OT HYJISI, TO TIPU CKOPOCTSX IBUXKEHUS KUIKOCTH HE TIPEBBIMIAIONINAX V., OMIPEIEIEHHON B
(6.55), B KUIAKOCTH He CMOZYM NOAGUMBLA INEMEHMAPHBE B030YNCIeHUA, T.€. TeICHNEe
Gyaer npoucxoauTh 6e3 auccunanuu (TpeHus). ITO U eCTh CBEPXTEKYUYECThb, & yCIOBHUE
(6.55) mpezcTapasieT coboit Kpurepnii ceepxTekyuecTr Jlangay. Benrnunna v, HasbBaeTCS
KPUTHIECKOM CKOPOCTHIO, ee CYIIeCTBOBAHNE MOATBEPKIACTCS HA IKCIEPUMEHTE.

JIerko BUIETH, UTO Mpe IOYKeH R JIaHIay CIeKTp 31eMeHTapHbIX Bo30y K nermit H e
VJIOBJIETBOPSIET KPUTEPHIO CBEPXTEKYUYECTH. AHAJOTMUYHBIM OOPA30M, 3TOMY KPHUTEPUIO
Mor ObI yIOBJIETBOPUTH CIEKTP €O “menbio” mpu p = 0. B Toxxe BpeMs CrieKTp CBOOOIHBIX
qactat £(p) = p?/2m 3TOMy KPUTEPHIO C O4eBUIHOCTBIO He yA0BIeTBOpsAeT. 1o cymecTBy
JIEJIO0 CBOIMTCS K TPeGOBaHWI0, IT00bI KpHBad £(p) He Kacanach ocu abCIcC B HAYATE
koop/uaaT. II09T0OMy K CBEPXTEKYYecTH IPUBEJET IO CYIIECTBY JIFOOOH CIEKTP, B KOTOPOM
JJTUHHOBOJIHOBbIE BO30YYKIeHUs ABAAOTCs hoHoHaMu (uam umeercs meb npu p = 0).

IIpu T' > 0 XKuAKOCTH HE HAXOAUTCA B OCHOBHOM COCTOSHUY W B HEH MMEETCsT HEKOTO-
POe YHCII0 IJTEeMEeHTAPHBIX Bo30yKIeHuil. [IpoBeeHHbIE KHHEMATHIECKHE PACCY XK ICHUS,
camu 1O ceDe, OCTAITCs B CHUJe, TOCKOJbKY B HUX He ObLIO WCIOJIB30BAHO TO 0DCTO-
ATETHCTBO, YTO YKUJIKOCTh MEPBOHAYAIBHO HAXOIUTCH B OCHOBHOM COCTOSHUH. JIBHKe-
HHE YKUIKOCTH OTHOCUTEJHbHO CTEHOK TPYOKM MPU BBIMOJHEHUN YKA3AHHBIX YCIOBHH IO
MIpEeKHEMY He CMOKET IPUBECTH K IOSIBJICHHUIO B Hell HOBbIX BO30Oyxkmenwmii. Heobxomu-
MO, OJTHAKO, BBISICHUTDH, KAKUM 00pa30M OyIeT MpOsiBIATHLCA HAIUYINE BO3OYKIEHU, yiKe
CYIIECTBYIOMMX B KUJKOCTH TTPH KOHETHBIX TEMIIEPATYPAX.

IIpencrasum cebe, 4TO Ta3 KBA3BWYACTHUIL JBUKETCS KAK IEJI0€ OTHOCUTEIHHO YKUIKO-
CTH cO CKOpPOCThI0 V. DYHKIWS PACIpeesieHnst I ABUYKYIIErOCs KaK 1eJI0e Ta3a MOIy-
gyaercd u3 PyHKIUYM pacnpeesenus n(€) HemoABUKHOIO a3a NyTeM 3aMeHbl £ — € — PV,
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rie p — UMIYILC KBA3HIACTHILL . [109TOMY IOIHEIH HMIVIABC ra3a, OTHECEHHEI K eIH-
HuUlle 00beMa, PABEH:

3
P= /(;iig)gpn(e —pv) (6.56)

ITycTh CKOPOCTH V Majla, PasioXkuUM TOTAA TIOAAHTErpaIhbHOE BHIPAYKCHUE TTO CTETCHSIM
pVv = puvcos . Unen pasiokeHns HyJEBOTO MOPSIKA MUCIE3AET TIPH MHTEIPUPOBAHAH TIO
HanpasjenuamM BekTopa p (yruy ), u ocraerca:

3 nle
P= _/ (2C7lrf§)3p(pv) ddi . (6:57)

Wnrerpupys u 371€Ch MO HANPABICHUSAM BEKTOPA P, MOIYIAEM:

o An 1 4dn(e)
P=-v 3 (27Th)3/dpp pr (6.58)

[Moxcrapssis cioma criekTp (hOHOHOB € = UP W UHTETPUPYS MO UACTAM, AMEEM:

1 ° dn(p) 16r 1 e
P= v $ 8P Ot 3n(p). .
Y / o T v s / dpp*n(p) (6.59)

Ho unrerpan

1 o d®p
— dpdnp? = [ —— 6.60
G | dteno) = [ et (6.60)
npencTapiager coboit suepruio Fyj, eguHUIb. 00beMa (DOHOHHOIO Ia3a, TaK 4To:
4F, 1,
P= P 6.61

Koadpunment mepen v 3mech ompenessier MacCOBYIO TLIOTHOCTh YKUIKOCTH, TTEPEHOCH-
MYIO TIOTOKOM Ta3a KBazuwdacTuil. HuaTo He MelnaeT HAIMM KBAa3WYACTHUIIAM TIPHA 3TOM
IBUKEHNN CTAJKUBATHLCA CO CTEHKAMU TPYOKM M OOMEHMBATHCS C HUMU UMITYJIBCOM, KAK
9TO MPOUCXOAUT B ITOTOKE OOBIYHOrO ra3a. IIOHATHO, YTO COOTBETCTBYIOIAA YaCTh MacC-
CBI KHJIKOCTH BeJleT cebd KaK HOPMaJIbHAsA KUIKOCTh. HO 3TO He Bca Macca KUIAKOCTH,
ocrasibHas Bejer cebd Kak cpepxrekydas xuakocrb! B camom sese, nogcrasiss B (6.61)
Bhipaskerue (6.42) mys sueprum GOHOHHOTO Ta3a, MOJYyduM Jjis (DOHOHHON YaCTH HOp-
MAADHOU TJIOTHOCTH Py,
22T

(pn)ph = A5H3 05 (6.62)

aT0 obparmaerca B Hy b npu 1 — 0, KOrga BCA Macca KUJIKOCTH CTAHOBUTCS CBEPXTEKY-
geit. I103TOMY TOBOPAT, YTO MOAHAA TIOTHOCTE p He mpm T > 0 cocToOMT M3 HOPMATLHO
¥ CBEPXTEKYUeH KOMIIOHEHT: p = Py, + pPs, IPUYEM ITO KOHETHO HE 03HAYAET BO3IMOIKHO-
CTY PEAJTbHOTO PA3JIE/IEHUs KUIKOCTU Ha JIBe YacTu. BecbMa CYyIEeCTBEHHO, 9TO MEXKIY
TUMU YACTAMU MACCHI JKUJIKOCTH HE HPOUCXOIUT U MePeiadn UMILYJbca (HeT TpeHus!):

8B camoM jeje, IyCThb Ta3 BO3OYXKIEHHH [IBUKETCS OTHOCHTEIBHO MKUIKOCTH CO CKOPOCTBIO
v.PaccMoTpuMm cucreMy KOOpAMHAT, B KOTOPO# ra3 KaK [IeJI0e MOKOUTCS, & KUIKOCTD JIBUIKETCSI CO CKOPO-
crbio —V. Torpga sueprus xkugkocTu F B 310# cucreMe CBsiaHa C SHeprueit Fy B cucreme, e XKugKOCTh
nokourcsi coornomenunem: F = Fg — Pov + szz. IIycTte B cucreMe mOKOsI YKHJKOCTHU IOSABJISIETCS BO3-
Oyxkenue ¢ sHeprueii £(p). Torga AOMOJHATEbHAS SHEPTHs B CHCTEME MOKOs rasa OyJer € — pv, 9TO U
JI0KA3bIBAET HAIIE YTBEDPXKEHUE.
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MBI TIOJIYYUJIM 3TY KapTHUHY M3 PACCMOTPEHMNsl CTATUCTUYECKOTO PABHOBECHS B PABHO-
MEepHO ABUKyIeMcs rase Bo30yxkaennii. Ho ecim kakoe-mufo mBukeHre NMeeT MecTO B
COCTOAHUM TEIJIOBOI'O PABHOBECHUdA, TO OHO HE COIPOBOXK/IAETCA TPEHUEM.

Beire narmmm GOHOHHBIN BKIAM B Py, /I HAXOKIEHUS POTOHHON YaCTH 33aMETHUM,

YTO IIOCKOJIBKY POTOHBL MOYKHO OIIMCHIBATH OOJIBIIMAHOBCKOW CTATUCTUKON, TO % =-=z

T
u n3 (6.58) nmeem:
47 1 d3p
w)r = = [ dpp® =— | —=p° ~
(Pn) 3T(2m)3/ pp*n(p) 3T/(27Th)3p n(p)
2 ~1/2,4
. Po & _ 200 py % (6.63)

T3TV O 3(2n)3/2T1/2h3

TIe po — UMIYJIbC, COOTBETCTBYIONIHN POTOHHOMY MUHUMYMY. [Ipu yduere BesMduHbBI ma-
PaMeTPOB, OIpeeIAIUX PealbHbIH cuekTp Bo3Oy:xKaenuii B He! okazpisaerca, uro
POTOHHAS YaCTb P, cpaBHUBaETCs ¢ dporouHOM Tipn T ~ 0.6 K, a mnpu OOIBITHX TeMIepa-
Typax OKa3bIBaeTCs 1peobsiasarored.

ITo mepe moBbImenust T Bce OOMBINAS YACTh MACCHI KUIKOCTHA CTAHOBUTCS HOPMAJIh-
Hoit m p, — p (rae p mommasa muotHocts Het) mpu T — Ty crm3y. [LmoTHOCTD cBepxTe-
Kyueit komronerTsl ps — 0 mpu T — T\ u ps = 0 ipu T' > T). Beauuuna p, BOau3u
A-TOYKH HE MOXKET ObITh BBIYUCJIEHA TOYHO, HO HEILJIOXAsl OIleHKa 17\ ToJIyyuaercs u3 yCio-
Bus (pn)r ~ p. Ucnonpzosarne 3meck Beipakenws (6.63) maer Ty ~ 2.8K B Hemioxom
COTJIACHHU C YKCTIEPUMEHTOM.

Iepexon He' B CBEPXTEKYydYee COCTOsTHUE siBisierTcs ¢a3oBbiM mepexonom [1-poma. Ta-
KOIi IIepexo/l BCeria CBA3aH C MOsBJIeHHeM (MCYE3HOBEHHEM ) KaKOro-nbo KaueCTBEHHOIO
coitcTBa (mampHero mopaakal). B cayuae A-mepexona 8 He? ato, mpexe Beero, moss.ie-
Hue (MCUE3HOBEHHE) CBEPXTEKYYell KOMIIOHEHTbI :KUAKOCTH. C MUKPOCKONUYECKON TOYKH
3peHusi pedb ujeT 00 OIPEJIETEHHBIX CBOWCTBAX 00HOYACMUNHOT MATPHUIIBL IJIOTHOCTH
CUCTEMBI:

plrr) = [ dgv*r.) v (6.64)

rae ¥U(r, q) — BonHoBag (byHKIMS BCEH CUCTEMBI, IPUYEM I' — KOOPAUHATHL ONHOH YaCTHIIHL,
a ¢ — COBOKYITHOCTDH KOOPJMHAT BCEX OCTANBLHBIX 9ACTHII, TT0 KOTOPBIM IIPOHHTETPUPOBAHO.
Jlnsg m30TpomHOro Tea (KMIKOCTH) 3Ta MATPHIA IJIOTHOCTH 3aBUCHT TOJIBKO OT |r — 1’|
B mopmambHOM (He cBepxTeryuem) coctostaun p(r,r') — 0 mpu |r — r’| — co. Do HE TAK
B cBepxTekyueit daze.

PacemoTrpum xoMmoneHTHl @yphe MATPHUILI MIIOTHOCTH:

/dS(r — ') =) p(r v, (6.65)

KOTOpPbIE C TOYHOCTBIO JO IIOCTOAHHOTO MHOXKHUTE/IA COBIIaIAIOT C:

/dq‘/dV@ikr\II(r,q)

T.€. OMPENENSIOT PACTIPEIETIEHIe BEPOATHOCTEH PAIMYHBIX 3HAYEHUH MMITYJIbCA TACTH-
upl p = hk. Ecom p(r,r’) — 0 mpu |r —r/| — 00, TO IIOTHOCTH BEPOATHOCTH B P-
npocrpaucTse ipu p — 0 ocraercsa koreunoi. Ecau xe p(r, r') uMeer Ha 6eCKOHEIHOCTH
KOHETHOe 3HAYEHHe po, > 0, To maTerpan (6.65) pasen (27)35(k)poo. IT0O cOOTBETCTBY-
€T KOHEYHOH BEPOITHOCTU YACTHIE MMETh PABHBIA HYJI0 MMIYJbC. Takum oOpa3oM, B

(6.66)
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CBEPXTEKYy4ell KUIKOCTH, B OTJINYUE OT HECBEPXTEeKydUeil, kKoneuHoe UUCIO HacThIl 06-
J1aJlaeT PaBHBIM HYJIIO MMITYJILCOM — OTKYJA $ICHA OYEBHIHAS CBSI3b SIBJICHUS CBEPXTE-
Kydectu ¢ 6o3e — koumencarueit! [loquepkaeM, 9T0 COBOKYITHOCTD STUX YaCTHIL OTHIOID
HEJIB35 OTOKIECTBIATD CO CBEPXTEKYUIEH TACThIO YKUIKOCTH B YKA3AHHOM BBIIIE CMBICITIE.
HenpasuibHOCTS 9TOr0 BuAHA y2Ke n3 Toro, 9ro upu 1 = 0 Bca macca KUJIKOCTH SBJIS-
eTCcsl CBepXTeKyUel, Torga Kak OTHIOIb He BCEe YACTHILI B CHCTEME C B3aNMOJeficTBHEeM
UMEIOT PABHBL HYJII0 UMIYJIbC (Cp. HUZKE HA IpUMEpE C1a00 HeUIea bHOro 603e-ra3a).

6.6 ®onoub! B (0603€)—KUIAKOCTH".

PaccmorpumM HECKOIBKO MOIPOOHEe ITPOUCKXOXKIEHUE CIIEKTPA 3JIeMEHTAPHBIX BO30Y K/ 1e-
mnit He*, nokazannoro ua Puc.6-3. DHeprus »KuIKOCTH MPEICTABIAET CO60H (BYHKIHO-
HAJI ee IIOTHOCTH U THAPOJINHAMUYIECKON CKOPOCTH, KOTOPBIH MOXKET ObITh 3aIHCAH KaK:

Elp(r), v(r)] = 3 / drp(r)v*(r) + BV [p(r) (6.67)

rne E(M) — uacrs sHeprum, He 3aBUCALIAS OT CKOPOCTH. Bynem paccMmarpuBarh Majible
KOJICOAHUA MJIOTHOCTH:

p(x) = p + 6p(r) (6.68)

rJie p — PABHOBECHAs TIIIOTHOCTh, 0p(r) W v(r) — MaJble BeIWYIWHbBI, OMMCHIBAIOIINE STH
rosiebanusi. [lo onpenenenuto:

p= %/drp(r) /drép(r) =0 (6.69)

C TOYHOCTBIO JI0 BEJTAYHH BTOPOTO MOPANKA MATIOCTH 10 0p U v dyHKIuA p(r) B IEPBOM
weHe npapoii yactu (6.67) moxker GbiTh 3aMenena ee cpenaum p. C TOii 2Ke TOYHOCTBIO
EW sammmercst B Buze:

EV{p(r)] = BV )+ [ dro)spte) + 5 [[dr [[arelr)bomont) 610

®ynkrnnm )(r) u p(r, r’) onpenensoTea TONBKO CBORCTBAME KUJIKOCTH, HE BO3MYIIEHHOMH
KOJIEGAHUAMM, T.€. OMHOPOSHON M M30TPONHOM, B cuiy dero ¢(r) = ¢ = const, a p(r,r’)
3aBUCHT TOJBKO OT paccrosiumst |r —r'|: o(r,r') = p(Jr — r'|). TlosTomy usen mepporo
nopsiaka B paznokenun B (6.70) npomoprimonasen [ dVip(r) = 0, n okoHUATENTBHO
IMEeM:

EV(p(w)] = EV(p) + 5 [ dr [ dv'e(le = ¥ op(e)apte) (6.71)
CxopocTh V CBA3aHA ¢ KOMEOAHUSIMU IJIOTHOCTH YPABHEHUEM HEIPEPBIBHOCTH:
p+ div(pv) =0, (6.72)
KOTOpO€E C TOYHOCTBHIO [0 YJIEHOB IIEPBOr0 HMOPSIKA 10 0p U V MOXKHO 3aIUCATh KaK:

5p + pdivv = 0. (6.73)
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Ilepeiinem k kommonenTaMm Pypbe:
1 ipr 1 ipr
op(r) = 17 zp: poe™ v(r) = & zp: vpe'P (6.74)

olr) = 5 3 pe™” (6.7)

U y4TEM, ITO MaJIbIe KOJIe0aHUs B KUIKOCTHU ABJIAIOTCA IPOJOJIBHBIMHA, TaK ITO CKOPOCTDH
Vp B BOJIHE C BOJIHOBBIM BEKTOPOM P HAIIPABJIEHDBI IIO P:

Vp = app (6.76)

HO,ZLCT&BJI?[SI 9TU BHIPpAaXKCHUA B YpaBHCHNEC HETIPCPLIBHOCTU HEMEIJICHHO MOJIyvYaeM:

. 1p
Vo =ifp s (6.77)
Tak 910 (6.71) mepenuchBaeTCI KaK:
F=EO()+ =S (el Lo (6.78)
% = 2pp2  27PP

Mepsbiii unen B (6.78) — 9HEPrUusi HEBO3MYIIIEHHON KUIKOCTH, BTOPO# DACIajaeTcs Ha
CYMMY 9JIEHOB, KaXKIbIfl M3 KOTOPBIX MIPEACTaBIgeT COOOM SHEPTUIO rapMOHIIECKOTO OC-
LMJLIATOPa € YaCTOTOM Wp:

wz = pp° ¥Pp (6.79)

[Je yWIn, 9TO B M30TPONHON KUIKOCTH Pp = @p, T.€. 3ABECHT TOJBKO OT Mozmynd |p|. B
KBAHTOBOM CJIy4ae SHEePIHsl KazKJ0ro TAKOro ocumLiaTopa’:

() = w, (n + ;) n=012. (6.80)

CriekTp cucTeMbl, (DAKTUYUECKN, OMPEIesIsieTCsT CIIEKTPOM 3THX OCHHJIISTOPOB, T.e. COOT-
HomeHusiMu (6.79), (6.80).

J1J151 OKOHYATETHHOTO peleHus 33291 HeOOXOINMO BBIPA3UTH () Uepe3 XapaKTepH-
CTHKHU cucTeMbl. J1ist 3TOro 3aMeTuM, 4To B KBAHTOBOM CJIy4ae SHEPrHsi OCHOBHOI'O COCTO-
SIHIS He COBIIAJIACT, KaK B KaaccudeckoM, ¢ £ (p), Tak Kak ceyer erme yuecTs SHEPruio
HyIeBbIx Konebauuii wy/2. Takum 06pa3oM, dHEPrus OCHOBHOIO COCTOSHHA KBAHTOBOM
603€e-KUIKOCTH OKA3BIBAETCS PABHOMN:

1
Eo=EW(p)+ ) 9 (6.81)
P
upudem, ¢ yuerom (6.78):
Yo <R > e <ol >= 0y < Iyl > (6.:82)
2 2pp2 § 2 p p p p

9311ech MBI, s KPATKOCTH, IOJb3YeMCs 9YaCTO YIOTPeO/IseMOil TeOpeTHKAME CHCTEMON eIMHHI, B
KOTOPO# A =1 1 COOTBETCTBEHHO HE PA3/IMYaeM MMILYJIC U BOJHOBOM BEKTOD.
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rJie YIJOBbIe CKOOKM 0BG03HAYAIOT YCPENHEHHE N0 OCHOBHOMY COCTOSIHUIO M YUTEHO, 9TO
JUISt OCTIAJIIIATOPA, CPEIHSA TT0 OCHOBHOMY COCTOSIHUIO KMHETUICGCKAS SHEPTHUSA COBIAIAET
co cpeapedi morennmanbuoil. Toraa, Beipaxkad B (6.79) ¢, depes (6.82), momygaem:

p2

e(p) =wp = me (6.83)
niain )
e(p) = #S(p) (6.84)
1€ BBEJIN.
S(p) = <‘|/pf;;> (6.85)

— TaK HA3BIBAEMBIN CTPYKTYPHBIH (DAKTOD KUIKOCTH, MMPEICTABJISIONHEI co00it dhyphe-
KOMIIOHEHTY KOPPENANUOHHON (PYHKITHEN MIOTHOCTH:

S(r—r')=— < [n(r) —n][ni) —n] > (6.86)

rae n(r) = p(r)/m — obbeMHAs MIOTHOCTb YUCIA YACTHI[ B TOYKE I, & N — CPEIHsIs
IJIOTHOCTD YMCJIA YACTHUI] B KUIKOCTH.

Dopmyna (6.84) Buepsble Gbuia mosydeHa DefHMAHOM, W3/I0XKEHHBIA BbIIIE BLIBOIL
mpunamiekuT [luraesckomy. OHa BBIPAXKAET CIEKTD BO30OYKICHUI Yepe3 CTPYKTYPHBII
daxrop xunkoctn. Bemanna S(p) HE MOXKeT GBITH PACCINTAHA B OOMEM BHAE, HO B pe-
AJBHBIX JKUIKOCTAX OHA JOCTATOYHO JIETKO M3MEPAETCA B IKCIIEPUMEHTAX TI0 PACCESTHUIO
HEHTPOHOB MJIN PEHTT€HOBCKUX JIyUeii.

B obmacTit MagbIX MMITYJIHCOB, KaK MBI YK€ BHIEH, CIEKTD BO3OYKACHUH JHHEEH M0
UMITYZIBCY: €(p) /& up, COOTBETCTBEHHO UMeeM S(p) &~ p/2mu. B obnactu oueHb GONbIIAX
HMITYIbCOB, CYMECTBEHHO TIPEBBIITAIONIAX CpeIHee MeKaTOMHOE PacCTOSHue, P > a1,
umeem S(p) = 1, aTo cooTBercTBYeT Ha Manbx paccrosauax S(r) = 4(r). B mpomexy-
TouHOil 06acTu p ~ a~ ' erpykrypHbii daxTop S(p) HAXOMUTCA U3 SKCIEPUMEHTA U 15
GONMBITHCTBA, JKUIKOCTEH WMeeT XapaKTepHBIH MaKCUMyM Tpu p ~ a~ (cm. Puc.6-4).
Hanuuwne aToro Makcumyma, 1Mo CyTH JIejia, OTPaKaeT COXpaHeHHe JOCTATOYHO CHUIbHBIX
KOPPeJIANUi B [TOJIOKEHUAX ATOMOB YKHUJKOCTH HA PACCTOSHUAX MOPSIKA MEKATOMHOIO.

U3 dopumynnr @eitavana (6.84) Torma ACHO, 9TO Ha GOMBIINX MMIYILCAX P > a !
CIEKTP BO3GYYKIEHMH CBOIMTCA K CIEKTPY CBOGOTHBIX wacTui: (p) = p?/2m. B mpo-
MEXKyTO4HOM obactu p ~ a~ ! nammume mMakcumyma S(p) HPHBOTHT K CYIIECTBOBAHUIO
POTOHHOI'O MUHUMYMA.

Crporo roBopsi, MPOBEAEHHBIN ‘TuaposuHaMudecKuil’” BbiBoj, (opmysibl Peitnvana
CHIPaBEIJIUB JIUIIh JJIs UMIYALCOB p < 1/a, T.e. TaM, rie *KUJAKOCTh MOXKET PacCMaTpu-
BaTbCA Kak crutonHas cpena. OnHako, sta (hopMmysia JaeT NpaBuIbHbLH OTBET U B TIPeIee
p > 1/a, T.e. npu nepexoze K cBOGOAHBIM JacTulaM. [109TOMY ee MOXKHO PacCMaTpUBAThH
KaK XOPOIITYH0 HHTEPIOIANUIO U B 0071acTH p ~ 1/a, KaaecTBeHHO 00bACHAIONIYH0 HOpMyY
cuekTpa Jlanaay.

Ormerum, 410 cuekTp KosieGaHuil INIOTHOCTY B OOBIYHBIX (KJIACCUYECKHUX ) 2KUIKOCTIAX
VMeeT KadeCTBEHHO aHAJIOTUIHBIN BHUI, HO C CHJIbHBIM 3aTyxXaHneM Kosebauuii B obsactu
BOJIHOBBIX BEKTOPOB p ~ 1/a. CymecrBoBanue B HUX “pOTOHHOrO” MUHUMYMa TAKIKE
CBSI3aHO C XapaKTEePHbIM MAaKCUMyMOM CTPYKTYPHOro dakTopa.
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Stk)

1 1 1

g w 0 S
A A7

Puc. 6.4: XapakrepHslil Buj CTpyKTypHOro daxropa xuaxoro Het.

6.7 BruIpoxaeHHBII 603e—Ta3 ¢ B3aMMOIeiiCTBUEM.

Paccmorpum Temeph cucTeMy B3auMOIEHCTBYONINX 003€-UaCTHI] C MHKPOCKOMHYECKOM
Touku 3penusi. OrpaHuIUMCs aHATU30M CIa00 HEeWAeaabHOro 003e-rasa, MJisi KOTOPOro
MOXKHO TIPOBECTH TOCJIEIOBATEIBHBIN aHAJIN3 METOIOM, IPEII0KEHHBIM Boromo0oBhiM.

Paccemorpum mpeiesibHO yIPOIEHHYIO MOIE b 603e-ra3a ¢ TOYEIHBIM OTTAIKABAHUEM
mexay gactunamu. Orpannanmcs ciaydaem 1 = 0. TaMuibroHHAH CHCTEMBI B IPEICTAB-
JIEHUW BTOPUYHOTO KBAHTOBAHUSI MOYKET OBITH 3AMNCAH KAK:

2

P Vo

H= E %a;ap +5v E ag, al, ap,ap, (6.87)
p pP1+pP2=pP'1+P’>

e vg > 0 — KOHCTaHTa OTTATKUBATEILHOTO B3aUMOIEHCTBUSA, & OMEPATOPLI POKICHUS
U YHUITOXKEeHUs OO30HOB YIOBJETBOPSAIOT KOMMYTAIMOHHBIM COOTHOIIEHUSIM:

+ +,
apapy — ay/ap = Oppr (6.88)
apap — aprap =0 a'ga;:, - ag,ag =0

B ocuHoBHOM cocTOsiTHUY HMaeabHOTO 0036e-Ta3a BCe YACTHUILI HAXOAATCH B KOHJeHCaMme —
COCTOSHUY C HYJIEBBIM HMITyIbCOM U dHeprueil. Ha a3bike udwmces 3amosmuenua Np—g =
No = N, rme N — mosnHoe YHCIO YacTHIL B rase, cooTBercrBeHHO Np»o = 0. B cmabo
HeyusealbHOM 603€e-ra3e B OCHOBHOM U €j1a00 BO30Y2KAEHHBIX cocroaHuaX Npxo 7# 0, HO
0YEHDb MAJIbI [0 CPABHEHHIO C Makpockonuveckum 3uadenneMm Ny. Tor ¢akr, uro aa' ag =
Ny = N > 1, o3Ha9aer, 9TO BhIPAKEHUE [JIsi KOMMYTATOPA OMEPATOPOB DOXKIECHUS U
YHUHTOXKEHUS KOHJCHCATHBIX YaCTHIL Apay — ag ag = 1 Majo 1o CpaBHEHHUIO ¢ CAMHUME
o, g , TAK 9TO eIMHETICH B IPABOI 9ACTH MOYKHO TIPeHEOPedh U CIATATH STH OMEPATOPHI

C-YUCJIaMMn:
ap = ag = /Ny (6.89)

Torma B raMuIbTOHUAHE (6.87) MOXKHO aKKypPaTHO BBLICJIUTH BCE YJICHBI, COIAEpzKalue
KOH/JIGHCATHDIE OIEPATOPLI U 3aMeHUTh uX Ha (6.89), a Janee NOCTPOUTH TEOPHIO BO3MY-
IIEHNH 1O CTEeleHsAM MAJIbIX, B YKA3aHHOM CMBICJIE, BEJIUYNH ap,a:)' ¢ p # 0. [Ipu sTom
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[JIABHBIA BKJIQJ JAIOT MPOIECChl paccesHus (B3aMMOIEHCTBUs) KOHIEHCATHBIX U HAJ-
KOHJIGHCATHBIX 4aCTUll (T.e. IPOLECCHl MEPEXOIa B KOHIAECHCAT U U3 HEro), & IIPOIeccaMu
paccesnus HAJAKOHIEHCATHBIX YACTHUI APYT HA APYTE MOXKHO MPEHeOpedb.
HyneBoit ujeH B raMUIbTOHHAHE B3aUMOMEHCTBIUS COJEPIKUT:

Yo + + Yo 4 Yo A2

217 % g G0do = orrap = o N (6.90)
Hienbl 1epBOro MOPAJKA 110 Gp, a;,r ¢ p # 0 OTCYyTCTBYIOT BBHIY HEBO3MOXKHOCTH COOJIIO-
JIEHUsI B HUX 3aKOHA COXPAHEHUsI UMITYJIbCA, YKA3AHHOIO B aBHOM BuJE B (6.87). Unemn
BTOPOT'O TIOPSIJIKA WMEFOT BUI:

;}—‘O/a% (apa—p +ata’, +2afap + 207 ja_p) (6.91)

p>0

OrpaHndmuBasich TOJBKO HJ€HAMH BTOPOrO IOPSIKA MAJIOCTH, MOXKHO 3aMEHUTDH 3/1eCh
a = Ny ua nommoe wncio gactun, N. B waene ke (6.90) myxno yuects 6omee TodIHOE
COOTHOIIIEHHE:

ag+ Y ata,=N (6.92)

0 pYpP — .
p>0
+
u Bbipas3utb Ny uepes N u Zp ag ap. Ilponensisas Bee 910 aBHO M o6beuHAsA (6.90) I
(6.91), mosyunm:
N2

N
T + 7o ;}(apa_p +afbat, +afap +atja_p) (6.93)

Takuwm 06pazom, ravusbronuan (6.87) ¢ uHTEpECYIOIEl HAC TOYHOCTHIO NIEPEIUCHIBAETCH
B BHUJE:

N? N p>
H= DT + Z (VUO + 2m> (afap+a a_p)+
p>0
N + o+
+Vv0 Z(apa,p +afa’,) (6.94)
p>0

ITony4ennslit raMUIBTOHIAH KBAJIPATHIEH 11O OIIEPATOpaM ap 1 a;)”' U MOXKeT ObITh Jua-

20H0.AU306aH C TIOMOIIIBIO TaK HA3BIBAEMOI0 U — v IpeobpaszoBanus boromobosa. Beegem

+ +
HOBBIE ONEPATOPHI POXKIEHUSI W YHHITOKEHNSA OO30HOB Qp U Op, CBA3AHHDIE C ap U dp
JIMHEHHBIM TTPe0OPA3OBAHUEM BHIA:
Gp = UpQtp + vyt
P PP P-p
+ _ +
ap = UpQy + VpQp (6.95)

Hogbie omepaTops! J0MKHBI yI0BJIETBOPATH OGBIMHBIM GO3EBCKAM KOMMYTAITMOHHBIM CO-
orHOmeHuAM THIA (6.89), OTKY/A JIErKO IIOIY YHTh, 9T0 KOIbDMUIUEHTHI Up U Up CBA3AHBL
YCIIOBHEM:

2.2

u, — v, = 1. (6.96)
Honcrapnss af u ap B Bume (6.95) B ravmmapronnan (6.94), momyaem:

2
p NUO NUO
H= Z { (Qm + A ) (uf, + 7)121) + 2V1Lp1}p} (a;ap + ozfpa_p) +

p>0
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2
p Nv N
+y { <2m + VO) 2upvp + TO(Ui + 7’;)} (agaly, +apa_p)+

2 2
P N’Uo 2 NUO N Vo
+ E {2 (2m + ) v, + Q—V upv,,} + =y (6.97)

p>0
Jl1g mraroHaIn3aIny 3TOr0 TAMUJIBTOHHAHA, HEOOXOIMMO, ITOOBI II€HBI BHIA agai_p u
QpOr_p OTCYTCTBOBAJIM, II09TOMY HYZKHO IIOTPeOOBATD:
2
P Nug Ny, o 9
m

9TO JAeT BTOPOe yCIOBHE, OKOHYATENbHO (PUKCHPYIOee BHIOOD KO3 DUIIEHTOB Uy 1 Vp.
Pemast cucremy ypasrenuii (6.96),(6.98), Haxomum:

1 A,
o T ioa
rie
4 P2 Nug
N p2v pt
W) =\y ot (6.101)

IMoacrasngas stu koadbdunmenrsr B (6.97), noaydaeM raMu/IBTOHMAH B AUATOHAJBHOM

Bua€, T.€. B BUJ€ raMuJIbTOHNAaHA HOBBIX HeBBaHMO,D;efICTByIOH];HX KBa3HW49aCTHUL, COOTBET-

CTBYIOTIAX OTEPATOPAM O T Qp:

H=FEy+ )Y elp)afap (6.102)
p#0

co cuektpoM £(p) (6.101), KOTOPBI PAIUKATBLHO U3MEHUJICA [0 CPABHEHUIO CO CIIEKTPOM
CBOOOIHBIX OO30HOB 33, CUET B3AMMOICHCTBYSA. JHEPTHsI OCHOBHOTO COCTOSIHUST:

B= iy - N (6.103)
0= gy 2#06;0 om V' '

IIpu manbix umnyabcax sueprus kpazudacruubl (6.101) npencrasisercd B Bue:

e(p) =/ T;?/Op = up (6.104)

rae Vo = V/N — obbem, npuxoasimiics Ha OJHY YaCTHILY, & BEJUUUHA U, [EJIUKOM Olpe-
JIeJII0IIALACS B3aUMOIeHCTBIEM, IIPEJICTABIIAET COB0H CKOpocThb (60ro060BCKOro) 3ByKa.

2
~ P Yo
IIpu 6ompmux mvmyrscax u3 (6.101) nomywaem £(p) ~ 3 + 7%, T.€. CHeKTp CBOOOHBIX
4aCTUlI.
Takum 06pazomM, B 0OJIACTH MAJBIX UMITYJIbCOB, B3auMOIeHCTBIE OO30HOB TPUBOIAT
K TOJIHOH TIepeCcTpPOiiKe CIIeKTPa JEMEHTAPHBIX BO30YIKIEHUN, KOTODPHIA OKA3LIBAETCS



6.8. KpanroBasa xuakocth. Cuexrp pepMueBCKOro THIIA. 125

KaYeCTBEHHO OJIM3KNM K CIIEKTPY, TOCTYIUPOBAHHOMY JIaHay, ¥ YIOBIETBOPSET YCIOBUIO
CBEPXTEKYUeCTH:

ewp Vo

Ve = <()> =/ >0 (6.105)
p p—0 mVo

OTIpEeIEeNISIeT COOTBETCTRYIONIYIO KPUTHIECKYIO CKOPOCTh, COBTAIAIONIYIO, B TAHHON MOje-

JIA, CO CKOPOCTBIO 3BYKa. V3 MpoBeIeHHOrO aHAIN3a, SICHO, 9TO SBJIeHHE O03e-KOHIEHCATINH

urpaetr OHpe,ELeJIHIOU_[yIO POJIb B BOBHUKHOBCHHH ABJICHUA CBerTeKy‘IeCTH.

6.8 KBaBaHTOBasg Xnakoctb. CrekTp dpepMueBCcKOro Tu-
mna.

ZKuiKocTh, COCTOAIIAs U3 YACTHI[ C TOJYNENbIM COUHOM (hepMu—KuIKoCTh), 001a1a-
€T CIIEKTPOM 3JIEMEHTAPHBIX BO30YXKIEHUI W CBOUCTBAMY, PAIUKAIBHO OTIHIAFOIIAME-
¢ OT caydas 603e—KHIKOCTH. IIpuMepoM peanbHOil dhepMU—KHIKOCTH sBigerca He3,
DJIEKTPOHBI B METAJIAX TakyKe 00pa3yiT KHUAKOCTH (epMHueBCcKOro tuia. boiee sK30-
TUYECKUM [TPUMEPOM MOTYT OBbITh HYKJIOHBI B ATOMHBIX $/PAaX, BEHIECTBO HEHTPOHHBIX
3Be31 U T.M. MBI yBHIUM, 9TO IHEPTETUIECKUN CIEKTD KBAHTOBOM KUIKOCTH (DEPMUEB-
CKOTO THIIa B U3BECTHOM CMBICJIE AHAJIOTHYEH CHEKTPY HJeahbHOro ¢gpepMu-raza, a pojb
3¢ dEeKTOB B3aNMOIEHCTBUS CBOIUTCS K CPABHUTEIHHO HEOOIBINTUM ‘TI€PEHOPMUPOBKAM
IKCIIEPUMEHTATHHO HAGTIONAEMBIX BEJUYIHH.

Denomvenosoruvyeckas Teopus GpepMu—KUIKOCTH ObLIa mpeyoxkena Jlangay. exon-
HBIN MYHKT MPU MOCTPOEHUN 3TOU TEOPUM COCTOUT B YTBEPIKACHUHU, UTO KIACCUDUKAIINAS
ypOBHe# sHeprunu (HPEepPMUEBCKON CHCTEMBI OCTAETCST HEM3MEHHOM Py “BKJIIOYEHUN’ B3au-
MOJIEHCTBUS MEXKIy JaCTUIAMU, T.e. TIPU Iepexose oT (hbepmu-ra3a K (DepMu-KUIKOCTH.
B s7oit kmaccudurammm poab YACTHUIL ra3a MEePEeXOIUT K IJIEMEHTAPHBIM BO30YyKI€HN-
M, YHUCIO0 KOTOPBIX COBIAMAET C YHUCIOM YACTHIL U KOTOPBIE TOMUUHAIOTCS CTATUCTUKE
Depmu.

ITycTs ny — GYyHKIMS pacmpeIesneHns KBa3WIacTHIl Mo nMIyabcaMm. OCHOBHOe COCTO-
SIHUE COOTBETCTBYET (DYHKITMYU PACIIPEIEIEHNS, B KOTOPOIl 3aHATHI BCE COCTOSHUS KBa3W-
gacrull ¢ p < pr {(cdepa ®Pepmu B UMIYIHCHOM IIPOCTPAHCTBE). Benuuuna pp CBs3aHa ¢
[JIOTHOCTBIO JKUJKOCTH (YHCIOM YaCTHIL B €JUHATE 00beMa) Takoi xe Gopmymnoit (5.43),

Kak u B cirydae dpepmu-razall:

N

1/3
pr = (3n2)Y/3 <V> h. (6.106)

Baxk#o, onHako, OA9EpKHYTh, 9TO TOTHAS YHEPTHUs KUIKOCTH F HE CBOIUTCI K CyMMe
sHepruit kBasmuacrui: F mpexcrasiser coboit dynkuuonas '! or dyHKIHH pacupese-
JeHust OOIIETO BHUAA, HE CBOASMMiCA K [ dTnyep,, KaK 9TO UMEET MECTO B HIEATBHOM

10STOT pe3ynpTaT ABJIACTCH, KaK JIEFKO IMOHATH, IPAMBIM CJIC€JCTBHEM CACJIAHHOT'O IPEAIIOJOXKEHUuA O
KJIacCUMUKAIUA yPOBHEI.
11 O6brunas bysxnus ocymecTsiser 0TOGpaskeHHe OJHOIO MHOMKECTBA, YHCET B Apyroe. OyHKIIHOHA
— 3TO 0TOOpAKEHNE MHOXKECTBA fyHKkyuti B MHOKECTBO wucea. THUIHIHEIH mpuMep (DyHKIIMOHATA — OIpe-
nesennbiil uarerpaa: Ff(x)] = ff dzf(x). Bamerum, uTo dbyHKIUsA 0T PYyHKIMH €CTh CHOBa (byHKIHUs,
a oTHIOAb He (yHKIMOoHAJN. Vcnonb3yemoe najee GpyHKIMOHAIbHOE JuddepeHupoBanue MOXKHO OIpe-
nesanTb POPMAIBHO CIeAyIOmuM 00pa3oM:
SFIf@)] _ . FIf(@) + (e — y)] - FIf(2)] (6.107)
of(y) =0 € ’ '
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raze. [lepsuanbiv oHgaTHEM sIBIsIeTcs nMerHO F, ipu 1" = 0 coBmamaiomas ¢ sHepruei
OCHOBHOTO COCTOSTHUS (DEPMU-YKUTKOCTH.
Hopuvupyem GyHKIHMIO pacipeneneHns yCIOBUEM:

N
/ drny = 3 (6.109)

roe N — umcno wacrun xuaxocru, dr = d>p/(27h)3. Usmenenne E npu GeckoHedHO
MaJIoM m3MeHeHun (PYHKIUN PACTpEeIe/IeHNsT MOYKHO 3alACaTh B BUJIE:

E
67 = /dep(Snp (6.110)
oFE

Benuunna €, ecrb Bapuamuonnad ((ByHKIHOHAIBHAL) IPOU3BOJHAS SHEPIUN 1O BYHK-
IUU PaCpeesIeHus, OHa, COOTBETCTBYET U3MEHEHUIO SHEPIUH CHCTEMbI TIPH JT00ABICHIH
OTHOHM KBa3WYACTHUIIBI ¢ UMITYJILCOM P. ITa BEIUYNHA CAMa SIBJISIETCS (DYHKIIMOHAJIOM
GYHKIMHT pacnpeneseHus, T.e. BU, €, ONPeJIedeTcs pacrpe/ieleHneM BCeX KBa3WIaCTHIL
B JKUJIKOCTH.

Dyukius pacupenenenns KBa3uuacTull uMeeT (B PABHOBECUH ) BUJ OOBIYHOIO PACIIPe-
nenerns Pepmu. B camom mene, BBUAY COBIaIEHNSA KIACCH(UKAINKA YPOBHEH SHEPTHH
KUJKOCTH U UJEATBHOrO (hePMU-ra3a, IHTPOLUS KUJTKOCTH OIPEIEIAeTCS TeM Ke KOM-
GuHATOPHBIM BhipaskeHueM (5.15), KOTOpoe B C/Iydae KUIKOCTH MOKHO MEPENUCcATh KaK:

S = —/dT[TLp Inn, + (1 —ny,) In(1 — nyp)] (6.112)
Bapbupys 910 BbIparkeHUe NP JTOHOJTHUTENBHBIX YCIOBHUAX MOCTOSHCTBA MOMHOTO YNCIIA
YACTHUIL U TIOJTHOM SHEPIHH, MOXKHO KaK M B CJIy4ae ra3a HOJIydnTh:
1
Ep

—_— (6.113)
e 1T +1

np:

IMomguepkHeM, OTHAKO, UTO €, 37€Ch ABJIATCA QYHKIMOHATIOM Ny, TAK UTO (6.113) npex-
cTaBisieT OO0 CIIOZKHOE HESIBHOE OIPENeNIeHre Ny. B paMKax MEKPOCKOIMYECKOrO MOJI-
X0/Ia K TeOpHHU (HepMU-KHIAKOCTH MOYKHO JTOKA3aTh 00IEe YTBEPXKIECHAE O HATUIUA CKAd-
kal? B pacupejesieHun 4acTuUll XKUAKOCTU npu €, = p pu 7' = 0 (reopema Murnasna),
UYTO JOKA3LIBAET CYIIECTBOBAHME MOBEPXHOCTH DepMu B CHCTEME B3aWMOIEHCTRYIONIIX
depmuonos. 11o3¥ke MBI ellle BEpHEMC K 3TOMY BOIIPOCY.

BemoMuuM Temeph Tpo CIHUH KBA3WYACTUIL 0. B OAHOPOMHON M30TPOMHON KUJAKOCTH
CKaIAPHASA BEJIMYUHA € MOYKET 3aBUCETH TOJBKO OT CKAJAPHBIX APTYMEHTOB, TAK 9TO &
MOZKET BXOJMTb B YHEPIUI0 KBA3U4acTUll (B OTCYTCTBHE BHEIIHEIO MArHUTHOIO 110Jid!)
TONBbKO B BUje 62 uin (Gp)? (HmepBas CTeneHb P HEJONYCTHMA, HOCKOJIbKY ABJIAETCS
TMICEBIOCKANISIPOM M3-33 AKCHAJIBHOCTH BEKTODA CTiiHA). st ciinHa s = 1/2 umeem:

=2 § = \2 1 2
7= (6p)* = 1 (6.114)
Hanpuwmep, qna F[f(x)] B BuIe onpeseneHHOr0 HHTErpasas
é
% = Elgbé {/dz[f(m) +ed(x —y)] — /dxf(:r)} = /dz6(:r —y)=1 (6.108)

12 Bemunna 9T0r0 cKauka B (hepMu->KEAKOCTH < 1, B ommmume or dhepMu-rasa.
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TaK YTO BeJIHYMHa O IIOJITHOCTBIO BBIMIAJaeT B JHEPrusd KBa3WM4YIaCTHI] BOBCE HE 3aBHCHUT
OT CIIMHA. COOTBGTCTBGHHO7 BCe YPOBHU JBYKPATHO BBLIPDOZKJECHLI U HY?KHO Be3/¢ NucaTb

dr = 2%.

Mpbr mpunucaan KazkI0# KBa3UIACTHUIIE OIPEIEIeHHBI UMITYIbC. YCJIOBHAE TTPUMEHH-
MOCTH 9TOTO MPEJIOIOXKe N Tpebyer, 4To0bl HEOIPEIETEHHOCTh UMITYJIbCa, ObLIa Maja
HE TOJILKO B CPABHEHUHN C BEJIMUMHON CAMOTO WMITYJIBCA, HO W MO CPABHEHUIO C TITHPUHON
obmactu “pasMbrrust’ GyHKIMH pacipenesenusi. B cuny npunnuna [layau B3auMHO pac-
CEeMBATHCA MOTYT TOJIBKO KBAa3WYACTHUIILI U3 O00JACTH PA3MBITHUS, IPUYEM B DPE3YJIbTATE
paccesHust OHN JOJIKHBI IEPEXOIUTDh B CBOOOIHBIE COCTOSHHUS B TOH ke obaactu. IToaTo-
My BEPOSITHOCTH CTOJIKHOBEHUS MPONOPIUOHANBHA KBAIPATY MHEPUHBL Ap 3TOM 061acTH.
CoorsercrsenHo, Hopaaka Ap? 1 HEOlPeIeJeHHOCTb UMILY/IbCA, CBA3AHHAS C IPOLECCAMU
paccesinusi. OTCIOA SICHO, YTO TIPHU JOCTATOTHO Majoil Ap HEOTPEIETEHHOCTh UMITYIIbCA
Oyzer MaJja He TOJIBKO MO CPABHEHWIO ¢ PF, HO U TIO0 CPABHEHUIO ¢ AP, TOCTATOTHO GIU3KO
K moBepxHOCTH PepMu KBA3UIACTHUIIHI BCETIA XOPOIIO OMPEIeTeHbI.

TakuM 00pa3oM BEJUYHHA £, UMEET HEIOCPEICTBEHHBIN (DU3MIECKHN CMBICI JINIIL B
okpectHocTu noBepxuoctu @epmu. Paznaras ee 37ech B psifi [0 CTEHEHSM P — Dp, HMEEM:

=ep—n~vr(pl—pr) p=cr (6.115)

rae vp = %—iﬂp:pF — ckopocThb Ha moBepxaocTu Pepmu.

Beriire y2xe orMevaiocs, 9T0 NPy POXKIEHUN KBA3UIACTHUIl, MOMEHT UMITYJIbCA KBAHTO-
BOH CHCTEMBI MOXKET U3MEHSThCS TOJMBKO HA IEJI0e 9uCi0. B mpuMmenennn K (hepMuoHam
co cnmHOM § = 1/2 3TO O3HAYAET, YTO KBA3WYACTHILI MOTYT POXKAATHLCHA IONAPHO. B
depMu-KUAKOCTH TaK ¥ TPOUCXOIUT: POXKIECHME YacTHIbl ¢ dHeprueil (6.115) man oc-
HOBHBIM COCTOSTHMEM HIET IIyTeM ee BO3DyzKaeHus n3 3amonHeHHo# cdepbr @epmu, 910
COILIPOBOXKIAETCsL OJIHOBPEMEHHBIM POXKICHUEM ABIPKHU (C TOM 2Ke sHeprueii) 1o/ noBepx-
HocThio Pepmu.

B wuzmeansuom dbepmu-raze €, = p*>/2m u vp = pp/m. o ananoruu, B bepmu-
KUIKOCTH MOXKHO BBECTH BEJIMIWHY

. _ PP
UFp

m (6.116)

1 Ha3BaTh ee 3bdEKTUBHOI Maccoil kpasuuacTuir' . Torna TernaoeMKocTb hepMu-KIIKOCTH

naercs “razopoii” dbopmysoii (5.70) ¢ 3amenoit m — m*:

2 m*pp

C = fI/FT Vp =

3 s (6.117)

[Ipu paccMoTpeHnr CHCTEM € TTIEPEMEHHBIM YHCIOM YaCTHUIL YA0OHO HCIIOIB30BATH TEP-
MoauHamuyeckui morennuan 2 = F—puN. [Ipu T = 0 umeem, oueBuato, F' = E, Tak 410
Q) = FE — uN. Paccmorpum “Bo30y»KIeHHOE” COCTOSTHUE CUCTEMBI, 00PAa30BaB PA3HOCTH:

Q*QO :Eon 7M(N7NQ) (6118)

rae uageke 0 OTHOCHTCH K OCHOBHOMY coctosiuuto. CorsacHo rumorese Jlammay, mobas-
JIEHWE OTHON KBA3WYIACTUIIBI K OCHOBHOMY COCTOSTHHIO COOTBETCTBYET IODABIEHHUIO TOTHO
OfHOMN “TOsIoH” YacTHUIBI K PACCMATPHUBAEMON (pepMu-CHCTeMe: COCTOAHHE C OIHON I0-
0aBOYHON KBa3WYIACTHUIEH MOMYIAETCI U3 COCTOSHUA UICAJTBHON CHCTEMBI, COmepIKaIei

13Hampumep, nns xugkoro He3 u3 sSKCIeprMeHTa H3BECTHO, ITO M* RS 2.4my.3,pr/h~ 0.8 108¢cm— 1.
O6sacTs npuMeHEHMOCTH Teopun hepmu-KuakocTn s He3 orpanmuena T < 0.5K.
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N + 1 gacTur, a TOJHOE YUCAO YACTHUI] COXPAHSETCS MPU AIMabATUIeCKOM BKIIOUEHUN
B3auMoeiicteus. Mmeem:

N—Ny=> on,= /d75np (6.119)
p
IMockonbky, cormacuo (6.111):
Elny) = Eo+ Y epdn, + O(6ny) (6.120)
p
IIOJIyIHUM:
Q= Q= (5, — p)dn, + O(6n2) (6.121)
p

ITockonbKy MbL paccMarpuBaeM HeOOJIbIIHE Bapratuyu 0n, s0su3u nosepxuocry Pepmu,
T.€. B TOHKOM 9HEPTeTHYIECKOM CJIOE ~ § OKOJIO Hee, TO BeJmIuHa €, — (4 ~ 0. Hou dny ~ 6,
taK 410 Q) — Qg ~ 62, no3ToMy B pazioxkenuu (6.121) Hy*KHO BBITUCATH BCE WIEHBL ~ 52.
Torna 3anumem:

1 , .
Q- = E :(gp — p)on, + 3 E [P, p")0nyon, + O(52) (6.122)
p pp’
e BBEJIN: )
5°E
N _ 12
f(p,p") 5o (6.123)

— Tak Has3bBaeMywo (yHKIHI JIaHaay, OMUCHIBAIONIYIO 634uM0O0elicmeue KBA3HIACTHIL.
B camowm jgene, u3 onpenenenns (6.111) u (6.122) BuaHo, 910 BapHanusa 0n, IPHBOAUT K
U3MEHEHUIO SHEPIUH KBA3HYACTHIIbL

dep = /dT’f(p,p’)énp/ (6.124)

KOTOPOE IIeJIMKOM oTipenensercsa dpyukmuedl Jlangay. B 3ToM TiaBHOE OTINYHE TEOPUU
depMU-KUIKOCTH OT MOIETN CBOOOTHBIX (PEPMUOHOB.

Bymem cumrars gynkmuo f(p, p’) menpepoisroil mpu p w p’ Oim3kux K pr. lpak-
tuaecku Tpebyerca 3uath f(p, p’) TombKO HA camoit nosepxroctr Pepmm, T.e. mpu |p| =
|p’| = pr. Torna f(p,p’) 3aBUCAT TONBKO OT B3aMMHOW OPHEHTAIMH BEKTODOB P u P’
(yria MexK 1y HEUMH) U OT CIIMHOB 0,0”. Y100HO 3anucats f(p,p’), BbIIEINB ee HE3aBUCH-
MBI KOMIIOHEHTHI, COOTBETCTBYIONINE MAapALIeIbHON U AHTHIAPAJIENLHON OpUeHTAIAN
CIINHOB:

frie,p’) = f*(p,p') + f4(p. D) (6.125)
frp,p) = f*(p,p) — f*(p,p) (6.126)
(6.127)

MoKHO cKa3aTh, 9TO AHTUCHMMETPUYIHAS 9acTh f(p, p’) 00yCcnoBIeHa HEKOTOPOIT IHED-
rueii obmeHHoro B3ammogeiicteua 2 (p, p’), KOTOpas NOABJISETCA UMb KOLIA CIHHBI
mapasiIebHBL. B JmTeparype 9acTo MCHoONAb3yerca u apyras popma 3amucu GyHKIUN
Jlarmay:

fo.o'(p,P') = 0(p,P') + (66")¥(p, P') (6.128)
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rIe 0 U 0 — CIMHOBBLIE MATPHILL ABYX (PEPMUOHOB.
Urax, B m3orponnoit xumkoctu dpynkunn f°(p,p’) u f*(p,p’) 3aBucaT TOIBKO OT
yria 6 mexxay p u p’. Torma ux MOXKHO Pas3IOKHTh B PAIBI 11O IIOJUHOMAM JIeXKaHApa:

7@ .p) =Y Pleosd)f; (6.129)
=0

Ilpu srom dyuknus f(p,p’) moaHOCTBIO onpenensercs HabopoM Koddduuuentos fF
u [, Ha3bIBAEMBIX (PEPMU-’KMIKOCTHBIME KOHCTAHTAMH. YI0OHO BBecTH OGe3pa3sMepHbIE

s,(a)
KOHCTaHTHI [} C IIOMOIIIBIO:

mpr

g 7 =R (6.130)

vrf, 157((1) =
Benwausbt 3TUX KOHCTAHT OMpEAeSioT (hepMU-2KUTKOCTHBIE TIEPEHOPMUPOBKY Psiia, (hu-
3UYECKUX XAPAKTEPUCTUK (DEPMU-KUJIKOCTH, COOTBETCTBEHHO XOT-ObI YACTH U3 HIX MOXK-
HO OIPeeTuTDb U3 dKcrepuMeHTa. OOBITHO OKA3BIBAIOTCS CYINECTBEHHBIMHU TOJTHKO HECKOJb-
KO MEPBBIX KOHCTAHT. B 4acTHOCTH, MOXKHO BBIBECTH CJIEYIONIEE COOTHOIIEHUE MEXKTy
WCTUHHON Maccoi JacTtui] u 3p@dEeKTUBHON MACCON KBA3WYACTHUIBI B (DEPMU-KUIKOCTH
[3, 23]:

1 1 PF

- _Pr : ,
m o m* + (27Th)3477/dcosecos 0f(p,p’) (6.131)

KOTOpOE, ¢ yueroM (6.129), (6.130) u cBoiicTs noauuoMoB Jlexkanapa naer:

* s
m Fy
— =1+-L (6.132)
m 3
3aMeTuM, UTO OTCIOJA C OUEBUIHOCTBIO CleAyeT orpanndenue I} > —3. Anamornanbiv
00pa30M, yITd B3aUMOJICHCTBHIE ¢ BHEITHUM MATHATHBIM TIOJIEM (CM. HUKE), MOKHO HAHTH
CIUHOBYIO (TApAMarHUTHYIO) BOCIPHUMYHBOCTE (hepMu->KuIKoCTH [3, 23]:

*
o m*prp 1
=UB 532 o 6.133
Xp B T2h3 1 + (()1 ( )
KOTOPasd OTJIMYAETCs OT COOTBETCTBYIOIIErO BhIpasKeHus jijig hepmu-raza (5.79) 3aMeHoit
m — m* u GepMU-KUJKOCTHOHN 11epeHOPMHUPOBKOil 1 + Fif.

6.9 ODaekTpoHHass PepMU—KNIKOCTh METAJIJIOB".

Bbuue mb1 nogpasymesasnu, 4ro GepMU-2KUIKOCTH COCTOUT U3 HeTPaJIbHbIX YacTull (Ha-
npumep H 63), TaK 4YTO WX B3aUMOIEHCTBHE MMeeT KOPOTKoAefcTByomuii xapakTep. Ko-
2 PedYb UIAET O IJEKTPOHHOH (PepMU-KUIKOCTH METAJLIOB, CTAHOBUTCS CYIIECTBEHHON
POJIb MATBHOMEHCTBYIOMIEr0 KYJIOHOBCKOTO B3aumMozehicTeusd. [Ipu nHanmvyann maabHOIEH-
CTBYIOIIMAX CHUJI, BOOOIE TOBOPsi, HAPYIIAETCA OCHOBHOE COOTHOIEHHE Teopuu (epmu-
kugkocru (6.124). OkazbiBaercs, OJHAKO, YTO MOXXHO IPEJIOKUTH HEKOTODbI 0600-
MIEHHBIH MOIXO0/] K TEOPUH 3apsKeHHbIX (pepmu-kugkocreil (Cuium), KOTOPbIi KOPPEKT-
HO YYUTBHIBAET POJIb KYJIOHOBCKOT'O B3aUMOEHCTBUA U, B 3HAYUTEJLHONU Mepe, IPUBOJIUAT
TEOPUIO K BHUIY BECbMAa OJIM3KOMY K TEOPUU HEHTPAIBHON (PEPMU-IKUIKOCTH.



130 I'maBa 6. KOHJIEHCHPOBAHHBIE TEJIA

IIpesk e BCEro 3aMeTHM, UTO B OOMIEM CIydae JOKAJLHON BO BPEMEHH CBSI3H MOXKHO
zanucarh 0600menne (6.124) B Bue:

de(p,r) = Spor /dr / F(p,p’;r,r")on(p’, ') (6.134)

/1€ BBEJIH $IBHYIO 3aBUCHMOCTD OT KOODIHHAT dpyHKum/I pacipejesienus (4T0 Hy2KHO JJist
PACCMOTPEHUS ITPOCTPAHCTBEHHO HEOMHOPOAHBIX BO3MYILEHNU ) U BBIMHCAIA SP IO CITUHO-
Boit epementoii't. Besmunna F(p, p’;r,r’) — BTopast BapuaIuonHas POU3BOHAA SHEp-
run (PEPMH-KUIKOCTH, TAKKE 3aBUCAT HE TOJHKO OT UMITYJIHCOB P U P’ 1 CIMHOB, HO U
ot xkoopauHAT T U r'. B mpocrefimem ciayvae (mpubimKeHNe CaMOCOTIACOBAHHOTO OIS
Xaprpu), upenebperad obmenubivu dpdexramu, sl YaCTUL, B3aUMOALHCTBYIOIIUX 1O

[EHTPATTLHOMY 3aKOHY CHJI C TIOTeHIMaIbHON sHeprueit U(|r — r'|), nmeem:
Fy(p,p’sr,v') = U(|r —1'|). (6.135)

DTO BBIpAXKEHWE BOIHUKAET B MPEHEOPEKEHUN KOPPETIIHOHHBIMU 3D PHEKTaAME, AaHATO-
TUYIHBIMU TE€M, 9TO PACCMATPUBAJIMCDH BBIIIE JJIs KJIACCHIECKOl mia3mbl. Hamporus, pas-
Hocth F' — Fi neaukoM 00ycmoBiieHa 3TuMHA 3P GeKTaMu, 13 KOTOPBIX MPOCTEHIINM B~
nsiercst 3¢ derT 0OMeHHOM Koppeanun. BaxKHO, 9TO XapaKTepHbIe PACCTOSIHUS, HA KO-
TOPBIX TTPOSIBJISIOTCST KOPPEJISATNOHHBIE 3(DGEKTHI, TOPSIKA JJIMHBI BOJHBL 3JIEKTPOHA HA
yposue Pepmu, T.e. MOPSAIKA CPEIHErO PACCTOSHUA MEXKJIY YaCTUIAMHU (IJTEKTPOHAMMU)
(N/V)~1/3 ~ 10~ 3cu (B merame). TIosTomy, [A/Is IPAKTHYECKH HHTEPECHOIO KPYTa 3a-
Jlad, KOI/Ia XapaKTePHbIN MaciTad u3MeHEeHrsT PACIIPEIeeHIs KBA3UIACTHI CYIIeCTBEeH-
HO TIPEBBINIAET PATUYC KOPPEIANii, MOXKHO TTPUHSTh:

F(p,p’;r,r') — Fy(p,p’;r,v') = 0(r — ') f(p, D) (6.136)

Torna (6.134) nepenucbBaeTCs B BUIE:

3/ 3.,/
de(p,r) = Spy /dr/ d’p )SU(|r—r’)6n(p’,r’)+5pgf/(;rlg):jf(p,p’)én(p’,r)
(6.137)

s snekrporos B Metasie U(r) = e2/r. B paBHOBECHOM COCTOSHHH, KOTIa PaCIpeaeie-
HUE JaCTHUll He 3aBUCUT OT KOOPMHAT, IPOCTPAHCTBEHHO HEJIOKAJIbHAS CBSI3b B IIEPBOM
cimaraemoM (6.137) HecyIecTBeHHA, TaK 9TO CBOMCTBA CHCTEMbI 3apssKEHHBIX YACTHUI] B
MW3BECTHOM CMBIC/IE TIONOOHBI PACCMOTDPEHHBIM BBINIE CBOUCTBAM HeHTpambHOU (depMu-
JKUJIKOCTU. 3aMeTuM, 4To nepBoe ciaraemoe B (6.137), eciu moHMMATh €ro GYKBaJIbHO,
PACXOIUTCSA B CIIydae TPOCTPAHCTBEHHO OMHOPOJHBIX PACTPEIeIeHNH, Ta PACXOTUMOCTD,
0/THAKO, (PUKTHUBHA, €CJIU YIECTh CYIIIECTBOBAHNUE B METAJLIE OTHOPOIHOTO (DOHA MOJTOKHU-
TEJTHLHBIX WOHOB, 00ECTIEUNBAIOIIETO OOIIYIO 3JIEKTPOHEHTPATBHOCTD CUCTeMbI. JIist mpo-
CTPAHCTBEHHO HEOIHOPOTHBIX PACTPEIENEHUH 3TO CIAraeMoe MOXKeT DPACCMATPUBATHCS
KaK MPOSIBJICHUE CAMOCOTIACOBAHHOIO CKAJIIPHOrO moreHimasa o(r):

2
€ / /
ep(r) Spa//dr/ 27rh3|r7r’|6 n(p’,r'). (6.138)

DTOT MOTEHITHAI MOKHO HalTH pemias ypaBHenue [lyaccona:

V2p(r) = —4meSp, / (2d Z) n(p’,r) (6.139)

14 @ynkmun pacopeserenns KBA3HIACTHIL 3[€Ch IOJPAa3yMeBaeTCsa B CMBICIe Buraepa, 4To6H yuecTsh
KOOP/MHATHYIO 3aBUCAMOCTb.
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KOTOPOE OKA3BIBACTCS HEOOXOANMOI COCTABHON YaCTHIO TEOPUN 3aPSIKEHHON (DepMH-3KUIKOCTH
Jlaamay — Cununa.

VYurewm eme B3aumozeiicreue ¢ maruurabiM nosieM B. Torna soipaxkenue (6.137) nig
3apsKEHHON (PepMU-2KUAKOCTH EPENNCHIBAETCA B BUJIE:
dSp'

Wf(pa p')on(p,r) (6.140)

Ge(p.x) = ~un B + p(w) + Spa [

Baxk#o, 94TO BeSIUYUHBI 0€ U @ ONPEAENHdIOTCA Tenepb CUCTEMON CBI3AHHBIX ypPAaBHEHUH
(6.139), (6.140) camocormacoBaHHbIM 06pa3oM. B 9acTHOCTH, OTCIONA MOKHO TIOJYIUTh
¥ sIBJICHWE SKPAHUPOBKHU JTATHHOJAEHCTBYIONINX KYJIOHOBCKUX CHJI B KBAHTOBOI cucTeme,
AHAJIOTMYHOE ONMUCAHHOMY BBIIIe JIJIsl KITACCHYECKON m1a3Mbl [23].

B ycmoBugx, Korma MOKHO IpeHedpedsh PeIssTUBACTCKUME (P PEKTaMu CIIHH — OpOu-
TAJBHOTO B3amMonelicTeus byHKnnio f(p, p’) MOXKHO CHOBa MPEICTaBUTH B BUAE (6.127)
nm (6.128). Janee MOXKHO CHOBA BBECTH (hepMU-KIUIKOCTHBIE KOHCTAHTBI (6.129), (6.130),
KOTODbIE TIOZJIEXKAT ONPEIEIEHNIO U3 IKCIIepUMeHTa. B pesynbrare, U B TeOPHH 3apsizKeH-
HOI (DepMU-KUIKOCTH MOIYT OBITh MOMYYEHbI BHIPAKEHHUs JJIsI TeraoeMKocTu (6.117),
s dbekTuBnoil Maccs (6.132) u cnunoBoii BocupurmausocTu (6.133), coBeprienno axaso-
PHYHBIE CJIy4alo HelTpasbhoil hepmu-Kkuakocru [23]. EcrectBento, uyro 3uadenus dbepMu-
JKUJKOCTHBIX KOHCTAHT B PA3HBIX METAJIAX PA3TUYHBL U OTJIMIAIOTCS OT TAKOBBIX B KU/
koM He?, apnssach XapaKTepucTUKOi B3aNMO/IeHCTBIA KBA3UIACTHIL B TAHHOM BeIeCTRE.
Kpowme toro, B MeTamnax 3aeKTpoHHas (PepMU-KUAKOCTH MOYKET OBITH AaHM30TPOITHOH, a
noBepxHOCTh Pepmu He cheprdeckoil, 9To onpeaensercs 3ddekraMu KpuCTaImIecKon
pemrerku. B aToMm ciydae Tpebyerca obobiienne paccCMOTPEHHON W30TPOIMHOM MOIEH.
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I'maBa 7

CBEPXITPOBO/JINMOCTDb

7.1 KymnepoBcKas HEYCTOMYNBOCTbD.

Beime paccMmarpuBasiach Tak HasblBaeMasg HOPMaJibHAs (DEPMU-KUIKOCTH, B KOTOPOM
B3aMMOJIEHICTBYE YACTHIL HOCUT OTTATKUBATEIbHBIA XapakTep. OKa3bIBAeTCA, 9T0 OCHOB-
HOE COCTOSTHIE (DEPMU-IKUIKOCTU CTAHOBUTCS HEYCTOWUNBBIM, €CJIM UMEETCsl, (POPMAJIBHO
CKOJTb YTOTHO CJIaboe, NPUmMANHCeHUe MEXK Ty KBASUIACTUIIAMY B OKPECTHOCTH TTOBEPXHO-
ctr @epmu. DTa HEYCTONIUBOCTD, OOHApYxKeHHAsA KymepoMm, mpuBOaUT K 0OPA30OBAHUIO
CBA3AHHBIX cOCTOAHMN (hepMuoHOB (KynepoBckux nap), T.e. 3ddekTuBHbIX GO30HOB B
depmuerckoit cucreme. QHa ABIAETCA KIAIOYEBOH 71 MOHUMAHNUS TAKUX SBJIEHUN Kak
CBEPXIIPOBOJUMOCTD METAJLIOB U CBEPXTEeKydecThb xKuaxoro Hes,

Mp&r mpoBeieM HECKOJIBKO YIIPOIIEHHOE PACCMOTPEHNE KYTEePOBCKOM HEYCTONIMBOCTH,
KOTOpOE JaeT “noury’ NpaBUiIbHBIH orBet [24]. Jljist onipeiesieHHOCTH OY1eM HMETh BBHIY
JIEKTPOHBI B MeTaJjijie. Brimie yxe 0TMe9as0Ch, 9T0 KBA3UIACTHUIIBI B (DEPMU-IKUIKOCTH
poxjaiorca nonapho (wacruna Han noBepxuocTbio Depmu, apipka 1o ueit). Bosnzu
nosepxuocru Pepmu, B coorsercrun ¢ (6.115), umeem:

& =vp(lp| —prp) (vacruna)
& =vr(pr —|pP|) (mpipKa) (7.1)
TAaK YTO HEPIUI0 KBA3UUACTHILI MOYKHO 3AlUCATh KaK [p).
BymeMm nHTEpeCcOBATHCS B3aMMOIEHCTBUEM ABYX TACTHI (MM JBIPOK ) BOJIU3N OBEPX-

woctu @epmu. Ypasuenne lpequnarepa 1iist AByX KBA3WIACTHUI], B3ANMOIEHCTBYIOMINAX C
noMoIbio moTermuana U(ry,re), mMeer Bug '

[Ho(r1) + Ho(rz) + U(r1,12)]Y(r1,12) = E(r1,12) (7.2)
rae Hy(r) — ramuwibronran ¢cBOGOIHON KBA3UYACTUIIBL:

Ho(r)p(r) = |€p[¢p(r) (7.3)

rzie 171 cBOOOTHOM KBa3WYIACTHIET Yp (r) = ﬁeim/ R Bynem mHTEpECOBATHCA BO3MOK-

HOCTHIO 06PA30BAHKS CBI3AHHOTO COCTOSHUS THX JBYX YacTull (KyrnepoBckoil mapser). B

I IMeHHO 371€Ch BO3HHKAET HEKOTOPOE Orpy6JIeHIHe HCTHHHOH MHOTOYACTHYHOM 331491 — MBI PACCMAT-
pHUBaeM [Be BbIEJEHHBIE KBA3UIACTHUILI HA PoHe ‘kecTK0” dhukcupoBanHo# nosepxuoctu Pepmu.

133
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OCHOBHOM COCTOSTHUM MMIYJIbC CBSI3aHHON Maphl JOIKEH ObITh PABEH HYJIIO U, B IPOCTEi-
meM CIydae, JOJMKEH OLITh paseH Hymio ee cmuH 2. Ilapa 6yoeT OMUCHIBATLCS CYTIEpIIO-
3urueil COCTOSTHUHN IBYX CBOOOTHBIX KBA3ZUYACTHUIL C MIPOTHBOMOJIOKHBIMU UMITYJTbCAMEA U
CITMHAMH:

U(r1,r2) = Y cptpt (r1)d-py (r2) (7.4)
p
TMoncrasnas sro B (7.2), noayvaem ypasrenue j1d Ko3OOUINEHTOB Cp:
2|¢plep + Z Upp¢pr = Ecp (7.5)
p/

rae Upp — MaTpuvHbBIil 37eMeHT B3anMonelictsud. [Ipumem niig 3T0oro MaTpuvaHOrO 371€-
MEHTa CJIEAYIONYI0 MOJIEb:

vE

g g mpn pp— 22 <p||p| <pr+ 22 (7.6)
PP 0 BHe 3TOr0 WHTEpPBAJIA. ’

3HaK KOHCTAHTHI B3AUMOIEHCTBHUS § BHIOPAH COOTBETCTBYIOIINM IPUTSKEHWIO, 8 OTPAHH-
YeHME HA UMITYJIbChI O3HAYAET, 9TO 9TO IPUTAKEHNE CYIECTBYET TONBKO B CJIOE IITUPUHOM
2hwp BOkpyT ypoeHs @epmu. To 0b6CTOATENBCTBO, UTO 3/16Ch GUTYPUPYeET aebaeBCKast
YaCTOTA, CBA3AHO TPOCTO € TEM, UTO B DOJBIMHHCTBE PEATBHBIX METAJIOB MHKPOCKOTIH-
YeCKUil MEXaHU3M TAKOTO TIPUTIKEHUs CBSI3aH C JIEKTPOH — (DOHOHHBIM B3aNMOIEHCTBY-
eM, a GOHOHBI U MOTYT TOJIbKO AEHCTBOBATH HA 3JIEKTPOHBI B CJI0€ MHUPHUHON 2hwp K €
BOm3u mosepxHoctn Pepwmm.
N3 (7.5) u (7.6) HaxoquMm BblpaxkeH#e it KOIGbQUIUEHT Cp:

gl
=2 7.7
Cp 2‘€p| —E ( )
rae
P =pp+el
I = Z Cp/ (7-8)
p'=prp— D
vEp
Casi3aHHOE COCTOSIHIE COOTBETCTBYET OTPUIIATENBHOMY 3HaYeHuIO sHeprun B = —2A(A >
0). Hoxcrasuss sto B (7.7), a (7.7) B (7.8), nonxyuaem:
p'=pp+1D
= 79 —_— =
2 , hwp |£p’| +A
p'=pr——}
1 hwp 1 1 fwp
= —glv dé—— =~ —glvpln —— 7.9
59 F/_thf|£+A 591vrIn— (7.9)

rje Mbl IE€PENLId OT CYMMHPOBAHMS 110 P K MHTErpUpOBaHuio 10 & = vp(p — pr), BBE-
JsL IIOTHOCTE cocTosHmit Ha nosepxuocts Pepyu vp = ZEE w yamm, aro A < hwp.
TMocnennuit kKo3ddumuent 1/2 ¢BA3aH ¢ TEM, 9TO MBI 3€Ch CyMMHUPYEM IO COCTOAHIAM
OJTHOM M3 KBA3UYACTHIL IAPBI, Y KOTOPOI IIPOEKIINd CIUHA 33/1aHa, TONJA KAK ILIOTHOCTD

2Mpet 6y1eM paccMaTpHBATh YIPOIEHHYIO MOJENb C IIOYTH TOYCUHBIM IPUTAKEHHEM KBAZMIACTHIL, &
npuranun Ilaynu 3anpemaer aBymM pepMuoHaAM HMETH OZUHAKOBBIH CIHH B OJHOH TOUKeE.
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cocTostHull Vp 3amucana 1iist obenx mpoekimit cnuna. CoorsercreenHo, n3 (7.9) moaydaem
ypaBuenue st A:
1 th

KOTOPOE BCeraa (axe mMpU CKOJIb YrOAHO MAJbIX 3HAUEHUSX ¢) MMEET HETPUBHAIBHOE
pelieHue:

A = hwp exp {2] (7.11)
gvFr

OTIPEIEJIAIONIEe KOHEUHYIO SHEPIHio CBs3u napbl. Takum o6pasoM, Haina ¢hepMUeBcKasi Cu-
cTeMa HEyCTOHYMBA OTHOCHTEILHO OOPA30BaHUs CBA3AHHBIX IAp JIEKTPOHOB [IPU CKOJIb
YTOOHO c1abOM NMpuTszKeHnn BOm3M nopepxHocTn Pepyu. TO M €CTh HEYCTONIUBOCTH
Kynepa. IIpoBenernoe pacCMOTpPEHHE HECKOJIBKO HETOYHO — pedb ILTA O JABYX BBLIEJCH-
HBIX 3JIEKTPOHAX Ha (POHE 2KECTKOH nopepxnoctr PepMu, HO OHO JACT NPABHJILHBIA pe-
3yABTAT JJIS SHEPTHUHU CBA3W TIAPHI TI0 MOPAIKY BeIMIUHBL KynepoBckue napbl, O9eBU,IHO,
ABJIAIOTCA GO30HAMM W MOTYT ITPETEpIeBaTh 603e-KOHACHCAIAIO TTPU JOCTATOYHO HASKHAX
TeMIIEpPaTypax, 9YTO U €CTh IVIABHAA UJes B OObIACHCHHH MEXAHW3Ma CBEPXTEKY4YeCTH B
dbepmu-cucreme (CBEPXIPOBOAUMOCTH).

7.2 CsepxrTekyunii pepMu-ra3. JHEPreTuIecKuii CIeKTp.

Urak, ¢pusnyaeckaa mpupoa CBEPXIPOBOIUMOCTH METAJLIOB COCTOUT B CTPEMIIEHUH JJIEK-
TPOHOB K CIIAPUBAHUIO, T.€. OOPA30BAHUIO CBI3aHHBIX COCTOSHUN M3 AP YaCTHUIl, HAXO-
asumxcs (B UMIYJIBCHOM TIPOCTPaHCTBe) BOIM3M nosepxHocTH PepMu U 00IaIa0IIX
PABHBIMU TIO BEUYUHE U MTPOTUBOMOJOXKHBIMY 110 HAPABJIEHUIO UMITYJIBCAMU U CIHHA-
Mu. MUKPOCKONUYECKUiT MEXAHU3M IPUTSYKEHUs B TPAJIUIMOHHBIX CBEPXITPOBOIHUKAX (C
rTemIepaTypoii ceepxnpopogmero nepexona 1. < 30K) csa3an ¢ 91eKTpoH — DOHOHHBIM
B3aumoseticrsueM. 1Ipupona npuTsKeHns B BHICOKOTEMIIEPATYPHBIX CBEPXIIPOBOIHUKAX
Ha ocHoBe OKcuaoB Memu (T, > 30K) ellle OKOHYATENHLHO HE BBISCHEHA, CKOPEe BCEro
OHA CBSI3aHA C B3AMMOIEHCTBHEM HOCHUTENEH TOKA ¢ aHTH(EPPOMATHUTHBIMYU CITHHOBBI-
v daykryarmuami. B ceepxrekydem He3 (rme B obmactn T < 2.610 3K cymectsyer
HECKOJIbKO CBepXTeKyunx (a3) 970 o6MeH napaMardoHaMu (COMHOBBIMU (DJIyKTYallus MU )
MEZKTy KBa3uydacTuiaMmu B reauu. llpenmaranucs u apyrue MeXaHu3Mbl CIIAPUBATETBHOTO
B3aUMO/IEHCTBHS, HAIIPUMED TAK HA3bIBAEMbIN YKCUTOHHBIN Mexanu3M. B mrobom ciyuae
pedb UIeT O B3aUMOIEHCTBHE 34 CUeT 0OMEHA TeM UJIM HHBIM KBAHTOM KOJIJIEKTUBHLIX (60-
30HHBIX) BO30YXKIeHUH MeKAy (DepMUOHHBIMU KBa3W4YacTHIAMU. B jajbHeiineM Mbl HE
paccMaTpuUBaeM 3TH MEXAHW3MbI, OTPDAHUYMBASACH ODCYXKIECHUEM TPAIUITUOHHON MOMIEIH
CBEPXIIPOBOINMOCTH METAJIJIOB, HA OCHOBE MPOCTeHIell Moaenn, mpeaaokennoil bapan-
ubiv, Kynepom u IIpuddepom (momens BKIIT)3.

Bapaun, Kynep u [llpuddep npemmoxmumm ciaemayonmit MOIETbHBIN TaMUIBTOHNAH
CBEPXIIPOBOIHUKA:

g
H = Z $ppopo — v Z agpaly a_piap (7.12)
po pp’

3TIpm 3TOM MBI GymeM pacCMaTpHBATh TOJBKO CHHIJIETHOE CIADWBAHUE JJIEKTPOHOB (¢ mpormeomno-
JIOKHBIMH CIMHAMHU) U HYJEBBIM OPOUTAIBLHBIM MOMEHTOM Naphbl (S-CIapUBaHHeE), XOTS B HEKOTODBIX
MeTaIax u ceepxTekydem Hed crapuBaHWe HPOMCXOMUT B TPUILIETHOM COCTOSHHE 110 CITHHY (mapas-
JIeJIbHbIE CHUHBL B Iape) W He 00g3aTeJbHO B S-COCTOSHUY II0 OpOHTAJIbHOMY MOMeHTy. Hampumep, B
YIOMSIHY TBIX BBICOKOTEMIIEPATYPHBIX CBEPXIIPOBOSHUKAX PEAJIUIYETCS CHHIVIETHOE d-CIIapUBAHUE.
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rae & = vp(|p| — pr) — sHeprus 31eKTpoHa BOMU3H MOBePXHOCTH PDEPMU B HOPMAALHOM
memanne (OTcanTanHas or yposasa Pepmn), a;;,, Gpg — OTIEPATOPHI POXKIEHNA ¥ YHUITO-
2KEHUsl 3JEKTPOHA C MMIIYJbCOM P U IpOeKIMedl CIuHA 0. 3HAK KOHCTAHTHI B3aHMMOIEii-
CTBUSI § BHIOPAH COOTBETCTBYIONIIMM MPHUTIKEHUIO, U OHA CINTAETCA OTIUIHON OT HyJId
TOJILKO B HEKOTOPOM IHEPIreTU4ecKoM cjioe BOum3u nosepxuocru @epmu, kak 8 (7.6). 3a-
METHM, YTO ITOT TAMUJIBTOHHAH UMEET CUJIbHO “ype3aHHBIN’ BUI — B3aUMOIEHCTBYIOT, B
COOTBETCTBUY C U3JI0KEHHOMN BBIIE KAPTUHOM, TOJBKO IJTEKTPOHBL ¢ TPOTUBOMOIOKHBIMHI
HMITYJIbCAME M CIIMHAMH, 4 BCE IPOYHE B3AUMOACHCTBUSA IPOCTO BLIGPOIICHDI? .

ITpu ananuze ramunbronuana (7.12) BOCIOAb3yeMCs METOIOM, IPEJIOKEHHBIM Boro-
J000BbIM. BBezem BMmecTo wactu ramusibronnana (7.12), oTBETCTBEHHOI 3a B3anMOei-
CTBHE:

Hipy = —% Z a;,Tafp,ia,piaPT (7.13)
pp’

TaMHUJIBTOHUAH B3aHMO,ELefICTBHH C CaMOCOIVIaCOBaHHBIM ITIOJIEM BHJA:

__9 + o+ + o+
Hine = v Z {< Aprp@ 5 > GplOpt+ < G_piapt > ap’Ta—p’i} (7.14)
pp’

r7e YIJIOBble CKOOKM 0003HAYAIOT yCPEIHEHWE TI0 OCHOBHOMY cocTosuuio mpu 1T = 0 u

_ _H ..
cratucTudeckoe cpennee pu T > 0: < ... >= Z 1Sp(e~T...). B pesyabrare, HOMHBIH
FaMHILTOHHAH IPHHAMAET BHI:

" 1
H =3 Guf,ap + 3 {Aaprapy + Aatp ol L+ VIAP (715)
po p
o€ BBEJIU:
«_ 9 + 4

A¥ = v Z <apalyy > (7.16)

p/
A= %Z < a,p/iap% > (717)

p/

TaK HA3BIBAEMBIE GHOMAAbHVLE CPEJHUE, TECHO CBI3aHHBIE C NAPAMEMPOM NOPAJKG CBEPX-
npoBoasiero nepexona. Kombunanuu oneparopoB POKIEHNS U YHUYTOXKEHUST, CTOANIAE
37€Ch IO/ 3HAKOM YCPEJHEHHs, IO CYTH JEJa, MPEJCTABIISIIOT CODOMH ONepaTopbl POKIe-
HUs U YHUYTOXKEHHs KylepoBcKuX nap (6030HO0B!) ¢ HyJeBbIM UMILYJIBCOM, AHAJIOIUYHBIE
(6.89). ITosroMy, UCTIOAB3YsT GOTOMIOOOBCKYIO MAEOJOIHIO, TPUMEHSBITYIOCS BBIIIE K 5036~
rasy, Mbl U MOYKEM 3aMEHUTh ITH KOMOUHAIMK ONepamopos B ramuabronuade (7.13) na
c-aucna (7.16), (7.17), T.e. IPEANONOKUTD, YTO KYIEPOBCKUE TAPLI IPU HU3KUX TEMIIE-
paTrypax mperepreBaioT 603e — KOHIEHCAINIO 1 T.n. be3 orpanntdennsa OOITHOCTH MOXKHO
cuurarh, uro A* = A, r.e. Bpibpars dasy kommiekcroro uncia A = |Ale’® (mapamerpa

4B pesysbTaTe TAKOro ympouieHHus (BbAeJeHH HauOOJee CyINEeCTBEHHOTO B3aUMOCHCTBUA) 33129y
Y/IaeTCs UCCJIe0BATH JOCTATOYHO JgeTainbHo, a Teopust BKIII saBasiercss 0fHUM U3 BBICIIAX JOCTHXKEHUI
COBDPEMEHHOH TeOPETHUIECKOil (PU3NKM, ee OCHOBHBIE HI€U COXPAHSIIOT CHJIy B IPUMEHEHHN K CAMBIM Da3-
HBIM CHCTEMaM W MacmTabaMm Hepruu (TemmepaTypsl).JIOMEMO yKe yIOMSHYTHIX IPHMEPOB, YKayKeM
Ha HpI/IMeHHMOCTb €ee K npouecca.M CHapHBaHI/IH HyK.J'IOHOB B aTOMHBIX ﬂ,qpax, K CBerTeKy‘{eCTH ﬂ;[epHOI./JI
MaTepuu B HEHTPOHHBIX 3Be3JaX, & TaKyKe K HEKOTOPBIM MOJEJISIM COBPEMEHHOW T€OPUU SJIEMEHTAPHBIX
4aCTHII.

506paTuTe BHEMaHHe Ha CMEeHY 3HAaKa, CBA3AHHYIO C TeM, YTO MBI II€PECTABUIM MECTAMH aHTHKOM-
MyTHupyomue dhepmMu-onepaTopbl. Kpome TOro 3/ech yITeHO HOCJIEJAHEE CJIAraeMOe, MOJLyYa0NIeecs Ipu
ycpenuenun (7.13) B myxe (7.14), He comepxkalee ONEPATOPOB POXK/EHHUS U yHUITOXKEHH, U JAIOIIee
BKJIaJ| B 9HEPIUI0 OCHOBHOT'O COCTOSIHUSI
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nopsizika) paBuoil Hya0: ¢ = 0. B orcyTcTBHE BHEIIHEr0 MArHUTHOrO IMOJIS 3TO MOXKHO
CesiaTh, TIOCKOJBKY HEDPIUs CHCTEMBI BCE DABHO OKA3BIBAETCS HE 3aBUCHIIEH oT da-
3p1%. 3aMernM, 9TO CyMIeCTBOBAHUE aHOMAJIBHBIX cpenunx Tuma (7.17) sBHO Hapymaer
3aKOH COXPaHEHWME YWCJIA YACTHUIl, B HOPMAJIHHOM METAJIJIE TAKHWE CpejHue Oe3yCIOBHO
pasubl Hyso [20]. Takum o6pa3oM, UX 1OsiBIEHHE O3HAYAET HAPYILEHUE COOTBETCIBYIO-
el cuMMeTpun Ipu ha30BOM TTEpexXoe M3 HOPMAJIBHOTO MeTaJLIa B CBEPXIIPOBO/ISIIEE
cocrosuue’ . JlanbHeHIIi anaIn3 T0KeH MOKa3aTh, CAMOCOTJIACOBAHHBIM 06Pa30M, 4T
TaKWe CPeaHre IEeHCTBUTEIBHO OTJUYHBI OT HYJS IPU HU3KUX TEMIeparypax — 3TO U
OyZeT mepexos B CBEPXIIPOBOILAINEE COCTOSHUE.

IMockonbky ramusbronnan (7.15) umeer Terepb B KBaapaTudHoil GopMbl 1m0 dep-
MUOHHBIM OTIEPATOPAM, OH MOYKET ObITh TUATOHAIM30BAH ¢ IIOMOIIBIO U—U—TIPEOOPA30OBAHNUS
Boromwobora. [lepeiinem Kk HOBBIM OmEpaTOpaM:

bp, = upap) + vpapr bpt = Upapr — vpafpi (7.18)
b;;$ = upa:)l + vpa_pt bgT = upa;T — Upl_py (7.19)

B cuny npennosnaraeMoil H30TPOLUH 3JIEKTPOHHOM KUIKOCTH KOI(MMUIUEHTLL Uy U Up
3aBucAT TOJNBKO 0T |p|. TIpeobpazosanue (7.19) “ob6beauuger” onepaTopbl KBA3ZHIACTHUIL
C TPOTHUBOIOJOXKHBIMU UMITYJIbcaMu u cruHaMu. “Crapbe” omepaTopbl yIOBIETBOPSIN
bEePMUEBCKUM KOMMYTAIIMOHHBIM COOTHOIIEHUSIM

{apa,a;o,} = 0pp'Ooo’  {GposUpror} = {a;,,ag,a/} =0 (7.20)

rae GpurypHbie CKOOKHA 0003HAYAIOT AHTUKOMMYTATOPBI. MBI JO/IKHBI TOTPEOOBATE, ITO-
OBl ¥ HOBBIE OMEPATOPHI YIOBJAETBOPSIIA TAKUM YK€ COOTHOIIEHUSIM:

{bpg,bg,,,,} = Oop 000t {bpesbprar} = {b;a,b;,o,} -0 (7.21)

T.e. 9TOOBI “HOBBIE” KBAa3WMYACTHUIIBI OCTABAINCH PepMUOHAMHU. JIerKo yOenuThCs, 910 OT-
CIO/Ia BBITEKAET CIEAYIOIIee yCaoBue Ha KOIMMUIUEHTHI U U V:

up +vp =1 (7.22)

IIpu sToM obGpaTHbIE TPEOOPA3OBAHKA UMEIOT BHI;:
apt = Upbpt + vpr_rN ap) = Upbp) — fupbfm (7.23)
a;‘T = upb:;T + vpb_py agi = upb:;i — vpb_pt (7.24)

IMoncrasnsig (7.24) B ramuibronuan (7.15), mosydaem:
1
H= 2251’7}127 - QAZupvp + -VA? +
P P g
+ Z {[5}7(”12) - UZQ)) + QAUpUp](b;’rpr + b;prJ,)} +
P

+ 3 {1260, — Al — D) G50y + bopibpr) } (7.25)
p

5B nesisHOM BHIE 3TO X)e GBLIO ciesano u B (6.89), B Mosesn 6oze-rasa.

"3/ech MBI CTANKHBAEMCS C SIBIEHEEM, KOTODOE B COBPEMEHHOH TeOPHH HA3BIBACTCS CIIOHTAHHBIM
HapyIIEHUEeM CUMMETPUM — HOBOE OCHOBHOE COCTOSIHHE CUCTeMbI (CBEPXIIPOBOHUK) umeer Gojiee HU3KYIO
CAMMETDHIO, HEXKEJIM FAMUJIBTOHUAH cucTeMbl (7.12). Takoe siBjieHWE SBJSETCS TUNHIHBIM Ui JHO60r0
daszosoro uepexozga 11 poga.
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77
Puc. 7.1: Queprerudeckuii ciektp 31ekTporos B Teopun BKIII.

Temnepb BHIHO, ITO HYKHO HAJOXKHUTH CIEAYIOIIEE YCAOBHE HA KOIMDDUINEHTHI U U U:

26 upvy — A(u?, - vg) =0 (7.26)

U HeJMaroHajbHble YjieHbl B (7.25) ucuesnyr. Torna OKOHYATENBHO MOIyYaeM FaMUJIbTO-
HuaH HOBbIX “cBoboaHbIX” (1) KBa3MUacTUIl B BUE:

H=FEy+ Y ep)l(biibpr + b5 bpy)] (7.27)

rie

1
By =2 [&u] — Aupvp] + EVAQ (7.28)
p
OIIPEIENACT SHEPTUIO OCHOBHOTO COCTOAHUS, &
e(p) = fp(uf) — 1)12,) + 2Au,v, (7.29)

— 9HEPIUIO HOBBIX KBazmuacTuil. 113 (7.22) u (7.26) jerko HAXOMUM SIBHBIE BBIPAXKEHUS
71 KO3POUIMEHTOB U U V:

}: 1yt (7.30)

2 \/@

Torna agid cuekrpa HOBbIX KBazuuacTull u3 (7.29) nosyuaem:

e(p) = /& + A2 (7.31)

— cnekTp BKIII co weavto mupunoit 2A ua nosepxuocru ®epmu! Kagecrsenubrit Busmy
9TOro crnekTpa npusesien Ha Puc.7-1. O4geBumabiM 00pa30M, ITOT CIHEKTP YAOBJIETBOPSIET
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( )

YCTIOBUIO CBEPXTEKYIECTH J'IaH;Lay Min="> > 0, T.e. 0becrieYnBaeT CBEPXIIPOBOINMOCTD

B CHCTEME 3apsAKeHHBIX 9acTHIL .

Taknum 06pa3oM, MPU KOHEYHBIX 3HAYCHHAX A (T.e. HA KAYECTBEHHOM A3BIKE, MPU
HaTUIuy 603e-KOHIEHCATA, KYTIEPOBCKHUX Map) B CUCTeMe BO3HUKAET CBEPXIPOBOIUMOCTb.
Ocranoch, OHAKO, TIOKA3aTh, YTO TaKasl CUTYallus BO3MOXKHA, T.€. Hy?KHO HAlTH YCJIOBUs
KOTJ[a, CTAHOBATCH OTJMYHBIME OT HyJis aHoManbHble cpennue (7.16), (7.17). Cosepruas
B (7.16) u — v—peobpazoBaHue, 3AIUIIEM:

_9 g
Z < ama_m >= = Zupvp(l — Npt — Npy) (7.32)
p
rae
Npp =< bfbpr > 1 —np =< by bl > (7.33)
B camom mee:
<afal  >=<(upbl + 11,,1)_1,¢)(upbir ol — Upbpt) >=
=up <bEOE | > —upv, <bLbyy > tvpu, <bop bt > —v) < by by >=

= “pvp(l — Npt — Npy)
(7.34)

[IOCKOJIbKY TP NPABUIBHOM BbIGOPE HOBOTO OCHOBHOTO COCTOSIHUSA JOJI2KHO BBINOJHATHCS
ycioBue < b;bep | >=<b_pibpt >=0, T.e. HOBbIE KBA3MIACTHULIBI HE JOJKHBL CAMONPO-
M3BOJIBLHO POXKIATLCA H YHHITOKATHCAY . AHATIOIHYHO:

< aprGopy >=uptp(l —npp — npp) =< a;Tatpi > (7.35)

IMoncrasnasa B (7.32) aBHBbIE BbIpayKeHN A1 Up U Up 13 (7.30), nmeeM:

1 —Npp — N

ypaBHEHHE 1,151 dHepreTuteckoi menn B reopun BKIII.

SEcau B CHCTEMe TeUeT TOK, TO BCSl MOBEPXHOCTH PepME CMeIeHa B HMIYIbCHOM IPOCTPAHCTRE HA
HEKOTOPBIN BEKTOP (, TaKOl, 9T0 mvs = hq, rae vs — apeiidoBas CKOPOCTH 3J1eKTPOHOB. Torga sueprust

aJIeMEeHTapHOro BO30y»xk/aeHus BOu3n mosepxuoctn Pepmu umeer Bug £(p) < /€2 4+ A2 + ppvs, rae
YY/IM MaJocTh JpeiidoBoit ckopoctu, Tak 410 Eptq ~ &p + VFQq. s ssekTpoHa ¢ MMIyIECOM HApaJI-
JIeJIbHBIM HJIH AHTHIAPAIUIENLHEIM Vs uMeeM £(p) & /€2 + A2 + ppvs. Takum 06pa3oM MexIy IBYMs

MPOTHUBOIOJIOKHBIMU TOYKAMH Ha MOBepXHOCTH PepMu BO3HMKAET PA3HOCTH dHEpruit hw = 2ppvs u
CIeKTp BO30YKIeHUH CTAHOBHUTCS HecuMMmeTpuaabiM. OQHAKO, MOKyAd hw = 2ppvs < 2A mesnb B Clek-
Tpe coxpansercd u, npu 1 = 0, Bo36yxkaennsie kBazudactunsl BKIIT orcyrcrByror! CooTBeTCTBEHHO,
HET U AUCCHUIIallUU TOKa. HpI/I Uspf > A BEPXHAA W HUXKHAA 30HblI KBA3UYIACTUL] HAYUHAOT IIEPEKPBbI-
BATBCA U BO30YXKIeHNE KBA3UIACTHI] B BEPXHIOO 30HY BO3MOXKHO fazke npu I’ = 0 — CBepXIpOBOAMMOCTH
nponajgaer. COOTBETCTBEHHO, BOBHUKAET U IPOCTEHIIAsi OLEHKA KPUTUYECKOrO TOKA CBEPXIIPOBOIHUKA:
Je = evs = %.

9MaTeMaTHIeCKH 3TO CJIEJCTBHE TOIO0 OOCTOATETbCTBA, UTO I AUATOHAIM30BAHHOIO IaMHIIBTOHHA-
Ha (7.27) B MaTpHIle IJIOTHOCTH UMEIOTCS TOJIbKO JMAroHaJjibHbIE 3jieMeHThl. COOTBETCTBEHHO CPEJIHUE
OT JUArOHAJILHBIX IPOU3BeJeHUil onepaTopos (7.33) OTJIHUYHLI OT HyJs, TOTAa KaK CPEJHHE OT HeJuaro-

HAJIBHBIX npoussegenuil (7.34) paBHBI HyJIO.
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B oTCcyTCTBHE MATHUTHOLO [OJISI, “IHCJIA 3AOIHEHHS Ny = Np| U OMPEIEIISIOTC OObI-
HbIM pacupeneneaneM Pepmu gacrun co cuekrpom (7.31):
1

Npt = Np, = —7—— (7.37)
e T +1

Paccmorpum cragana caygait T = 0. B srom caygae, npu A # 0, KBa3UIaCTUL, HET,
r.e. Npr = Np, = 0. IIpu T' > 0 oHU, KOHEYHO, MOIYT BO3DYKAATHCA HOMAPHO (YACTHIA
— JBIPKA) U CYIIECTBYIOT B COOTBETCTBYIOIEM KOJMUeCTBE HaJ Imenbio. Torma, B (7.36)
MOXKHO TIepeiTH OT CYMMUWPOBAHUS M0 P K WHTETPUPOBAHUIO U 3AIUCATH!

g dp 1-2n,

L= 5/ (27h)? \/@

Ho nmpu T' = 0, B COOTBETCTBUM CO CKA3aHHBIM, UMEEM:

d drp?
1=9 / b P (7.39)

2) @l ey ag

Cpasy 3amMeTM, 9TO 9TO yPABHEHHWE 3aBEJOMO HE mMeeT pemenud ans Ao upu g < 0,
T.e. B CJlydae OTTAJIKMBAHHS, T.K. 3HAKH OOEMX 9acTeil ypaBHEHHs 33aBEJOMO DA3HBIE.
BcmoMHAM Tereph, YTO KOHCTAHTA B3aUMOZEHCTBUS ¢, (DAKTHIECKH, OTIMIHA OT HYJIst
TOJIBKO B CJIOE MIUPUHOM ~ 2wp BOKpYT noBepxHocT Pepmu (em. (7.6)). Torga v (7.39):

(7.38)

1 2 (M d 2% 2hw
dpp? — ~ p—g 4 ~ g In 2222 (7.40)
\/Ao +vip(p—pr)?  VE J—hwp 5% + A2 Vg AW
Torna ypasuenue (7.39) npunuMaer BUI:
gmpr | 2hwp
1= 41
27T2h3 . AO (7 )
pelIeHre KOTOPOToO JTAeT:
2 1
Ag =2hwpexp | ——— | =2hwpexp | —— (7.42)
grvr )\p

rie Vg = 24 — mnornocrs cocroanuii na yposue ®@epmu, a A, = grr /2 — 6espazmepnast
KOHCTaHTa CIapUBaTebHOrO B3amMmomeiictBus. Takum obpasom, mpu T = 0 sHepreru-
geckas mMenb Ag OTIHYHA OT HYJs, (DOPMATBHO, TIPU CKOJIb YTOJHO MAJBIX 3HAYEHUSX
CHapUBATEILHON KOHCTAHTBI B3aumoeficreus A, 0.

ITpu koneunbix Temueparypax, nonarag B (7.38) A = 0, nosy4yaeM ypaBHEHHE, OIIpe-
JIJTAIONEe KPUTUIECKYO TEMIIEPATYPY CBEPXIIPOBOMAMAIIETO IEPEXOIA:

g [ d&p 1-2n, /"MD 1 &
1:—/77=/\ dép——th-2 7.43
2] oy Wl o, T o (743

1006paruTe BEEMaHNe Ha JOTMOJHATENLHLIN MHOXKHUTENs 2 B (7.42), IO CDABHEHWIO C AHATOTHIHBIM
BoipakerueM (7.11), mony<geHHbIM BbIe U3 Gosiee mpoOCTHIX coobpakennit. Herounocts pemenus (7.11)
CBfA3aHA C OTMEYEHHOH BBHIIIe I'PYOOCTHI0 PACCMOTPEHH: B3aUMOJEHUCTBHA IBYX 3J€KTPOHOB Ha ¢doHe
2xecTKOi nosepxuoctu Pepumu. Haifinennoe cefivac pemenue (7.42) sABIsieTcs y2Ke BIOJHE KOPPEKTHBIM.
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Tabsuia 7.1: TemmepaTypa CBEPXIPOBOAMIIErO MEPEXOAA i psifa MeTawios (K).

Al Sn In Hg Pb Nb Nngn Nb3G€ La1.833r0.170u04 YBQQCU307

1.2 | 3.75 | 3.4 | 416 | 7.22 | 7.78 18.0 23.2 37 92

Tabanta 7.2: DKcIepUMeHTaTbHbIe 3HaUeHNd hwp, T, ¥ KOHCTAHTHI CBA3N Ap.

hwp(K) | Te(K) | X
Zn | 235 0.9 |0.18
Cd | 164 0.56 | 0.18
Hg| 70 416 | 0.35
Al [ 375 12 | 018
Tl | 100 24 | 027
Sn | 105 375 | 0.25
Pb 96 722 | 0.39

pelieHue KOToporo zgaer [24]:

2 1
T, = %mD exp (—A) (7.44)

P

e v ~ 1.78 — nocroguuas Jisepa. Ilpu s10it Temneparype sHepreTudeckas Ieib 00-
paIaeTcs B HyJb (CM. HUXKE), U CBEPXIPOBOJHUK MEPEXOIUT B HOPMAJIBHOE COCTOSHUE
11

B Tabaure 7-1 npueaeHbl TEMIEPATYPHI CBEPXITPOBOISIIETO TEPEX0Ia I PSIa Me-
TaJI0B U coequHenuii. B mociemnnx aByX CTOMOIAX 3TOM TAOJUIBI TPUBEIEHDI TAHHBIE
[0 JIBYM THIMYHBIM BbICOKOTeMIIepaTypHbiM cBepxiposogaukam (BT CII) na ocrose ok-
CHJIOB M€, KOTOPbIe aKTUBHO uccieayiorcs ¢ 1987 roga. MakcumasibHas TeMeparypa
cBepxnpoBosamiero nepexona T, ~ 135K (nox masmenuem g0 ~ 150K) mabmomanach B
cucreme HgoBasCasCuzOg. BTCII-cucreMbl 3aBe10MO HE OIUCLIBAIOTCH 3JIEMEHTAPHON
teopueit BKIII, onucauuoit Boie. OKOHYATEIBHOIO MOHUMAHUS TIPUPOIHI CBEPXITPOBO-
JAUMOCTH B HUX TOKA €Ille HeT, XOTs B MOCJeHee BpeMsi 0osiee WM MEHee BBISICHHUIIACH
HebOHOHHAs NPUPOJA CHAPUBAHUSA (B3aUMOJECHCTBHE, OTBETCTBEHHOE 34 CBEPXIIPOBO/IH-
MOCTh, CKOPE€e BCETO, CBSA3aHO ¢ aHTH(hEPPOMATHUTHBIMY CIMHOBBIMU (DIYKTYAITUSIMA) T
€ro aHu30TPONHBIA xapakTep (d-cuapuBaHue).

B TtpamgumnmonubIx cBepxmpoBomuukax, Teopuss BKII maeT mocTaTodHO MOMTHOE OMH-
CAHWE ITOTO SIBJIEHUS W HUKAKUX COMHEHWU B 3/IEKTPOH — (POHOHHOM MEXAHW3ME CITa-
puBanusa B HEX He cymectByer. B Tabmuue 7-2 [26] Mbl npuBoauM 3HAYEHHS A\p U Awp
JJIS PANIA TPATUINOHHBIX CBEPXITPOBOIHUKOB, T/I€ 3aBEJOMO IPUMEHNMA PACCMOTPEHHAA
BbIIIE MOJe/b “caaboil ceazu” BKIII.

Kak yzke OTMe4aI0Ch BbIe, B cBepxTeKydeM He® mpu remmeparypax muzxe 2.6mK

TaK¥Ke MPOUCXOINT KYyEPOBCKOE CIAPUBAHIE KBA3UIACTUIL HEHTPAIBHON (DEPMU-IKUIKOCTH,

UEcnn mexarmam CrapUBAHUS OTJIMYEH OT 3JIEKTPOH — (DOHOHHOTO, B 3TOH (DOPMYJie B IIPEIIKCIIOHEHTE
CTOUT XapaKTepHas YaCTOTA TeX DO30HHBIX BO30YKJIeHUil, 00MEeH KOTOPBIMHU, OTBEYAET 33 MPUTIKEHUE
HOCHTEJIEH TOKa. B TaCTHOCTH, B TaK HA3bIBAE€MOM 3KCHTOHHOM MeEXaHH3Me€ CIIapUBAHUA 3€Ch MOZXKET
CTOSATD dHeprus ~ Fp > hwp, mo4eMy 9TOT MEXaHW3M U [IPEJJIATAJICS JJIsI OCYIIEeCTBICHUS BBICOKOTEM-
nepaTypHOil cBepxupoBogumocTu. B peasnpabix BTCII — cucremax, 1m0 BHAMMOMY, 3/€Ch CTOUT XapaK-
TepHas dHeprusi aHTU(GEPPOMATHUTHBIX CIMHOBBIX (DJIYKTyanuii, a OCHOBHbIE moJioxkeHus Tteopun BKIII
COXPAHSIFOTCS .
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3a cuer 0OMeHa CIIMHOBLIME BO30YKaeHusiMu (napamarionamu). B sToil cucreme cyiie-
CTBYET HECKOJIbKO CBEPXTEKYYUX (a3, OTIUYAIONIMXCA TUIIOM CliapuBaHus (OpOUTAILHBIM
U CIIMHOBBIM MOMEHTOB I1ap). JTO NPUBOAUT K HeOObrYaiiHOMy GorarcTBy (DU3MYECKUX
ABJIEHNMIT, HaOM0AaeMbIX B 9T0i cucreme [27].

[IpeacraBneHnto 0 CBA3AHHBIX NAPAX, XOTs OHO M JIE?KUT B OCHOBE COBPEMEHHON TEO-
PHUM CBEPXIPOBOAUMOCTH, HE CJIEAYET MPUAABATL CJIUIIKOM OyKBabHbIH cMbic. TouHee
CJIEJIyeT TOBOPDHTH O KOPPEJISIUU MEXKJYy COCTOAHUSIMM Map YACTUI] B P—IIPOCTPAHCTBE,
OPUBOJAIIEH K KOHEYHOH BEPOATHOCTH YACTUIIAM UMETh PABHYIO HYJIIO CYMMY UMILYJILCOB
u cuuHOB. B camowm geste, pa3zdbpoc §p B 061aCTH 9TOH KOPPEJIALANA COOTBETCTBYET IHEPIUU
ceasu nmapwl (memm) ~ A re. op ~ A/vp. CoorBercryromas mmuna & ~ h/dp ~ hvp /A
OTIPEIEIIAET XAPAKTEPHBIH MACIITA0 PACCTOSHUN MEXKY YACTUIIAME C KOPPEJTUPOBAHHbI-
My umiryabcamu (pasmep napbl). [pu T = 0 9ra, Tak Has3blBaeMasl JIMHA KOT€PEHTHOCTH,

paBHa:
h’UF Vr 1

o~ —~ —exp|— (7.45)
AO wWp )\p

IlockonMbKy B MeTaliax TUMWYIHBI 3HATECHUS % p% hi)FD > a, TOe a — XapakKTepHOoe

PACCTOAHIE MEKIY OTAEIbHBIMU 3eKTpoHaMu. Kpome Toro u skcnonenta B (7.45) 3ua-
YUTETHHO TTPERBIMALT eIMHNITY, TOCKONBKY 00BITHO A, < 1. OTcrofa ACHO, 9TO BCETAA
&0 > a, Tak 9TO “BHYTPHW’ KaXK/IOH MApbI TOMEIAETCS MHOXKECTBO OT/EIbHBIX IJIEKTPO-
HOB, WJIW, WHBIMU CJIOBAMY TAPBI CHUIBHO HEPEKPHIBAIOTCS W TEPAIOT CBOK WHIWBHILY-
anpHOCTh. D10 He coBceM Tak B BTCII — cucremax, e 3a cYeT BBICOKOIO 3HAYEHUS
T, (GOsBINON 3HEPTUM CBSI3W TIAphl) M OTHOCHTEIBHO MAJIOH KOHIEHTPAIMH HOCHUTEsei
pa3Mep map JIUIb He OYeHb 3HAYUTETHHO TPEBLIIIAET CPEIHEE PACCTOTHUE MEYK Y HOCH-
TeJIIMU. DT CUCTEMBI HAXOIATCA B TIEPEXOAHOM 00acTu oT “phixyibix’ map Teopuu BKIIT
K “KOMIaKTHBIM GO30HAM.

Nrak, B Teopun BKIII 371eKTpOHBI HOPMAJIBHOIO METAJIa MPEBPAIIAIOTCA B HOBBIE
depmuonnbie kBazuuacruupl ¢ cuexkrpom (7.31). OQHOBPEMEHHO HPOMCXOAUT U Liepe-
CTPOIKa OCHOBHOTO COCTOSTHUSI HOPMAJIBLHOTO MeTasa. [Ipusenem, 6e3 BIBOIA, OCHOBHBIE
hOPMYIIBI 1JIS OCHOBHOTO COCTOSIHHST CBEPXIPOBOIHUKA [26]. D10 cocTosiHue nMeer BU/I:

_ +
|BCS >= [](up + vpatia_p,)[0 > (7.46)
P
rae |0 > — COCTOsIHUE CHUCTEMBI O€3 3JIEKTPOHOB (BaKyyM), YAOBJIETBOPAIOIIEE OUEBUIHOMY

YCIOBHIO: apo|0 >= 0. Yenosue ul +v2 = 1 oGecneunsaer Hopmuposky < BOS|BCS >=
1. Cpenmee gucno gacrun B cocrosgsann BKII ecth:

\%
_ + _ 2 _ 3,0,,2
<N >=>" < BCS|a),a,,|BCS >=2) v} = L /d p2v; (7.47)
po p
IIpu sTom daykryarus gumciaa dacTuil B ocHoBHOM cocrogunnr BKIID orandna or Hynida
(3T0 cocTOsiHKE, KAK OTMEYAJIOCh BBIIE, HAPYIIAET 3aKOH COXPAHEHUd YUCJIa 4acTuil!):

<N?>—<N>*=> dulv} (7.48)
p

Orcrona 1erxo BuOeTh, 910 < N2 > — < N >2~ V ~< N >, 0OmHAKO OTHOCHTE/IbHAS
daykTyarus:
<N?>—-<N>2 1
< N >2 <N >

(7.49)
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¥ CPEJHEeKBAIPATHIHAS OTHOCUTEILHAS (GayKTyanust yoosaer mpu < N >— 00 Kak
1/vV< N >.

SIBHBIE BBIYMCIEHNS TIOKA3BIBAIOT, YTO TAK OMPEIETEHHOE OCHOBHOE COCTOSHUE YIO0BJIe-
TBOpAET yCAOBHIO byt |BCS >= b, |BC'S >= 0, T.e. ABAAETCA NPABUIBHBIM BAKYYMOM
ot kBazwaactut, reopun BKII, monydeHHBIX W3 KBAa3HYACTHUI, HOPMAJIBHOTO METAJLIa
IIyTeM U — ¥ — MPeodPa30BaHUI.

7.3 Csepxrekyunii pepmu—ra3. TepmoagmHaMuIecKne Be-
JIMYUHBI.

Paccmorpum reneps curyanuro upu I > 0. Ypashenue jis wenu (7.38) MOXKHO 1eperu-
CaTh B CJEIYIOMEM BHUIE:

g d3p 1 d3p Ny
145 [ ey~ | ey (7:30)

rae £(p) paerca (7.31). BaMerum, 94TO UHTErpAJ B JIEBON YACTU OTJIUYAETCS OT TAKOBOI'O

B (7.39) Tonbko 3amenoii A na Ag. Torzma, 3ameHss eJIMHUILY B JI€BOH 4aCTHU HA JIOra-

pudm u3 (7.41), nepenuceisaem eByo dactb (7.50) KaK g5 -5t In %. B mpasoit wacTu

e(p)

noncrasasiem dynxmuio Pepyu n, = [e T + 1]7! u nepexoqum K MHTErpHPOBAHUIO 110
d¢ = vpdp. Torna (7.50) npuHuMaeT BuUL:
A e d A
In=2 = 3 =2l (T> (7.51)

HK - 3T A2
o [ET T AZ <€x/5T+A +1)

rae

- dx
I(u) = /—oo Va2 + u?(exp Va2 +u? + 1) (7.52)

DTOT MHTErpaJ JOCTATOYHO TPOCTO BBIYHCISAETCS B MPENeNbHBIX caydasx [1, 3|, u Mer
uMeeM:

(%)1/2 e™™ mupu u>1
Iw) =9 | x) . 7o), (7.53)
n| g )+ gerut mpn u <1

rae v &~ 1.78 — mocrosaAag Jitnepa, ((3) = 1.202 — (-dynruma Pumana ot aprymenra
3. Toacrapnsg 911 npejesnbhble Bbipazkenud B (7.51), nosydaem g 061acTu HU3KUX

temneparyp T < A:
2T _ag
A=Ay |l—y/—e T |, (7.54)
Ag

a BOIM3HM TOYKHU IEePexXola B HOPMAJbHOE cocTosHue, korga A — 0, umeem:

Ay T 7¢(3) A?
In— =In—— —
A ~yA - 8w2 T?

(7.55)

W3 mocieniero ypapHeHUsT BUIHO, 9TO eih A 00paiaercs B HyJIb TIPU TeMIepaType:

T, = %AO ~ 0.57A, (7.56)
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Puc. 7.2: TemneparypHasi 3aBUCHMOCTDb dHEpTreTHYecKoit mean B reopun BKIII.

410, ¢ yyerom (7.42), conamaer ¢ (7.44). OTmernm, 4T0 OTCIO/A BHITEKAET XaPAKTEPHOE
otHorenne teopun BKIIT: 2;# ~ 3.52, IKCIEepUMEHTAIbHOE TOATBEP:KICHIE KOTOPOrO
B 1IeJIOM Psijie TPa/ULHOHHBIX CBEPXIPOBOIHUKOB [IOCIIYZKHIIO, B CBOE BPEMsl, BAYKHBIM
CBUJIETETLCTBOM TIPABMILHOCTH ITOMH Teopuu '2.

B6musu T, u3 (7.55) €erko noay4nTh:

A(T) =T, {75?(;) (1 - TTM v 3.06@/@ (7.57)

9TO JAEMOHCTPUPYET XapaKTEePHOE KOPHEBOE TOBEIEHUE IMIE/TN, TUITMYHOE JJIs TapaMerpa
nopsiaka mpu ¢as3oBbx nepexonax 11 poma.

O061muit BU 3aBUCUMOCTH 3HEpreTHYecKol meau A ot Temmneparypsl B reopun BKIII,
crenyronmii u3 (7.51) nokazad na Puc. 7-2. 9Ta 3aBUCUMOCTD TAKKe JOCTATOUHO XOPOIIO
MOITBEPKIAETCA B IKCIEPUMEHTAX HA TPATUIMOHHBIX CBEPXIIPOBOIHUKAX C HE OYEHB
BBICOKOI TEMIIEPATYPOit CBEPXIIPOBOISAINEro mepexona 1.

[epeiimem K paccMOTPEHUIO APYTUX CBOUCTB CBEPXITPOBOIHUKOB MIPU KOHEYHBIX TEM-
neparypax. IlpuBenem 6e3 BRIBOIA BhIpAYKEHNE [IJIsT PA3HOCTH CBOOOIHBIX IHEPTHUI CBEPX-
IPOBOIAIIErO W HOPMAIBHOrO cocrosaus Bommsu T.(T < T.), BBITEKAOIEE W3 TEOPUN
BKIII [1, 3]

2mppT? T\?
Fy—F,=-V_1Ec(1_~-) .
TCER < Tc> (759

12]30 MHOTHUX CBEPXIIPOBOAHUKAX Ha6J’[IO,ELaIOTC?I 3aMeTHBIE€ OTKJIOHEHUSA OT 3TOr0 IIpeaCKa3aHuA TeOpun
BKIII. ObmenpuHsiTas TOYKA 3pEHUST COCTOUT B TOM, UTO “HaeasibHOe” 3HAa4UYeHHe 3.52 [Jisi OTHONIEHUS
[IOJIHOH HMIMPUHBI YHEPreTUYECKON miejm K BejudnHe 1, XapaKTEPHO [JIsi CBEPXIPOBOJAHUKOB CO CJ1aboit
CBA3BIO (MaJIOl BEJIMIMHON KOHCTAHTHI CIAPHBATENBLHOIO B3aUMOAEHCTBYS), B IOJTHOM COOTBETCTBHEM C
Teopueit BKIII.
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OTKY/1a, BUJHO, UYTO CBEPXMPOBOsiiiiee cocTosaue npu 1’ < T, umeer 00jee HU3KYIO CBO-
GONHYIO IHEPIUIO, HeKeau HOpMasbHoe. s paznocru surponuii us (7.58) ciaenyer:

oF dmprT, T
Sg—Sp=—7—=-V—"v—2|(1- = 7.59
o =z () (7.59)
CoOTBeTCTBEHHO, TIOTYYaEeM BEJHINHY CKA4KG TEIUIOEMKOCTH B TOYKE IIEPEX0IA:
oS AmprT,
Cs—Cro=T— =V 7.60
or 7¢(3)R3 (7.60)
Yunreisas, aro Cy,, = VmppT /353 (cm. (5.70)), momy«anm:
Cs(T, 12
oTe) _ 1~ 243, (7.61)

Cu(T)  T((3)

DTO yHUBEPCAIbHOE 3HAYEHHUE TAKKe MPEJICTaBIAeT coD0i JOCTATOYHO JIEI'KO [IPOBepsie-
Moe Ha dKcrepumente npenckazanne Teopun BKII. Ouarb-Taku OHO XOPOIIO TOATBEP-
KJAETCA B CBEPXIIPOBOIHUKAX CO CIADON CBA3BIO.

JIJ1s1 BBIYUCJIEHUS TEMJIOEMKOCTH B 00/IACTH HU3KUX TEMIIEPaTyP, yI00HO UCXOAUTD U3
COOTHOIIICHUS:

OFE = Z ) (0npr + 0npy) _22 (p)on, (7.62)

A4 U3MEHEHHUd IIOJIHOHW 3HEPruM KBa3W4acTHIl IIPU BapbHPOBAHWUN YHCEJI 3aIIOJTHEHUHA.
Paznenus 910 BhIpaxkenune Ha 01 m nepexois OT CyMMHPOBAHMsI K MHTEIPUPOBAHUIO,
TTOJIYYUM JIJI51 TETIJIOEMKOCTH:

yme 8n
C=V s / dgpe(p) 5 (7.63)

_= 2
IIpr T < Ay MOXKHO HOJIOKATb N, ~ e~ T u &(p) =~ Ag + 5. Torna mpocroe uHTe-
p P p 270 p
IPUPOBAHUE JAET:
V2mprAy?
2mprAy T _ 29

c=V 13/2h3T3/2

(7.64)
TaK 4To npu I — 0 TemrmoeMKOCTb 3JIEKTPOHHOTO T'a3a B CBEPXIIPOBOJIHUKE IKCIIOHEHIIH-
AJIBHO MaJIa, YTO SBJIAETCS IIPIAMBIM CJIEICTBUEM CYIIECTBOBAHUS IEIN B SHEPTETUIECKOM
CTIEKTPE KBA3WIACTHII.

IIpu T = 0 moxHO mOKazars [1, 3], 4T0 pasHOCTH SHEPrUii OCHOBHBIX COCTOAHMI
CBEPXIIPOBOIAIIEH 1 HOPMAJIbHON (a3bl paBHA:

mPF

B~ By =V

e AV ivaA(%. (7.65)
OrpunarenbHbIl 3HAK TOH PA3ZHOCTH COOTBETCTBYET HEYCTOWYHBOCTH “HOPMAILHOTO’
OCHOBHOT'O COCTOSIHHSI B CJIydae MPUTAXKEHHA MEXKIy KBAa3WIACTUIAMH U “BBHITOJHOCTH’
cBepx1poBosiero cocroguus. Puzndeckuit cmbics pesyibrara (7.65) BuosHe siceH: B
cioe mupuHoit ~ Ag B6au3u yposusi Pepmu uMmeercs ~ Vp/l\y KBA3WUYACTHUIL, & 34 CUeT
obpazoBaHus METN SHEPTHST KA¥KI0M 3 HUX MOHMKAETCs Ha Beauunny ~ Ag. Ecau ore-
HATD BBINTPBINT SHEPIHA B pacdeTe Ha OIUH 3TEKTPOH, HOTydInM Bemauny ~ A2 /ep.
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7.4 VY4er KyJIOHOBCKOT'O OTTAJIKUBAHUSA .

Jlo cux mop MBI TIPEAITONATAIIN, YTO B CBEPXIPOBOIHUKE CYIIECTBYET HEKOTOPOE HPUTH-
JKEHUE 3JIEKTPOHOB B CJIoe MHUpHHOil 2wp BOamu3n nosepxuoctu ®epmu 2. Takoe npura-
JKeHue JeHCTBUTETHHO MOXKeT CYIeCTBOBATD 3a CUeT SJIEKTPOH — (DOHOHHOTO B3aMMOIEH-
crBus. OHAKO, B METAJIAX 3aBEIOMO CYIIECTBYET U JIOCTATOYHO CHUJIHLHOE KYJIOHOBCKOE
OTTAJIKUBAHME MEXKIY BCEMH 3JIEKTPOHAMM, KOTOPOE, OUEBHJIHO, IPENITCTBYeT 00pa3o-
BAHUIO KYNEPOBCKUX MAP W CBEPXIPOBOAMMOCTH. 1locMOTpHM, KAK MOXKHO yY€CTb ITO
OTTAJIKNBaHUE B ypapHeHuax Teopuu BKIII.

B obmiem cayuae, snepreTutdeckast Meb CBEPXIPOBOJHUKA, C YIETOM PA3JIUIHBIX Me-
XaHU3MOB B3aWMOMEHCTBUS, OMPEIENSTIeTCST TOCTATOMHO CIOKHBIM WHTETPAIbHBIM ypaB-
HenmeM. BOmawsu T, 3T0 ypaBHeHHe BCETJA MOYKHO JIMHEAPU30BATH 10 BesndmnHe A, 1mo-
CKOJIbKY OHa crpemutcst K Hymo upu I° — T.. B gacrHocTn, B npubivxkenun ciaaboi
CBSI3M MOYKHO HAINKCATDH CIEHAYIONIee YPaBHEHUE /uisi miesan Bomm3u 1., aABadomeecs mps-
MbIM 06006ienuemM ypasuerus (7.43) u onpenessioliee TeMIeparypy CBEPXIPOBOALIIErO
nepexona [26]:

A = [ arvieINE) g h(f—T/cmw), (7.66)

smeck N (§) - MIOTHOCTB COCTOSTHMIT JIEKTPOHOB B HOPMAJIBHOM MeTaste (B pacdere Ha
onHO Hampasienwe crmua), a V (€, £') — “norveniman” adgderTrBHOTO B3aUMOIEHCTRHS
Mexky HuMu. [Ipu 970M MBI cuuTaeM, 4To BeauduHa A() saBasgeTcda HEKOTOPON Heus-
BECTHOHN (DYHKIEH SHEPTrUM KBA3WYACTHIBLI £, KOTOPAs MOIJEKHUT ONPEICTCHHIO, B 3a-
BHCUMOCTH OT NMPUHUMAEMON MOJIENN B3aMMOJeHCTBUs. Bhime A cauranach KOHCTAHTOR
U COKPAIAJIACh, IIOJHOCTHIO Bbiaad U3 ypasuenus (7.43).

D ddekTuBHOE TEKTPOH-3TIEKTPOHHOE MPUTSAKEHUE ONPENEIAETC, B NeACTBATENb-
HOCTH, HEKOTOPBIM OATAHCOM MEXKy CIIAPUBAHUEM 38 CUET JEKTPOH-(POHOHHOTO B3au-
MOJEHCTBHS U KYJOHOBCKUM OTTaJIKuBaHueM. B kadecrse “morennuasia’ 3¢pHeKTHBHOTO
B3aMMOTEHCTBHA MOXKHO IPHHATEL TPYOYI0 MOIETh CASAYIOMero Buaal:

V(E,E) = —Ve(&,€) + Vipn(, ), (7.67)

rae
Ve(§,&') = Veb(er — [€D0(er — [€']) (7.68)
Von(€.€") = Vonb(wp — [€)0(wp — [€']) (7.69)

— MOTEHITNAJIBI COOTBETCTBEHHO JIEKTPOH-IJIEKTPOHHOIO U JEKTPOH — (DOHOHHOIO B3a-
nMoneHicTBHsA, wp - JebaeBckas uwactora. Koncranter V. > 0 u Vj, > 0 ommcersaror
COOTBETCTBEHHO OTTAJTKUBATEIHHOE W MPUTATHBAIONIEE B3aUMOJICHCTBUA, JeUCTBYIONNE
(B cuily €p >> wp) B CYyNIECTBEHHO PA3JIMYHBIX MHTEPBAJIAX SHePruil: (POHOHHOE MpUTs-
JKEHHe JeHCTBYEeT TOJBKO Ha JIEKTPOHBI B CJI0€ MUPHHON 2wp BOIM3M ypoBHa Pepmu,
a OTTAJKMWBAHHWE JEHCTBYET MEXKIY BCEMH 3JEKTPOHAMH IPOBOAMMOCTH, HA MAacIITabde
3HEpruil IOpsaKa €f.

13 Jlasee B 3TOM maparpade Ml mojaraem h = 1 1 u3MepseM wp B IHEPreTHICCKAX €IUHMIAX.
14 \e:K31eKTPOHHOe OTTATKHBAHLE CUHTAEM KOPOTKOAEHCTBYIOIUM H3-33 CHJIBHOH SKPAHHPOBKH KY-
JIOHOBCKOTI'O B3aMMO/EHCTBUS B METAJJIAX.
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IMocsie mofcTaHOBKM 3TOrO BhipayKeHus B ypashenue (7.66) u npeofpasopanuil ¢ uc-
HOJIb30BAHAEM YeTHOCTH IesieBoil byukimu A() momydanm:

WD

AE) = Wnblon — 9~ Vibler — )] [ aE/NE) bl SAE) -
0
— Vibler—) [ AENE)Gi(EIAE), (7.10)

Perienne sroro ypaBHenusi OymeMm, B rpyboM HpHUOIUKEHUN, UCKATh B “IBYXCTYIIEHYIA~
Tom’BHUIE [26]:
Aphu |§| < wp,

A(S) = { Am wp < ‘5| <ep, (771)

riae Apn, A - HEKOTOPBIE KOHCTAHTBI, JJIs OLPEIEJeHNA KOTOPBIX HOCTE MOJCTAHOBKA

(7.71) B ypaBuenue (7.70) umeeM ONHOPOIHYIO CUCTEMY JIMHEHHBIX YPABHEHUIl CJ1e/yIO-
IMEro BUIA:

T o) Pt OB ) Pt

V.N(0)K (;”;) Ay + {1 + V. No(0) {K (;;) - K (;";ﬂ } Ao = 0,(7.72)

[ MBI 3AMEHHIN IJIOTHOCTH COCTOAHmI Ha KouCcTanTy N (0) = %VF - IJIOTHOCTb COCTO-

AHMIT TEKTPOHOB HOPMATBHOrO MeTasta Ha yposHe PepMu m BBEM 0003HAMEHUE
x
" 1
K(x) :/dx/;th(x/). (7.73)
0

VesioBue paspemuMocTy (PABEHCTBO HYJIIO JET€PMUHAHTA) ITONH OJNHOPOAHON CHCTEMbL
YPaBHEHH JaeT ypaBHEHHE Hjid onpemenenna 1.:

=) K () =1,

()G o

rae BBeM * - TaK HA3BIBAEMBIH KyJOHOBCKMI mcesmornorentman, 4 = Ve.Ny(0) - 6e3-
pa3MepHas KOHCTAHTa KYJIOHOBCKOTO oTTankusanus, A = Vp,No(0) - GespasmepHast KOH-
CTAHTa CIAPUBAHMA 33 CUET JIEKTPOH-(OHOHHOIO B3AUMOIEHCTBUA.

B cuny nepasencrsa ep > wp > T, uarerpas (7.73) MOXKHO BBIYUCIUTD I T > 1,
torma K(z) = In (%’x), r7e Y OmsATh mocTosiHHas Jitnepa. Torma mig TemmepaTypsbl
CBEPXIIPOBOJIAIIECIO [IEPEX0a HeMeIJIeHHO roydaeM 2

2 1
T, = %wp exp <—>\ — N*) . (7.75)

159101 BaxkHbIH pesyabraT GbLI MOMyIeH ToMadeBIM BCKOpE Iocae co3ganns Teopun BKIIL.
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aro coBnagaer ¢ dopmynoii BKIII (7.44), eciiu moaoXKUThL CHAPUBATEIBHYIO KOHCTAHTY
B3amMozelicTeua A, = A — p*. KyJoHOBCKMIt TCeBIONOTEHNIHAN ¥ JaeTca TMPH 3TOM

BbIpazKeHUeM:
* K

"

Orciofa BUAHO, 9TO KYJOHOBCKOE OTTAJKHBAHWE, €CTECTBEHHO, MENIAeT CIIapUBAHUIO U
noHmkaer 1., yMeHbIIas BEININHY A\, HA Beaudury i*. Ograko sTor 3ddekT B MeTan-
JIaX JTOBOJILHO CUJIBHO TIOJABJIEH 38 cYeT GoMbiiod (mpu ep >> wp) Benuuunsl In(ep/wp)
(Tak Ha3bIBaeMbIl TOAMaYeBCKUi jorapudM). B 9acTHOCTH, BIOJIHE MOXKET OKA3AThCH,
YTO JaXKe mpu A < [i, T.e. KOIJIa, BO BCeil 00JIaCTU 3HEPTUil MMOJHAS KOHCTAHTA MEXK-
9JEKTPOHHOTO B3auMOMEHCTBUsT (HOPMATHEHO COOTBETCTBYET OTTAIKUBAHUIO, CBEPXITPOBO-
JIUMOCTH COXPAHSETCs, €CJIN BBITIOTHEHO YCIOBHE A > 11¥.

U3 dbopmynasr (7.75) BUAHBI IPUHIMNHATIBHBIE BO3MOKHOCTH TIOBBIMIEHUA KPUTHYE-
CKOHM TeMIepaTyphl CBEPXITPOBOJISAIIErO TMEPEXO/IA:

1. MOKHO HOBBIIIATH BEJIMYUHY Wp WU IMEPEXOAUTH K APYruM (HEeDOHOHHBIM) Me-
XaHU3MaM CIAPUBAHUSA 33 CYeT 0OMEHa, KOJJIEKTUBHBIMU BO3OYXKIEHUAMHU C XapaK-
TEPHBIMH YaCTOTAMH, MPEBBINAIIIUME Wp. IIpuMep 3T0ro — TaK Ha3bIBAEMBIN K-
CATOHHBIN MeXaHU3M, B KOTOPOM Wp 3aMeHseTCs Ha BeJIUYUHY TIOPSIKA EF.

2. C apyroii CTOPOHBI, MOYKHO TIBITATHCS yBEIUYNBATH KOHCTAHTY CIAPUBATETHHOTO
B3aHMOZENCTBUS A\, 33 CHET yBEJUIEHNsI KOHCTAHTBI IPUTSKEHHST \ HJIH yMeHbIIIe-
HUs KYJIOHOBCKOT'O TICEBJIOMOTEHITNANA, [t~

CobCTBEHHO TOBOpS, BCE MOMBITKH TOWCKA BBICOKOTEMIIEPATYPHOI CBEPXITPOBOIUMOCTH
MM B paMKax 370l umeonoruu. Ha 3ToMm ke crpoutcs: GOIBITMHCTBO 0ObACHEHUH MexXa-
HU3Ma, CBEPXIIPOBOJIUMOCTH B PEAJTBHBIX BHICOKOTEMIIEPATYPHBIX CBEPXITPOBOJHUKAX. 3a-
Jlada 9T0 MOCTATOYHO CJIOXKHA, TOCKOIBKY JayKe Ha 9TOM JIEMEHTAPHOM YPOBHE BHJIHO,
YTO MPUBEJICHHBIE YCIOBUS JOCTATOYHO TPOTUBOPEYHBBI - HAIIPUMED POCT IPEIIKCIIOHEH-
ol wp (7.75) 10 BEJMYWH COMOCTABUMBIX C €p HEM3OEKHO BEJIET K COOTBETCTBYIOIIEMY
POCTY KYJIOHOBCKOTO IICEBIOIOTEHITNAIIA 38 CUET YMEHbIIeHNs TOJIMAYeBCKOro Jorapud-
Ma. C apyroit cTopoHbI, yBenudeHue 3G MEKTUBHON CapuBaTeIbHON KOHCTAHTHI CBA3U
TpebyeT BHIXOOA 338 PAMKHM MCIOJIB30BABIIETOCA HAMHU MPUOINKEHNs CIa00H CBSI3HU TPO-
croii reopun BKIII'S,

168 kawecTre IpUMEpa COOTBETCTBYIONIETO PA3BUTHS TEOPHN TPAIHIAOHHBIX CBEPXTPOBOIHIKOB TIPH-
BeJeM MHTEePIOJSIIUOHHYI0 dopmyny Asnena — aituca must T, IpUTOIHYIO JJIs MUPOKOTO0 WHTEPBAJIA
3HadeHnit 6e3pa3MepHON KOHCTAHTHI 3JI€KTPOH — (DOHOHHOIO CIAPHBATEIHLHOTO B3AMMOJEHCTBHUS, B TOM
9HCJIe CYIECTBEHHO MPEBBIMAIOIIX A ~ 1:

T. = %wlogexp {7%} (7.77)
rae
[< w2 S1/2 Jup,, — 1N
A2 + 22
<w? >1/2

A =246(143.84%); Ao =1.82(1+6.3u )~ — (7.78)
Wiog

fr=0+ A2V =14

rjie Wiog — CpejaHenorapudMuaeckas acToTa (poHOHOB, a < w? > — cpemunit (0 boHOHHOMY CrIEK-

Tpy) KBaJpaT UX YaCTOTHI. DTH IapaMeTpbl BXOAAT BMeCTO BenuduHbl wp Teopuu BKIII, ocranbHbie
nmapaMerpsbl y2Ke ObLjIu OIIPE/eJIEHbl BBIIIIE.
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B saksogenne nammero o630pa MUKPOCKOIMUYIECKOH TEOPHUN CBEPXIIPOBOTUMOCTHA OT-
METHUM, 9TO BBIIMIE MbI BCIOAY TIPEATIONATAJH, YTO KYTIEPOBCKOE CIAPUBAHUE TTPOUCXOIAT
B CHHIJIETHOM COCTOSIHUM (QHTUIAPAJIIEIbHbIE CIUHBI) U C HYJEBbIM OPOUTAIBHBIM MO-
MeHTOM Tapbl (s-cnapusanue). B peasbHocTH cuTyanus MoxKeT ObITh CIOKHEe. DKCIe-
PUMEHTAIBHO MOKA3aHO, 9TO B HEKOTOPBIX CHCTEMAaX KYIEPOBCKOE CIAPUBAHUE IIPOUC-
XOOUT B TPUILIETHOM COCTOSHUM (MapaJijie/IbHbIe CIMHBL B Iape), a TakKe B COCTOSHUN
¢ HEHYJIEBHIM OPOUTATLHBIM MOMeHTOM (He®, CHCTeMbI ¢ TaK Ha3BIBACMBIMHU TAKETBIMA
depmuonamu u r.11.). Hanpumep, B BBICOKOTEMIEPATYPHBIX CBEPXIIPOBOJHUKAX HA OCHOBE
OKCHIOB MEJIU PEAJIN3yeTCsl CHHIIETHOE d-cruapupanue. EcrecrBeHHO, YTO JJisd MUKPOCKO-
MUYIECKOTO OMMCAHU TAKUX CHCTEM Tpedyercs OoJiee CI0KHAS TeOPHsi, OTHAKO OCHOBHbBIE
uaen u kadectBenHble BuIBOALI Teopun BKIII ocratorcst B cuite.

7.5 Teopusa I'ma3bypra — Jlanmgay.

[Monrag MEUKPOCKOIIUYECKas T€OPHUs, OMUCHIBAIOIIAS TIOBEJEHNE CBEPXIPOBOIHUKA B MAT-
HUTHOM TT0JIe IOBOJILHO I'POMO3JKA 1 clI0KHA. OKa3bIBaeTCs, ITO CUTYAIINS CYIIECTBEHHO
ympomaercst mpu 1 — T, roe MOXHO TOCTPOUTH (hEHOMEHOIOTHIECKYI0 Teopuo [ uH-
36ypra — Jlannay ([JI), Koropas siBjisieTcs SspKUM IPUMEPOM IIPUMEHeHUs oBIeil Teopun
Jlangay dbasosbx nepexomos I poza [1, 2] 17.

B obmeit Teopun Jlangay orinane “mHecummerpudnoi’” hassl OT “‘CHMMETPUYHON OMu-
CBIBAETCS NAPAMEMPOM nopadra. s CBEpXIIPOBOIHUKOB €CTECTBEHHBIM TAKHM [TAPaAMET-
POM SIBJISIETCS] KOMILJIEKCHAS IHEPTeTUYECKAs IIeJb WU, TOYHEE, aHOMAJbHOE CPEeIHee
(7.17), KOTOPOE NPONOPIMOHATILHO KOHIEHCAMHOU 60410601 HYHKUUY KYTIEPOBCKUX TIap.
B ob6mem ciydae 9TOT mapaMerp HOpPsIKa MOXKET ObITH HEOIHODPOJHBIM B IIPOCTPAHCTBE.
Cuwnrasi, st IPOCTOTHI, CAMMETPHUIO KPUCTAJIa KyOUYecKoil 3aMeThM, 4TO CBEPXIIPOBO-
JIAIIEee COCTOSTHUE XapaKTEePU3yeTcs CKAJISPHON BEJIMYUHON Mg — TJIOTHOCTHIO CBEPXITPO-
BOJsIIMX jeKTPoHOB (nap). ITosromy ynobHO HOPMHUPOBATH KOHAEHCATHYIO BOJIHOBYIO
dbynxmuto yenosuem |W|2 = n, /2, u BBena dazy ¢ zamucath ee B Buze [3]:

U= %ew ~A (7.79)

Takum 06pa3oM, mapaMerp TOPSIIKa, ABIAETCS KOMILIEKCHOH (JIBYXKOMIIOHEHTHOM) BeIH-
YUHOIA.

ITo obmrM mpaBuIaM KBAHTOBOM MEXaHUKK MOMKEM TOTIa, 3AUCATH JIOTHOCTH CBEPX-
OPOBOJIAIIETO TOKA, B BUE:

Jjs = —@(\II*V\II —UVYr) = ﬁnquzﬁ (7.80)
2m 2m

TJie TIOCJIeTHEE PABEHCTBO CIIPABEAJINBO IJIA ClIydas OJHOPOMHON B IIDOCTPAHCTBE ILJIOT-
HOCTH Ny, & YABOEHHAS MACCA BBEIEHA YUCTO (POPMATBHO, YTOOBI MOTIEPKHYTH, ITO HO-
CHTENSIMHU 3TOTO TOKA SABJAIOTCA KYIIEPOBCKHE TIAPHI.

OrnpaBHbIM IyHKTOM Teopuu LJI sBjsgercs BbIparkeHue IJjis CBOOOZHOH SHEPIrUH
CBEPXTIPOBOAHUKA B Buae dyHkuuonana ot U(r). CHavama paccMOTPUM CBEPXIPOBOA-
HUK B OTCYTCTBHE MArHUTHOrO 1oJid. O4eBuiHO, 94T0 PpU3nIECKUe BeJIMIMHbL HE JOJIXKHbI

17Ormernn, aTo Teopus ['unsbypra — Jlammay MoxKeT GBITH 6bi6edera U3 MHKPOCKOIHYECKOH TEOpHH
BKIII, so dakTruecku oHA ObLIa IPEAJIOKEHA 3340JIM0 JO HMOSBJICHHUS ITOH TEOpHUU.
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3aBHCETH OT KaJUGPOBOUHOrO mpeobpazopanusa U — Wel®. DruM TpeGOBAHMEM HCKIIIO-
YAIOTCS “IEHBI HEUETHOH CTEeHeHN B pasnoxkennu Jlammay'®.

Kongpernbiit Bujg pazioxkenus ¢BOGOTHON IHEPTUH CBEPXIPOBOIHUKA MO CTENEHAM
napaMmerpa nopsaka W Mozker GbITh 3alucad B Bugel?:

h2 2 2 b 4
F_Fn+/dv{4m|v\1/| +aleP + S |v] (7.81)

3mecw F,, — cBobOmHAS YHEPrUs HOPMATIBHOTO cOCTOdHUA, Koddduiment b > 0, a koadh-
dutment a Hepercs, KaK Bcerga B Teopun JIaHiaay, B BUE:

a=a(T-T,) a>0 (7.82)

taK, 906t pu 1’ < T, 6610 a < 0. Koadbdumument mpu |VV|? BpiGpan Tak, 9T06HI 1715
TOKa B JaJbHEHAIIeM MOTydnuioch Bbipaxkenue (7.80). OToxKmecTBIeHNE M ¢ MACCOH SI€K-
TPOHA HEe MMeeT 0CODEHHO ITyDOKOTO CMBICIA U SIBJISETCST YCIOBHBIM, KAK U ONpeeseHue
Ng.

B ciayuae omHOPOIHOrO mapamMerpa mopsiaka HMeEM:

b
F:ﬁg+defﬂmwF+%ﬁm4 (7.83)

Paprosecnoe s3nadenne |¥|? ompenenseTcsa MEHIMYMOM 3TOTO BLIPAYKEHHUS U PABHO:

(67

(1. - T) (7.84)

a
U2 =——
P =
npu T < Ti, n mymo npu T > T,.. Bermuwna napamerpa nopsanka |¥| obpamaercs B
Hyiub upu T — T, 10 KOpHeBOMY 3akOHY, B 1oJjHOM coorsercrsuu ¢ (7.57). Ilpu s1om
penmuuna ng ~ |V|? — 0 no auHeiiHoMy 3aKOHY.
Moncrasnsa (7.84) B (7.83) nonyuaem:

O52

Fy—F,=-V
2b

(T —T.)* (7.85)
uro sxsuBasentro (7.58)%°. Jludbdepentupys no T u3 (7.85), ananoruuno (7.59), MOKHO

HaHTHU PA3HOCTDH IHTPOINMUIL, & 3aTEM U CKAYOK TEIJIOEMKOCTH B TOUYKE TTepexoia:

T,
b

C,—Cn=V (7.86)

183amerum, uTo KaMMGPOBOYHAS WHBAPHAHTHOCTH COOTBETCTBYET B KBAHTOBOH MEXaHHKE 3AKOHY CO-
XpaHeHus duciaa JacTur. CaMm mapaMerp MOpsiIKa He HHBAPUAHTEH OTHOCHTEIHHO 3TOr0 IPe0OPA30BAHMSI.
B srom cMmbIce B cBepxupoBoasmiei (ase 3Ta CHMMeTPHsl, KAK OTMEUEHO BBIIIE, SIBJISIETCS HAPYIIEHHOMX.
Hapymenne cuMMeTpun NpOUCXOAUT NIpH J000M ¢a3oBoM nepexone 11 poma, mo3ToMy KOHIEHCHPOBAH-
Has da3a U HA3BIBAETCS HECHMMETPHIHON.

19Ha]’[OMHI/IM7 9TO OCHOBHBIM IIOCTYJIATOM TEOPUU ﬂaH;[ay ABJISIETCS UMEHHO BO3MOXKHOCTH ITPOBECTHU
TaKOe Pa3JIOyKeHWe, UCXOIS U3 MAJOCTH BeJIMYUHBI TApaMeTpa MOPSAKA BOIU3U TEMIEepaTyphbl Mepexoa
[1, 2].

20Teopusa I'JT 6b11a BhIBegeHa u3 Mukpockommiaeckoit Teopun BKIIT TopbkossiM. Ilpu sToMm mast de-
HOMEHOJIOTHIECKHAX KOI(PDUINEHTOB o U b OBIIH IOJy<IeHBl COOTBETCTBYIOIINE BHIPAYKEHUS I€Pe3 MUK-
POCKOIINYECKHEe XapAKTEPUCTUKHU CHCTEMBI. DTH BBIPAXKEHUs JIETKO MOJIy4uTh, cpaBuuBas (7.84), (7.57)
6727,

¢ (7.57), (7.85). Takum 06pazoM, juis “9ucTOro” CBEPXIPOBOJHUKA 6e3 mpuMecel nMeeM: a = Te@yen B

3

b= O‘Z;C, rae n = ,;TFW — IJIOTHOCTbB JIEKTPOHOB, a T¢ maerca dopmynoit BKIII (7.44).
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490 coorsercrByer (7.86).
B6susu T, (7.85) npencrasisier coboil Mauiyo JOGABKY K CBOGOIHON IHEPIUH, a CO-
OTBETCTBECHHO, KaK U3BECTHO U3 TEPMOIUHAMHUKHN, 3Ta 2K€ BEININHA (Bpra)KeHHaH qepes3

T, P Bmecro T,V) naer pasHOCTb T€PMOJMHAMUYECKUX HOTeHImaioB ['ubbca &, — &,,.
2

., B
OTa PasHOCThL COBMAJACT C BeJIUUUHON —V o<, Tie B, — KpuTH4ecKoe MarHuTHOE MOJIe,

paspyIaoriee CBepXIpOBOIUMOCTE. TOraa JIETKO TMOMYIUTD:

B, = (47;“2>1/2 - (47;“2) (T, — 7). (7.87)

ITpy Haju4yuM BHEIIHErO MATHUTHOIO 110Jist, Bbipaxkenue (7.81) mnga cBoGoxHOI sHEprum
MOXKET OBITH 3AIMUCAHO KAK:

B2 12 2ie ., s b,
F_Fn+/dv{87r+4m(V—mA)xy +a ¥+ 5|V } (7.88)

rne B = rotA. CrpykTypa IrpaJIM€HTHOrO 9I€HA 3/6Ch ONpEeIesaeTcs KaauOpOBOIHOM
(rpasiMeHTHON ) HHBAPUAHTHOCTHIO 3JIEKTPOIUHAMUKHN, KO3 DUIHEHT % 37eCh HOCUT ab-
COMIOTHBIA XapakTep, B oTmume oT Koadbdummenta h?/4m. B gactHocTH, Hammane 2e
OTPaXKaeT 3apsa], KyNIepOBCKOI MapHI.

Haxonga munuMyMm F Kak (DYHKIMOHAJIA TPEX HE3ABHCUMBIX Besmaun W, U* A 21
MOXKHO HaiiTn audepeHImanbHoe ypaBHeHne, onpeaesiomnee pacupemenenne W n mar-
HWTHOTO TIOJIsT B CBEPXITPOBOAHUKe. Bapbupyst (7.88) mo ¥* n mpeofpasyst WHTerpas ot
(V — 2ieA /hc)VIU™* unTerpupoBaHreM Mo 9acTsaM, Oy duM:

2 - 2 .

oF = /dV {—h(v — %A)Q\P +a¥ + b|\IJ|2\II} oU* 4+ h—j{ds(V\If — %A\I/)(S\IJ*
4m he 4m he

(7.89)

r7e BTOpOM MHTErpajl 6epercs mo moBepxHocTH Tena. [lomaras 0F = 0 moayuum, B Ka-
YECTBE YCJIOBUSI PABEHCTBA HYJIO OOBEMHOrO WHTErpasa mpu Juodbix W™, caemyromiee
ypasuenue ['muzbypra — Jlangay:
1 ) 2e .o 9

—(—=thV — —A)*U 4+ a¥ + b|Y|*T =0 (7.90)

4m c
Bapsuposanne mo ¥ gaer KOMIIIEKCHO CONpsaKeHHoe ypaBHenue misa V*. BapbupoBamme
(7.88) 1o A npusogur K ypasHenuo Makcsesia:

4
rotB = Ij (7.91)
C
riue )
jeh 2
j= L WVT - TVTY) — Z | T)2A (7.92)
2m mc

3/1eCh MBI 3aMUCAN j KaK CBEPXIPOBO/IAINI TOK, TIOCKOJIBKY B DABHOBECHH HOPMAJIbHBIH
TOK OTCYTCTBY€T.

CpaHWYIHBIE YCJIOBHS K 9TUM YPABHEHUSIM TIOMYIAIOTCA W3 YCIOBUA DABEHCTBA HYJIO
[OBEPXHOCTHOIO MHTerpasa B (7.89):

2e
he

21Kommrexcnas Beuuuna ¥ COCTOMT M3 JBYX BENIECTBEHHBIX, IIO3TOMY yI00HO paccMarpuBaTh ¥ u
U* | KaK HE3ABUCUMbBIE BEJIMYMHBI.

n(—ihV¥ — = AT =0 (7.93)
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T7e N — BEKTOP HOpMaJM K moBepxHocTu Tena. Orcona, keratu, cieayer nj = 0. Yeuaosue
(7.93) cnpaBeiIMBO Ha I'DAHUIE CBEPXIIPOBOJHUKA ¢ BAKYYMOM (JIU3JEKTPUKOM), B CIIy-
Yae TPAHWIBI ¢ METAJJIOM OHO WMeeT Apyroi Bui. I'panudnoe ycioBue mist B cBomurces
K TpeboBaHmio HempepbiBHOCTH B Ha rpaHuIe.

B cmaboM MarHATHOM MOTe MOYKHO TIpeHeOpedh ero BAuaHmeM Ha penmuamuy |V|? n
caurath ee pasuoit (7.84). Ilpu ommopommom B ipoctpanctse ns = 2|U|% u3 (7.92) mveem
(cp- (7.80)):

j= Ens(v¢ _ %A) (7.94)
2m he
Ilpumenssa onepauuto rot K 06eUM 4YacTAM TOIO PABEHCTBa U UCIOJb3yd TotA = B,
rosiyvyaeM ypaBHeHue JIoHIOHOB:

ngeé

rotj = — B (7.95)

mc

U3 ypasuenuit Makcsesuia (7.91) u divB = 0, noacrasisia j u3 nepsoro u3 uux B (7.95)

u yuauTsBag rotrotB = grad divB — V2B = —V2B, noayuaeMm ypasaenue JIOHIOHOB B
BHJIE:
V’B = %B (7.96)
riie
52 — me? 5= ( me?b )1/2 _ [ me?b }1/2 (7.97)
dmre?n, 8me?|al 8re2a(T, — T) ' '

Bo6au3n niiockoit MOBepXHOCTH CBEPXITPOBOAHNKA, BHIONPas ee B KadecTRe TIIOCKOCTH Y2
U HAIPABJIAs OChb T BHYTPb Tesa, npuseneM (7.96) xk Bumy:

’B 1
OTKYJa CJIeIyeT pelleHue:
B(z) = Boe /", (7.99)

rie BekTop B mapannenen mosepxuoctu. Takum obpazom mosydaem onucanue 3¢ derTa
Meiiccaepa — “BBITATTKMBAHUS® BHEITHETO MATHUTHOTO IO/ U3 CBEPXIIPOBOSHUKA. X apaK-
TepHas AJIMHA 0 HA3BIBAETCS [JIyOMHON IPOHUKHOBEHUSI. JTa BEIUYUHA SABJISETCH HEIO-
CpeICTBEHHO m3MepuMoii. TunndHbIe ee 3HAYEHNS B PEATBbHBIX CBEPXIIPOBOAHUKAX IIPU
HusKIX Temmieparypax d ~ 107° — 10 %cw. ITpu T — T, ona pacxomuTest coraco (7.97),
YTO COOTBETCTBYET MOJHOMY MPOHUKHOBEHWIO TIOJIsI B HOPMAJILHBIN MeTaJI.

Hapsiay ¢ 0 B Teopun I'JI BO3HUWKaeT elle OfHa XapaKTepHAs IJIWMHA: IJIWHA KOTE-
PEHTHOCTH WJIH KOPPEJSAIMOHHBIE paguyc duiykryanuit napamerpa nopaiaka (7). Tlo
uzBecTHbiM (hopmynam teopuu Jlangay dazobbix mepexonos II poga (cMm. HEKE) 3TOT
paamyc BeIpazkaerca depe3 Kodbdunmentst ['JI ciemyrommum obpazom:

h h Tc h’UF
T - = ~ _— ~N — .
§(1) 2(mla|)l/2  2(ma)l/2(T —T.)1/2 €o T -7’ €o T (7.100)

IZ€ B [IOCJIEIHUX OLEHKAX YN MUKPOCKOIIMIeCKNe BbIpazkerus /1t Kodddunuentos I'J1
u oneHKy aauHbl kKorepeaTaoctd Teopun BKIII (7.45), onpeaensionyo pasMep Kynepos-
ckux map. Bumum, uro mnuna korepentaocru &(T) (pasmep mapbl) TAKkKe PACXOIUTCS
npu T — T, (napsl “paciyxaior” u paspymatorcs upu 1T = T.).
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BezpasmepHoe oTHOIIIEHHE XapaKTepPHBIX JIJIAH:

() meb!/?
T T e e (T

ompenenser Tak Ha3pBaeMbiii mapamerp ['mu3zbypra — Jlammay. B 3aBucumocTn or ero
BEJIMYMHBL CBEPXIIPOBOAHUKY JEJIATCS HA JIBA KJIACCA C CYIIECTBEHHO PA3JIAYAIOIIMMUCH
CBOMCTBAMHU BO BHEITHEM MATHUTHOM IOJIe: CBEPXIIPOBOIHUKHU C K < % Ha3BIBAIOTCS
cBepxmpoBogHUKaMU | poja, a CBEPXIPOBOTHUKA C K > % ornocat K II pony. K mo-
CJIeqHEMY KJIACCY OTHOCHUTCS OOJBIIMHCTBO MHTEPECHBIX C MPAKTHIECKON TOYKW 3PEHU
CHUCTEM, B YaCTHOCTH, BCE M3BECTHHIE BHICOKOTEMIIEPATYPHBIE CBEPXIIPOBOJHUKH.

PaccMorpuM 0HO 3aMedarebHOe CencTsue Bbipaxkenud (7.94) u saddexra Meiic-
cuepa. [lycTs uMeeTcs CBEPXIIPOBOIHUK B BHUJIE TOPA, MOMEIEHHBI B MArHUTHOE TIOJIE.
CunraeM, 4TO TOJNIIUHA TOPA U €0 JUAMETP 3HAYUTEIHLHO MPEBBIMIAIT TIyOHHY MPO-
HUKHOBEHUS W JJINHY KOrepeHTHOCTHU. lloKaxkeMm, YTO BeIMYMHA MATHUTHOIO TOTOKA,
[IPOXOJILIIEr0 4epe3 OTBEPCTHE TOPA MOXKET OBITH JIMIIL IEJIBIM KPATHBIM HEKOTOPOIO
3IEMEHTAPHOr0 “KBaHTa TOTOKA’ (KBaHTOBaHWe TOTOKa). B momme Tena (BHe obmacTn
IPOHUKHOBEHHUsI 0JIs1) IIOTHOCTH TOKA j = 0, & BEKTOPHBII MOTEHIMA OTJUYEH OT Hy-
Jig (paBeH HyJIIO JIUIIb €ro POTOp, T.e. MarHuTHas uHaykius B). Boibepem Kakoii-iu6o
3aMKHyTbIil KOHTYp C, OXBaThIBAIOIIMNA COOOH OTBEPCTHE TOPA U IPOXOAAIIUI BHYTPH
Tesa BAATU OT ero noBepxuoctu. Lupkynsiusa sekropa A Broas koatypa C coBmagaer ¢
TTIOTOKOM MAarHUTHOM MHIYKITUH Uepe3 HATAHYTYIO Ha KOHTYD ITOBEPXHOCTD, T.€. IIOTOKOM
® 4gepes oTeepcTHe TOpA:

?{Adl = /rotAdf = /Bdf = (7.102)

C apyroit croponbl, npupaBH#AB BbipaxkeHue (7.94) HYJIO M [POMHTErPUPOBAB €0 IO
KOHTYDY, TIOJIyUM:

he he
%Adl = %%V(bdl = %&Z) (7.103)

rae 0¢ — uamenenue (asbl BOIHOBOM dbyHKIMY mpu 06xo1e KouTypa. Ho u3 TpeboBanug
OTHO3HAYHOCTH 3TOH (DYHKITUH CAETYET, 9TO U3MeHeHHe (ha3bl MOXKET OBITH JIHIID ETbIM
KparHbIM OT 27. TakuMm 00pa30M, IPUXOANM K PE3yIbTaTy:

O =ngy Tme ¢o= TZC =210""rc em? (7.104)
rIe n — 1ejoe 9ucyao. Bemuanna ¢g mpeacTaBisieT coOOi IJeMEeHTapHBIN KBAHT MATHUT-
HOrO MOTOKA. DTOT 3aMEYATEIbHBIN PE3YIBTAT TOATBEPKIACTCST IKCIIEPUMEHTATHHO, UTO
SBIISIETCS, B YaCTHOCTH, MPSIMBIM JTOKA3ATEIbCTBOM TOTO, 9YTO HOCHTESIMH CBEPXITPOBO-
JSIIIEro TOKa sBJIAITCH KBA3UYACTULBL C 3apaioM 2e (KylLepOBCKUE 1apbl).

Eciu paccMoTpers MACCUBHBIN ITUIUHAPUIECKUH CBEPXITPOBOIHIK BO BHEITHEM TTPO-
JOJBHOM MarHUTHOM mojie B, To cBepxmpoBomauwk | poma mpu yBenWdeHUU MO HC-
TBITHIBAET (PA30BBIN Hepexon I poma mpu JOCTUXKEHWH KPUTHUIECKOTO Toyd B., KoTopoe
obcykaamock Boime. st ceepxnpoBogaukos 11 poma, erme 10 JOCTHKEHUA TEPMOITHAM-
YECKOTO KPUTHIECKOTO 10Jid B, B HEM OKa3bIBAETCS TEPMOJUHAMUIECKH BBITOIHBIM BO3-
HUKHOBEHUE “BKpAIJIeHNl” HOPMAJIBHOU (pa3bl B BUIE OPUEHTUPOBAHHBIX MAPAJLIETHHO
MOJTI0 TaK HA3BIBAEMBIX BHXpeil AGPUKOCOBA, Yepe3 KOTOPBIE MOJie YACTHIHO TPOHHKAET
BHYTPb CBEPXTIPOBOAHNKA. HUKHIOI0 TpaHuily moJieil, KOr1a 3TO CTAHOBUTCS BO3MOXKHBIM,
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Hopmanswar
pasa

Mazwumnoe noie B —>
Lo

" '
Mediccreposcrad gasa g ; "‘{?ﬁ,
0 T

Temnepamype T —>

Puc. 7.3: ®azoBag nuarpamma cBepxmpoBoaHuka 11 poga B MAarHuTHOM TIOJIE.

HA3LIBAIOT NEPBbIM (HUKHUM) KpUTHIecKuM 1ojieM Bei. [lpu B < B, CBepXIpOBOIHUK
HaXOIUTC B TAaK HA3bIBAEMOM MEHCCHEPOBCKOM cOCTosHuu. Ecin »ke HauaTh ¢ MeTaLIa B
HOPMAJIbHOM COCTOSIHUHU B OOJIBIIIOM BHEILHEM II0JI€, TO IPH IOHUXKEHUH BEJIMYUHBI 3TOIO
LOJIs DU JOCTUXKEHUU HEKOTOPOI'O BTOPOI'O (BEPXHEI0) KPUTUYECKOIO MATHUTHOLO 110Jisi
B.o, > B, CTaHOBUTCS TepMOIWHAMWYECKU BBITOIHBIM ITOsIBJIEHNE “BKpPAILICHU’ CBEPX-
nposoasmeil gpaszel. Takum obpazom, B obaactu noneit B,y < B < B.o CBepXIpOBOIHUK
IT pona maxomurTcs B Tak Ha3biBaeMoM cMmemannoM cocrosuuu (basza [lybuukosa). Da-
30Basi AUArPAMMA, TAKOIO CBEPXIIPOBOJHHUKA B MAIHMTHOM II0JIE CXEMATHYECKH IIOKA3aHA,

na Puc.7-3.

Bemuuuny nons Beo moxkuo Haditm u3 teopun I'JI. Zcwro, uro mpu B < Bga, HO
6JIM3KO K HEMY, 3aPOJbIIIHA CBEPXIIPOBOJSIIEH (Da3bl UMEIOT MAJIbIE 3HAYECHUS TAPAMETPA
nopsiaka U (¥ — 0 mpu B — Ba). Torna MOKHO HAIMCATH JMHEAPU30BAHHOE YPABHEHHE
T'JI Buga:

i(—z‘hv — %A)qu = |a|V, (7.105)

4m c
KOTOpOe nMeeT BH ypaBHeHust lllpeauurepa /st YacTUILI ¢ MACCON 2m ¥ 3apsiioM 2e
B MarHuTHOM nojie. IIpu 9ToM BeauurHa |a| B IpaBoii 4acTh UrPaeT Pojib yPOBHS SHED-
ruu. ['panuynoe yciosue npu 3tom — ¥ = 0 Ha Geckoneunoctu. BermomMuHaeMm 3aaa4dy
Jlarmay o 3apsaKeHHONH KBAHTOBOMEXAaHUIECKON JACTUIIE B OJHOPOTHOM MATHUTHOM TIOJIE
[7]. MurnMambHOE 3HAMEHWE SHEPTHN TAKON 9acTuIpl ecth Fy = fwp /2, Tae TmKIoTpoH-
Hasl wactota wp = 2|e|B/2mc = |e|B/mec. OT 3Toro 3HaveHNnsi HAUNHAETCST HEMPEPhIB-
HBIH crekTp Hepruil. [losToMy 3apoapiim cBepXIpoBoagdIeil (ha3bl MOIyT CyNIECTBOBATD
TOJIBKO IIPU

h
elf

>
M 2me

(7.106)
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TaK 9TO

B = Zmelal _ V2kB, = ¢0; (7.107)

elh 2782(T)

rJe BBEIU (g = T—Z‘h — BBEJIEHHBIN BBINE KBAHT MATHATHOTO MOTOKA TEOPUHU CBEPXIIPO-
BOJINMOCTH, TIPEICTABJSIONINI MATHUTHBINA MTOTOK Yepe3 ofuH BUXpb AGpukocosa. IIpu
MOJTyYeHUH TTOCIETHUX PABEHCTE HCIOJIb30BaHbl hopmyasr (7.87), (7.100) u (7.101). Omu-
CaHWe BUXPEBOM CTPYKTYPHI CMEIIAHHOIO COCTOSHHS CBepXIpoBoaHukoB 11 poma AGpu-
KOCOBBIM OCTAeTCsl OIHMM W3 CAMBIX SDKWX mpuMenenwuit Teopuu ['mu3bypra — Jlanmay
¥ TEOPUHU CBEPXIPOBOIUMOCTH BOOOINE, HO MbI OTPAHUIUMCS JIMIIb YTUM Ka9€CTBEHHBIM
UBJI0KEHUEM.

B sakmouenune, kparko obcyaum npemenbt npumenumoctu Teopun [JI. Tlpexne Bee-
ro, rpebyercsa soinonnenue yeaosus T, — T < T, uro sksusajuentno (1) > &. Toraa
MOKHO CTPOuTh pazioxkenue Jlangay. Onunako, B oomactu T — T, IpUMEHAMOCTD TEOPUH
TaK)Ke OrpaHuveHa OOIUM yCJIOBHEM MPUMEHUMOCTH Teopuu (ha30BbIX mepexoiaos Jlan-
Jlay, CBSI3AHHBIM C BO3pacranueM (JIyKTyalyii mapaMerpa mopsaaka B HEIOCPEICTBEHHOM
okpecraoctu T, (B Tak HasbBaeMoil KpuTuaeckoil obnacru). B ciayuae cBepXnpoBoIu-
MOCTH 3TO YCJIOBHE SIBJIsIeTCs OueHb ciaadbiM. [Ipu obcykmenun dbaykTyanuii mapaMerpa
nopsizika B Teopun JlaHmay, Mbl YBUIMM, 9TO 00JACTH €€ MPUMEHUMOCTH (BO3MOKHOCTH
upenebpexkenus (UIyKTyanusiMu) Bbipaxkaerca depe3 koabduuuentor IJI caemyrommm
HEPABEHCTBOM:

272
T, —T> ——*° 7.108
Z a2 jmy (7.108)
OrennBas TPaBYIo YacCTh € TTOMOIIBIO 3HAYEHUH KO3 DHUITNEHTOB, TTOJYIEHHBIX B TEOPHH
BKII, nomyuanM:
T.—T T.\*
—“ > (= 7.109
> (&) (7.109)

Bruy xpaiineit Mmamoctn oraomenus T, /ep ~ 1072 — 1074 B 0BBIYABIX CBEPXTPOBOIHN-
Kax, MOYKHO CIUTATh, YTO MPAKTUIECKN 3TO yCJIOBHE BooOIe HecyrnecTBenHo. Curyarus
MEHSIETCS B BBICOKOTEMIIEDATYPHBIX CBEPXIIPOBOJHUKAX, I'le KPUTHYecKas 00JIacTb pe-
aJIbHO HADJII0/IAeTCs SKCIEPUMEHTAIBHO.
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I'mtaBa 8

OJIVKTYAILINN

8.1 Pacnopenenenune I'aycca.

Du3uaecKne BENMYUHBI, XAPAKTEPU3YIONIAE MAKPOCKOIMIECKOE TEJO, MPAKTAYECKN BCE-
ra ¢ OYeHb GOJIBIION TOYHOCTHIO PABHBI CBOMM CPEIHWM 3HadeHusM. OQIHAKO, KaK HU
MaJIBI OTKJIOHEHUST OT 3TUX CPEIHUX 3HAUEHUI, OHU BCE YKE TPOUCXOIAT — (PUIUIECKUE BE-
JIUIUHBL BIYKTYUpYIOT. BOZHUKAET BOMPOC 0 HAXOXKICHUN PACIPE/ICTICHUST BEPOATHOCTEH
STUX PIYKTyammii' .

PaccMoTpuM POM3BOJIBHYIO 3aMKHYTYIO CHCTEMY, W MYCTh T €CTh HEKOTOpasa (hbusu-
YeCcKas BEeJUYHMHA, XaPAKTEPU3YIOMAs CACTEMYy B IEIOM WM ee 49acTh. Jlanee ymo6HO
MIOJIAraTh, 9TO CPETHEE SHAYeHNe < T > y7Ke BBIYTEHO U3 T, TAK UTO BE3/E HUKE IIPEJIIIO-
garaercs, uro < & >= 0. B GospnmmacTBe cydae < ¥ >= ¥ — naubojiee BEPOATHOMY
3HAYEHUIO .

ITpu obwem anasnuze nonaTus saTponuu Mbl Buaesu (cm. (1.180)), yro npu paccmor-
PEHUY HTPOIUY CUCTEMbI, KaK (DYHKIIUNA HEKOTOPBIX MAKPOIAPAMETPOB & = (X1, X2, ..., Tp ),
BEPOSITHOCTH WX KOHKPETHBIX 3HAYCHUIH OMPEIeIsIeTcs] KaK:

w(z) = Cexp{S(E,N,V,z)} (8.1)

— npusrun bBoasiMana. ITosTomy BepossTHOCTS /11000# Pr3nIecKoil BeTuInHe nMeTh 3Ha-
YeHue B MHTEpBaJe T, £ +dx npornopiuuonaabaa exp S(z), tae S(x) — surponus, popmaib-
HO paccMaTpUBaeMasi Kak (DYHKIMS TOYHOTO 3HadeHust . Takum obpa3oMm, Mbl (haKkTh-
9ECKU ONpeesisieM CTATUCTUYECKOe PACIpeIe/IeHne BeJINYnH T B Hanboiee obmemM Bue,
no3BoJIdomEee HallTh ux cpegnee u Gaykryamuu. Popmyna (8.1) jekur B OCHOBE TeOpUU
dayKTyanuit, TpeioKeHHON JWHIITEHHOM.

Ecmu me Borautars < £ > u3 &, TO CJAEAYET 3aMETUTH, YTO B PABHOBECUM SHTPOIU
pasua Sy = S(< z >). Torga BEPOATHOCTH TOrO, YTO CHCTEMA IONAIET B COCTOSHHE,
XapaKTepU3yeMoe 3HAYEHUEM HapaMerpa T, JEKalluM B uareppate < ¢ >, < ¢ > +dz,
vMeeT BUII:

dw = w(z)dz = Cexp[S(z) — S(< x >)]dx = Ce”¥da (8.2)

5(

rae AS — uzmenenue surponun npu daykryanuu dz. B (8.1) Beauunna e~ <*>) mpocro

BKJIIOUEHA B HOPMUPOBOUHYIO MOCTOsTHHYIO C.

Hlocaepyromee usnoxenue cieayer [1, 2].

157
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Paccemorpum npegensl npumenumoctu (8.1), (8.2). Bee paccy kaenusi, KOTOpbIE IpU-
BeJIM HAC K Hell, HeSBHO MOIPa3yMeBajl KJIaCCHIecKuil xapakrep Besuuud x. [loaromy
HY>KHO HafTH yCa0BHE MPEeHEOPEKUMOCTH KBAHTOBBIMEU 3P dekramu. 13 KBaHTOBOI Me-
XAHUKH U3BECTHO [7], 9TO MEXK/ly KBAHTOBOIN HEOIPEIEIeHHOCTHIO SHEPIUU U KAKOH-1n60
JIPYTO# BEJIMYIUHBL £ UMEET MECTO CJIEIYIONEee COOTHOMIECHHE:

AEAz ~ hi (8.3)

rae T — KJIaCCHYIeCKad CKOPOCTHb U3MEHCHUA BCJIUINHBI T 2.

ITycrs T — XapaKTepHOE BpeMs M3MEHEHUS BEJUYUHBI £, TaK 9T0 & ~ T/T u
hx

AEAz ~ — (8.8)
T

SlcHO, 9TO rOBOPUTH 06 OMpeIeTIeHHOM 3HAYEHUH BEJIMYUHBI & MOYKHO JIMIIb TPU YCIOBUN
Az < x, OTKyJa HEOOXOAMMO, ITOOBI

AE > g (8.9)

T.€. KBAHTOBASA HEONPEIEJIEHHOCTh SHEPTHN MOJKHA OBITh BEJWKA TIO CPABHEHWIO ¢ Fi/T.
DHTPONUS CHCTEMBI Oy/IeT IPU 3TOM UMETh HEOMPEAETeHHOCTD

h
A — .
S > T (8.10)

Haa Toro, urober (8.1), (8.2) uMesnn peasbHbIA CMbICI, HEOOXOAUMO, YTOOBI HETOYHOCTH
SHTPONHHK ObLIA MaJa IO CPABHEHHUIO C €IUMHUIIECH:

st sk (8.11)
T T
DTO U ecTh UCKOMOE yCjioBue. [Ipu CAUIIKOM HU3KHUX TEMIEPATYPAX WU MPH CIAUIIKOM
ObICTPOM U3MEHEHUHU BeJIUIUHbL T (Majbe T!) duyKTyanuu Heab3si pacCMaTpUBaTh TEp-
MOJMHAMHUYECKH, OHU CTAHOBATCH KBAHTOBbIMU. HuKe Mbl OrpaHMYMBAEMCH AHAIM3OM
JIUIIb TEPMOIUHAMUYECKUX (DIIYKTYAIWIA.
Bepuemcest k dopwmymne (8.1). Durpornust S wMmeer MakcuMyMm Tpn r =< z >= 0.
ITosTomy:
08

98 %S
ox

T Ox?

<0. (8.12)
=0

x=0

2B caMoM fene, mycTh aBe (bU3MYECKHe BeIHUHHEI f M ¢, OHepaTOpPhl KOTOPHIX YAOBIETBOPIIOT KOM-

MYTAaIITMOHHOMY COOTHOIIEHUIO:

fo—af = —ine (8.4)
rge ¢ — HeKOTOpHIi omepaTop. B kBasukiaccuieckom mpegesne h — 0 B mepBoM OpuOIMKEHUH ¢ MOXKHO
3aMeHUTDh c-umucyoM. Torma:

fo—af = —ihe (8.5)
DTO COOTHOLIEHUE AHAJIOTUYIHO Do T — TPz = —ih, TosbkO h — he. ITocemy, mo aHaoruu ¢ COOTHOIIEHHEM
Teitzenbepra AzAp; ~ h, MOXKHO 3aKJIIOYUTH, 9TO B KBA3UKJIACCHIECKOM CJIydae AJis BeJuduH f U g
MMeeT MECTO COOTHOLIEHUE HEOIPeeJeHHOCTH:

AfAg ~ he (8.6)

B wacTHOCTH, ecqiu OFHONW W3 BeqWdWH sBJasieTcs sueprus f = H, a omepartop apyroii (§) me 3aBucuT
SBHO OT BPEMEHH, TO COIJIACHO § = %(Hg — gﬁ), MOJIy4aeM C = ¢, ¥ KBa3UKJIACCUYECKOe COOTHOIIECHHE
HeOIIpeeIeHHOCTell IPHHUMAeT BHI:

AEAg ~ hg (8.7)

4T0 1pK g = T u gaer (8.3).
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Benmuuna x npu daykryanuax ouenb Maja. Pazmaras S(z) B psij 10 CTENEHIM T U
OrPAHUYUBAACH YJIEHOM BTODOI'O MOPAIKA, ITOJIYIUM:

S(z) = S(0) — ggﬁ; B>0 (8.13)

IMoncrasiag sro B (8.1), momydaem:
w(z)dr = Ae= 7" dy (8.14)
Hopwmmuposounas mnocrosunas A onpenenserca yenosuem [ drw(z) = 1, uro naer

A=./8/2x.

Takum obpazoM, pactpeiesienne BepoaTHOCTeH (DIyKTyannit BeANYNHbBI T OMpeaess-

ercst pacnpedesenuem Ioycca:
B 8,2
=4/ —e 2% 8.15
w(z) =/ e (8.15)

Cpennuit kBajpar GIyKTyaluu PABeH:

<z?>= /00 drz*w(z) = % (8.16)

—00

Tlosromy pacmpemenenne ['aycca MOXKHO 3aIuCaTh B BHIE:

1 x?
_ o 8.17
w(z) \/27T<x2>exp< 2<x2>> (8.17)

Oynxnus w(x) nMeeT TeM Goslee OCTPBIT MAKCAMYM, HeM MeHbIme < 12 >.
ITo usBectrOMy < 2 > MOMKHO HANTH AHAJIOIHYHYIO BEJHYMHY 15 10008 BDyHKIHK
(). BBELY MAJIOCTH T HMEEM:

2
< (Ap)? >= (j’;) <z?>. (8.18)

=0

AnanornunbivM 06pa3oM MOXKHO OIPEIENUTh BePOATHOCTL OJHOBPEMEHHOIO OTKJIOHE-
HUS PAJa TepMOJMHAMHUYECKUX BeJIMYMH OT CBOMX CpeJHUX 3HadeHnii, 0603HauYUM 3THU
OTKJIOHEHHS L1, T2, ..., Ln. BBOAUM 3HTpONUIO S(T1,%2, ..., Tp) U HHLIIEM PACIPEICTCHAS
BepoaTHOCTEl B Buie wdxs...dx, ~ exp[S(z1,..., Ty )]dr:...dz,. Paznaraem S mo cremne-
HAM Z; ¢ TOYHOCTBIO [0 YJIEHOB BTOPOTO MOPAIKA, MOy IaeM:

1 ¢ 1
AS = —5 ‘;1 Bikxixk = —iﬂzk(ﬂzlk (819)

— CYIIECTBEHHO OTPUIATEILHYI0 KBajpaTudHyio dopmy. OdueBuano, 9ro [;r = Oki- B
MOCJIEHEM PABEHCTBE MOIPA3yMeBAETCsl ODBIYHOE TIPABUJIO CYMMUDOBAHUS 110 TOBTOPS-
IOIIUMCA MHAEKCaM. Torma:

1
w = Aexp (zﬂlkxlxk) (8.20)

rae A onpenensiercs ycnopuem HOpmupoBku [ dzq...dz,w = 1. CoorBercrByomue Bbl-
YUCJIEHUs] MOYKHO TTPOBECTH CJeAyionM obpasoM. [IpousseaeM Hal BeTUUMHAMU X; JIU-
HeliHoe mpeobpas3oBanme:

T = AT, (8.21)
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JNIMArOHATU3YIONIee KBAAPATHIHYIO (bopMy [;rx;Tk. s Toro, 9robbl BBITOMHSIIOCH
Bikxivk =z = xia) 6k (8.22)
HY2KHO, 4T00bI KO3 dunuenTsl npeobpazopanus (8.22) yA0BIETBOPAINA COOTHOIIEHUAM:
Bikiagm = dim (8.23)
Onpenenuresb MATPUILL CJIEBA PABEH ITPOU3BEJACHUIO OIIPEIeInuTeNed:

Ba?=1 B = DetBir, a= Detai (8.24)

Skobuan auHEHOrO IpeobpasoBanms T; — & paseH a. [losTomy mocae mpoBeeHUS -
HeiiHoro npeobpasoBanus (8.21) uHTErpas pacnagaerca Ha IPOU3BEIEHUE 7 ONUHAKOBBIX
HHTErpaJsioB 1 ¢ yueroM (8.24) mosydaem:

Aa U_Z da’ exp (—;xﬂ)r = \%(zw)"/? =1 (8.25)

Taxkum 06pa3oM, OKOHYATENBHO pachpesesenne [aycca 1Jisi HECKOJIBKUX BEJTHYUH UMEeT
BUJ:
(271-)n/2

C ero moMoIs0 MOXKHO HANTH:

w =

exp <_;BthlTk> B = Det|B;x| (8.26)

< g >= B (8.27)

rie Bfkl — 3JIEMEHT MaTpHIlbl, 00paTHON Marputie ;. Ecaun daykryammn Kakux-au6o
JBYX BEJIMYMH T M To CTATHCTHMYECKU HE3ABHCHMbI, TO CPEIHEE OT MX HIPOM3BEIECHHS
dakropusyercsa: < 1Tz >=< x; >< 22 >= (0, TaKk 4TO ﬁl_; = 0. IIpu rayccosom
pacnpeneieHnn BEPOSITHOCTEN CIIpaBelinBa U oOpaTHas TeopeMma: ecin < x1xy >= 0
(re. ﬁﬁl = 0), To GAYKTYAIUH BEJIMYUH T1 U Ty CTATUCTHYECKH HE3ABUCHMBL.

8.2 @uyKTyanun OCHOBHBIX (PM3MYECKUX BEJIMYNH.

BafiMeMcsa Temepb BBIYUCICHUEM CPETHUX KBAAPATOB (DIYKTYaAIMid OCHOBHBIX TEPMOIM-
HAMUYECKUX BEJIMYWH, OTHOCAIIUXCA K BBIIEIEHHON B Teae KAaKOH-1rO0 MAJIOi ero 9acTu.
DTa Masasd 4acTh JIOJIZKHA, PA3YMEETCs, COAEPKATD elle TOCTATOYHO MHOI'O YaCTHII.

JIis TakuX BEJIUYWH, KAK IHEPTUS U O00beM, UMEKIIUX HAPSAY ¢ TEPMOIMHAMUYE-
CKUM TaKXKe M YUCTO MEXaHUIECKUN CMBIC, ToHsTHE (byKTyanuii camooueBuuo. OHO,
OIHAKO, HYKJIaeTCA B YTOUYHEHUH MJisd TAKUX BEJUYUH, KAK SHTPOIUA U TEMIeparypa,
OIIPEeNiesIEHNE KOTOPHIX HEM30EKHO CBA3aHO C PACCMOTPEHMUEM TEJIA B TEY€HNE KOHETHBIX
WHTEPBAJIOB BDEMEHH.

BepositHocTh w dutykTyarum ~ exp .S, riae S — moJiHas SHTPOIHUST 3aMKHYTOH CHCTEMBI,
T.e. Bcero Teja B nemoM. C TeM ¥Ke yCrexoM, KaK MbI BUJIEH BBIIIE, MOYKHO HATUCATH:

w ~ expAS (8.28)

rae AS — uzmenenue suTponuu npu dbuaykryamuu. 13 repmogunamuku usBectso [1, 2],

qTo R
AS = =5 (8.29)




8.2. Quykryamuu OCHOBHbIX (DH3HMIECKHX BEJTHIHH. 161

rae Ry,in — MUHEMaJIbHASA paboTa, HeoOXOomuMast s TOr0, ITOOBI 0OpATHMBIM 06pa3OM
MMPOM3BECTU 3ATAHHOE HU3MEHEHWe TEePMOIMHAMHUYECKUX BEJIMYWH JTAHHOW MAaJIOi YacTu
rena (npu uyKTyanuu), 0O OTHOIIEHUIO K KOTOPOH OCTABINACA YACTh TEJIA UIPAET
pomb cpenpl ¢ Temueparypoit 1p. Takum obpasom:

Rn in
w ~ exp (— T:) 1) (8.30)

Toncrasuu ciona (pn HUEKCUPOBAHHBIX TEMIIEPATYPE U TABICHUA CPEIBI):
Ryin = AE — Ty AS + PyAV (831)

roe AE,AS, AV — usMeHeHUs] SHEPIUH, SHTPOMUU U OObEMa MAJIOW YacTu Tejaa TpH
dbaykryanuu, a Ty u Py — Temneparypa u JaBjeHne “Cpeasr’, T.e. PABHOBECHBIE 3HAUEHUS
TeMIIepaTypbl U JaBjeHus Teja. Huxke WHIEKC HYJIb ONyCKaeM, MOApa3yMeBas B KO-
dunmenTax paBHOBECHBIE 3HAUEHNs. Torma nMeem:

(8.32)

AE—TAS+PAV> ( A@)
T ~ exp

w ~ exp <—

roe AP — m3MeHeHNe TEPMOITHAMUYECKOrO OTeHIMaIa Ipu ¢gaykryanuu. Ilpn AV = 0,
T.€. Ipu OTCyTCTBUH (DIAyKTyaruii 00beMa, nMeeM:

W ~ exp <ATF> (8.33)

roe AF — uzmenenue ¢BOOOTHON sHEPTUN TIPU (BIYKTYAIIUH.

Bamerum, uro opmyant (8.32), (8.33) B TakOM BUIE IPUMEHUMBI K JTHOObIM (DJIyKTY-
anuaM — Kak HeOOJIBINM, TaK U 3HAYUTETHHBIM. B MPUMEHEHUN K MAJTBIM (QDIIyKTYAIAIM
geiicrByeM caenymoomumM obpasom. Pasnaras AE B pa, moayduM:

O’E O*FE

Y 2
Faa ASAV + 5 (AV) (8.34)

0’E
952

AETAS+PAV§{ (AS)? +2

IJle WIEHBI TIEPBOro MOPsAKa B pasnokennn AFE COKPATHINCH € yIeTOM g—g =Tmu 2—5 =

—P. Herpynuo y6enurbes, uro (8.34) MOXKHO Hepenucars Kak:

1 OF OF 1
5 [ASA (as) o+ AVA (av)s] = S(ASAT - APAV). (8.35)

Toraa mosiyuaeMm BepOATHOCTH (DIYKTYAIUU B BUIE:

APAV — ATAS
) . (8.36)

wwexp( 5T

W3 sroit obmieit GopMyIbl MOXKHO HAHTH (PIYKTYAIUH PA3IAIHBIX TEPMOTHHAMAIECKAX
BEJINYIHUH.
Bribepem cuauasna B kadecrBe Hezapucumbix V u 1. Torma:

08 08 C, oP
AS = <8T>VAT+ (W>TAV = AT + (6T>VAV (8.37)
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oP oP
AP = — AT — AV. .
(aT)V * (aV>T (8.38)

TMozacrasnss 31U Boipaxkenus B (8.36) Buaum, 910 wienbl ¢ AV AT COKpAINAIOTCA U OCTa-
eTcs:

w ~ exp {—20T“2 (AT)? + % (gl‘j)T (AV)Q} . (8.39)

DTO BBIpAKEHHE PACIATAETCS HA JIBA MHOXKHTENs, 3aBucsmue ToabKo ot AT win AV,
Jpyrumu cioBamu, QIYKTYAINH TEMIEPATYPHI U 00beMa CTATUCTUIECKN HE3ABUCHMBbI:

< ATAV >=0 (8.40)

CpaBHuBas 00YEPEIHO KAXKIbIil U3 ABYX MHOXKUTEJNEl, HA KOTopble pacnajaercs (8.39)
¢ 06wt hopmyioii paciipesesenus Laycca (8.17), HaX0MUM CiIeAYIOLIME BbIPAKEHUSL JJisd
CpeJHUX KBAIpaToB (DIYKTyaIuii TeMIeparypsl u 00bema:

< (AT)? >= g: (8.41)
< (AV)? >= — (?;)T. (8.42)

T0/10X M TEILHOCTE 3TUX BEJIUYMH 00ECIeYUBACTCA TEPMOJMHAMUYECKUMH HEPABEHCTBA~
vu Cy, > 0u (OP/OV)r <0 [1, 2].

BruiGepem renepn B KadecTBe HezaBuCHMbIX nepementbix B (8.36) P u S. Torga:

ov ov
AV = (aP)SAP + <85>PAS (8.43)
or or T or

Ho cornacuo dW = TdS + VdP umeem (%)P = g;,—gg = (g—g)s, TOr A

ov or
AV =[(—-—=| AP — ] A .
14 <3P>S +<0P)S S (8.45)
Toncrapnss AV u AT B (8.36), Haiigem:
1 [oV 9 1 9
w ~ exp {QT (8P> . (AP)* — 2, (AS) } (8.46)

Kak u Bble, 3T0 BhIpakKeHUEe PaclIaJaeTcs Ha MHoKuTenu, 3apucsiaue or AP u AS.
Takum obpazom:

< (AS)? >=C, (8.47)
< (AP)? >=-T (gi)s (8.48)

W3 nonryuenubix (hopMys BUAHO, 9TO CPEIHUE KBAAPATH (DIYKTYAIWE aIIUTUBHBIX TE€P-
MOJAMHAMMYECKUX BEJMYUH — OObeMa U SHTPOIUM — IPOIOPIUOHAIBHBL pasMepaM (00be-
My) Tex Jacreil Tejia, K KOTOPbIM OHM OTHOCATCs. COOTBETCTBEHHO, CPEIHEKBAIPATUIHBIE



8.3. Quykryamun B HIEAJIHHOM Ta3e. 163

dIryKTyanun 3TuxX BeJTHUIUH ~ V'V, a oTHOCHTETBHBIE dbaykryarpu ~ 1/ VV. B Toxe Bpe-
Msi JIJIST TEMIIEPATYPHI U TAaBJIEHUsT 0OPATHO TPOMOPIIUOHAJILHBI KOPHIO U3 00beMa yike
CAMH UX CPEIHEKBAAPATHIHBIE (DIYKTYAIUH.

Broipaxkenusa st GpuIyKTyanuii TEPMOINHAMAYIECKUX BEJIUIUH MOTYT OBITH MOJTyte-
Hbl U HENOCPEICTBEHHO M3 pachpenesncnns ['ub6ca. B kauecTse mpumepa paccMOTpuM
daykryamuu yucsia gactuil. COryiacHO OmpenesieHno HGOMBIIOr0 KAHOHUIECKOTO AHCAM-
Ot uMeeM:

< N>=e? Z Ne'r 267 e (8.49)
N

n

Huddepenuupys 910 Bbipazkenue 1o 4 (npu nocroguubix Vo u 1), nomayaum:

0< N > 1 ¢ o0 uN Enn
=T = —eT N2y N— |eT - =
g ~1 S (V) e

1 ) o9
T<<N >+<N>au) (8.50)
Ho 092/0u = — < N >, tak qro:
O<N> 1 1
=T = (<N?> - <N>%)=_ < (AN) _
o T(< > — < N >%) T<( ) >, (8.51)
COOTBETCTBEHHO:
< (AN)> >=T (ON/Op)y,, - (8.52)

W3 nosryueHHbIx GOPMYJT SICHO, U9TO CPEIHEKBAIPATUIHBIE (DJIYKTYAIIMA TAKUX BEJIUYUUH,
KaK 3Heprusi, 00beM ¥ JaBjieHne crpeMsarTcs K Hyaoo mpu I — 0. 910 obinee CBOHCTBO
BCEX TEPMOIMHAMUIECKUX BEJIUYUH, UMEIONIUX TAKXKE U UUCTO MEXAHWIECKUNA CMBICI,
HO BOODOIIE TOBOPH, HE OTHOCHTCH K TAKHM UHCTO TEPMOIMHAMUYECKUM BEJTHIMHAM, KAK
surpouusd 1 remieparypa. Cornacto (8.41), ecsiu cuurars IHEPrUo TesIa 3AHHON BeJIu-
YUHOM, TO HEJIB3sT MPUMKCHIBATH TEJTy BIIOJHE OMPEIE/IEHHYIO0 TEeMIeparypy, OHa (IyK-
ryupyer u (8.41) XapakTepusyer TOYHOCTb, ¢ KOTOPOH MOMKET ObITh JAHO OIPEIEIeHIe
TeMIIePaTyPhl U30JUPOBAHHOTO TEJIA.

8.3 @uyKryanuu B MAeaJIbHOM Tra3e€.

Paccmorpum Bornpoc o Beraucaennn < (AN)? > ¢ neckoanko apyroit cropomst. CormacHo
(8.42) anst baykryanuit obbema nmeem < (AV)? >= —T (41), .. Jlens obe wactu 310ro

pasencrsa Ha N2, HaxoouM BIVKTYAInIO 06beMa, IPUXOIAIIErOCa Ha OJHY UaCTHIY:
V T [0V
A=) >=—-— | = 8.53
<axr>=-w(35). (853)

OTCIONA MOXKHO HAWTH (DJIYKTYAIMIO YUC/Ia, JACTHUI], HAXOMASAIIUXCH B OMPEISTIEHHOM BbI-
JeneHHOM B Tese obbeme. ITockombKy mpu 3toMm V' ecTb 3aJaHHasd BETHYNHA, TO WMEEM
A% = VA% = —%AN, Tor/a moACTaHoBKa B (8.53) maer:

2
< (ON)? >= fT% (g?) (8.54)
T
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MMozacrasnss ciofa ypaBHEHUE COCTOsSHUS ueanbuoro raza V = NT /P, nonydaem:
<(AN)? >=N (8.55)
Torna oTHOCUTEbHAS IIYKTYAIHS €CTh:

< (AN)? >1/2 1 (8.56)
N ik )
Paccmorpum nanee GAyKTyaluy B PACOpEe/IeHHH YaCTHUIL Ta3a [0 Pa3JIUIHbIM KBAHTO-
BBIM COCTOSTHHAM. ILyCThb M) — YMCIIO YACTHUL, HAXOAAIMNXCA B k-M KBAHTOBOM COCTOSTHWH.
BBuy HOMHOM CTATHCTHYECKONR HE3ABIMCHMOCTH 3TOM CHCTEMbI YACTHIL OT OCTAJIbHBIX HTa-
CTHLL 'a3a, MOXKHO IPUMEHHUTb K Heil dopmyiy (8.52):

T8<nk>

< (A’I”Lk)z >= a'u

(8.57)

s dbepmu(603e)-raza, mocae mogcranosku < ng >= [e(&+~#)/T 1 1]71 noxyuaem:

< (Ang)? >=<ng > (1— < ng >). (8.58)
AHajioruyHbIM 00pa3oM, 1jid 6o3e-ras3a;

< (Ang)? >=< ng > (1+ < ng >). (8.59)

Jlast 60IIBIMAHOBCKOIO [a3a, HOCIe OICTAHOBKH < 1y >= e~ k)/T nonyuaem Bbipaske-
HUE:

< (Ang)? >=<ny > (8.60)

B KOTOPOE 1epexosT npeasiayme popmydst (8.58) u (8.59) nupu ny < 1. [IpocymMmupyem
(8.58) u (8.59) mo rpynne u3 G; Gam3kux yposHeii, conepxkamux N; = Y ng gactun. B
CUITy CTATHCTUYECKOH HE3aBUCUMOCTH (bIYKTYAIHit Pa3INIHBIX 1) TOJLYUNM:

< Nj; >
2 _ _ J
< (AN;)*>=G;<n; > (1F <n; >)=N; (1 F G) (8.61)
J
rme < mj > — cpelHee 3HaYeHNe OIM3KUX JIPYT K ApyTy < ny >, < N; >=<n; > Gj.
D1r GOPMYITBI MOKHO MPUMEHUTH, HATIPUMED, K Ta3y (HOTOHOB, sl 9€ro MOJOXKHAM
B (8.59) pu = 0. PaccMOTpUM COBOKYITHOCTb KBAHTOBBIX COCTOSIHUE (hoTOHOB (B 00bE-
mMe V) ¢ Onu3KuMH 3HAMEHWAMH 9YaCTOT, JeKAlluMu B MajnoM uHTepBatze Aw;. Hucmo
COOTBETCTBYIOIIUX cOocTOAHU pasuo G; = ijz_ij /m2c3. Obmas sHeprus KBaHTOB B
9TOM HHTepBasle 9acToT ectb Ea,, = Njhw;. Yuuoxas (8.61) na (fiw;)? u onyckas ua-
JIEKC J, MOMYyYnUM CJEIYIOee BhIpaXKeHne DifHmTeina s Gaykryarmn sHeprun Fa,
doronHoro raza B 3a1aHHOM HHTEpBaJe 4acTOT Aw:

723 (Eaw)?

2 o
< (AEAM) >= hwFa, + VAo

(8.62)

PaccvoTrpum ertie Bompoc o (hJAyKTyalmu 9rCJIa, GaCTHIl B BLIIEJIEHHOM 00beMe he-
anpHOrO Ta3a V. Ilpu 5TOM uMeeT CMBICT PACCMOTPETh U GOMBINHE (DIyKTYaAIlnn, KOTIa
N— < N > cranoBurcs cpaBHUMBIM ¢ < N >. DTOT BOOPOC UMEET CMBIC JIUIIb B IIPU-
MeHeHHU K DOJIbIIMAHOBCKOMY ra3y, Tak Kak B ra3ax @epvu u Bose BepogTHOCTH TakmWx
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darykTyanuit MoXKeT cTaTh 3aMeTHOM JIMIIb B CTOJIh MAJILIX 00beMax, YTO CTAHOBATCS Cy-
IIECTBEHHBIMU KBAaHTOBBIe (huaykryarmmu. CoraacHo 00aboMy pachpeienennto ['ubdca,
pacapeaeaenmne N HaCTHUII I'a3a II0 PAa3IUIHbIM KBAHTOBBIM COCTOAHNUAM IIPDOIOPIHUOHAJb-

HO ) {(HMNT—ng} ’ (8.63)

TJe Y | £) €CTh CyMMA SHEPTHH OTIENbHBIX 9ACTUTL. [1JI MOy IeHAA MCKOMOH BEPOATHOCTH
WN HAJI0 HPOCYMMUPOBATH ITO BbIPAXKEHUE 110 BCEM COCTOAHUAM YACTHIL, ITPUXOISIIUMS
Ha 3amaHbll 00beMm V. [lpowsBojs cyMMUpOBaHWE MO COCTOSTHHUAM KAaXKIOM YaCTHIIHI
HE3ABUCUMO, HYKHO €Ie Pa3e/inTh pe3yibrar Ha N, Tak 9To mojydaeTcs:

Q/T N
wN = c ' Ze“;k (8.64)
' k

N

Crosmas 37eck CyMMa MPeICTaBAAeT cOOO0i MPOCTO CPEHee YHUCIO YACTHIL B PACCMAT-
prBaeMoM obbeme:

STt =< N>, (8.65)
k
Torna:
<N >N
wy = constT, (8.66)

I HAXOJA U3 yCJAOBHS HOPMHPOBKH const = e~ <N> 3 momgyqaem:

B <N>N €_<N>

wy = i (8.67)

— Tak HazbIBaeMmoe pacnpeenenne Ilyaccona. C ero moMoIbo 371eMEHTAPHO MTOKA3BIBA-
ercst [1, 2], uto masi cpeqrero Kpaapara (IYKTYAUW YHACAA YACTHI] UMEEM MpeskHee
3HaYEHHE:!

< (AN)? >=< N > (8.68)

TaK 4TO 9TO BbIPAKEHHE CLPABEJIMBO HE TOJLKO LpU OO/bLIKX, HO BOOOLIE [IpH JIIOOBbIX
3HadeHuax < N >.

39710 comurca k @ = —PV = — < N > T, B COOTBETCTBUE C ypPaBHEHHEM COCTOSHHS HIEATLHOIO
rasa.
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I'maBa 9

OASOBbBIE ITEPEXO/IbI "
KPUTUNYECKUE ABJIEHN A

9.1 MeTom MOJIEKYJIIPHOTO MOJII B TEOPUU MaATHETU3-
Ma.

JaHHBIN pa3el Kypca MOCBSIIEH 3JIeMEHTAPHOMY BBEIEHUIO B TEOPHIO (DA3OBLIX [I€PEX0-
goB II pona n kpurudeckux aiennii. [Ipocreiieii MUKPOCKOMUIECKON MOIEIbIO TAKOTO
[IEPEXO0/IA, ABJISIETCA TEOPHUs MOJIEKYJ/ISPHOro 110Jis Belicca, KaUeCTBEHHO OIMChIBAIOLIAA
dazoBbIil Tepexon B (heppoMarHuTHOE cocTostHre. Ha 3ToM mpuMepe JIErKo u3yduTh OC-
HOBHBIE OCOOEHHOCTH 33089, KOTOPBIE TPOSIBASIOTCST, (PAKTUIECKH, TpH (PA3OBBIX TIepe-
XOJIaX TIOYTH B JIIOOBIX IPYTUX CHCTEMAX.

Pacemorpum cHauaza CTaTUCTHYECKYH0 MEXAHUKY CBOOOIHBIX CIIUHOB B MATHUTHOM
noJie (IIapaMarHeTk ¢ JOKAIU30BAHHBIMU MATHUTHBIMH MOMEHTaMU ). [aMUIbTOHUAH CH-
crembl u3 N HEB3aUMOJEHCTBYIONINX CIUHOB S; BO BHemHeM MarautHoM none H, nveer
BU;

N
H= *g,UzBZSiH (9.1)
i=1

rje g — 'rMpOMarHuTHOE OTHOLICHHUE, & g = 5. — Marueron Bopa. B nanbuefimem, g
KPATKOCTH MCTOIh3yeM obo3Hatuenne i = gup. CITUHOBBIE COCTOSHUS XapaKTePU3YIOTCs
€r0 MPOEKITHell Ha BHEITHee MATHUTHOE TI0JIe, KOTOPAasi MOXKeT TIPUHUMATEL 2.5+ 1 3Hauennit

(m; = —S,—S+1,...S—1,8).

Crarucruueckas CyMMa TaKoOil CUCTEMBI CIIMHOB UMeeT BH:

[) N m1:S mN:S N
Z = Zexp _TZSiH = Z exp mei (9.2)
S i=1 mi=—S mny=—3S i=1
rie
iH
= 9.3
o= b 93)

167
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Onepanusa cymmuposanus B (9.2) ocobenno npocra qyst S = 1/2:

m;=1/2

N
Z:H Z exp(zm;) p =

i=1 [ mi=—1/2
N 1 1
= L[l 2ch <2x> =2Nepv (2x) (9.4)

IIpu npoussBosbHOM S UMeEEM:

, _ [eD(=xS)[1 —exp{(25 + 1)a}] N Tsh{(S +1/2)231" 05)
B 1 —exp(x) N sh(z/2) '
CoOTBETCTBEHHO, /7151 CBOOOJHON SHEPTUH CHCTEMBI TTOJTY aeM:
B B sh{(S+1/2)x}
FT,H)=-ThhZ = NTln[ Sh(z/2) (9.6)
O1cioia HAMAarHHIEHHOCT:
oF 0

e Mo =M(T =0,H =0) = NSji = NSgup — MakcuMaJibHast BETHUNHA HAMATHNIEH-

HOCTH, a
C2S+1 . [2S+1 1 1

— Tak Ha3bBaeMas (GYHKIUsT Bpuiiosna. dra QYHKIUs CBA3BIBAET HAMATHUYEHHOCTD
CUCTEMbBI CIIMHOB MApaMArHETWKA C BEIUYUHON MPUIOKEHHOTO TOJsI, OHA MMOKA3aHA HA
Puc. 9-1. B wactrom cayuae S = 1/2 dbyaxkmma Bpuumiosna pasHa:

By (;x> = 2cth(x) — cth(x/2) = th(x/2). (9.9)

N3 Puc. 9-1 Bugno, uto M = 0 npu H = 0, Kak u JOKHO OBITH B TTapaMarHeTH-
xe. B deppomarnernkax curyarys WHasi, COIUHBL B3AUMOIEHCTBYIOT MeXK Iy coD0ii, U mpu
HU3KUX TEMIIEPATypPax B CUCTEME MMEETCsl CIIOHTAHHAS HAMArHWIEHHOCTb, CYIIECTBYIO-
Ias ¥ B OTCYTCTBHE BHEITHEro mojd, T.e. ipu H = 0. OcHOBHOE IPeANoNoKeHNe TeOpUn
MOJIEKYJIAPHOrO (CPEJHEro) IoJisi COCTOUT B TOM, YTO B3aMMOAEHCTBUE CIIMHOB IPUBO-
JHUT K BO3HUKHOBEHHIO HEKOTOPOIO ‘MOJIEKYJSIpHOro” MarHutTHOro moss H,,, Koropoe
nobapsisiercst K BHemmHemy oo H. Ilpegnosnaraercsi, 9To 9TO 1MOJe TPOMOPIHOHAIIBHO
HAMATHUIEHHOCTH CHCTEMBI:

H,, = M(T, H) (9.10)
TaK 4To 3 heKTUBHOE 10JIe, AeHCTBYIONee Ha KayK /bl CIIMH PABHO:
H.py=H+AM(T,H) (9.11)

ITapamerp A > 0 Ha3BIBaETCS MApAMETPOM MOJIEKYISPHOTO MOJs. Bee 1oy YeHHbIe BhIIe
COOTHOIIIEHNA OCTAIOTCA TOT/IA B CHJe, Hy’KHO TOJNBKO OCYIeCTBUTH 3aMeHy H — Heyy.
B ugacrHocTH, npu Takoil 3amene u3 (9.7) noiyvaewm:

M = MyBg {’f(ﬂ + )\M)] (9.12)
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Puc. 9.1: 3aBucuMocTb OTHOCHTEIbHO HAMAarHHYEHHOCTH napaMarueTnka o = M /My or
ot napamerpa [1HS/T, omuceiBaemas dyHrmed Bpriiosna nyist pasInIHBIX 3SHAYEHHH
crmHa, S.

IIpu H = 0 Bo3HMKaeT ypaBHEHHUE /1 HaMarumdeHHoctu M:

AAM
M = M,Bg (“T ) (9.13)

Ipaduueckoe perenre 3Toro ypapHeHus u3o0paskeHo Ha Puc. 9-2. Ypasuenue (9.13)
vMeer TpuBuasibHOe perenue M = 0 jmist Bcex 3uavenuit 7. OmHako cymecTByer ere
u Bropoe pemenue M # 0, Korga HavajbHBIA yuacToK rpaduka npasoil yacru (9.13)
nger Ooee KPyTo, YeM JIeBad 4acThb. UTOOLI MCCIEIOBATH ITOT BOIMPOC AHAIUTHUIECK,
MIpOBeIeM pa3iiokeHne PyHKIUH Bpumiosna B pan:

_ S+l S+1257425+1 4

Bs(@) = =g 2~ 33 3052

(9.14)

Torna HaYaJIbHBIA HAKJIOH KPUBOI, N300paskaionuil 3aBUCHMOCTb npaBoii vacru (9.13),
OIIPEJIETTUTCS BbIPAXKEHUEM:

S+1\ aSA A
e BBesn mocroaunyio Kiopm:
N2 1
c=HPwTY) S;S+ ) (9.16)

BbipasuB M, depe3 MHUKpONapaMerpbl, COracHo (opMyse, npuseaenHoil nocie (9.7).
Teneps u3 (9.15) BUHO, YTO HETPUBUAJBLHOE perienue cymecrsyer npu T < AC, orkyzna
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Puc. 9.2: I'paduveckoe pemienne ypaBHEHUS [1JIsi HAMATHUYIEHHOCTH B TEOPHUH MOJIEKY-
agproro nons (f = 1/T).

SICHO, YTO KPUTUIECKAs TeMreparypa (pa3zoBoro nepexoa B GeppoOMArHUTHOE COCTOSHIE
B TEOPHUHU MOJEKYIISIPHOTO TIOJId PaBHA:

T, = \C (9.17)

IIpu takux remuneparypax M # 0 gaxke B OTCyTCTBUE BHELIHEIO MAIHMTHOIO I0JidA. TeM-
mepaTypa nepexona 1., OYeBUAHO, CTPEMUTCS K HyJ10 npu A — 0, KOrJa MbI BO3BpAIa-
eMcd K CAydal0 ITapaMarHeTHKA.

PaccvoTpum BOpoc 0 MPOMCXOKIACHUN MOJIEKYJIAPHOTO TIOJSA ¢ MUKPOCKOMAIECKOH
TOYKH 3penns. B ocHoBe HOMBITMHCTBA MOE/Ieil MATHUTHOTO YIOPA09EHN JIEKUT TIPEi-
craByieHre 06 0OMEHHOM MPUPO/IE B3ANMOAEHCTBHSA CIIMHOB, KOTOPOE B IPOCTEHINEM CIy-
Jae OMMCBIBAETCS MOJIebio |elizenbepra, TaMIUIBTOHNAH KOTOPO UMEET BUT:

H= —%ZJ,»J»SiSj —[NLZS,L'H (918)
i#] i
rre J;; — Tak Ha3bIBaeMBIil OOMeHHBIH WHTerpaJ, KOTODPhIH BHIOWpaeM MOI0KHTeTbHBIM
(cy4gaii heppOMArHUTHOO YIOPSIOUEHMUS ).
Yacro pacCcMaTPUBACTCA K bostee OPOCTON BapUaHT TaK HA3BIBAEMOU MOJIEN I/IBI/IHFa,
SKBUBaIeHTHBIH (9.18), B KOTOPOi OCTABIEHBI TOMBKO S, KOMIIOHEHTHI clnHa. Ee raMminb-
TOHHAH OOBIYHO 3aIIMCHIBACTCA B BUAEC!:

i#j i
rie mepeMeHHble s; = +1. 3amerum, 9TO MOAe b M3uHra MOXKeT OBITH DEIeHa TOIHO
Ha JBYMepHOil pemierke [1, 2]. 910 perenne OHcarepa UrpaeT OueHb GOJIBIIYIO POJb B
Teopun Ha30BBIX MEPEXOIOB, HO MBI €r0 PACCMATPUBATH HE OyIeM.
Moness MosekynsipHOro mosis cBoauTcs K npubauxkennoil 3amene (9.18) na sddek-
TUBHBIN TaMUJIBTOHUAH BUIA:

H = _Zjij <S8, >S5 — ﬂZSzzH (920)
i£j i
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rJle MAarHUTHOE TT0JIe CHUTAETCs HAIPABJIEHHBIM [0 OCH 2, a < S, > obozHadaer cpejHee
3HaYEHHUE Z-KOMIIOHEHTBI CIIMHA Ha JIIOOOM y3ie peinerku. cuo, aro npu (9.20) skeuBa-
JIEHTHO PACCMOTPEHHON BBIMIE MOIETN CBOOOIHBIX CITUHOB, HAXOMATINXCH B 3D HEKTUBHOM
(MOJIEKYJISIDHOM) 110JIe, HAIIPABIEHHOM BJIOJb OCH Z, CIEAYIOIIEro BUIA:
Jo Jo
Hepp=H+ — <S.>H+ ——5M (9.21)
N2
H K
rie
Jo = E Jij J” =0 (922)
J

MoKHO CKa3aTh, YTO MOJIEKYJIAPHOE HOJIe HA JAHHOM y3JIE CO3JACTCS CAMOCOTIACOBAH-
HBIM 00pa30M BCEMHU OCTAJBHBIME cimHaMu cucTeMbl. CpapruBas (9.21) ¢ (9.11), Buaum,
9YTO KOHCTAHTa MOJIEKYJISPHOIO TIOJIs A ONPEJIeIISeTCs B 9TOH MOJIEJN BBIPAIKEHIEM:

=

(9.23)

Torma u3 (9.17) cremyer, 4T0 KpUTHUECKas TeMIepaTypa (ha3oBoro mepexoia B dheppo-
MarHUTHOE COCTOSIHHE paBHAa:

1
T.= 3 JoS(S+1) (9.24)

B cayuae, eciin B3aMMOIEHCTBYIOT COUHBI TOJBKO HA, OJMKANIINX COCEISIX B PEINeTKe,
T.e. J;j = J TONBKO KOT/Ia y3eJ j ABIAeTCA ONHUM U3 z OMKalmux cocenelf y3na 4, a B
OCTAJBHBIX cydaax Ji; = 0, nmeem:

1
T, = 52JS(S +1) (9.25)

BepHemcst kK paccMoTpenuto mpocreiiiero cayuast S = 1/2. Cormacuo (9.9) u (9.12)
MOZKHO 3aIllucaTb:

1
Brons orHOCHTENBHBIE IEpeMentbe 0 = M /My u t = T/T., nanumenm (9.26) xak:
1pH o
=th|{-—/+— 2
o <2 7t t) (9.27)

IMons3ysacs th(x +y) = %, nepenummem (9.27) B Buje:

_(RHY\ 11— th(o/t)
() < A=t o2

B6susu kpuruueckoii rouku (H = 0, M = 0, T = T.) aprymeuThbl Bcex runepbo-
JIMYECKUX TAaHreHCOB B (9.28) MaJsibl, ¥ Mbl MOXKEM IPOU3BECTH UX DABJIOKEHUE B DSl
the = — %xB + 12—51‘5 + .... Torma:

ha<11>+03 {313+1tl/t] (9.29)

W3 3Toro, Tak HA3LIBAEMOTO YDAaBHEHUSA COCTOSHUS MATHETHKA, MOXKHO MOJYIUTH MOBE-
Jenne OOTBITMHCTBA, er0 (BDU3NIECKUX XAPAKTEPUCTUK BOIM3M KPUTUIECKOU TOUKH.
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B kadgecTBe nmpuMepa Mbl pACCMOTPHUM HAMATHUYEHHOCTH U MAarHUTHYIO BOCTIPUHUMIH-
BoCTh. U3 ypasuenus (9.28) Buno, uro B HysesoM noje h = 0 u g T' < T, ypasaenue
(9.29) npuHUMAaeT BUI:

T/T. -1 <T)2 T.—-T

2 c c

o° = +..=23 =) — (9.30)
T3 T, T,
s+ (1 F) T T

Takum 06pa3oM, HaMAarHUYEeHHOCTD B HyJjeBoM nodie Boiusu T, (upu T' < T.) Beger cebsa
KaK:

T-T,
o~ T=—=2 (9.31)
T
rie kpumuyeckul undexe HaMaranaeHHoctn § = 1/2.
M30oTepMutieckas BOCOIPUHMYUBOCTG B HYJEBOM TOJNE XT = (%)T VZOBJIETBODSIET

COOTHOIICHUIO:

o (), (5, (), Co) () (), 5 ), o

rae mus mocrostEHONE Kropn ucnombzosamu (9.16) ana S = 1/2. Ouddepermupys o6e
gacru (9.29) no h upu T =~ T, nonydaem:

1= Z—Z [(1 - 1) + 302 (;tgﬂ (9.33)

clr o3717"
XT = 75 L + t?’} . (9.34)

ui, uctoab3ys (9.32),

Hanee, nua T > T, uvmeem 0 = 0 ipu H = 0 u (9.34) cBonurcs k:

C(T.T-T,\ " C
( ) ~ (9.35)

Xr=7r\1"T, TT_T,

rie Kpurudeckuii ungekc socupuumuusocru y = 1. Ipu T < T, cornacuo (9.30) umeem

0? ~ —37, Tak uro u3 (9.34):

Ll
T 2T (—7)

XT ~ || (9.36)

TaK 4TO KPUTHYCCKUI MHIEKC BocpuaManbocT npu T < T, Takxke +' = 1.

[IpsiMbIMu pacyeTaMu B paMKaX MOIETH MOJIEKYASTPHOIO MOJIsT MOYKHO TIOKA3ATh, YTO
TerI0eMKoCcTh cucrembl npu T = T, ucnbiThiBaer Koueunblii ckauok ACy = 3/2N.
MoxHO U3yYUTh KPUTHYIECKOE MTOBEJEHUE U PAIA APYTUX XAPAKTEPUCTUK, XAPAKTEPU3Y-
OIIEECsT CBOUMY KPATHIECKUMU WHIEKCAMU.

B memom, Momenbs MOTEKYIAPHOTO MO aeT HEIJIOX0e KAIeCTBEHHOe onucanue gep-
pomarauTHOTO TIepexona. Oua merko obobiaercsa Ha ciaydail anTudeppPOMArHUTHOTO TTe-
pexoma. PakTUIECKH, 9Ta MOJETb CIYKUT IMPoodpa3oM OGOMBIIOr0 9HMCIa MOMODHBIX MO-
Jiesieit CpeIHero TMoJIsl, SBASIOMMXCS UCXOMHBIMY TP MUKPOCKOMUIECKOM OITUCAHUN Pa3-
JMIHBIX (DA30BBIX MEPEXOI0B B CAMBIX DA3HBIX THUHax (usnveckux cucrem. Hampumep,
paccmorpennas Boimte Moaeb BKII Teopun cBEpXIIpOBOANMOCTH, SABISIETCH THITHIHBIM
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IPUMEPOM TAKOM MOJIEJIN CPEHEro IoJjisd, B KOTOPOM POJIb 3TOTO IMOJIsi HTPAIOT AHOMAJh-
Hble cpenane (7.16), (7.17), a ravunpronunad (7.14) wiun (7.15) ABAS€TCA NPSAMBIM aHATIO-
rom (9.20) L. B Teopun cBepXIPOBOANMOCTH TAKOH MOJXOJ AT OYeHb TOYHOE ONUCAHUE
noBefeHusd cucreMbl BOMn3n 1.. B GONBIMUHCTBE APYTUX CIYIaEB, B YACTHOCTH B PEaJIb-
HBIX MArHUTHBIX CUCTEMAX, ITO OIKUCAHUE HABJISETCs Cyry0O KadecTBeHHbIM. B yacraOoCTH,
BEJINUWHY, KPUTUYECKUX WHIEKCOB JTOCTATOYHO CHJIBHO OTJIMYAETCS OT MPEACKA3AHUN Teo-
puu cpeauero mosis. Pusnueckas TPUIUHA ITUX OTIUYUI COCTOUT B BO3PACTAIIEH POJIH
daykryanmit B Kputudeckoi obaactu BOau3u 1.

9.2 KBas3ucpemHue”.

B mukpockonmyaeckoit Teopun (ha30BbIX IEPEXOIOB BO3ZHUKAET BECbMa BAXKHBIM BOIIPOC
O BBIPOXKIEHUM OCHOBHOTO COCTOSIHHSI CHCTEMbBI W TECHO CBSI3aHHBIA C HUM BOIPOC O
MPABUJIBHOM OIIPEJIEJIEHUN CTATUCTUYECKUX CpemHnX. PaccMoTpuM B KadecTBe MpuMe-
pa deppomarneruk leitzenbepra, onucbiBaembiii ramuabronuanom (9.18). B orcyrcrsue
BHemHero MaruuTHoro noJg (npu H = 0) 970T raMuibTroHran oueBuHBIM 00Pa30M HH-
BAPUAHTEH OTHOCHTEJBHO IPYIIbI TPEXMEDPHBIX BPAINEHUN. DTO SCHO M3 TOrO, YTO B
(9.18) BXOmAT TOJBKO CKAJIAPHBIC NMPOU3BEICHUs CIUHOB HA PA3HBIX Y3J1aX PEIIeTKH.
B Toxke Bpems, heppoMarHMTHOE OCHOBHOE COCTOSIHWE HE WHBAPUAHTHO OTHOCHUTEIBHO
9TOI TPYIIBI — BEKTOP CIOHTAHHOW HAMATHUYEHHOCTH MMEET BIIOJIHE OMPEIEIEHHOE Ha-
MpaBJIEHUE W OCTAETCsT HHBAPUAHTHOCTH TOJIBKO OTHOCHTETHHO BPAIIEHUI BOKPYT 3TOTO
Hanpasiennsd. QUeBUIHO, OTHAKO, YTO JIO00E APYroe OCHOBHOE COCTOSHUE TOM YK€ CUCTe-
MBI, COOTBETCTBYIOIIEE IPYTOMY HAMPABJIECHUIO BEKTOPA HAMATHUIEHHOCTH OTBEYAET TON
xe camoit sreprun. COOTBETCTBEHHO, B 33/1a9€ BO3HUKAET OECKOHETHbBIH HAOOD OCHOBHBIX
COCTOSTHWI, OTJIMYAIOIIAXCS TOMBKO HATPABIEHNEM BEKTOPA HaMarHu4eHHOCTU. BHemnee
MarHuTHOE noJje (jgaxke 6eCKOHEYHO €1aboe) CHUMAET 5TO BBIPOKJIEHUE U [O3BOJISET OJl-
HO3HAYHO PACCUYUTATH BCE CTATHCTHYECKHE cpenuue. B (opManbHOM ammapare Teopuu
9TO OTPazKaercs B HeOOXOAMMOCTU BBEJAEHUs KOHLENMKU KBa3ucpeaHux [25] — onHoro us
IIEHTPAJIBHBIX TOHATHN Teopun (ha30BBIX MEPEXOIO0B.

Wrak, paccMOTpUM [1Jist ONPEIEIEHHOCTH MOIeb | eit3eHbepra B OTCYTCTBHUE BHEIITHETO
MATHUTHOTO TOJIS:

1
H=] ; 71818 (9.37)
i#£]

151 paccMaTpUBAEMOI CHCTEMbBI KaXK/1asd U3 KOMIOHEHT BEKTOPA, CyMMAapPHOrO CIIMHA
S = E S, (9.38)
J

ABJIACTCA HHTErpaJiOM ABU2KEHUA.
BOCHOﬂb3yeMCH KOMMYTalIMOHHBIMU COOTHOINMCHUAMM:

S,S, — 8,8, =i,

S,S. — 5.8, = iS,
S.S, — 8,5, =S, (9.39)

Tamunbronnan BKIII gake MOXKHO MEpeHCATb Yepe3 HEKOTODPbIE “ICeBIOCIHHOBEIE” ONEpPaTOPBI
(ABpmepcon), KOrjga OH HOYTH B TOYHOCTH CBOAMTCH K Buay (9.20)
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Orcrona ciiemyer, 9To

iSp(S.e” ) = Sp[(SaS, — SySy)e 7] (9.40)
Ho nockonbky S, kommyTupyer ¢ H, nosyaunm:
Sp(SySae™ ) = Sp(Sye™ T 8,) = Sp(SpSye™ 7)), (9.41)
U IIO3TOMY .
Sp(S.e”T)=0. (9.42)

CoBepIeHHo aHAJOTUIHO HAXOIVIM:
Sp(Sze= ) =0 Sp(Sye”T)=0 (9.43)

Bsemem BeKTOp HAMATHWYEHHOCTH, OTHECEHHOU K €IMHUIIE 00beMa;:

_ A _ R
M= zj:sj =S (9.44)
Torna numeem: Y
Sp(Me™T) =0 (9.45)
u CpeaHdad HaMarHMIeHHOCTD:
Sp(Me~7
cM>— gim 2PMED) (9.46)

Voee SplenT)

Wrak, obbramoe crarucrudeckoe (ruGOCOBCKOE) CpeHee 3HAYEHHEe HAMAIHUIEHHOCTH CH-
CTEMBI BCEra PABHO HYJIFO, YTO COOTBETCTBYET W30TPOIUU CHCTEMBI OTHOCUTEIBHO TPYII-
bl TPEXMEPHBIX BPAIIEHU.

ITogyepkHeM, 94TO 3TOT PE3yAbTAT CIPABEIJIUB M1 JHOObIX TEMIIEPATYP, B TOM YUCIIE
¥ IS TeMIepaTyp HuxKe Temieparypbl Kiopu. Kazamocs ObI BOSHMKAET HEKOTOPBII ma-
PaJIoKe, MOCKOMLKY ipu 1’ < T, B cucTeMme CyIecTBYeT CTOHTAaHHAsA HAMATHUYEHHOCTH.
OHakKo, HAPABJIEHNE BEKTOPA HAMATHWYEHHOCTH B OTCYTCTBHE BHENTHEIO MATHUTHOTO
OISt IPOU3BOJIBHO U B 9TOM CMBICJIE COCTOSTHAE CTATUCTUIECKOTO PABHOBECHUS B PACCMAT-
pUBAEMOIii cucTeMe ABASeTC ODECKOHEYHO BBIPOXKIEHHBIM.

Bxiounm Teneps BHemnee mMaraurHoe noie ve(v > 0,e? = 1), 3aMeHuB raMuiIbTO-
uuan (9.37) Ha

H,.=H+vVeM. (9.47)

Torma, mpu Temmeparypax HUKe TOUYKH Kiopn
<M >=elM, (9.48)

rae M, Oymer CTpeMUTBLCS K KOHETHOMY, OTJIMIHOMY OT HYyJsS TIPeAey, KOTda WHTEH-
CHUBHOCTH V BHEIITHEro mojisi cTpeMutcss K Hyawo. C hopMaabHON TOUKM 3peHus 371eCh
BO3HUKAET “HECTAOMIBHOCTD OOBIYHBIX CPEIHUX — MPU A00ABJEHUU K TaMUJIBTOHHUAHY
leHa ¢ GECKOHEYHO MaJbIM BHEITHHM IIOJIeM? cpefHee 3Hadenme < M > ImpeTepieBaer
KOHEYHOR, OTJIMIHOE OT HYJId IIPUPAICHAE:

em tToe m = lim M,. (9.49)
v—0

2TlompasyMeBaeTcs, 9TO CHAYAJA IPOBOIMTCS [IPeeIbLHBIN IePexo CTATHCTHICCKOH MexaHuKn V —
00, & 3aTeM V yCTPEeMJIAeTCHA K HYJIIO.
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B cBsa3u ¢ 3TuM y100HO BBECTH NMOHATHE KGa3ucpednezo. PaccMoTpuM Kakyro — aubo au-
HAMAYIECKYIO BeJTUIUHY A, COCTABIEHHYIO U3 CIIUHOBBIX Omeparopos. Torna KBasucpeHee
OT Hee OlIpeeIdeTcs Kak:

< A==1lim < A >, (9.50)
v—0

rae < A >, — 06bI4HOE cTaTHcTHYECKOe cpegnee 0T A npu ramunbronuane H..

Taxum 06pa3oM, HAJIMYNE BHIPOXKIEHNS HEMOCPEICTBEHHO OTPAYKAETCS HA KBA3UCPE/I-
HUX WX 3aBUCUMOCTBIO OT TPOU3BOJILHOTO OPTa €. HeTpyIHO MOHATE, YTO ODBIYHOE CPeJI-
Hee:

<A>=/<A>de (9.51)

T.e. MOJYYIAETCS WHTECPUPOBAHUEM IO BCEM HAIpaBieHusM BekTopa e. [lorarHo, 4yTo
JJIS OIUCAHUST BBIPOXKIEHHOTO COCTOSIHUST CTATHCTAYIECKOTO DABHOBECHUS KBA3UCPEITHUE
6ostee ymobHBI u “duzndHbl’, YeM 0ObIdHbE cpenHue. PakTUYecKu, OHU W UCIIOJIB3YIOTCS
B MPAKTUYIECKUX PACUETAX.

B katwecTse apyroro mpuMepa MOXKHO YIOMSHYTH MOAETb cBepxmnposoanmoct BKIIT.
Kak y»xe ormeudasnoch BbIllie, CBEPXIIPOBOJISAIIEE COCTOSHUE HAPYIIACT KATUOPOBOUHYIO
CUMMETPUIO, CBA3AHHYIO ¢ 3aKOHOM COXPAHEHUsI YACTHUII, UTO TPOSIBISETCS B TTOSTBJICHAH
aHOMAaJIbHBIX cpefauux Tuna (7.16), (7.17). B sToM ciydae oTcyTCTBYET peajibHoe pusnde-
CKO€ TTOJIe, HAPYIIAIOIIEe 3Ty CUMMETPHIO, MOJOOHO TOMY KAaK BHEITHEe MATHUTHOE IOJIe
HapyIIaeT MOJHYIO BPAIATEIbHYIO CAMMETPHIO TeiizenbeproBekoro Maruerrnka. OQmaHaxo,
MOXKHO BBECTH (PUKTUBHBIH OG€CKOHETHO Caa0bIil “HCTOYHNK’ KYIEPOBCKUX Map, 10DABUB
ero k ramunsronnany BKIIT (7.12), sanucas:

H,=H-v Z[a,piam + a;,rTaJ_rN] (9.52)
P

9TO CHUMAET BBIPOXKJIEHWE 10 OTHOIEHUIO K KAJMOPOBOYHON CUMMETDPUU, WM, 9TO TO-
Ke CaMoe, HAPYIIAeT 3aKOH CoXpaHeHws wucjia dactull. COOTBETCTBEHHO, BCE CDEIHUE,
BBIUMCJIEHHBIE B CBEPXIIPOBOISAIIEM COCTOSHUAN CAEAYET MOHUMAThH KakK KBa3UCPEIHUE, [0~
JIYYEHHBIE C IIOMOIIBIO raMuIbTOHrAHA (9.52), C MOC/IeAYIOIMM [IPEIeIbHBIM HEPEX0I0M
v — 0. EcrecTBeHHO, 9TO BCE TaKue CPEIHME 3aBUCIT OT IMPOU3BOJBHOTO (ha30BOTO YIia
¢. TlonoxuB BhINIE, TTPU OOCYKIEHUN CBEPXTIPOBOIAIIETO COCTOSIHUS, 3Ty a3y ¢ = 0,
MBI, (DAKTUYECKH, MOCTYIUIN COBEPIIEHHO AHAJOTHIHO TOMY, KaK IPU PACCMOTPEHUN
deppomarueTnka GUKCUPYETCsT MPOU3BOJBHO HANPABIEHHAS B OOBITHOM MTPOCTPAHCTBE
OCb 2z, BJIOJIb KOTOPOi OPHEHTUPOBAHO BHEIITHEE MATHUTHOE TI0Je. AHATIOIHIHBIM 06pa30M,
MOXKHO PacCMOTperb u siBienue 6o3e-konaencanuu [25]. @akTudecku, npu pacCMOTPEHUH
J1I06010 Haz0BOI0 MEPEX0/1a, IOAPA3YMEBALTCS BBEJACHNE ODECKOHETHO MAJIOr0 OOroI000B-
CKOT'O MOJIsT WU “HCTOTHUKA, CHUMAIOIIET0, COOTBETCTBYOIILYI0 CHUMMETPHUIO 3aaadu. To-
Ia, TPU BBIYKCIEHUSX MPUXOIUTCH YIUTHIBATH HEN30EKHO BO3ZHUKAIINE AHOMAJIbHBIE
CpemHue, KOTOPHIE TAKXKE HAPYIIAIOT CUMMETPUI0 MCXOMHOIO raMumibronnana. Pa3oBbiit
nepexojl IPOABIAeTCd B TOM, 4TO B “KoHaeHcupoBanuoil” daze (upu T' < T,.) sTu ano-
MaJIbHBIE CPEJIHUE, BHIYUCIEHHBIE CAMOCOTIACOBAHHBIM ODPA30M, OCTAIOTCA OTIUIHBIMA
OT HyJIS JazKe TIOCJIe BBIK/IIOUEHNs BHEITHEro ToJis (MCTOYHUKA), T.¢. ipu v — 0. B “Hop-
masbHoi” daze (mpu T > T.) anomanbble cpeguue npu v — 0 cTpeMsaTcs K HYJIO, |
CUMMETPUS HE HAPYIIIAETCH.
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9.3 ®dDayKryanum napameTrpa mopsaaKa.

ITepeiimem K paccMOTPEHHUIO BOMPOCa O (BIyKTyalusix mapaMerpa mopsinka. Boime yxe
OTMEYAJIOCH, 9TO ITU (DIYKTYAITUN OKA3BIBAIOTCS CYIIECTBEHHBIMU BOJIU3U TEMIIEPATYPbI
MEPEX0/Ia, CYIMECTBEHHO MEHAS KAPTUHY, IMPEICKA3BIBAEMYIO0 TEOPUIMU CPEIHEro MOJId.
Paccmorpenne 6yzer BecTruch B pamMkax teopun Jlanmay, KaK THIIUYHON TEOPUH CPETHETO
IIOJISA.

B 6onbmuHCcTBe ciiyyaes, mapaMerp mopsinka B TeOpun JlaHaay mpeacTaBisger coboit n
— KOMITOHEHTHBIH BEKTOP B PEAJIBHOM WJIN HEKOTOPOM BCIIOMOTATEIHFHOM IIPOCTPAHCTBE, B
COOTBETCTBUY C XaPAKTEPOM HAPYIIEHUA cuMMerpun upu (azosom nepexoze. Hanpumep,
B Mozesn peppomarneTuka leiizenbepra — 970 OOBIYHBINH TPEXKOMIIOHEHTHBIH BEKTOD (Ha-
MArHUYE€HHOCTD ), B TEOPUU CBepXIpoBoauMocTu ['uu3bypra — Jlanaay — 3T0 KOMILIEKCHAs
(T.€. IByXKOMIIOHEHTHA) BOJHOBAsA (DYHKIMA KOHIEHCATA KYEPOBCKUX TIap U T.II. 3/ech
MBI PACCMOTPUM IPOCTEHINI BApUAHT (hA30BOr0 MEPEXO/IA, OMUCHIBAEMOTO OTHOKOMIIO-
HEHTHBIM IIaPAMETPOM MOPSIKA 1), 9TO COOTBETCTBYET, HAIPUMED, YIOMSHYTON BBIIIIE
momenn zmnra®.

Munumanbraaa pabora, TpedyemMas A7 BBIBOIA CUCTEMBI B3 PABHOBECHOTO COCTOSHUS
[IPH 33/TAHHBIX TOCTOSHHBIX 3HAYEHUAX JABJICHUA U TEMIIEPATYPbI, paBHa u3MeHennto AP
ee TepMOAMHAMUYECKOrO oreniuana. Iloaromy, coracho (8.32), Beposruocrsb GuykTy-
anuu npu noCTOAHHBIX P u T

Ad (9.53)
w ~ ex e .
PATT
00603HaunM pPABHOBECHOE 3HAYEHUE 1) KAK 7). [Ipu MasoM OTKJIOHEHWH OT PABHOBECHS:
1 92
AD = —(n—7)? () (9.54)
2 on? PT

PaBroBecHoe 3HadenHne mapaMeTpa mopsaKa ONpenesserca pasiokennem Jlanmay:
(T, P,n) = ®(P,T) + atn® + Bn* — nhV (9.55)

rne t = T — T.(P), h — BHeIIHee TOJE, COMPAKEHHOE MAPAMETPY MOPAIKA (HATpUMEp
MarHuTHOe nosie B Mozenn Msunra). 13 (9.55) onpenensgeM paBHOBECHOE 3HAYEHUE [1apa-

MeTpa TOPSIKA 1] YCIOBUEM:
oL
( ) =0 (9.56)
on Th

2atf) + 4B = hV (9.57)

4YTO CBOAMTCA K:

bakTHHIECKH KBUBAJICHTHBIM MOy I€HHOMY BBIIIE B TEOPUH MOJIEKYIAPHOro noss (9.29).
Pemmenne (9.57) upu h — 0 umeer Bus;:

7 =0 mpn t>0
9 at
T =-5p mupn t<0 (9.58)

TAK 9TO KPHTHUYECKHN MHIEKC TTapaMeTpa Topsaaka pased 1/2, amamormano (9.31).

3MBI COBEpIIEHHO OTBJEKAEMCS OT OYeHb BA’KHLIX ACIEKTOB TeopuHu JIaHaay, CBSI3aHHBIX C POJIBIO
CHMMeTpHM KPHCTAJIINIeCKOR pemerkn [1, 2], canras cucreMy OZHOPOAHOM M H30TPONHOM.
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BOCHpI/II/IM‘II/IBOCTb TeJla paBHA:

677)
== (9.59)
<8h T;h—0

duddepenuupys (9.57), naxoaum npu h — 0:

on 14
- s 9.60
Oh ~ 2at + 12Bi? (9.60)
Moncrasnsa ciona (9.58), nonydaem:
= L mpu t >0
X= 9 P
v

gro anajorudno (9.35), (9.36) u gemoncTpmpyer pacxommmoctb X ~ |T — T.|™1, Te.

KPUTHYECKUH WHIEKC BOCTIPUUMYMBOCTH Y = ' = 1, kak u Boime. Teopus Jlanmay mpe-

CTaByser cODOH THIMWYIHYR) TCOPUIO CPEMHErO TOJsl, COOTBETCTBEHHO BCE KPUTHUCCKUE

WHJICKCBI TIOJTYTAI0TCA TEMH YK€, 9T0 W B AHAJOTHIHBIX MAKDPOCKOTIMICCKUX MOJETISX.
Ucnonssysa (9.60) MOXKHO HAIIHCATH U TAK:

G

Iosromy, BepositHocTh dbaykryanuu onpenensercsa u3 (9.53), (9.54) crenyrommm obpa-

30M:
1 ,V

A®= (1) (9.63)
w ~ exp [—(772_)220‘/} (9.64)

Otciona, B COOTBETCTBUM C OOIIUM BUAOM pacnpenesenus Laycca (8.17), Haxomum cpe-
HUi KBagparT QIYKTYAINN MapaMerpa MOpaaKa B BUIE:

Ty 1
X o= mpn T—T, (9.65)

< (An)? >= v~ i

Takum o6pasom, semmauna baykryamuii BOau3m T, Bo3pacraer u pacxomures ~ |1 —
T.|7t.

st bosiee rrybOKOTO IMOHUMAHKUS ITOTO SIBJIEHUS HY?KHO HAWTH [TPOCTPAHCTBEHHYIO
KOPPEJSIUOHHY 0 (DYHKINO (hIyKTyarnii mapamMerpa mopsiaka. st HeOTHOPOIHOTO Te-
na (a upu ydere pIyKTyanuii B HEM BO3HUKAIOT HEOTHOPOIHOCTH) TEPMOIMHAMUYIECKUI
TIOTEHITAAJ TTPEICTABIIeTC B Buge ¢ = f dV®, rae ® — mnornocts norennmana (byHk-
st koopamHar). [emecoobpasno nepeiitn k onwucanuto ¢ momonwio norernuana (T, u),
OTHOCSIIEMYCsl K HEKOTOPOMY BBLIEJIEHHOMY B cpefie obbemy V| comeprkainemy mepe-
mennoe uncso dacrur, N. s norennmana (7T, (1, 7), OTHECEHHOTO K eIUHUIE 0ObeMa,
MOKHO HAIIMCATH PA3JIOKeHue, anagorndnoe (9.55):

T, 1) = Qo(T, 1) + atn® + bn* —nh (9.66)
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rne o =a/V, b= B/V, t =T —T.(u). 910 pasnokeHne OTHOCUTCS K OJHOPOTHON Cpe/ie.
B HeomHOpOIHOM Cilyuae OHO JOJIXKHO COMEPXKATH MPOCTPAHCTBEHHBIE MTPOU3BOIHBIE 7).
IIpu 3TOM A1l AIMHHOBOJIHOBBLIX (DJIYKTYALMI MOXKHO OFPAHUYUTHCS YJIEHAMH C [IPOU3-
BOIHBIMHM HU3IIEro HOPAAKa U Haubojee HU3KHUX CTeleHeid 1o HuM. 1ieHbl, JuHeiHbIe 10
LPOU3BOJAHBIM Buja f (n)g—z LIPY MHTErPUPOBAHUU 110 00beMy IIpeobpasyloTcs B HHTE-
TPAJIBI TI0 TIOBEPXHOCTH TEJIA, TTPEICTABIAIONINE HE HHTEPECHBIE JIs HAC TIOBEPXHOCTHBIE
apdekThl. OrpaHnuuMcs IPOCTEHIIUM CIydaeM (COpaBeJIMBLIM JIJIs KPUCTAJLIOB KyOu-
YEeCKOH CMMMETPHH ), KOrJa IJIOTHOCTh TEPMOAMHAMMYECKOrO OTEHINAJA 3AIUChIBAETCS
B BUIE:

Q= Qo+ atn® + bn* + g(Vn)* —nh (9.67)

g yCcToiauBOCTH OMHOPOTHOTO TEIa HaA0 nmoTpeboBaTh g > 0, B TPOTUBHOM ciydae )
HE UMeeT MUHUMYMAa TIpH 1] = const.
PaccvarpuBast daykryamuu mpu 33JaHHBIX 4 ¥ 1', HAJA0 IHUCATH UX BEPOATHOCTD B

BI/I,[Le.
w X T

MTOCKOJIbKY MWHMMAJIbHAs paboTa, TpedyemMasi B 3TUX YCJIOBUSX JJIs BBIBOIA CHCTEMbBI U3
paBHOBeCHS €CTb Ryuin = A

Paccmorpum dbaykryanuu B cummerpudnoii daze (nmpu h = 0), korga 7 = 0, Tax
aro An = 7n. OrpaauyauBasich 4ieHAMH BTOPOTO MOPSAJAKA MO (DIAYKTYAIUIM, 3AIUIIEM
usmenenue ) B puie:

AQ = /dV{at(n)2 +g(Vn)?} (9.70)
Pazyoxum daykryupyroriyio seiuuuny 7)(r) B pan @ypne:
() = me™ nx=ng (9.71)
k
Il rpagueHTa uMeeM:
Vi(r) = iknpee™ (9.72)
k

IMpu noxcranoske 3rux Bhipaxkenuit B (9.70) mHTErpupoBanue 1m0 0ObEeMy O0OpaliaeT B
HyJIb BCe W/IeHBI, 33 HCKITIOIeHHIEeM TeX, KOTOPIE COIepyKAT MIPOU3BEICHAS M)k = |Nk|>.
Torma mosy4uum:

AQ =V (gh* + ot)me|? (9.73)
k

7 OTCIOZA:
T

T 2V(gk? + at)

— xoppensrop Opumreitna — Ilepauke. Orcrona BuaHo, uTo npu t — 0 geficrBuresbHO
BO3PACTAIOT UMEHHO JJIMHHOBOTHOBBIE (iykTyaruu ¢ k ~ +/at/g. Cama dopmyna (9.74)

< |mef* > (9.74)

43ameTHM, YTO aHATOTHYHBIE PE3YJIBTATHI MOJTYYAIOTCS W 10 JPYTYIO CTOPOHY TOYKH TEepexojia — B
necummerpuunoi dase. 3xecs 7 = (—at/2b)1/? u gua usmenenus Q, ¢ TounocTHIO 10 ~ (An)? nomyua-
ercs

AQ = / AV {—2at(An)? + g(Vn)?} (9.69)

TTosToMy J1s1 BCEX XapaKTEPUCTUK CHCTEMBI IIOJIYy9aTCsl BbIParKeHUs], OTIMIAIONIECs OT CIIydast CHMMeT-
puuHOil (a3er umb 3ameHol at Ha 2¢t|.
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HPUMEHHMA, JIUIIb TIPU JOCTATOYHO OOBIINX JUIMHAX BOJIH k™!, GOBIINX [0 CPABHEHHIO
C MeXKaTOMHBIM PACCTOSAHUEM (.
OupenenuM KOppessiiuOHHY 0 Dy HKIUEO:

G(r; —r2) =< n(r1)n(ra) > (9.75)
OHa BBIYUCIAETCH KaK:
2 ikr ddk ikr 2
G(r) = Z < |kl > e T =V (271_)36 <|nk|® > (9.76)
Kk
Torna u3 (9.74) nomydaem®:
T T
Gr) = —¢ T .
(r) Smgr O ( 5) (9.78)

rie

£= \/Z ~ (T —T,)~'? (9.79)

Benuunna ¢ Ha3bIBAETCS KOPPEISIIMOHHBIM PAINYCOM (DIYKTyaInii, ©M OIPeIeIsIeTCs
TIOPSAIOK BEJIUIWHBI PACCTOSHHUIN HA KOTOPBIX 3TH KOPPESAINN CYIIECTBEHHO yOLIBAIOT.
M#1 yKe CTAJIKWBAJINCH C 3TOW BeIWUWHON B Teopun ['mu3Oypra — Jlammay, rae oHa Ha-
3BIBANIACH AUIMHOM KorepenTHocTH. Pacxomumocts € ipu T — T.(T > T.) coorsercTByeT
Bo3uukHOBeHUIO pu 1 = T, daavnezo nopadkae. Kpurnaecknit MHIEKC KOPPEISIIHOHHO-
ro paguyca v = 1/2, 910 Tak¥Ke ABIACTCA CTAHIAPTHBIM DPE3YJIBTATOM TEOPUH CPEITHETO
TIOJIS.

ITpu r = 0 unrerpan B (9.76) onpenensier cpeanuii KBaapar GAYKTYAIUT TaAPAMETPA
nopsaaka 7)(r) B ZJaHHONH Touke. Fro pacxomuMOoCTh TPOCTO CBA3aHa, ¢ HETPAMEHUMOCTHIO
BhIpaskernsa (9.74) B obnactu Gonbmux k ~ a~!. Ee lerko TUKBUIEPOBATH BBeJA 0Ope-

3aHUE UHTErpasa;
T [ L1

G(0) = — dkk*——— 9.80

0) 472 /0 gk? + at (9:80)

rae ko ~ 1/a. 3nech BOBHUKAET CyMECTBEHHAS] 3aBUCHMOCTL OT PA3MEPHOCTH TPOCTPAH-
CTBa B KOTOPOM paccMaTrpuBaercs $ha3opbiit mepexomd. st d-MepHOro mpocTpaHCTBa, BMe-
cro (9.80) Hy>KHO HAIHCATD:

ko d—1 1
G(0) ~ / dkk ———— (9.81)
0 k2 + &2
53 1ecy ncmompzoBamsl hbopMyssl Hpeobpasosanusa Pypoe:
/dV e pikr _ 4m

r k2 + K2

Bk etkr e— KT
= 9.77
(2m)3 k2 + K2 dmr (0.77)
VX upome BCero noJjlyuuThb, 3aMeTus, 4ro dyHnkuus ¢(r) = % yaoBierBopsier guddepeHuanbHOMYy
ypasrernio: V2o — k2p = —4mwd(r). YMHOKas 910 ypaBHeHHe ¢ 00enx CTOPOH Ha e X' u maTerpH-

pys IO BCEMY IPOCTPAHCTBY (IpHUYEM HHTErPaJ OT e~ KrV20 Gepercs mBAKIB 110 JaCTAM) HOJydaeM

TpeOyeMblil Pe3yIbTaT.
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DTOT MHTErpaJ JIETKO OIEHUTD:

ko _ ko—¢ ' d=
G(0) ~ / dkk?3 ~ { In(koé) d=2 (9.82)
1 5 _ k%) d =

Orcrona Bunno, uto pu I’ — T, Korma & — 00, cpenuuii KBAApaT (GQIYKTYAIUNA TTapa-
MeTpa IOopsAKa B JaHHONW TOYKe KOHedeH npu d = 3 u pacxomurcs aad d = 1,2. Jro
03HAYAET HEBO3MOXKHOCTH CYIIECTBOBAHUA JAJBHETO MOPSIKA JJid OTHOMEPHBIX W JBY-
mepHbix cucreMm [1, 2]. [loguepkuem, 4ro 3/ech CylUECTBEHHA PACXOAUMOCTH UHTEIPAJIA B
(9.82) ma nuxkHEM, a He Ha BepxHeM npejene. PazmeprocTs npocrpancrsa d = 2 B Teopun
KPUTHYECKUX SBJIEHUH HA3BIBACTCI HusCHeld Kpumuveckol pasmeprocmsbto. 1lpusenen-
Hasl apTyMEHTAIMS He BIOJHE KOPPEKTHA, HO KAYeCTBEHHO MpaBuibia. Bosee cephesnoe
JIOKa3aTeIhCTBO HEBO3MOXKHOCTH JIAJbHEr0 MOPSAIKA B HU3KOPA3MEPHBIX CHCTEMAaX Tpe-
Gyer akkyparHoro anasiusa curyaiuu 1pu I < T, [28]. B wacrHoCTH, HUXKHAS KPUTH-
JecKas Pa3MepHOCTh d = 2 JIUIIb [JIsT TEPEXOI0B, HAPYIIAIIINX HEMTPEPBIBHYIO TPYIITY
CUMMETDUH, TOTA KaK /I8 OTHOKOMIIOHEHTHOTO MTAPAMETPA MOPSIIKa W3MHIOBCKOTO THUIIA
HUKHSIST KDUTHYECKAsd pa3MepHOCTh d = 1. DTO siCHO, HAPUMED, W3 TOYHOTO PEIIeHUsT
Omncarepa Jysa aymepHo# mogenn V3uHra, JeMOHCTPHPYIOIIErO CYIIeCTBOBaHme (ha3o-
Boro nepexoza g d = 2 [1; 2].

Bo usbexamue HemopasyMeHuit 3aMeTuM, uTO BhIpaxkenue (9.65) ompenenser biayk-
Tyalnuu mapaMeTpa 1, yCPeIHeHHOro Mo 00beMy V| muHeiiHbe pazMepsbl KoToporo L > &,
obosHaunM ee < n? >y . Cpeanee smadenne 7(r) mo obbemy V ecthb ni—o. [losTomy,
ecrecTBeHHO, 4T0 pu k = 0 (9.74) coBnazmaer ¢ (9.65) u, COOTBETCTBEHHO:

v
X = T /er(r) (9.83)

Benuuuny < 12 >y MOJKHO HENOCPEICTBEHHO HOIYYUTH U U3 KOPPEJIAIMOHHOMN (DyHKIIK
110 OYeBHUIHON popmye:

1 1
<n?>y= e /drldrg < n(ry)n(ry) >= v /dVG(r) (9.84)

Tenepb MBI MOXKeM CHOPMYITAPOBATH KPUTEPH IPUMEHUMOCTH PA3BUTON 3/€CH TEO-
puu duykTyanuil, OCHOBaHHOI Ha pa3ioxkenuu Jlanaay (9.67). B kauecrse Takoro ycio-
BUS cJelyeT moTpe6oBaTh, YTOORT GBI MaJ, O CPABHEHWIO ¢ PABHOBECHBIM 712 ~ alt|/b,
cpeaunii KBaapar (MIYyKTYyaIrud mapaMerpa TOpSIKa 1), YCPeTHEeHHbBIH 10 KOpPeTsuoH-
HOMY O6beMy ~ &3, DTa Bemmduna momydaerca u3 (9.65) mpu V ~ €3, 1 MBI IpEXOIIM K
YCIIOBHIO:

igx < % (9.85)
win, B3sB X u & u3 (9.61) u (9.79):
272
alt > 15 (9.86)

9TO TMpeAcTaB/IsieT coOoil Kpurtepuit ['mH30ypra mpuMeHNMOCTH TeOPHH (DA3OBBIX TEpe-
xomos Jlarnay®. DTo HepaBeHCTBO ompemesseT pasMep kpumuveckoli obiacmy BOIH3M

6Paznoxenue mo crenensym t = T —T,. B KoacdbdurmuenTax pasroxenns Jlangay TpebyeT TaKKe BBIIIOJ-
nenus ycaosus t K Te, a gns ero cosmecrumoctn ¢ (9.86) Tpebyercs, 94To0bI y0BIETBOPAIOCH TAKIKE

2
HEPaBEHCTBO BHU/IA: 7;653 < 1.
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T., BHyTpY KOTOPO# pa3BuThie (DIYKTYAIMH CYIIECTBEHHO MEHSIOT KapTUHY (a30BOro
Hepexofa, B TaCTHOCTH, HallTeHHbIe BBIIIe KPUTIIeCKre HHIeKCH . OTICaHne CHCTEMBI B
KPUTUYIECKON 00JIACTH ABJIFETCs IPEJIMETOM TEOPUU KPUTHIECKUX siBaenuit [28]. B caeny-
IOIIEM pa3jesie Mbl PACCMOTPUM TOJIBKO OTAeJIbHbIe Ka4eCTBEHHbIE aCIeKThI 3TOH TeOpuH.

9.4 CkelauHr.

B reopun kpuTnueckux sBIEHUN BBOAUTCH CJEAYIOMN CTAHAAPTHBIN HADOP XapaKTepu-
CTUK CHUCTEMBI U UX KPUTHUYIECKUX WHJEKCOB, ONPEJETAIONINX CHHTYIAPHOCTH 3TUX BeJIH-

YUH B TOYKE (DA30BOTO MEPEeXo/a B 3aBUCUMOCTH OT MapaMerpa T = T;—FTL — 0.
ITapamerp mopsinka:
n~|r)? T —T.-0 (9.87)
n~hs T=T, (9.88)
BocnpunvanBocTb:
77 T—=T.40
XN { ‘Tl_’y/ T_>TC_O (9.89)
Koppeussiiponnas dbyuknus (d — pa3MepHOCTb IPOCTPAHCTBA):
exp (—r/§)
r7e KOPPEeIsIIuOHHAs JITHHA;
TV T—>T.+0
~J / . 1
§ {|T|—V T T, —0 (9:9)
B cawmoit kpuTtnieckoit Touke:
a 1
(r) ~ =) (9.92)
1
G(k) T2 (9.93)
AHAOTHYHBIM 00PA30M BBOIUTCS KPUTHUECKUH WHIEKC TETJIOEMKOCTH (v
A+
C(T,h:O):*[T_a—].]-FB—’_ T—)TC-I-O (994)
a
A~ —a! _
C(r,h=0) = ?H’Tl -1+B" T—>T.—-0 (9.95)

npu 31oM & = 0 COOTBETCTBYET JIorapudpMUIecKoil 0COOEHHOCTH.
Basada TEOPETHIECKOrO OMUCAHUSA KPUTHIECKON 00JIACTH COCTOUT, B KOHEYHOM CUETe,

B IIOJTBEPXKJCHUH 3TUX BBHIPAZKEHHIL U B BBIYMCICHAN KPATHICCKAX HHAEKCOB o, o, B, 7,7, 6,1, v, V.
CyIecTBeHHBIN TTPOrPECe B M3YUEHUN KPUTHIECKUX STBJIEHUN CBA3aH ¢ uaeeil cketaum-

26 wan MacmTabHON WHBAPUAHTHOCTH. B OCHOBE 3TOTO MOAXOJA JIEXKWUT MPEICTABIEHUE

"Beiime MBI y2Ke CTAJKUBAJIHUCH ¢ KpurepueM ['mu3bypra mpu OOCY’KIE€HHH YCIOBUI NPUMEHHMOCTH
Teopuu ['mu30ypra — Jlanmay, rjae oKa3ajgoCh, YTO B CBEPXIIPOBOJHHUKAX HIMPUHA KPUTHIECKOU 00JIacTh
npeHebPeRUMO MaJIa.
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Ao o s & Sf¢ & & @ e 2 & » w18 @ 0 B B s 0 & 6]

b g — ' -.—iaI«.— '
§

Puc. 9.3: Tlocrpoenne Kananosa mis pemerku 13unra.

O TOM, WTO POCT KOPPEJSIUOHHON JanHbl BOMU3M 1, MPUBOANT K CYIIECTBEHHOMY B3a-
nMoieficTBIIO QIIyKTyanuii, 9TO U ONpeessieT OCOOEHHOCTH KPUTHYECKOTO MOBEIEHHSI.
[TockosbKy pajnyc KOppessiiuii CTAHOBUTCS OOIBIINM 10 CDABHEHHIO ¢ ATOMHBIMU pa3Me-
pPaMH, MHOTOYaCTUYHbIE B3aUMOAEHCTBUA CTAHOBATCA CTOJIb K€ CYIIECTBEHHBIMHU CKOJIb
¥ OJHOYACTUYHBbIE, [IBYXYACTUYHBIE U T.Il. BMecTe ¢ Tem, u3 ycaoBus £ > a Ka3auioch
ObL cjemyer, 4TO AE€TaJu B3aUMOAEHUCTBUS HE CTOJIb CYILIECTBEHHbI. l'mmore3a macrurab-
HOIt HHBAPUAHTHOCTH (MO100Us, CKEHIMHTA) YTBEPKIAET, YTO CUHTY/ISAPHAS 3aBUCUMOCTh
duzuveckux Besnuns or 1 — T, €CThb CIeJCTBHE PACXOIUMOCTH &, U YTO, /IO TeX MOp MOKa
pedb uAeT 00 ITOi CHHTYSIPHON 3aBUCUMOCTH, €JHHCTBEHHDINA CYIIECTBEHHBIA TapaMeTp
Pa3MEPHOCTH JJITMHBI — 3TO &.

IIposeiem KasieCTBEHHOE PACCMOTPEHHUE HA OCHOBE TAK HA3BIBAEMOrO nocrpoenus Ka-
JnaHoBa. Jljiga mpocToThl 6yZieM pacCMaTpuBaTh CUCTeMy u3 N MU3WHIOBCKUX CITUHOB (CM.
(9.19)) B d-MepHOIt pereTKe ¢ NapaMerpoM B3auMOAeHcTBAsS J, OTAMYHBIM OT HYJIS TOJb-
KO Juist Gummekaiiinmmx cocefeit. Ilycrs cucrema naxonuress B MaruuTHOoM nosie H. Torja
ramuabToHUAH (9.19) MOXKHO Tepenucarh B euHANAX 1 Kak:

N

H
? =-K Z SZ'Sj — hZSZ (996)

<ij> i=1

e BBesn Gespasmeprble napamerpbl K = J/2T uw h = fH/T.

Pazobbem perieTky Ha s9eiiKM C JHHEHHBIMH pa3mepamu La, roe a — TOCTOSHHAS
pemierku, a L — npousBosibHOe 1ucao, ropasno Gomabiiee eaunuiipt (cM. Puc. 9-3). Takuwm
obpasom, umeem N = N/L? sueex, xaxas u3 koropbix copepxur L¢ cimnos. B gamib-
Heiimem OymeM paccMaTpuBaTh OOJIACTH TEMIEPATYD, JOCTATOIHO OJu3KuX K 1, ITOOBI
KOPPEJIAIHOHHAsA JynHa £ ObLIa TOpa3ao O0JbINe pa3Mepa siueikn, T.e. £ > La. Bee 3to
JesIaeTcs Il TOro, uTOBbI Kaxkaasd sdelika, comepxamas Le crumos, rae 1 < L < €/a,
comep:kaa 6bl CIIMHBI, OPUEHTHPOBAHHBIE JTNOO TOIBKO “BBepX”’, 160 TOMBKO “BHI3”. To-
rga, CYMMApPHBbIA MArHUTHBIA MOMEHT KaxKJAOH A4YEHKU Sy (a =1,2,.. N ) Beger cebga
HEKOTOPBIM 00PA30M MOIOOHO MOMEHTY Ha OJHOM y3J€ S;. ITO MPEINOJOKEHNE Kade-
CTBEHHO CITPABEJJIUBO, €CIU sTIeHKA TIEJUKOM PACIOIOXKEHA, BHYTPY I'PYIIBI KOPPETUPY-
IOIUX CIUHOB. Pe3ypTupyrommit MoMenT sgueiikn pases L¢ co 3HAKOM IITIOC HJIH MEHYC.
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Vno6HO BBeCTH 34 = So/L%, T.e. HOpMEPOBATDL CIHH AUeiiKn Ha eauHmiy. [loaToMy, ec-
JIL 3AIUCATH MAMUJIBTOHHAH Kak (DYHKIMIO MOMEHTOB S9€eK S, (@ HEe MOMEHTOB y3JI0B
Si), TO MOYKHO OKHJATh, 4TO €ro ¢opma Oyuer nogobua (9.96) ajis Moxenu y3iaoB, HO
mapamMerpsl K u h Oyayr, KOHEYHO, APYICUMH, T.e. 3aMeHsaTcs Ha K u hyp:

ngKL 3 Sadar —hrY G (9.97)

<a,a’> «

re CyMMUDPOBAHWE UIET TI0 SYEHKAM (.

Korna marautaoe nose h — 0, adpdexTuBroe mosie hy, B g4yeednoii (OPMyJIUPOBKE
Takxke crpemurca K Hyno. Auwamoruuno npu T — T, umeem K — K. B M3HAYAIBHOM
dopmymuposke, Tae K. = 2(—7{0, tak a0 u Kj — K.. IlosTomy MOXKHO 3ammcarh CKei-
JIMHTOBBIE YCJIOBHS ITPOIOPIHOHATBHOCTH:

7, =7LY Te. K;=K.,—71LY (9.98)
hy = hL® (9.99)

rne 7 = K, — K, 7, = K, — K. Kputuueckue 3Hadenusi apaMeTpoOB B3aMMOIAEHCTBUS
OJIHU U Te Ke B 000uX (hOPMYJUPOBKAX, MOCKOJIBKY MbI TOCTYIHPOBAJIA UX SKBUBAJIEHT-
HOCTB® . KpUTHYecKne HHIEKCH & I § OCTAIOTCA HeOpeIeIeHHbIMHE, HO Yepe3 HUX yaaeTcs
BBIPA3UTH BCE OCTATHHBIE KPUTHIECKHE WHIEKCHI CHCTEMBI.

Paccmorpum nsmenerne cBoOOIHOM SHEPrUM CUCTEMBI IIPU MaJioM u3Mernenuu h. [Ipes-
TTOJIOKUM, 9TO TMOJIe HA PA3HBIX y3JaX PEIETKH PA3HOe, HO MEHSeTCs B MPOCTPAHCTBE
JOCTATOYHO MEIJIEHHO, TAK 9TO OHO 3((DEKTUBHO TOCTOSTHHO B IMpeAeax JAHHON ddeiiku
Kamamosa. Torma n3Menenne cBOOOIHON SHEPTHN CHUCTEMBI:

F
0 <T> = — Z < 8; > O0h; = ; < Sq > O0hra (9.100)

rae < §; > — CPeIHUil CIUH HA y37e, a < S, > — cpenuuii cnvH sdeiiku. O0a BhIpaXKeHust
JOJIKHBI OBITh IKBUBAJIEHTHBI. [[OCKOIBKY M3MeHeHMe T0Jisi B TPOCTPAHCTBE CUUTAETCS
MEJJIEHHBIM, B MPEJeaax JaHHON sSYeliKi MOYKHO 3alliCaTh:

L4 < s; > 6h; =< $q > 0hLa (9.101)
Ucnons3ys 3aeck (9.99), noxydaem:
<s;>=L"4<s,> (9.102)

IIycTs Teneps mose OTHOPOAHO M HE 3aBUCUT OT HOMEPA y37a 9. 10oraa HaMarHnIYeHHOCTh
Ha y3Je (IKBUBAJIEHT HAPAMeTPa HOPsjiKa 7)) ecTb MyHKIHA TOJbKO T 1 h:

< s; >= F(r,h) (9.103)

IlockombKy, O HAIEMyY OCHOBHOMY TIPEATIONOKEHUIO, B TEPMUHAX So OTMUCHIBACTCS Ta XK€
caMas CHCTeMa, TOIBKO C HOBBIMH 3HAYeHUsAMU T7, U hp, Bequunna < S, > MPEICTABIIA-
ercss moth oice camoti PYHKINEH, HO OT HOGbLL TEPEMEHHDIX:

< S >= F(TL, hL) (9104)

8[lapameTp T, OIpeeeHHBI 3/€Ch, IMEET TOT K€ CMBICI, ITO U BhIme B ciydae J = const. Ho B
NPHUHINIE, IIOCJIEIHEee OIpeJesieHne uMeeT Oosiee oOmuit XapaKTep, TaK KakK (a30BbIA IIE€PEXO0J] MOXKET
POKUCXOUTh U PH u3MeHeHuu J 1pu 3a/aHHOIM TeMueparype.
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Torma w3 (9.100), (9.102), (9.103), (9.104) monyuaem, 4TO HapaMerp MOPSIKA MOXKET
OBITH 3aNUCaH KaK:

=<s>=F(r,h) = L*““F (LY, L*h) (9.105)

OnHako nivHa L SBASETCA JAITh MATeMATHIECKON (MBICJIEHHOM) KOHCTPYKIUEH 1 JOJIK-
HA COKPAIATHCA! ITO BOZMOXKHO JIMITL B TOM CIydae, Koraa dyuxuusa F (7, h) umeer B

(35

Baecwk daxrop h/|h| nobasien mpocTo, YTOOLI OOECIEYUTh CMEHY 3HAKA HAMATHUYEHHO-
CTH TIPU CMEHE 3HAKA BHEIIHErO OJIs.

Asubiit Bug Gyukuuu f(z), croameit B (9.106), nam e ussecren. OHAKO, HAM y/ia-
JIOCH TIEPEATH OT HEeM3BEeCTHOH (DYHKIMK JBYX MEPEMEHHBIX 7 U h K (BYHKIUM OZHOI
nepemenHoii z = 7/|h|*. ITOro OKasBIBAETCH JOCTATOUHBIM, YTOOBI BBIPA3UTEH BCE KDH-
THYECKHE MHIEKCHI CHCTEMbI Yepe3 MHIECKCHI & W Y, WM, UHAYE TOBODs, BLIPA3HTD BCE
UHJEKCHI Yepe3 JIOObe qBa U3 HUX, MOJJIEKAIINE ONPEICICHHIO HA IKCIEPUMEHTE.

Hanpumep, senomunas (9.87), T.e. 77 ~ |7/, uro cnpasemmuBo nmpu MajbIx OTpHIA-
TenbHbIX T U h — 0, 3amMedaeM, aro f(—o0) = const u

d—x
8= ” (9.107)

ﬂﬂgd)epeHHprH (9.106) mo h ipu h — 0, Oy IMM BOCIPEAMYIUBOCTB: X ~ |T| a a%f(r/|h
7|

1 h|=% =1 f'(2). Ho 3aBucumocts ot h B Y momxna cokparurbes npu h — 0. Toraa

x d—2x
sacuo, uto f(z) ~ 2 vt u x ~|7|77 ~ 7|77 . CoorsercrBenHo, mMeem:
'’ 2z —d

Y

v=" (9.108)

_ 1
Ananornyano, ang 7 = 0 cornacuo (9.88) momKHO ObITh ) ~ h%. COOTBETCTBEHHO W3
(9.106), mpu 7 = 0, JOIKHA BHIMAIATH 3aBUCUMOCTH OT T, YTO BO3MOXKHO JIWMIEL MPH

f(z—=0)~ P Torna u3 (9.106) cpazy noaydaem 7 ~ |h\%, TaK 9TO

X
5= 1
yi (9.109)
13 sTrx cooTHOIMEHM HEMEIJIEHHO TMOIYYaeM:
dly=~y+28=p80+1) (9.110)

— CKEHITMHTOBOE COOTHOIIIEHNE MEK Y IKCIEPUMEHTATHLHO N3MEPIEMbIMI HHIEKCAMU [3, 7Y, 6.

WuaTerpupyst cOOTHOIIEHUE 7] ~ g—i ~ \T|d;ff(7'/|h|y/*) HeTPYJHO HOay4YuTh F ~

d—

S dnf (/b ~ I

|7 9 [dz f (z). Torma mjist TENIOEMKOCTH UMEEM:

0’°F
O~ T ~r v2 (9.111)

Cpasnausas ¢ (9.95), nonygaem:

d d
a=d=2—- wm -=2-a« (9.112)
Y Yy
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TaK 4ro cpapHuBas ¢ (9.110) umeem erme:
vy+286=p506+1)=2—-q (9.113)

[lepeiinem K paccCMOTPEHUIO KOPPEJIAIMOHHON (DYHKIMHU, KOTOpasi, B O0IIeM ciydae,
ompeJienisaeTcs il PACCMATPUBAEMOI CUCTEMBI KaK:

G(ri—r;) =G(R,7,h) =<[s;— < s >][s;— < s>] > (9.114)

roe R — paccrostnme MeKIy ABYMsI BLIODAHHLIME y3jlaMu pemerku: R = |r; — rj|/a.
AnanoruaHbiM 00pa30M MOXKHO BBIMHUCATH KOPPEISIMOHHYI0 (DYHKIIMIO B TEDMUHAX sTIe-
€UHBIX [IEPEMEHHBIX S, oupeeneHtbx B (9.102). CooTBeTcTBY0IIEe BHIPAYKEHNE JOIXKHO
06ma1aTh CTPYKTYpoii maentnanoi ¢ G(R, 7, h), HO ¢ H3MeHeHneM MaCITab0B JJIMHBL, T

u h:

R— R/L
T— 71, =T1LY
h — hy, = hL* (9.115)

Orcroaa caenyer:

G(R,7,h) = L*®=D < [s,— < 54 >][s,— < 80 >] >= L*@DG(R/L, TLY, hL®)
(9.116)
rak uyro G(R, T, h) HE 3aBUCAT OT IPOU3BOJILHO BHIGPAHHOI L TOJILKO B TOM CjIydae, KOria,
OHA MMEeT BHUJI:

G(R,7,h) = |72 4=D/9G(R|r|v,7/|n|Y/*) (9.117)

npu R> 1, |[7] < 1u h< 1.
Coorromenne (9.117) onpenenger kputwueckne mHAEKCH v, V', 7). Cpasy sumum (cp.
(9.90), (9.91)), uro npu h = 0 xKopperaunonnas ammma & ~ |7|~1/¥. Coorsercrsento, ee

KPUTUYECKUN UHICKC:

1 2
Soy=y=2"0¢ (9.118)

Hakoner, nocieauuii Kpuruyeckuii uuaekc 1, oupenensercs u3 (cm. (9.93)):

1

G(R7T:0,h:O)NW

(9.119)

Torma, Tpebys cokpamenuns T—3apucumoctn B (9.117) mpum 7 — 0, momyunm G(R) ~
R2(@=d)  R2=4=1_1ak qro:

—(d—2+n) =2z — d). (9.120)

13 (9.109) umeem z = 2

541> Torma u3 (9.120) momyaem ¢ momontpo (9.113):

2d 2dg3 23
-2 = — = ==
d tn 6+1 2—« v

(9.121)

Wn )
8= §(d72+77)1/ (9.122)
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"3 (9.110) u (9.118) umeem v = % — 28 = dv — 28, aro ¢ yuerom (9.122) naer erne oxHO
CKEHJIMHIrOBOE COOTHOIICHHE:

2-nv=r. (9.123)
He npencrasisier GOMBIIOrO TPY/1a BRIBECTH W TAKWE COOTHOIIEHUSI:
d
19 a,
2—n

d+2—n

= —. 9.124
d—2+n ( )

B 3aksfouenne HaIEro aHau3a IIPUBEJIEM CBOJKY CKEATMHIOBBIX COOTHOITEHUH MEK-
Iy KPUTHIECKAMU WHIAEKCAMU HaubOJIee JaCcTO UCIOIb3YEMbIX B JTUTEPATYPE:

/ Y

a=ad =2—-vd (9.126)
1
B = iy(d —2+47) (9.127)

Oka3wIBAETCA, ITO BCE IKCIEPUMEHTAThHBIE JAHHBIE B KPUTHIECKOI 00JIaCTH CAMBIX Pa3-
JINYHBIX (PUINUECKUX CUCTEM YIOBJIETBOPSIOT COOTHOIIEHUSIM MEXKIY KPUTHYIECKUMU UH-
JIEKCAMHU, MOJy9IEeHHBIM BbIIIIE.

Teoperudeckasi TpobaeMa pactema KOHKPETHBIX 3HAYEHNH KPUTUIECKUX WHIEKCOB B
TEYEeHHE JIOJITOr0 BPeMeHH ObLIa OJHON M3 CAMBIX TPYAHBIX MPOOJIEM CTATUCTHYECKON
duznkn. Pu3NIecKoil TPUINHON ITUX TPYIHOCTEH SBJISETCS CHILHOE B3aWMOJIeHCTRIE
daykTyanuit B KPpUTHYIECKOH OOJACTH, W OTCYTCTBHE eCTECTBEHHOIO MAJIOTO MAPaMeT-
pa, 0 KOTOPOMY MOKHO OBLJIO OBbI ILITATHCS CTPOUTH KAKOH-Inb0 BApHAHT TEOPUU BO3-
mymennit. Tem He MeHee 3amada ObLIA YCIEITHO perneHa BUIbCOHOM C HCIOJb30BAHM-
€M 3aMMCTBOBAHHOIO U3 KBAHTOBOH TEOPHUU IMOJS METOHA PEHOPMAAUSAUUOHHOT 2PYNNDL,
[IPEICTABIILIONTEro coboit, pakTuIecku, Hoaee CTpory, ¢ MATEMATHIECKON TOYKN 3pe-
HUSI, Pea3amuio uiaen MacimTabHbx mpeobpazoBanuit o Kananosy. K coxkanennio, Mbl
JIMITIEHBI BO3MOYKHOCTHU M3JIAraTh TOT COBPEMEHHBIH BAPUAHT TEOPUH KPUTUUIECKUX SIBJIe-
Huil [28] B paMKkax gaHHOrO Kypca. OrpaHuduMCs JIMIIb HA HEKOTOPBIMU KAYeCTBEHHBIMU
3aMEYaHUAMU.

IIpexie Bcero 3ameTnM, 9TO MOJIyYEHHBIE BBIIE B PAMKax Teopuu Jlangay uiau me-
TO/A MOJIEKYJISTPHOTO TIOJIsT 3HAYEHHUST KPUTHIECKUX WHIEKCOB:

vy=1 n=0

8=

S o=

5=3 (9.128)

o =

N =

He ydoeaemeopaom CKeHIMHIOBbIM cooTHOIeHusM (9.127) U 9KCHEPUMEHTY B Deajib-
HBIX TPEXMEPHBIX CHCTeMaX. B Toxe BpeMsi, HeTPYIHO yOEIUThCsS, YTO WHIEKCH TEOPUU
Janmay (9.128) ydosaemeopsarom CKEHIMHIOBBIM COOTHOIIEHUSAM, €CJIH B HUX (DOPMAILHO
m0102KUTh d = 4. B 3TOM CMBICIE MOXKHO CKa3aTh, YTO TEOPHs JlaHAay JaeT IpPaBUJIbHOE
ONMCAHNEe KPUTUYIECKUX SIBJICHUH 19 PA3MEPHOCTH MpOocTpancTBa d = 4 U, Kak MOKa3bl-
BaeTcsl B COBpeMeHHO# Teopmnn [28], mas Beex d > 4. PasmepHocTts mpocrpancTBa d = 4
HA3bIBAETCS 8epTHel KPUMUYECKot PA3MEPHOCTbI0 TEOPUHU. 3aMedaTeJbHbIM Pe3yiIbTa-
TOM COBPEMEHHOH TEOpHHU SBJISETCS yTBEpXKIeHUEe 00 yHUBEPCAAbHOCTNY KPUTHIECKOTO
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Tabnura 9.1: Kputuueckue urgercot qjia Mogenu ¢ n = 1 (M3unr).

WNunexc | Buabcon | Umncnmennstit cuer | Jlanmay
v 0.626 0.642 0.5
n 0.037 0.055 0
¥ 1.244 1.250 1
o 0.077 0.125 0
8 0.340 0.312 0.5
0 4.460 5.15 3

TTOBEIIEHN ST — BEJTNINHA KPUTHIECKUX WHIEKCOB B CAMBIX PA3IUIHBIX (DUBHIECKUX CUCTE-
Max OIPEJEAeTCs TOJIbKO Pa3MEPHOCTBIO IPOCTPAHCTBA (CUCTEMbI), B KOTOPOM H3y4a-
ercst PA30BbIH IEPEXO0, ¥ YUCJIOM KOMIIOHEHT 71 apamerpa nopsaika (T.e., hakrudecku,
TULIOM CUMMETPHHU, HAPYLIAEMOil 11pu (a30BOM LEpPexoJe).

Bunbcon mpemioKu OpUTUHAIBHBIN METOJ pacdeTa KPUTHYECKUX WHJIEKCOB, OCHO-
BAHHBIH HA4 TEOPDHH BO3MYILIEHHHA IO UCKYCCTBEHHO OIPeNeIeHHOMY MAaJjloMy HapaMeTpy
€ = 4 — d — OTKJIOHEHUIO OT BEPXHEH KPUTUYECKON Pa3MepPHOCTH MpOCTpaHcTBa d = 4,
Ipy KOTOPO# MHJEKCHI COBLAJAIOT C IIPEICKA3BIBAEMbIME Teopueil cpepHero momis (& —
pazsiokenue). Hurke Mbl NpUBOJUM 3HAYEHUS KPUTUYECKUX MHIEKCOB C TOYHOCTBIO 10
YIeHOB ~ €2 JI7Is1 TeOpUM C N — KOMIIOHEHTHBIM TTapaMeTpoM TopsAika [28]:

n+2e n+2n2+22n+52¢e2
=1 — — 4 ... 9.129
YTt Tsa T hts (nrs2 4 (9:129)

n+2e n+2n%+23n+60¢c?
2v=1 — — 4 ... 1
e R T8 (mes? 4 (9-130)

oon+2 4 n+ 2 (Bn+14) 1] 4
T 2(n+8)2° T 2+ 8)2 { (n18) 4} + o (9.131)
§=3+e+ [; n+2)2}52+... (9.132)

- 1 _ 3 € (n+2)2n+1) ,
5_2 n+382 2(n+8) (9.133)
et (9.134)

B Tabsune 9.1 npuseneHbl 3HAYEHUS HUHIEKCOB, IOJIYYEHHBIE 110 3TUM (DOPMYIAM JJIsd
d=3 (¢ =1) un =1 (U3UHTOBCKHUI cayUail), B CDABHEHUN C PE3YJILTATAMM YHCJIEHHBIX
pacueToB (BLICOKOTEMIIEPATYPHbIE PA3JIOKEHUsT) I TpexMepHoi Moneau Vzunra. [pu-
BEJIEHBI TaKKe U 3HAYEHWs WHJEKCOB Teopuu cpeanero nojd (Jlanmay). Bumno, uro & —
pasiIozxKeHne obecIeunBaeT HEIJIOX0e COTMache ¢ Pe3yTbTaTaMH THCICHHOTO aHamm3a *.
CoBpeMeHHbBIE METO/bl PACYETA, CYIIECTBEHHO YLy YIIAIOIIAE PE3YIbTAThI IPOCTEHIIe-
TO € — PA3JIOKEHUST 34 CUeT yUeTa BKJIAIOB BHICIITHX MOPSIAKOB, Taf0T 3HAYEHUST NHIEKCOB,
NPaAKTHYECKH COBIAJAIONINE C PE3YIbTATAMU YHCJIEHHBIX PACUYETOB M IKCIEPUMEHTA.

9 [Ipyroit mocTaTo9HO 3(bDeKTHBHEIH METO pacdeTa KpUTHIECKUX HHIEKCOB MOXKET OLITH OCHOBAH Ha
UX PA3JIOXKEHUU B Psijf 110 OOPATHBIM CTEIEHsIM YUCJIa KOMIIOHEHT [1apaMeTpa MOPsiIKa, l/n [28], IOCKOJIb-
Ky OPH N — 00, KaK MOXKHO IIOKa3aTb, KDUTHUYECKHAE HHIEKCHl TaKXKe OIIPEJIENIAI0TCS IpUOINKEeHHEM
€aMOCOIVIACOBAHHOrO noJist (reopueit Jlangay).



188 I'mapa 9. ®A30BLIE IIEPEXO/IBI I KPUTHYECKHE SABJIEHIIA



I'maBa 10

TEOPU Y JIMHEMHOTO
OTKJINKA

10.1 JluneiiHas peakiiugd CUCTEMbI HA Me€XaHUYEeCKOe BO3-
MYyIleHue.

OcHOBHasi 9aCTh KypCa MOCBSAIIEHA 33a9aM DABHOBECHON CTATUCTUYIECKON MEXAHWKMU.
CyrmecTByer, 0HAKO, IMUPOKHI KJIacC 3a/a4, CBA3AHHBIX ¢ HEPABHOBECHBIMH IIPOIEC-
caMu, KOTopbie, (DaKTHIECKH, MOTYT OBITh KOPPEKTHO CGhOPMYIUPOBAHBI M PEIIEHbI B
pamMkax obrero ¢popMan3Ma paBHOBECHOH Teopuu. Pedb nper 0 pacupoCTPAHEHHON CH-
Tyalnyuu, KOTJa CHUCTEMa, WCXOJHO HAXOISAIMIAACTd B COCTOSHUH DABHOBECHS, BBIBOIUTCS
73 HErO JOCTATOYHO CJIA0BIM BHEITHUM BO3melicTBueM. IMEHHO ¢ TaKUM KJIACCOM 3aad
VMeEeT MIeJI0 TEOPHUs JUHEHHOrO OTKJINKA, TPUYEM [T UX PENIeHUus CYIIECTBYET XOPOIIO
pa3paboTanHbIii 06l 10ax0x .

MoOKHO BBIAEATH JBA MIMPOKUX KJIACCA BHENTHUX BO3MYIIEHUI, KOTOPBIE MOTYT HIeii-
CTBOBATH HA MPOU3BOJBHYIO CUCTEMY. MeXaHUIeCKUMHU BO3MYIIIEHUSIMU B CTATUCTUIECKON
TePMOINHAMUKE HEPABHOBECHBIX ITPOIECCOB HAZBIBAIOTCS BO3MYIIEHN S, TPECTABISIONIAE
IeiiCTBHE BHEITHUX TIOJIEH, KOTOPBIE MOYKHO MO THOCTHIO ONMUCATH J0DABIEHNEM K TaMUJIb-
TOHHAHY COOTBETCTBYIONIEH IHEPTUM B3AUMOIEHCTBHS CUCTEMBI C TOJeM. Bo3MyIieHus,
KOTOPbIE He JIOMYCKAIOT TAKOTO MPEJCTABICHNST HA3BIBAIOT TepMutdeckumu. [Ipumepom ux
MOKeT OBbITh MefCTBIE TeMIEePATYPHBIX UM KOHIIEHTPAIMOHHBIX TPAINEHTOB 1 T.0. Hu-
XKe, U3 COODPAKEHUH TTPOCTOTHI, MBI OyIeM PACCMATPUBATH TOJHKO MEXAHUIECKHE BO3-
mytmenns. Cheayer, BIpOYeM, UMeTh BBUJY, UTO aNlapaT, AHAJOTUYHBIA M3/1araeMoMy
HUKEe, CYIIECTBYET W JJI TEPMUYIECKUX BO3MYIIEHUH.

Paccmorpum peaxnyio KBAHTOBOIO CTATHCTHYECKOTO AHCAMOIISA CHCTEM € TaMHJIBTO-
nnanom H, He 3aBuUCAIIIM OT BPEMEHH, Ha BHelHee BosMmymienume H} 3aBucsamee or
Bpemenn. [1OMHBIN raMUIBTOHMAH CUCTEMbBI PDABEH:

H=H + H} (10.1)
IIpeamonoxumM, 9T0 Mpu t = —0O BHEIIIHEE BO3MYIIEHNE OTCYTCTBOBAJIO, TO €CTh:
Hli=—oo =0 (10.2)

! ManbHeiiniee u3Ji0KeHue B 9TOH IVIaBe CJeiyer, B OCHOBHOM, Kuure [4].

189
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B GombImuHCTBE MPaKTHYICCKUX CIydaes Bo3MyIenne H} MOKHO mpejicTaBuTh B BHIE:

H! ==Y B;F(t) (10.3)

rae Fj(t) — Gyakumm or BpeMeHH, ABIAIOMMECs C-4uCaaMA (BHEIIHWE 1oss), a Bj; —
OIEPATOPLL, He 3aBUCSINNE SIBHO OT BPEMEHH, COMPSIIKeHHbIe NoaaM F(t).
1751 ompe/ieIEeHHOCTH PACCMOTPUM aIMabaTHIecK BKJIIOUAIOIIEECs TePUOTUIECKOe
BO3MYIIIEHUE BUTA!
1 t—iwt
H =—- E e B, (e = +0) (10.4)

w
rje, B cuily apmurosoctd, B = B_,.
Kak u3BecTHO, CTaTUCTUYECKHUI OIepaTop p YAOBJIETBOPAECT KBAHTOBOMY YPABHEHHIO
JluyBuina:

dp
- _ 1
a Ha4daJIbHOE YCIIOBHE IJId HEro, OYeBUIHO, HY2KHO B34TH B BUIEC:
1 _u
p|t:_oo =po= € T (10.6)
Z
KOTOprfI O3Ha4daeT, 9TO IIpu t = —00 cucreMa HaX0/11Jj1aCb B COCTOAHUHU CTATUCTHYCCKOI'O

PABHOBECHSI U OMUCHIBAJIACH KAHOHUYIECKUM aHcambiem ['ubbca. B kagecrBe Ha9aIbHOTO
MOXKHO, PA3yMeeTcsi, B3siTh W OOJIBINON KAHOHMIECKUN aHCAMOJIb.
CoepirinM KaHOHUYECKOE TPeobpa3zoBaHue CJIEIYIOMEro BIa;

iH iHt

pr=er peh (10.7)

Torna ypasuenue JluyBuiisis npuoaurcs K Buay (IpeicTaBieHue B3aUMOAeHCTBU ):

ih% = [H(t), 1] (10.8)
¢
C Ha4YaJIbHBIM yC.HOBI/IeMI
P1lt=—co = Po (10.9)
" T/e BBEIU ) )
H(t) = e " Hle™ T (10.10)

— OmepaTop BO3MYIIEHH B TeH3eHGEPTOBCKOM NPEICTABIEHUN C FAMAIBTORRAHOM H | 9T0
[0 OTHOIIEHHIO K HOJTHOMY raMuibrornany (10.1) gaer npeacraBienne B3anMOIeHCTBUA.

VYpasuenue (10.8) ¢ nadanpabiM yciosueM (10.9) MOXKHO 3ammcarb B BHIE OJHOIO
HHTErPAJLHOTO YPABHEHHUST:

t

pt)=p+ [ dt L), pi(0) (10.11)

—0o0
WH, TIEPEXOsa K UCXOAHON Marpune mwiotHocTr p(t) ¢ momompio (10.7):

t iH(t—t)) 1 iH(t—t!)
p(t) =po+/ dt'e” " n %[Hlf,p]eiﬁ (10.12)

rae ucnosb3osaau (10.10).
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Ecmm sosmymenne H}!' majno, To pemenue ypasaenns (10.12) MOJKHO TOTYIHTH HTe-
panusiMu, IpUHUMAs po B KadecTBe HyJeBOro npubsmkenus. B nepsoM mpubsimxkeHun
OyzeM MMeTh: \

p=pot [ AL 1)) (10.13)
oo th
Bropoe cnaraemoe B npaBoii 4acTu, GpaKTHIECKH, [PEJICTABIAET COOON HEPasHOBECHYHD
J100aBKY K MaTpPHIE [JIOTHOCTH, BBIYUC/IEHHYO B JIMHENHOM IPUOJIMZKEHUU 110 BHEIIIHEMY
Bozseiictuio. Iloka Mbl elle He UCIIO/b30BaNM IBHBII BUL po. Tenepp 11opa 1o cienars,
YUUTBIBAs SIBHBIA B KAHOHUYIECKOro pacupenenenus (10.6).

Bocnonpayemca Ttak HazbiBaeMbiM TOXKjIecTBoM Kyb6o, crpaseuBbiM st 71106010

omeparopa A:

B
[A, e PH) = —eiﬁH/ dre* A, Hle M (10.14)
0
JIOKA3aTeIbCTBO KOTOPOro Oyaer gano dyTh nuze. Torga (10.13) MoKHO mepenucarh B
BHIE:
Bt ,
p=poq1— / d)\/ dt' ML —t)e M (10.15)
0 —0o0
rae
. 1
AW =) = - [HA( — 1), 1] (10.16)

B rom cayuae, eciu pg — Gosblioe KaHoHUYeCKoe pacipeeienune dopmyaa (10.15) ocra-
eTcsl CIpaBeIINBO#, HO B Hell Hamo 3amennts H — H — uN.
Brisenem teneps ToxkmectBo Ky6o. Iomoxum

[A, e PH] = ¢ PHG(p) (10.17)

rae S(B) — omeparop, xoropsri Hamo Haiitu. Juddepenmupys (10.17) o 8, momyuaem
muddepenmmanbroe ypasraenne qys S(5):

05
op
¢ HavaJbHBIM ycioBueM S|g—g = 0. VHTerpupysi ero ¢ y4eToM HAYaJbHOIO YCJIOBHS,

nosydaem (10.14).
@opmymsr (10.13) u (10.15) HO3BOMAIOT BBIYUCIUTH B JIMHEHHOM MNPHOIIZKEHUH IO

—ePH A, H]e PH (10.18)

H} cpennee snauenne mo6oii HabI0AaeMoil (DU3NUECKOH BEIMHYUHbI, MPeJICTABIACMOl
COOTBETCTBYIOIIUM OMEPATOPOM A:

< A>= SppA
t
1
<A>=< A > +/ dt’% < [A®t), H: ()] >0 (10.19)

— 00

rze BocnoJib30Bauch (10.13) u yuiau MuHBAPUAHTHOCTH Oepanuu SP OTHOCUTEJIbHO UK-

JINTIECKOH TIePECTAHOBKY OMepaTOPOB 2, IpPIIeM

iHt

A(t) = e Ae™ 0 (10.20)

2Wmeem SplH}, (t' —t),p0]A = Sppo[A, H},(t' —t)] u T.1. Beipaxenne ans A(t) BO3HEKAET 37eCh C
yaerom (10.10) u mociaesyrOmux nepecTaHOBOK OLEPATOPOB HOA 3HAKOM SP.



192 Trasa 10. TEOPUS JINHEHHOI'O OTKJINKA

— oneparop A B reii3eHOEProBCKOM TIPEICTABICHUH, 8 < ... >9= SPpg... — YCPEIHEHHE C
pasnosecnol Mmarpurei miuorHoctu. [locientnee 06CTOATEIBCTBO O3HAYAET, 10 CYTH JIeJa,
YTO HEPABHOBECHAST 33/1a4a JMHEHHOTO OTKJIUKA CHCTEMBI CBOJUTCS K 3a71a4de PaBHOBEC-
HO¥ TEOpWH, MTOCKOJbKY BCE CPETHHE, KOTOPbIe HYXKHO TElepb BBIUUCIATD, SIBJIAIOTCS
PABHOBECHBIMU. DTOT 3aMEYATEIbHBIN PE3yJIbTaT [TO3BOJSEeT IPUMEHUTH MOIIHBIA alia-
pPAT PABHOBECHOH CTATHCTHYECKON MEXAHUKY JIJIsI PEIIEHHUST TAKUX, CJ1a00 HEPABHOBECHBIX,
3a,1a4.

Boipazkenue (10.20) onucbiBaer peakimio (OTKJIMK) CPEIHEro 3HaueHus oneparopa A
Ha BKIIOUEHHE B3amMogeiicTeus H},. BamMernM, 9To 37eCh Mbl HMeeM JIefo ¢ 3ama3Ibiba-
0ITel peakiueil — OTKJIMK BO3HUKAET B MOMEHTHI BPEMEHH, CIEAYIONIHE 33 BKIIOUCHIEM
B3aMMOJEHCTBYUsI, 9TO SBJISETCS BBIPAKEHUEM MPUHIUIIA TPUYIHHHOCTH. PacupocTpaHss
dopmanbuo unTerpuposanue mo spement B (10.20) 10 +00, 9TO MOKHO CAEIATH BBEIE-
HUeM pa3pbiBHOH dyrkuum §(t — t'), ymobro mepenucars (10.20) B Buze:

<A>=<A> +/ dt' << A(HS () >> (10.21)

— 00

rie BBeJU 3anasdvisarouyyo deyrepemennyro (komMmyraropuyio) dbyukiuo I'puna (Bo-
ronoboB, Tabaukos), onpenessieMyo Jjid JIByX HPOU3BOJIbHBIX oneparopoB A u B kak

[29]:

1
<< A(t), B(t') >>=0(t —t’)ﬁ < [A(t), B(t")] >0 (10.22)
rae
n_ |1 mpn t>t
ot —t') = { 0 mpu t<t (10.23)

B pesysbrare 331248 CBOAUTCA K BBIMUCJIEHUIO COOTBETCTBYIOIIMX JBYXBPEMEHHBIX (DyHK-
it TpuHa, 1isi 9ero CymecTByeT XOpoIo paspaboTaHHBIA MaTeMaTHIecKuil ammapar
[29].

BimsiHHe BHENIHEro BO3MYIIEHWsI MOXKHO BBIDA3HTh M B JIpyroil dopme, uepes Tak
Ha3bIBaeMble BPEMEHHBIE KOPPEJISIMOHHbIe DyHKIpHU. [IJIs 9TOr0 BOCIOIb3yeMcs TOXK JIe-
crBoM Ky6o (10.14). Torma:

B t )
<A>=<A>g —/ d)\/ dt’ < MHEL e M A(t) >o=
0 — 00

B t ,
=< Ay > +/ d)\/ dt' < ML) e M A(t) > (10.24)
0 —o00
TJe UCTIOJIb30BaJIN TaK Ha3bIBacMOe YCJIOBUE CTAITMOHAPHOCTH:
<AHL({H —t) >0= — < A(t —t"H}, >¢ . (10.25)

DTO PABEHCTBO CJIEAYeT U3 TOTO, YTO PABHOBECHOE CPe/iHee 3HAYEHUE MPOW3BEICHUS JTH-
HAMHUYECKUX [EPEMEHHBIX 3ABUCHUT JIUIIb OT PA3HOCTU BPEMEH:

< AHL(t' —t) >o=< A(t —t')H} >¢ (10.26)

iHt
YTO MOJYYaeTCA HNUKJIAYECCKHMHU IIePECTAHOBKAMHU OIIEpaTOPOB THIIA € h  II0J 3HAKOM

yepeanenns. duddepennupys (10.26) no ¢ nomyuaum (10.25).
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Boipaskenue (10.24) MOKHO TakyKe NEPENUCATh B CJAEAYIONIEM BUJIE:
Bt _
<A>=<A>— / d)\/ dt' < Hpj(t' —ihA)A(t) >o=
JO —00

B t .
=< A >g +/ d/\/ dt' < Hj (1 —ih\)A(t) > . (10.27)
0 —00

®opmyaet (10.21) u (10.27) gaior oOIIMe BHIPASKEHYS 71 JTUHEHHON PEAKIIUY CUCTEMBI Ha,
MexaHuueckoe BosMyenue. g srernero poseiicreus Buaa (10.3) ux MOKHO 3aMUCaTh
B BHUJE:

<A>=<A>q— Z/ dt’ << A(t)B;(t') >> F;(t') (10.28)
j — 00

t 8
<A>=<A>g +Z/ dt’ / d\ < M B (e M A(t) >o Fy(t) (10.29)
i —00 JO

D10 Tak HasbiBaeMble GopMysabl Kybo mist TUHEHHON peaxkiuu KBAHTOBOMEXAHUIECKON
CUCTEMBI, CBOSAINNE HEPABHOBECHY IO 33,149y K BHIYUCIEHUIO PABHOBECHBIX KOPPEJIATODOB.
Tlocnennas 3amada, aBageTCsa, KOHEIHO, BIOJHE HETPUBUAILHON 1 TpebyeT pa3paboTKu
CIENHUAILHOTO (hopMaTu3Ma, MIPAMEPOM KOTOPOTO MOXKET ObITH alliapaT JBYXBPEMEHHBIX
KOMMYTATOPHBIX pyHKIuII ['puna.

Qu3nUecKuii CMBIC 3ATTa3IbIBAIOIIEH TBYXBpeMeHHOI (DyHKIMH [ prHa JIETKO MOHSATS,
DPACCMOTPEB PEAKITHIO CHCTEMBI Ha MTHOBEHHOE J-00pa3HOe BO3MYIIEHUE BUIA:

H} = Bo(t —t1) (10.30)
HoJCTaHoOBKa Koroporo B (10.21) maer:
<A>=< A >0+ << A)B(t1) >> (10.31)

Cy1ecTByeT HeCKOJIBKO XOPOIIO pa3paboTaHHbIX MOIXOI0B K pacdery Takux QyHKImil
I'puna. Mbr KpaTKO ONUIIEM JIMIITB TIOIXO, OCHOBAHHBIA HA METO/IE yPABHEHU JBUKEHNS
(menouex) [29]. Ypasuenne npuxenus s Gyuxnun Iprna (10.22)

1
Gap(t,t') =<< A(t), B{t') >>=0(t — t’)% <

i
JIETKO TOJIYYUTh W3 OBINEro ypaBHEHWS JBUKEHHUS TPOU3BOIHHOTO KBAHTOBOI'O OTIEPATOPA
B mpeacTaBiennu leiizenbepra:

[A(t), B(')] >o (10.32)

dA
ihﬁ =[A,H|=AH - HA (10.33)
IIpaByto 9acTh 3TOro ypaBHEHUS MOXKHO PACCINTATH B KAa’KJOM KOHKDETHOM CJIy9ae C
MOMOIIBIO ABHOTO BBIPAXKEHUS JJs FAMHAIBTOHHAHA M IE€PECTAHOBOYHBIX COOTHONICHH
g oneparopos. duddepenuupys (10.22) 1o ¢, monyunm ypaBHeHue:
dGap dO(t—1") dA(t)

. _ !/ . /
ih & = g < [A(t), B(t')] >0 + << zh—dt ,B(t') >> (10.34)

VaurbiBasg O4EBUIHYIO CBA3b paspbiBHON dyHkimu 0(t) ¢ d-dyuxumeit or t:

0(t) = /t dté(t') (10.35)



194 Trasa 10. TEOPUS JINHEHHOI'O OTKJINKA

U ypaBHEHUs JABUxKeHus ajs oneparopa A (10.33), samuineM ypaBHEHUE JIBUKEHUS JJist
dbyurnuu ['puna B BUze:

ihdi’;B =§(t—t') <[A@t),B(t")] >0 + << {A@)H(t) — H{t)A(t)},B(t') >> .

(10.36)
B npasyto gacts (10.36) BxonaT nsyxspementbie dbyHkimu ['puna, BooOie roBops, 6oee
BBICOKOTO TOPSIKA, UeM HUCXOIHASA, UTO CBA3AHO C HAJUIHEM HETPUBUAIHLHOTO B3AUMO-
JefiCTBUSA TPAKTUIECKH B JII000M MHOrOodacTuuHOi cucreme. [ns srux dbyuxuwmit ['puna
MOZKHO OIISITh COCTABUTH ypaBHeHUs aBuzKenud tuna (10.36) u noayuurs yenouky 3amer-
JSTIONUXCA ypaBuenwnit g dyukunit I'puna. [lemoyuka 3aTa, Boobire ropopsi, OeCKOHETHA,
U MBI IM€eM TYT MIeJI0 ¢ BeCKOHEUHO crcTeMoil MHTerpo — aud pepeHnuaibHbIX ypaBHe-
HU, KOTOPYIO, KOHETHO, HeIh3s pemuTh B obmieM eue. OHAKO, B MPAKTUIECKAX CJIYIa-
SX, Ty TENOYKY, KaK IMPABUIO0, YIAETCs “DacIennTh’; BBIPA3UB, T€M UJIH HHBIM CIIOCOOOM,
BoIciiiue hyukimn I'puna gepes3 ausimme. Toraa BO3HUKAET KOHEYHAS CUCTEMA, YPABHEHUH
(unu gazke OHO ypaBHEHHUE), KOTOPYIO y2Ke MOXKHO peruthb. O01iuil petnent pacierieHus
OTCYTCTBYET, 3TO BOIIPOC UCKYCCTBA TEOPETUKA, PEIAIOIIErO Ty WJIM UHYI KOHKDPETHYIO
zanady. [IpuMeps yCIenTHoro pemeHns paaa Moaenaeil TaKuM MeTOIO0M MOXKHO HaUTH B
[29].

10.2 DJaeKTpONpPOBOIHOCTH U MArHUTHAS BOCITPUUMYN-
BOCTb.

PaccMOTpUM peakiyio CUCTeMbl Ha, BHEIIHEE djIeKTpudeckoe 1ose. Bosmyinenue (10.3)
HMEET IIPH 3TOM BUI:

H} = — Zej (Ex;) coswte™ = —(EP) cos wte® (10.37)
J

rae e; — 3apsif j-# 9acTHOBL, X; — PAJUyC — BEKTOp ee HojoxkeHus, B — cpennee amex-
TPUYECKOE TI0JIE B CPEJE, UIPAIOIIEE POJIb BHENTHEH (c-anucioBoii) “cubl’,

P=> ex; (10.38)
J

— BEKTOP MOJIAPU3AINN, PACCMATPUBAEMBIH KAK KBAHTOBOMexanmdeckuit omeparop. [lom
BJIMSIHMEM 9TOrO BO3MyLueHus, B coorsercrsuu ¢ (10.21), B cucreme BO3HUKAET JIEKTPH-
YeCKHil TOK:

o0

/ 1y
< Ju >:/ dt' << J,(t), Hy (t') >> (10.39)

— 00
3mech HET MOCTOSTHHOTO CJIATAEMOr0, TaK KaK B CTATHCTHYECKOM PABHOBECHH TOK PABEH
Hym0, < Jo >=0. B (10.39) umeewm:

HE(t) = —(EP(t)) coswte™  Jo(t) =D ejija(t) = Palt) (10.40)
J
rae J, — omeparop 3JeKTPUIECKOTO TOKA, x'ja — KOMTIOHEHTa CKOPOCTH j-if JaCTUIIHI.

C yuerom (10.40) Beiparenue (10.39) 3amuiiercs B BUE:

(o)
< Jy >=— Z/ dt' << Jo(t)Ps(t') >> Egcoswt'e” (10.41)
/8 — 00
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CoOTBETCTBEHHO: _
<Jo>= Y Re{oap(w)e T} By (10.42)
B
rae
o0
oap(w) = —/ dte™ et << ], Ps(t) >> (10.43)
—o0

— TEH30p 3JIEKTPOIPOBOITHOCTH B HepuonndeckoMm mose. IIpenen € — 0 3mech BeIMOTHSA-
eTCS TOCIe TEPMOIMHAMAIECKOTO nipesena V. — 0o, N — oo (V/N — const).

Wrak, agnabarmdaeckoe BKIIIOYEHUE IJTEKTPUIECKOTO TOJIS TPUBOAUT K BO3HUKHOBE-
HUIO 3JIEKTPUIECKOTO TOKA B CHCTEME C KOHEYHOHN 3JIEKTPOIMPOBOIHOCTHIO, T.€. HeoDpaTH-
moro upouecca. Craruyeckas poBOAUMOCTb nodydaercd u3 (10.43) upenesnbubiM nepe-
xomoM w — 0:

Oup = lin%/ dte®t << JoPs(t) >> (10.44)
E—r — 00
IMepenumem (10.43) B Buae (1epecrasiids OLEPATOPSL 1101 SP):

1 /0 ,
oap(w) = e dte_“"t"’EtSp{[Pg(t),po}Ja} (10.45)

n BocHoJIb3yeMmcs ToxkaecTBoM Ky6o:

B .
[Ps(t), po] = —ihpo / dreM Pg(t)e M (10.46)
0

Torma mosy<anm:
B oo )
Oap = / d\ / dte™' =t < M Joe M T (1) >0=
0 0
B o
= / d)\/ dte®t=ct < Jgda(t +ihA) >0 (10.47)
0 0

— dopmyny Kybo mja mpoBoguMoCTH.
B craruueckom mpesesie umeeM:

B [e's)
Oap = hl’n\/0 A dte_at < JﬁJa(t + Zh)\) >0 (1048)

e—0

Takum 06pa3soM, 337298 BBIMACIECHASA MPOBOJAUMOCTH CBOJMTCA K DPACIETY BPEMEHHBIX
KOPPEJIAUUOHHBIX (DyHKIMII TOKOB B YCIOBUAX CTATUCTHYIECKOrO paBHOBecus. B KoHKper-
HBIX CJIyYasix, 970, KOHEYHO, JOCTATOUHO CJIOXKHAS 337a4a, KOTOPas MOXKET Dernarbest
Pa3IMIHBIMU METOJAMHU, JJIsi 0OCY K IeHNsT KOTOPBIX 3/1€Ch HET MECTa.

PaceMorpuM Temepb OTKJIMK Ha BKJIOUEHHE OJTHOPOJHOIO B IPOCTPAHCTBE MEPEMEH-
HOTO (meprorveckoro) BHemrHero marautHoro nosst H(t) ¢ yacroroit w:

H(t) = Hcoswte® = Ree”“'t*'H (10.49)
Dromy BO3MyHIeHUIO cooTBeTcTBYer oneparop (10.3) Buma:

H} = -MH(t) = —MH cos wte®’ (10.50)



196 Trasa 10. TEOPUS JINHEHHOI'O OTKJINKA

rae M — omeparop MOJIHOrO MAarHUTHOTO MOMEHTa cucTeMbl. [log BAusHMEM 3TOr0O BO3-
MYIIEHUs] MArHUTHBIE MOMEHT CHCTEMbI MeHsercs, coriacuo (10.21), kak:

<My >=< M, > +/ dt' << My (t)H} (1) >> (10.51)

—0o0

rae < M, >0 — CpefHss MPOEKINs MArHUTHOTO MOMEHTA, Ha OCh ( B COCTOSHHUU CTATH-
CTUYECKOTO paBHOBecus. ECM B pABHOBECHOM COCTOSTHUM MPHCYTCTBYET MArHUTHOE TIOJIE,
To < My >07# 0. ®opmyay (10.51) 3anuimem B Bue:

< My >=< M, >0 + Z Re{Xap(w)e ™ Hy (10.52)
B
rae
Xop (W) = 7/ dte™ ™t << Mo, Mpg(t) >> (10.53)

— TeH30p MATrHUTHOI BOCHPUUMYHBOCTY B IIEPUOIHYECKOM MArHATHOM Ioje. C mOMOIIBI0
roxaecrsa Ky6o seipaxenne (10.53) MOKHO Hepenucarh TaK¥Ke B BHJIE:

B oo .
Xap = / dA / Attt < MyM,(t + ih)) > (10.54)
0 0

D1 HOPMYIBI MMUPOKO TPUMEHSIIOTCSA, HATPUMED, B TEOPUH MATHUTHOTO PE30HAHCA.

B kadgecTBe 371 MEHTaPHOTO IPUMEPA UCIIOIb30BaHud (popmyT Kybo paccMoTpuM 371eK-
TPOIPOBOHOCTD, UCXO/Id U3 MPOCTEHIINX [TPEJIIOJIOKEHIH O OBEJIEHUH BPEMEHHBIX KOP-
pensitponHbIx dyHKImit. Ucnonssys (10.22), (10.44) nmeem:

1 0
Oag = — lim — dtet < [JQ7P5(t)] >0 (10.55)
e—01 o
IIpeamono:kumM, 91O
< [Ju, Ps(t)] >0m< [Ja, Ps] >0 e~ (10.56)

rIe T — HEKOTOpOe BpeMs peJiakcaruu. KoppeasTop Mpu COBIAIAIININX BpeMEeHaX HaXo-
JUTCA SJIEMEHTAPHO:

e
< [JOHPQ] >o=< [Z Epf,Zexf] >0=
? J

G > B iy N 7
o o 1o, 10.5

rae N — aucio 9aCTul,, 1 Mbl BOCIIOJIB30BAJIUCH CTAHAAPTHBIM KOMMYTAITUOHHBIM COOT-

nomennenm [27, p@] = ihdqs. B pesynsrare nomsydaem:
2 0 o2
_N : (e+1/myt _ Y
Oap dap Eh—%/—oo dte T6ap (10.58)

WJIA, B PAcUeTe Ha eIHUILY 00beMa:

TL€2
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910 mpenacTaBisieT coboit oberaryo dopmyny Apyne. [loguepkuem, aro “macrosieil” 3a-
Jadeil MUKPOTEOPUM SBJISIETCs, KOHEYHO, BbIBOJ, nmosenenusi Tuna (10.56) u3 Toil wiu
UHOM MOJIEJM U PACYeT COOTBETCTBYIONIMX 3aBUCHMOCTEH T OT TeMIeparypbl (Miau KOH-
UEHTPALKU IpUMecei) JJisd PA3/IMYHbIX MEXAHU3MOB paccestud. IMEeHHO 31eCh BOSHUKAET
HEOOXO/IMMOCTD HCIIOJIBb30BAHNS COBPEMEHHBIX METO/OB TEOPHUHU CHUCTEM MHOIMX HaCTHIL,
Takux, Kak mMeron ¢pyuknuii ['puna.

10.3 ChnekTpaJjbHble HNPEACTABJIEHNA BPEMEHHBIX KOP-
PeJIATOPOB M AByXBpeMeHHbIe (pyHKIiuu ['puHa™.

PaccemorpuM HeKOTODBIE OOIIIME CBOMCTBA BPEMEHHBIX KOPPEISIIUOHHBIX (DyHKIHI. BBe-
J1eM, TIO OTIPE/IETIeHNUIO:

Fap(t—t') =< A@#)B(t') > Fpa(t' —t) =< B(t')A(t) > (10.60)

IIycrs ¢, u E,, — cobcrBennbie (hYHKIUN U COOCTBEHHBIE 3HAUEHN TaMIJIBTOHUAHA, PAC-
CMaTPUBAEMOU CHCTEMBI:

Hip, = E 1, (10.61)

TOF,ZL& B dBHOM BUJ€ MOXKHO HAllTNCATh:

< B(t"A(t) >= le sB)A(t),)e™

(10.62)

Hcnoms3yst cBoitcTBo HOMHOTEL 1 = Y |1, ) (¢« |, mepenumenm (10.62) kak:

< B(t)A(t) >= 2~ 12 B, WhAl),)e T =

= 27 S W BOW) WA e F expl L (B~ B0} (1069
uv
Tae y41jiam, 910
e—th/h,(/JV —_ —1E f/hw w* tHt/h __ ,(/);eiEl,t/h (1064)
AHajornyHbIM 00pa30M MOZKHO ITOJIY9UTh:
< AWBW) >= 27" Y (WA, WBO)w e T exp{ (B — B,)(E' ~ 1)} (10.65)
g

3ameHsis 3/1eCh MHIEKChl CYMMUPOBaHUs (4 = v U cpaBHuBag ¢ (10.63), Bugum, aro 0ba
KOPpPeJIATOpa MOXKHO IPEJCTAaBUTh B BUJIE:

< B( 7/ JBA zw(t t')
A ho Gt —t)
< A@)B(t') >= o / Jpa(w)eT e (10.66)

1€ BBEJIU:

Toalw) = 20271 Y WEBOW)WAOw)e F o ) (1067

n%



198 Trasa 10. TEOPUS JINHEHHOI'O OTKJINKA

Coornommenus (10.66) HA3BIBAIOTCS CIIEKTPAIBHBIMU TPEICTABICHUAME, a Besudnna Jp 4 (w)
npezcras/iger co6oi TaK HA3BIBAEMYIO CIIEKTPAIBHYIO LJIOTHOCTD KOPPEIAIMOHHOM (hYyHK-
mun < B(t')A(t) >. U3 cpaBrenns obonx suipazkennii B (10.66) BuanM BazKHOE CBOHCTBO:

hw

JAB(fw) = JBA(W)BT (10.68)
L1 BCexX peasibHBIX CHCTEM WMEeT MECTO 3aTyXaHWe KOPPEJSIUil BO BDEMEHH, TaK UTO

lim < A(t)B(t') >=< A>< B> (10.69)
[t—t'|—o0
rJe MOAPa3yMeBAeT s, UTO BeJIMYMHLL (Onepartopbl) A u B He ABIAIOTCS WHTErpamaMu
gpmkenns.. Bemm < A>=0u < B >=0, 10
lim < A(t)B(t) >=0 (10.70)
[t—t"|—o0
B ofmem caydae MOXKHO ONPEIETHTh HOBbIe omeparopbl A(t)— < A > u B(t)— < B >,

JIJIsT KOTOPBIX BCErya BhImogHsiercst yeaonue (10.70).
CpenHee 1o BpEMEHH OT KOPPEISIUOHHON (DYyHKIMH PABHO HYJTIO:

im [ al [ (w)e ™! =
7500 2T |_p W or | /B =

I T B Jpa(0)
—Tlgnooﬁ/_oo dwd(w)Jpa(w) = lim ——= =0 (10.71)

li
T—o00 2T
€CTI CTeKTpaJbHas MIOTHOCTh KOHETHA NpH w = (), 9TO XapaKTepHO I CIIEKTPa 3PTro-
JIMYECKOTO CIydaiiHoro nporecca. B mambhefinem 310 ceoiictBo mpeanonaraerca’. Ilpu
5TOM Be3Je mompasyMeBaeTca repmoauaammuaeckuii mpenen V- — oo (V/N — const).
CuekTpanbHas WIOTHOCTD J 4+ 4 (W) BPEMEHHOTO KOPPEIATOPa, 0OPA30BAHHOTO U3 CO-
IPSAKEeHHBIX oneparopos A u AT nosoxurenbna;

Eu E# - F,

Iaal®) = 2027 S GLAT O AO ) F o (B - w) >0 o)

MOCKOJIbKY BCE YIEHBI TI0J] 3HAKOM CYMMBbI MOJOKUTENbHBL. AcHOo, a0 u J 44+ (w) > 0.
Ilycrs ypapHenus apukeHus s A u B WHBAPDUAHTHBI OTHOCUTENHHO OTPAYKEHUS

Bpemenu, npu koropom A — €4 A, B — epB, rne €4, ep = +1, B 3aBUCUMOCTH OT YeT-

HOCTH ONEPATOPOB Npu obparmernn ckopocreii. Paccmorpnm ciekTpanbHOe pasiozKeHue:

T
< A(t)B(t) >= — dwe™ ) T4 p(w) (10.73)
21 J_ o
B kBaHTOBOI MexaHWKe onepanust OGPAIEeHnsT BpEMEeHN CBOIUTCA K 3amene t — —t, t' —
—t/, i — —i, TaK UTO JIEBAA YACTH ITOTO PABEHCTBA YMHOMKAETCA HA EAER, & B MPABOM
qactu Jap(w) nepexomur B J;p(w) (Benexcrsue 3amenst ¢ — —i). CnenoBarensuo, B
pACCMATPUBACMOM CITydae:

JAB(W) = J,ZB(W)eAfB
Jap(w)=Jigw) mpm eqep=1 (10.74)

SEcmu A u B mHTerpajnl JABIKEHHS, TO KOPPEISNHOHHAs (DyHKIMs, OIEBUIHO, BOOBIIE He 3ABHUCHT
OT BPEMEHHU.

4B wacTHOCTH, 3TO HCKIIIOMAET M3 PACCMOTPEHHS OCOGEHHOCTH CIHEKTPAIbLHON mmoTHOCTH Tuma & (w),
XapaKTEepPHBIE Il CUCTEM C HEIPrOAMYECKHUM HOBejgeHueM [4].
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TaK 9TO CIIEKTPATBHAS TLIOTHOCTD JJISt OTIEPATOPOB ONUHAKOBOH YeTHOCTH NEHCTBHTED-
HA.
CpasuuBas (10.73) u CONpPsIzKEHHOE €My COOTHOIIIEHUE:

1 o . /
< BY#)AT (1) >= 5 / dwe ) T4 o () (10.75)

Te Mbl Y9IA BEIeCTBEHHOCTb CIIEKTPAIBHON IJIOTHOCTH, YOEXKIaeMCsi, 9TO JJisd Onepa-
TOPOB OIMHAKOBON UETHOCTH:

< A(t)B{t') >=< BT(t)AT(¥) > (10.76)

Ecma cucrema HaxomuTcs BO BHENTHEM MAarHUTHOM TIOJIE, CITIEKTPaJbHAS TIJIOTHOCTH
yke He Oymer BemecTBeHHA. [IOCKOMBKY ypaBHEHWS [BMKEHUs WHBAPUAHTHBI OTHOCH-
TenbHo t — —t ¢ omHoBpemennoii 3amenoit H — —H, 1o cmexkrpasbHas MmIOTHOCTH
VAOBJIETBOPSAET CBOMCTBY CUMMETPUMN:

Japu(Ww) = Jip _u(w)eacs (10.77)

TaK 9TO
< BT(OAT (') >u=< AW)B(t'") >_u cacp (10.78)

IMockonbky ayxspementbie dyukuuu 'puna (10.22) oupenesnsorcs yepe3 BpeMeH-
HbIE KOPPEJISATOPHI, OHHM JIEMKO BBIPAXKAIOTCS Uepe3 CIEKTPAJbHYI0 MIOTHOCTE [4, 29).
CoOoTBeTCTBEHHO, Jis HUX U UX (DYyphe — 00PA30B MO PA3HOCTH BPEMEH MOy IATCS aHa-
JIOTUYIHBIE COOTHOIIEHUS CUMMETPHUH:

<< A(t)B(t') >>=<< BT (t)AT(t') >>
<< A|B >>,=<< BT|AT >>, (10.79)

B OTCyTCTBHE MAIHUTHOIO [10JIs U 15 OIEPATOPOB OAMHAKOBOM YeTHOCTH. B nmpucyrcreue
MarHuTHOTO TOJIST NUMeeM:

<< BT)AT(t') >>u=<< A#)B(t') >>_nu cacp
<< BT|AT >>, y=<< A|B >>, _u ¢ (10.80)
9TI/I CBOMCTBA, CUMMETPHUN OKa3bIBAaIOTCA BazKHBIMH IIPDKW BBLIBOAE IIPMHOWIIA CUMMETPHN

Omncarepa 11a 0006ITIEHHON BOCTIPUUMYHBOCTH.

10.4 JImcmepcuonnbie cooTHoIneHnsas Kpamepca—Kporaura
n npuHIun cumMmerpuu OHcarepa.

Ilycts Ha cucTeMy AeficTBYeT 3aBUCAINEE OT BPEMEHUW BO3MYIIEHNEe MEXaHUIECKOTO THUTIA,
BKIIOYaeMOe aanabaTHIecKn M OMHUCHIBaeMoe J00aBKOM K TaMUILTOHUAHY BUIA:

H! =) F;(t)B; (10.81)
j=1

rae Fj(t) ~ e mpu t — —o0, € — +0, Bj — HEKOTOPBIE JMHAMUYIECKUE [IEPEMEHHBIE
(onepartopsr), a Fj(t) — ¢ — aucioBble “CHIIBI’, ¢ KOTOPBHIMA BHEIIHHE IO AEHCTBYIOT
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Ha mepeMeHHbIe Bj. JIisi IPOCTOTEL HOMATAEM, ITO B COCTOSHUH CTATHCTHUECKOTO PAB-
nosecus (mpu F; = 0) umeem < A; >¢= 0, TaK ITO PEAKIUIO CHCTEMbI Ha BO3MYILICHHE
(10.81) moxkuo cornacuo (10.21) 3anmcars B BUze:

t
<A >= / dtllii]‘ (t - t/)Fj (t/) (1082)
rie

Kij(t — t/) = — << Ai(t)Bj(t/) >> (1083)

— o6obrieHHas MaTpuna peakiuu (0TKIKA). [lockoIbKY 3anasapiBaomast dbyakims ['pu-
Ha OTJIMIHA OT HYJISA JIUIMIH TPU TOJIOKUTETHHBIX apTyMeHTaX, TO

Kij (lf - t/) =0 mpum t< t (1084)

9TO ABJAETCS BBIPAZKEHUEM NPUHUUNG NPUSUHHOCTIU: PEAKITA CUCTEMBI HE MOZKET MPEJI-
LIECTBOBATH BO BPEMEHU TOMY BO3MYIIEHHIO, KOTOPOE €€ BbI3bIBAET.
Pasnoxum F(t) u < A; > B unrerpanst Oypoe:

<A >= % /_i dwe™ ™t A;(w) (10.85)
Fi(t) = % /Oo dwe™ ' F;(w) (10.86)
rie hypbe — KOMIIOHEHTHI: N
Ai(w) = /.OO et < Ai(t) > (10.87)
Fij(w) = / h dte™"  F;(t) (10.88)

Iposonsa dbypbe — npeobpazopanue B (10.82) NOAyIUM BMECTO HHTErPATLHOIO airebpa-
WYEeCKOe YPABHEHUE JIUHEHHON peakIum:

Ai(w) = ki3 (@) Fy(w) (10.89)

rie

o0
Kij(w) = / dte™'k;;(t) = — << Ai|Bj >>,=

— 00

00 B
= / dteilwtist/ d\ < Bin(t + Zh)\) > (1090)
0 0
— 0bobmeHHass MaTpuia BOCOpUUMYUBOCTH. llocsenuion (GOpMyTy WHOTIA HA3BIBAIOT
BIAYKTYAIMOHHO — JIMCCHIAIMOHHOM Teopemoii Ky6o°.
W3 semecrsennoctu A; u F crenyer, 4ro:

Ai(w) = Af(~w)  Fj(w) = F(~w) (10.91)

J

5®rykTyanmoOHHO — IUCCHTIAIMOHHAS TEOPeMa MOYKET ObITh 3alMCaHa B PA3HBIX (OPMAX M MPEJCTAB-
JisieT COBON CBSA3b MeXK/y BOCIPUUMYUBOCTSAMHU (KUHETHIECKHMH KO3(DDHUIHEHTaAMH) B COOTBETCTBYIO-
UMK PABHOBECHBIME KOppensitopamu (daykryanusamm).
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TaK 49TO
Kij = Hij(—w) (10.92)

OTKY/Ia

Rekij(w) = Rek;;j(—w)
Imkij(w) = —Imk;(—w) (10.93)

TaK YTO BEIIECTBEHHAS IACTh ODOOIIEHHON BOCHPUMMYHBOCTH K;j(Ww) UETHA, & MHUMAs
HeeTHa M0 wh.
U3 cpoiicts cummerpun dyaknuii I'puna (10.80) caemyer, uro mis 0600meHHON BOC-

IPUUMYUBOCTH HMEEM:
kij(w, H) = kij(w, —H)eier - giep = £1 (10.94)
B orcyTcTBHE MAHUTHOIO HOJIS:
Kij(w) = Kij(w)eier (10.95)
Pa3buBas BOCIPUMMYABOCTD HA CHMMETPUYIHYIO W AHTHCHUMMETPHIHYIO YaCTH

s 1 . 1
Rij = 5(’%‘ +Kji) K= 5(’%‘ — Kji) (10.96)

GexkmaeMcs, 9To K° 9eTHA, a K% HEYeTHA OTHOCHTEIHLHO OOPAIEHWS] MATHUTHOTO TOJIS
R >
H:
s _ s a _ a
ki (w, H) = K5, (w, —H)  £f;(w, H) = —£j;(w, —H) (10.97)

npu £, = 1. DTU CBONCTBA CHUMMETPUHU HA3BIBAIOTCS COOTHOIMEHUSIME cuMMerpun OH-
carepa Jyisi 060BIIEHHON BOCOPUUMYIUBOCTH (KuHeTuuecKux Kodddunuentos). Ouu Bbl-
TEKAIOT U3 O0Imel TeOpry IMHEHHOr0 OTKJINKA U MHBAPUAHTHOCTH yPABHEHWI NBAKCHAA
ornocurenbho t — —t, H — —H 7. Coornomenus Omncarepa oTpazKaioT Ha MaKpoO-
CKOIIMYECKOM YPOBHE HHBAPHAHTHOCTH MHUKPOCKOIIMYECKHX YPABHEHHH IBHUKCHHS OTHO-
cUTeNbHO obpamienusi Bpemenn. OHU UIpaloT OYeHb GOJBIIYI0 POJIb B TEPMOIUHAMUKE
HEOOPATHMBIX IIPOIECCOB.

Beuny ycnosust npuuananocTr (10.84) mepssiii unTerpan B (10.89) dakrudecku cBo-
nuTcsd K (MHJIEKCHI 4, § Jlajiee OlyCKaeM):

r(w) = /0 b dtr(t)e™! (10.98)

Oxa3bIBAETCs, 9TO OTCIOZA MOXKHO IOJIYYUTh HEKOTOPbIE BECbMa OOIIUE COOTHOIMIEHUS
ans k(w), UCTIONB3Ys anmapar Teopur (QYHKIUN KOMILIEKCHBIX TEPEMEHHBIX. BBegeM
KOMILTEKCHYIO 9acToTy w = w’ +iw” u ncemenyem crolicTra £(w) B BepXHE MOTYILIOCKO-
cru 310it epemenHoit. 13 (10.98) n n3 daxra KOHEUHOCTH k(1) TPY BCEX HMONOKATETBHBIX
t cienyer, uTo K(w) €CTh KOHEIHASA ONHO3HAYHAS (DYHKIINA BO BCell BEPXHEH MOy TLIIOCKO-
CTH W ¥ HUTJE He 0OpPAIAETCA B HE B OECKOHEYHOCTD, T.. HE UMEET TaM OCOOBIX TOUEK.
Heficreurensro, npu w” > 0 B moguaTerpaibaom seipakernu B (10.98) nmeercs sxeno-
HEHIMAJILHO yObIBaOIMil MHOKUTEND exp(—tw”), a nockonbky u Gyukuus (1) KoHeuHa

6 Moxxuo II0Ka3aTh, 9TO Imfiij orpe/esisieT JUCCUIIAIUIO SHEPIUKh BHEIIHErO I0JIsi, TAK 9ITO Imfii]' (w >
0) > 0.

7TaKl/Ie JKe CBOMCTBA CuMMeTpHuU CIpaBeJ/IUBbL U JJIsI OTKJ/IMKA Ha TEPMUICCKUE BO3MYIICHUA.
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-co g w, *o0

Puc. 10.1: KouTyp nHTerprpoBanus, UCIOIB3yEMbIH IPH BBIBOME COOTHOIIEeHn Kpamep-
ca — Kpomnwura.

BO Beeli obsiacTu uHTErprpoBanus, 10 uHrerpan B (10.98) cxomurca. Tloguepkuem, 4To
BBIBOJ, 06 OTCYTCTBHH OCOOBIX TOYEK Y K(w) B BEpXHEH MOIYIIOCKOCTH SBIAETCH, ¢ Qu-
3UYECKO} TOYKH 3PeHHs, CIeACTBHEM IPUHINNA IpuanaHocTh. Iocnennuil nposasisgerca
B TOM, 4T0 uHrerpuposanue B (10.98) uuer or 0 1o 0o (a He o1 —00 10 00). PyHKIHMA
k(w) He umeer ocobeHHOCTE W Ha caMoll BerecTBeHHON ocn (W = 0), 33 UCKITIOUEHNEM,
BO3MOXKHO, JINIIb Hadasa KoopauHat (w = 0).

BrigesieM Tereph bOPMYIIBI, CBA3BIBAIOIINE AHCTBUTENBHYIO U MHUMYIO 9acTh byHK-
mn K(w) apyr ¢ apyrom. JIjst amoro BbibepeM Kakoe — Jubo MOJOXKHTEIbHOE JefiCTBY-

TEJIbHOE 3HAYEHUE W = Wy U MPOUHTETPUPYEM BEJIUUUHY jﬁ—‘go o koutypy C, mokazas-
momy Ha Puc. 10-1. Ha 6eckomeunoctu k£ — 0 u mosTomy byHKIHS (jit)u CTPEMHUTCA K

Y110 6 1w TI dw L)
ymo Opictpee, qeM 1/w. llosromy mnrerpan |, dw =7~ CXOIUTCA, & HOCKOIBKY K w) HE

uMeeT 0CODBIX TOYEK B BEPXHEH MOJIYILIOCKOCTH, U TOYKA W = Wy UCKIOYEHa U3 0bIacTu
KW o
MHTETPHPOBAHNA, TO (PYHKIIHSI wf—w)o aHAJUTHYHA BO BCeil obsactu BHyTpHu KoHTypa C,

TaK 4TO PACCMATPUBAEMbIA uHTErpas pase Hy o (reopema Komm).

WNarerpan mo 6€CKOHETHO YAAJICHHON MOMYOKPYXKHOCTH OOPAIIAETCsS B HYIb CaM IO
cebe (BBUIY HOCTATOYHO ObICTPOrO yOBIBAHUS IIOJMHTErPAJIBHOIO BbIpaXKeHus). Touky
wp OOXOIMM IO GECKOHETHO MAJIOf TOIyOKpYRHOCTH (pagnyca p — 0). ot obxom mpo-
UCXOJMT [0 YaCOBOH CTPEJIKE U JNAeT B MHTErpajie BKJAJ, PaBHbIH —imk(wy) (MHTErpas
[0 TOJTHOMY KDYXKKY maer —2imk(wp)). Ecan £(0) KoreuHO, TO 06x07 Havaa KOOD/IH-
HAT ABJISETCS U3JIUITHAM U WHTEIPUPOBAHUE BIIOJb BCEH BEIECTBEHHONW OCH AT, TAKUM

06pazoM:

wo—p ')

lim {/ de —|—/ dwn(u})} —imk(wy) =0 (10.99)
p—0 s w — wWo wotp w — wWo

IlepBoiit uieH 37eCh €CTh MHTETPAT OT —OO 10 0O, HOHUMAEMBIH B CMBICIE [JIABHOTO
3Ha4YEHHS, IOITOMY IIOTIydaeM:

w

imk(wg) = P/jo dw HEWZ)O (10.100)
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w(w)
DTO KE COOTHOIIEHHUE CPA3y Ke MONYUAETCS €CJIM PACCMOTPETh WHTErPaj OT ey
BJIOJTb BEIIECTBEHHON OCH, BOCIIOJIb30BABIIHCH U3BECTHOH (HOPMYJIOii:
1 1
—— =P— —ind(z) 60— +0 (10.101)
x 410 x

Ipenpiayimme paccyXaeHus, IO CYyTH [I€J1a, MPEJICTABISIOT cOOO0il BRIBOI 3TOr0 BECHMA,
TIOJIE3HOTO COOTHOITIEHUS.

IMepemennas unrerpupoanus w B (10.100) npoberaer JuIiib BEIECTBEHHbIE 3HAUCHHUS.
IIepeobosuanamm ee &, a Tepe3 w 0603HATNM 33IAHHOE BEIIECTBEHHOE 3HAUEHNE wy. Toraa,
oraesnds B (10.100) aelicTBUTENBHYIO 1 MHUMYIO YaCTH, HailgeM:

Rer(w) fP / dglm’i(g) (10.102)
Imk(w) P / nge“(g) (10.103)

— coornomenus: Kpamepca — Kpounura. Exuncreennbiv cBoiicToMm (byukuuu k(w), uc-
TOIb30BAHHBIM [IPU BBIBOJE 3TUX (DOPMYJI, ABJASETCA OTCYTCTBHE OCOOBIX TOYEK B BEPX-
Heif nosymiockocTr® . I103TOMyY MOXKHO CKa3arh, 4To coorHomenud Kpamepca — Kponura,
ABJISIIOTCA TPSIMBIM CIEACTBUEM IIPUHITUIA TPUINHHOCTH.

Bocnonb3osasimchk HeueTHOCTHIO byHkmu Imk(£) MOXKHO TEPEnucaTh mepBoe u3
3TUX COOTHOIIIEHUH KaK:

Rek(w) = %P/O dgfmf P/ dglgl:(f) (10.104)
o Ren(w) = > / ” ge&hmnlw) (10.105)
ST £ —w? '

Ecmn byakmms x(w) mmeer momoc B Touke w = 0, B6mm3u koropoit k = A /w, To
00X0J1 9TOr0 MOMIOCA MO MOTYOKPYKHOCTH JIaeT B HHTErpajie JONOTHUTEIBHBIN Bellle-
CTBEHHBIH BKJad —A/w, KOTOPHIH MOKeH ObITH MpubariIeH K Jiepoii cropore (10.100).
CooTBercTBeHHO, TaKoOi Ke uieH nosisurcest U B (10.103):

Imk(w) = / d§ Ren(ﬁ) é (10.106)

Coornourenns Kpamepca — Kponura oTHOCATCA K BAXKHEHIIHM TOYHBIM COOTHOIIEHHU-
SIM, TIO3BOJIAIONIAM KOHTPOJIMPOBATEH TEOPETUIECKHE MO W PACIETHI, & TAKKE HMEH0-
UM U BAyKHBIE SKCIIEPHUMEHTANIbHBIE IPUMEHEHHUS: MO U3MepeHusaM Rek(w) B IMUPOKOM
UHTEPBAJIE YaCTOT MOXKHO BOCCTAHABIMBATH 3Hadenus Imk(w) (1 HaoBGOPOT), NPOBOIs
YUCJIEHHOE UHTErPUPOBAHUE [0 SKCIIEPUMEHTAIBHBIM JAHHBIM.

8Yro xacaercs croiictea k — 0 MpU W —> 0O, TO OHO HE SIBJISETCH CYIIECTBEHHBIM: €CJIH GBI TIPeset
Koo OBLI OTIHYEH OT HYJA, TO HaJO ObIIO OBI MPOCTO PACCMATPHBATBL PA3HOCTb K — Koo BMECTO K, C
COOTBETCTBYIOIIUM M3MEHEHHEM BCEX (DOPMYII.
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I'smaBa 11

OCHOBBI COBPEMEHHOI
TEOPUN CUCTEM MHOI'TIX
YACTUIIL

11.1 Metoxn kBazmudacTui nu pyuknouu ['puHa.

Beire Mb1 Bumeim onpeensionyo poib, KOTOPYIO B COBPEMEHHON T€OpUY KOHJIIEHCHUPO-
BAHHOI'O COCTOSHUA UI'PAET KOHIENnA KBazu4dacTtuil. [lomnoe ¢popmanbaoe 060CHOBAHME
9Ta KOHIEMIHS TOIy4daeT B paMkax (opmanui3ma dyukiuii ['prna, KOTOpbIil gBIgercs
CTAHIAPTHBIM ANMAPATOM COBPEMEHHON Teopun CHCTeM MHOTHX dacTtuil. Meron dyHkIimit
I'puna 1aeT BO3MOXKHOCTE YETKO CHOPMYJIUPOBATH KPUTEPHUH CYIECTBOBAHWS KBA3UYIA-
CTHUIT B KOHKPETHBIX CUCTEMAX, 8 TAKXKe IPEJICTABIIsieT OO0 YHUBEDCATBHBIN METOT TPO-
BEJIEHUS PACYETOB MPAKTUIECKH JTIOOBIX (PU3NIECKAX XAPAKTEPUCTUK MHOTOYACTHIHBIX
CHCTEM C y9eTOM Pa3JHNYHBIX THIOB B3auMojelcTBuil. JJaHHBI METOI BO3HUK B CBS3U
€ 33/]a49aMU KBAHTOBOW TEOPHH I10JIs1, I/ BIEPBbIE, B 9aCTHOCTH, ObLT cHOPMYIUPOBAH
4pe3BBIUAHO 3DDEKTUBHBIN U yIOOHBIM MOAX0M, OCHOBAHHBIN HA WCMOJIB30BAHUNA JUG-
epamm Detinmana. locneayroniee nepeHeceHrne 3TUX Uieil ¥ METOIOB B TEOPUIO CUCTEM
MHOTMX YaCTHI[, TI0 CyTH JeJa, U MPUBEJO K CO3JAHUI0 COBPEMEHHON TEOPWH KOHIEH-
cupoBanHoro cocroguus [3]. EcrecrBenno, 4ro B paMKax JaHHOIO Kypca Mbl JIMIIEHbLI
BO3MOXKHOCTH JIATH MOCJIEI0BATEIbHOE M3JI0KeHne MeToaa byHkimit ['puna, Hameil me-
JIbIO SIBJISIETCSI JINIIIb BBEIEHUE Psia OCHOBHBIX MOHSTUN W KAYECTBEHHAS WJLTFOCTPAIIUAS

IIPOCTHBIX l'IpI/IMeHeHI/IIL/'I1 .

Huxe, B ocHOBHOM, paccMaTpuBaercs caydaii remmeparypbl I' = 0. Oka3biBaeTcs, 9TO
00600ITeHNe TPAKTUYECKH BCEX ypaBHEHU MeTona dyrkiuil ['puHa HA CIy4uail KOHETHBIX
TEMIIePATYP MOXKEeT ObITh TPOBEIEHO JOCTATOYHO 3JIEMEHTAPHO, COOTBETCTBYIOIIHE M3Me-
HeHusI OyIyT KpaTKo CHOPMYIUPOBAHBI B KOHIIE HAIIEro n3moxkenus. Hauqmnem co caygaa

1Han6osee scHOe 1 9eTKOe M3T0XKeHre MeToa byHKIHE ['puHa 0 JuarpaMMHON TeXHUKH B IpPHUMEHe-
HUM K 33/a9aM CTATUCTUYECKOH dusuke qaHO B Kiuaccudeckoi kumre [30]. J[oCTaToOMHO HOIHOE M37102Ke-
Hue gaHo U B [2]. Bosee aneMenTapHOE H3/I0’KEeHHE MOXKHO HaiTu B [31, 32|, OTKysa ¥ B3AT M3JaraeMsblii
HE2KE MATEPHAJI.

205
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OIHON KBAHTOBOMEXaHHIECKON TACTHUIIEI, OUCEIBAeMOl ypapHerneM 1lpenunrepa 2:

()

o H@ ) =0 (11.1)

Bumecto mero Moxno Beectn ypapunenue nus dynxmuu Ipuna G(r, 1/, t'):

laa—? —HG=id(r —1")é(t - t') (11.2)
¢ mauanbueiM yenosueMm G(r,t + 051/, t) = §(r — r'). Oynkuus ['puna UMEET CMBICT aM-
NAUMYODL 6EPOAMHOCTNUY TIEPEXOJIA, IACTUTIHI U3 TOYKHU I’ B MOMEHT BPEMEHHU ¢ B TOUKY I' B
MoMeHT Bpemenu t. KBagpar MOy/a aMIINTYAbI JAET COOTBETCTBYIOIIYIO BEPOSTHOCTD
nepexona. B aTom sierko ybeanThbes, BeIpasus Y-GQYHKINIO B MOMEHT BpeMeHu ¢+ T depe3
1-(YHKIUIO B MOMEHT ¢:

P(rt+7) = /dr'G(r,t+T;r't)w(r’,t) (11.3)

B camoMm mesie, JIETKO yIOCTOBEPUTHCA, UTO 3ANUCAHHAS TAKUM 06pazoM Y(r,t + 7) yzao-
Brersopsier ypasaernto Ipenunarepa (11.1), a npu 7 — 0 ona mepexomut B Y(r, t) n3-3a
HauasbHoro yeaosns G(r,t+0;r',t) = 0(r — r’). Kpowme roro, monosknm, uro G = 0 st
7 < 0 (upunimn npuauaHoCcTH!).

ITycTs mMeercs cucrema coOCTBeHHBIX (pyHKIUE ypasaenus 1penpnrepa:

Hopi(r) = expa(r) (11.4)

B zaBucumocTu ot 3amaun, GU3NIECKUN CMBICT KBAHTOBBIX YHCET A MOXKET ObITh pas3-
JIMYHBIM. B TPAaHCISNMOHHO — MHBAPUAHTHONW CUCTEMe A — P, [IJIsT YaCTUIIBI BO BHEITHEM
MarHuTHOM IOJIe 3TO HAOOp KBaHTOBBIX umces Jlanmay u T.m. Cefigac MBI PACCMOTPUM
YaCTUILy B HOTEHIIUAJIbHOM II0JIe:

H = %Jr‘/(r) (11.5)

9T0 MOXKeT ObITH, B YACTHOCTH, W BIIOJTHE HETPUBUAJIbHASA 337393 O HYKJOHAX B IIOTEH-
NUAJIbHON fMe — aToMHOM gaape [32], Torga A npeicTaBiafiOT KBAHTOBbIE Yucaa 000J10-
9evHON MOze u Aapa. J1roboe perenne ypasuerusd Llpequarepa MOXKHO Pa3JIOKHUTH IO
9TOH MONHON cucTeMe (PYHKITHIA:

1) = Y ea(ea(e) (11.6)
A
u npencrasuth (11.3) B BHUIE:

ex(t+7) =Y Gan(r)en(t) (11.7)
=

Gy (1) = /d3rd3r’G(r,r’r)gof\(r)gp,\/(r’) (11.8)

?Humke, KAK OIPHHATO B GOJBIIHHCTBE COBPEMEHHBIX PabOT, MBI HCIIOIb3yeM CHCTEMY €IHHHIl, B KOTO-
poit h = 1. llpu meobxogumocTu, h BCerga JIErk0 BOCCTAHOBHTH B KOHEYHBIX (DOPMYJIAX.
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— dyuknus ['puna B Ad-pencrasnenuu. [lockoabKy ¢y — cobcTBeHHAS QYHKITHAS TAMUIb-
ToHuana H | He 3aBUCSIIErO OT BPEMeHU, TO TEPEXOIbI B IPYTHe COCTOSHUS HE TPOUCXOIST,
Tak uro c)\(t + 7) = e 37\ (¢), Te.

G (1) = GA(T)bxn = e 270(T) (11.9)

rae 0(7) =1upu 7> 0wu 6(7) = 0 upu 7 < 0. IIpoBeaem npeobpasosanue Oypobe:

1 [ .
Gi(e) = f/ dre**T G (T) (11.10)
v J)_—x
Gi(1) = i/_oo ie_’”GA(E) (11.11)
Torma, MOCTe SIEMEHTAPHOTO HHTErPUPOBAHUS TIOTY TAEM:
1
G =— §—>+40 11.12
A(E) e—ex+id + ( )

3uak 0 — 0 BeIOpan 37ech Tak, 9rodsl Gy (7) = 0 npu 7 < 0. B camom gene, umeem:

® de et
Gi(T :i/ _——
A7) oo 2mE—ExF 10
_{ e T npu T >0

0 mpun 7<0 (11.13)

JefiCTBUTENEHO, TOAMATETPANBHOE BBIPAYKEHAE MMEET TOJIOC TIpH € = £y — i0. Tornaa,
upu 7 > 0 MOXKHO 3aMKHYTb KOHTYD MHTE€IDUPOBAHUS 110 € B HUMKHE 110JIYIIJIOCKOCTU
(TTOCKOMBKY MHOKHTEL e~ ST obecriednBaeT TOT/a SKCIOHEHITHAILHOE 3aTyXaHue HHTe-
PUPYEMOIO BLIPAXKEHUs HA GECKOHEYHO YIAJIEHHON MOYOKPYKHOCTH ), MOJIIOC MOIMAIAET
BHYTPb 3aMKHYTOTO KOHTYpa, U WHTErpan (mo Teopeme Kormm) paBeH BHIMTUCAHHOMY BbI-
paxenuto. [Ipu 7 < 0, 10 TeM ke NPUYUHAM, CBA3AHHBIM C HEOOXOJUMOCTBIO 3AHYJIUTH
BKJI3J] OT GECKOHETHO yHAJIeHHON MOTyOKPYKHOCTH, HYXKHO 3aMKHYTh KOHTYD WHTErDH-
POBaHUs B BEpXHE TOIYIUIOCKOCTH £. Torma BHYTPH KOHTYPa TMOJMIOCA HET M WHTErPAJ
paBeH HyJIio.
B cmermannoM (r, €) nIpeacTaBieHAN TOIYIaeM:

Gr,r'e) = 3 Gan ()oa(r)eh () =
AN
)

11.14
€—ex+1id ( )

A

31ech B CyMMY IO A BXOIUT CYMMHPOBAHZE II0 BCEM CBA3aHHBIM COCTOSHHSAM YaCTHIL B
noste u QUHTErPUPOBAHNE TIO €€ CILIONTHOMY CIeKTDy. I1pu 3TOM MbI BuanM, uto G(r, 1’ )
HMeeT [O/II0Ca IPU 3HAMEHHAX € PABHBIX £) — SHEPTUAM CBA3AHHBIX COCTOSHHN U DPas-
pe3 (KOHTHHYYM II0JIFOCOB) HA TO 4acTu OCH €, KOTOPas COOTBETCTBYET HEIPEPbIBHOMY
CTIEKTDY.

IMepeiineM Tenepbh K pacCMOTPEHUIO MHOTOUACTUYHON cucTembl. Huyke MOBCIOLY MBI
MOIPA3YMEBAEM CHCTEMY, COCTOSIIYO 13 (DEPMUOHOB. 7151 CHCTEMBI 603€ — 9ACTHI] MOKHO
IPOBECTH aHAJOTUYHOE PACCMOTPEHHE, HO y HAC HET MECTa M BPEMEHH JJIs O0CY K ICHI



208Irapa 11. OCHOBEI COBPEMEHHOII TEOPUU CUCTEM MHOI'IX YACTHI]

ocobennocreit Goze — cucrem [2, 30]. [lus Havama paccMOTpPUM CIydail HeB3anMozeli-
crBytomux (epmuonos (pepmu — ra3). Bblme Mbl BHIENH, YTO JIEMEHTAPHLIMA BO3-
OyKJEHUSME B CUCTEME (DEPMHUOHOB SBJISIOTCA TIOMAPHO POXKJIAIOIINUEC JaCTUlb (HA
nopepxHocrbio Pepmu) u apipru (ox nosepxuocTbio Pepmu).

Haiinem dbyuknuio T'puna gactunst Gy (7), T.€. aMILIUTYILY TEPEX0Ia U3 COCTOAHUS
¢ OJHOH 4acTHUlell B COCTOAHUU A B COCTOSHME ¢ 4acTHIel B A\ B cHCTeMe HeB3auMo-
nmeiicTeytomux (hbepMuOHOE. IIpr 3TOM HY>KHO ydecTh TpuHIEI [laymm — mOJKHBI ObIThH
HCKJIIOYEHBI IEPEXONb B 3aHATHIE COCTOAHMA. [losToMy B onpenmeneane GpyHKnuu I'puHa
HY>KHO BBECTH JOIOJHATENbHBIH MHOXKHATEND (1 — ny), Tae

. 1 mpu ey <ep
ny = { 0 mpn ey >ep (11.15)

— gucsio dactui B cocroguuu A (depmuesckaa dyukima pacupenesnenus npu 1 = 0).
Takum ob6pazoM mosydaem:

e T mpum T >0

0 mpu 7<0 (11.16)

G (7) = (1 — na)dan {

Haiimem rteneph aHATOTHYHOE BBIPAXKEHHUE JJisi AbIPKHA. Tak KAK YHCIO JIBIPOUHBIX
“cBODOIHBIX” MECT HA yPOBHE A LPOLIOPLUOHAIBLHO ), HOJLYYaeM:

e T mpu T >0

0 mpm 7<0 (11.17)

Gy (T) = nadan {
[Je Y4JIM, Y4TO SHEPIH# JBIPKH, OTCYUTAHHAA OT ypoBHA ®epMu, IPOTHBONOJIOKHA 10
3HAKY SHEPIUH JaCTHIIEL.

Vao6uo Beectu Gyukuuio [puna G (7), onpeaenennyo Kak Jjst 7 > 0, Tak U s
T <0:

_J GX(r) mpu 7>0
GA(T) = { —G(—r) mpu 7<0 (11.18)
®ypbe — 06pas3 3Toil PYHKIUH JETKO BHIYUCISAETCS:
Gi(e) = —i(1 - n}\)/ dre~iExTHieT in,\/ drelerTrier —
0 — 00
1—
= LR (11.19)

eE—ex+i0 e€—ey—10

rae 0 — 40 Hy»KHO BBECTH JIJisi 00ECTIEUYEHUs CXOMUMOCTH HHTETPATIOB. DTO BhIPAYKEHUE
yA00HO MEPEeNnncaTh KaK:

1
G E) = =
A(E) € —ex +idsigney
1
———— TIpH £\ >E
= EeF@ TPEEAER (11.20)
Ep—r npu ey <ep
rie BBeaM 3HaKOBYIO dyHkmio sign(x) = 1 gaa x > 0 u sign(z) = —1 mpu = < 0.

Ob6parum BHEUMAaHWE, 9TO (hyphe — 00pa3 dyukmyu ['prHa nMeer MOMIOC TPU € PABHOMN
SHEPIUM YACTULLI (JIBIPKH).
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[Mepeiimem k cucreme B3amMomeiicTeyommux depmuonos. @yukmuo ['pura oxHoil ya-
CTUIIBL B CHCTEME B3aUMOIEHCTBYIOMUX (DEPMUOHOB ONPEIETIUM BBIPAYKEHUEM:

GT(rt; vt )y =< Oih(rt)™ (x't')]0 > (11.21)

rae |0 > — Tounast coGeTBeHHAs (QYHKIMsI OCHOBHOIO COCTOsiHUS (“BakyyMm”’) CHCTEMBI,
COOTBETCTBYIOIIAA 3anoaneHnoi dpepmu — cdepe, ¥(rt) — depMUEBCKHI 0mepaTop BTO-
PUYHOTO KBAHTOBAHUS B Ieil3eHOEPrOBCKOM IPECTABICHUN:

O(rt) = e (r)e (11.22)

rae H — raMuabTOHMAH pacCMAaTPUBAEMON MHOTOYACTHIHON CHCTEMBI, BKIIOYAOIIIA B3a-
umozneiictere. OmepaTop ¢ (r) MOKeT ObITH BEIPAZKEH 9€pe3 OepaTOPhl YHUYTOXKECHUS @)

qacTuIl B cocTosHusx A (YT — depes onepaTopbl POXKIEHUA a;\r):

d(r) =D arpa(r) (11.23)
A

Boipazkenue (11.21), 09€BUIHO, UMEET CMBIC/ AMILIATYALI MEPEX0Ia JACTUIIBI U3 TOUKH
(r't') B Touky (rt).
Anajornunniv 06pa3oM A IBIPKU MOXKHO HAIIMCATD:

G (rt; vt ) sy =< 0T (rt)ih(x't')]0 > (11.24)

rjie y9TeHo, YTO YHUYTOXKEHHUe YaCTUlbl B JJAHHON TOYKe 3KBUBAJICHTHO POXKJIEHUIO JbID-
KH.

Beipaenusi (11.21) u (11.24) onpenenenst fayst t > t'. Ix MOKHO O0HETUHUTD B OTHY
dbyuxmuo Tpuna, omuceBaronyo mpu ¢ > ¢ qactuiy, a ipu ¢ < t' apIpKy (aHAJIOTHYHO
(11.18)):

Gt(rt;r’'t’) npm t >t
AT AN )
Grtr't) = { —G—(r't';rt) mpu t<t (11.25)
I/IHaqe 9TO OIIpeacJeHNe MOXKHO 3allUCaTh KakK:
Gz, z") =< 0|T¢(z)p T (2')]0 > (11.26)

rae 06o3uauun © = (rt), a oneparop 1-ynopsii0YeHus 03HAYAET, YTO BEJUIUHbBI, CTOd-
IIye CIupasa or 1, pacioIaraioTcs B OPsiaKe yObIBAHNA BPEMEHN B aPTyMEHTaX, C YIeTOM
CMEHBI 3HAKa IIPU IMEPECTAHOBKE (PDEPMHUEBCKHX omeparopos. PopMasbHOE OINpeneacHue
orepanumn T—HpOI/I3Be,ELeHI/I$I, B3ATO€ M3 KBAHTOBOM TEeOpHUU MOJIA, BBITVIAINUT CJIe,HyIOH_[I/IM
0Opa3oM:

[ Fi(t1)Fs(t2) upu ty > to
T{Fi(t1)Fa(t2)} = { _Fy(ta)Fi(t) npu <t (11.27)
— 17151 (PEPMEEBCKUX ONEPATOPOB, H
_J Bi(t1)Ba(tz) mpu t; >to
T{B1(t1)Ba(t2)} = { Bo(t)Bi(ty) npu t1 <ty (11.28)
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— s 6o3eBckux oneparopos. ®yuknus [puna, onpenenennas coriaacuo (11.26) Hasbl-
Baercs QefinManoBekofi umm npuauaHoil (1-ynopsaouennoii)?.

OrpanuyuMcs ciaydaeM GECKOHEYHOW OMHOPOIHON (TPAaHC/ISAIUOHHO WHBAPUAHTHOI)
cucrembl, Toraa G(rt;r't’) = G(r — ', t —t'). Coorsercrsenno ymobHo nepeiitu K Gpypbe

— mpeacTapienuto o t —t' mmo r — r';
G(pr) = /d?’rG(rT)e*ipr (11.29)

e
< Olape™7af]0 > eFom 7 >0

Glpr) = { — < Olafe™Tap|0 > e~"Fom 7 <0 (11.30)

rae Ey — 3HEprus OCHOBHOTO COCTOSAHUS.
KBazuuacTuipl B cucTeMe MOXKHO BBECTH, €CJIM paccmarpubaemMas (0JHOYACTHYHA )
dyukuua [puna npencrasnsiercsa s suzge (7 > 0):

G(pr) ~ Ze E@=PNT L mpuwen ~(p) < e(p) (11.31)

T.e. byarms ['puHaA COTEPKUT BKJIAJ, HATIOMUHAIOIIWIA 110 CTPYKType dyuKuo ['pruHa
cBobonnoro (epmu — rasa, paccMorpenuyio Boiie. Pesynbrar (11.31) o3nauaer, uro B
cocrosuauu |0 > ¢ aMILIUTYI0H Z NPUCYTCTBYET NAKET, H300PaKaOMIUil KBAZUIACTHUILY C
sueprueii £(p) u samyzranuenm y(p), mpaaem Tpeboparne v(p) <K £(p) o3Ha"aeT cIa0OCTH
3aTyXaHus (MM XOPOIIYTO “OIpeIeIeHHOCTE KBasuaacTuiibl) 4. AHamornaneivM 06paso,
mpu 7 < 0 MOXKHO onpeneuTh pyHKIwio ['puna kBa3uasipku. Takum 00pa3oM, B CHCTEME
C XOpOIIO OIpEIeeHHbIMU KBazudactunamMu (ypoe — 06pas dbynkiuuu [puna (11.26)
MPEICTABISIETCA B BUIE:

L—np "p —
Gloe) =2 { c—<(p)+11(p)  =—=2(P) — (D) } + Girey ) =
Z

T = c(p) + in(p)sign(p —pr) | Ghreg(pe) (11.32)

BusuMm, 4T0 10JIIOC 9TOI0 BBIPAXKEHU S OLIPEJEIISeT CLIEKTD KBA3UYACTULL U UX 3aTYyXaHHE.
910 ecTb 00ITNee U BaxKHeiee cBONCTBO (byHKImil ['pruHa, MO3BOMSIONEE HAXOAUTE C UX
IIOMOIIIBIO CHEKTP 3JIEMEHTApPHBIX BO30YKIEHNI B MHOMOYACTHYHON cucTeme. Bennunna
Greg B (11.32) ompenensercss BKIaJOM MHOTOYACTHYIHBIX BO30YXKIEHHN H, B GOJIBIINH-
CTBE CJIy4aeB, He IPeJICTaB/IgeT 0cobOro uHTEpeca. B ToxKe BpeMs, B CHCTEMaX C CHJIb-
HbIM B3auMojeiicrBueM (KOppesiuusaMu) ObBaoT curyauuu, Korga B Gynkuuu [puna
HeJIh3sT BBIIEIUTH TOJIOCHBIN BKJIA/, CBSI3aHHBIH C OMHOYACTUYHBIMHU JIEMEHTAPHBIMU
BO30y K IeHuaME (KBazmuactunamu). Torga Bce OMpemessercs HMEHHO BKIATOM Greg U
MCCJIE/IOBAHIE CBOWCTB CUCTEMBI CYIECTBEHHO YCIOKHSETCS.

3IloguepkHeM, UTO 3TO OIpe/eIeHne BOBCE He COBIIAIAET C ONPeIeIeHHeM ABYXBPEMEHHON (DYHKIIMH
I'puna (10.22), BO3HUKAIONEH B TEOPHH JTHHEHHOTO OTKIINKA, AaXKe eCJIU B IOCAeIHeH nepeiiTu K npeaemty
HyJIeBOM TemuiepaTypsl. [IpenMyiiecTBo ucnosib30Banust (peifiamManoBckux pyHkuilt ['puHa cocTout B TOM,
9TO JIJISI UX BBIYUCJIEHUS MOXKHO IIOCTPOUTD AHATrPAMMHYI0 TEXHHUKY, TOTTa KakK A4 dpyHKIui ['puna tuna
(10.22) 310 HeBO3MOXKHO. CymECTBYET Psifi TOYHBIX COOTHOIIEHUI U METOAOB, IO3BOJISIONINX BHIPA3HUTH
dyuknuu ['puHa Teopuu JUHEHHOTO OTKINKA depe3 deitHManoBcKue dyHKIuu I'puna npu T = 0 u ux
0600menne st Cilydas KOHEIHBIX TEMIEPATYP, KOTOpoe Oyger paccMOTPeHO B pauabHeiimewm [2, 30]

43710 ycnoBue BhmonHeno B Teopuu depMu — xugkoctu Jlammay, rae B6ausm mosepxuaocTr PepMu
e(p) = vr(lp — prl), a ¥(p) ~ (Ip| — pr)*.
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Badem ere nykubl GyHKmn ['puaa? OKa3bIBAETCA, 9TO ¢ UX MTOMOIIBI0 MOXKHO BbI-
YUCATH CpeHue (10 OCHOBHOMY COCTOSIHUIO) 3HAYEHWUS PA3JIUYHBLIX (DU3UUECKUX XaPaK-
TEPUCTUK MHOTOYACTUYHBIX cHCTeM. PaccMoTpuM mpocThie npuMepbl. C MOMOIIbIO BBe-
JIeHHOH BbIllle 0dHovwacmuyrotl GyHKuu ['pruHA MOXKHO PACCIUTATH CPETHUE 10 OCHOB-
HOMY COCTOAHUIO OT OLIEPATOPOB BU/A OJHOKPATHON CyMMbI 110 BCeM vacruuaM (OgHo4a-
CTUYHBIX OIEPATOPOB) BUIA:

A= Zz‘ii(ﬁmpi) (11-33)

rae &; — HANIPUMEP, COBOKYITHOCTb MIPOCTPAHCTBEHHBIX W CIUHOBBIX MEPEMEHHBIX, & Pj —
UMTIYJIBCHI OTNEIHHBIX JACTHUIl, COCTABIAIONIX cucTeMy. [Ipumepnr:

n(r) =Y d(r—r;) (11.34)
7
— INIOTHOCTH YaCTHUI] B TOYKE I,

i(r)= %Zpié(r—ri) (11.35)

— IIJIOTHOCTh TOKA B TOYKE I' U T.[.
Oneparop A B IpenCTaB/JICHUN BTOPUYHOTO KBAHTOBAHUS UMEET BUI:

A= [agr @A (1.36)
Pacemorpum ¢yukiumio puna (11.25), (11.26) npu t =t' — 0:

G(&,E T) im0 =— <0 H(ENY(£)]0 > (11.37)

Torma cpennee 3HaYeHME OnepaTopa A MO OCHOBHOMY COCTOSTHHIO OYIET PABHO:

<A>= / dEA(E,P)G(E.E' T = ~0)|e—er = —SpAG],—g (11.38)

Takum o6pazoM BeanunHa G|r—=_¢ ¢ TOYHOCTBIO JO 3HAKA COBIAJAET C OJHOYACTHIHOM
marpuneii miaoraocru (cp. (1.163)) mpu T = 0:

p(&',€) =< 0¥ (£)1(€)]0 >= —Glr=—o (11.39)

st ompenenenus CpeHIX OT ABYXYIACTUIHBIX OIEPATOPOB BUIA:

B= ZBm(fipi;ﬁkPk) (11.40)
ik

Hy}KHO BBIYUCJIATH rﬂByX‘{a,CTI/I‘{HyIO (byHKI_H/IIO FpI/IHaZ
Ga(1,2:3,4) =< O|Tw(1)(2)u* (3)0* (4)]0 > (11.41)

U T. 1.
U3 (11.37) cpasy mosiyuaeMm pacipele/eHde YacTHUll 10 UMITYJIbCAM B BHJIE:

n(p) = —i/oo ﬁG(pa)eﬂ'”h_)_o (11.42)

oo 2m
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A

~ 0 g +00

Puc. 11.1: Kouryp nnTerpupoBanus, NCHOIb3yEMbIi IPU BBIYUCIEHUN (DYHKIIUN PaCIIpe-
JeJIeHnsl.

3mech HemB3sT TPOCTO Tepeiitu K npegeny T = 0, Tak kKak G ~ % U TIPU € — OO WHTErpaJ
J deG(pe) pacxogurea. IIpr KOHEIHOM OTPULATENBHOM T MOYKHO 3aMEHHTH HHTErPaJl 10
BEIIIECTBEHHON OCH £ Ha WHTErpaJj 1o 3aMKHyTOMy KOHTYypy C, mokazamnomy Ha Puc.
11-1. Iocae 3TOT0 MOXKHO TONOKUTL T = (), TaK YTO:

n(p) = —i / ;lic:(pe) (11.43)

ITycrs dynkuus 'puna nmeer sug tnna (11.32) (kBazugactuist!):

Z

G(pe) = — e(p) +iv(p)sign(p — pr)

+ Greg(pe) (11.44)

Buaum, uro 3aryxaHue (MHUMOCTb B 3HAMEHATEJE LIEPBOIO CJIArAeMOIO) MEHsiel 3HAK
TIpU p = Pp: OHO TIOJIOKUTENHHO MPU p > P U OTpUTATENbHO TIpu p < pp. [losaTomy
npu p < pp BHyTpu KOHTYpa C' MMeEETCs TIOJIOC U WHTErpa PaBeH Z, a Npu p > P
MOJTIOC TIEPEXOIUT B HUXKHIOK TOJIYILTOCKOCTh u uHTerpan mo C pasen mymio. [Tosromy,
npexeGperasi PeryaspPHBIM MHOTOYACTHIHBIM BKJIAIOM (g, IMEEM:

n(pp —0) —n(pr +0) = Z (11.45)

TMockombky 0 < n(p) < 1, orcroma caemyer, uto 0 < Z < 1. Orcroma NOHATHO, 9TO Ka-
gecTBeHHbIA Bu QyHKIWMK pacipeieienus (epmuesckux yacrtun npu T = 0 (depmu —
skuakocrb!) umeer Bua, upejcrasientbiii Ha Puc. 11-2. Takum o6pa3omM, HecMOTpsi Ha
B3aMMOZEHCTBYE MeK Ly YacTuiaMu (He oba3arennpho ciaboe!), koropoe “pasbpacbsaer”
YACTHUII TIO UMIYAbCAM, OT (DYHKIMK pacipenenenns @epmu CBOOOIHBIX JaCTHUIL B (ep-
MU — XKHUJKOCTH OCTAeTCs “BOCIOMHMHAHME” B BUJE Pa3pbiBa (CKAUYKa) IPU P = Pp. ITO
YTBEPIKIEHUE COCTABIISIET COIEPKAHNE TaK HA3bIBaeMOl TeopeMbl Murnasa, spigoieiics
MHUKPOCKOITMIECKUM OIPABIAHUEM OTHOIO M3 TUIABHBIX IIPE/INOJIOKEeHUH (PeHOMEHOIOTU-
qeckoil Teopun epMu — KUIKOCTH Jlammay. Pasymeercsi, mpoBeseHHOE pacCMOTpPEHUE
HUMEEeT CMBICI TOJBKO JIJisi UMITYJIbCOB P OJIU3KUX K Pg, T€ TPUMEHUMO TIOHSTHE KBA3W-
qactai: 7y ~ (p — pr)?.
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nM
)

Puc. 11.2: KagecrBennsiit Buf, (HhYHKIIUH PACIPEICTCHIS JacThIl, B (PepMH — KHUIKOCTH
npu T = 0.

11.2 /ImarpaMMHBIII MeTOJ] B IIpO0JiIeMe MHOTHUX TEJI.

Meron mnarpamyv PeffaMana ecTh 37€raHTHAA W KOMIAKTHAA (POPMYIHPOBKA ITPABUI
orancsenns Gyakmuii ['puna no Teopun Bo3mytenuii. K cokasneHnunio, Mbl JIUINEHBI BO3-
MOKHOCTH JIETAIHLHOTO BHIBO/IA 9TUX TTPABHJI B PAMKAX JAHHOTO KYPCa, I 3TOTO CJIeyeT
obparuTbes K kHuram [30, 3|, rae maercd geranbHoe manoxkeHue Merona dbyHkmil ['pu-
na. Bosee ssnemenTtapHoe, HO BecbMa I0JIpOOHOE PACCMOTPEHHE MOYKHO HAfTH B KHUTE
[31]. MbI orpanuaumcs paccMOTpeHreM U (DOPMYJIMPOBKON 2JIEMEHTAPHBIX TIPABUIL (1A~
rpaMMHOi Texuuky (6e3 BBIBOZA), JIOCTATOYHbIX JIJIsI TOIO, YTO0bI IPHOGPECTH HEKOTOPBIE
TpeICTaBIEHNsT O MeTOJie M “He MyraThcst’ camoro Buja (heifHMaHOBCKUX INATPAMM, KO-
TOpBIE OYEeHb YaCTO BCTPEYAIOTCS B COBPEMEHHOH JINTEpaType.

L7151 KOHKPETHOCTH PACCMOTPUM CHCTEMY B3aUMOAEHCTBYIOMNX (DEPMUOHOB, TAMUIIb-
TOHHAH KOTOPOH B IPEJICTABIEHNH BTOPHIHOIO KBAHTOBAHUSA UMEET BH/I:

1
H=> e(p)ajap + 3 > Vaal gl aqap (11.46)
P pak

ITpu onpenencanu G(PT) MBI UMeEM JeJ0 ¢ JBUKEHHEM OAHOK wacruupl. IIpu orcyT-
crBuM B3auMmozeiicTBusa (cBobonHas (yukuug ['puHa) MBI MOXKEM TPEICTABATH TaKOE
JBUZKEeHNE TpaMoil TuHNei, MPOBEeIeHHOM, HanpuMep, cripaBa HaJeBo. [[oCKOMbKY HEBO3-
MYIIIEHHOE OCHOBHOE COCTOSIHWE TpeacTaBjser coboit cepy Pepmm, CyIecTByeT Takxke
¥ BO3MOXKHOCTH [JIBM2KEHHs NIBIPKU, KOTOPOEe OyIeM MPEeICTABIATH JUHUEH, POBEIeH-
HOIT ceBa HampaBo. TakuM 06pa30M, JTHHHUS MIPEACTABIsIeT CBOOOAHYIO (yHKIHUIO I prHa
G(p7). BzaumozeiicTeue — 3T0 paccesHue OIHON JaCTUIIBI HA IPYTO.

B nepsom mopsiike Teopun Bo3MymieHuil o Vi mMeercs IBa BHA ITPOIECCOB, MIPE/I-
crapiaennbix auarpammamu Deiinmana, nokazauubivu ua Puc. 11-3. Ilpouece (a) — ua-
CTHUIIA ABUKETCHA KaK CBOOOIHAL /10 TEX 110D, IOKA OHA HE UCIBITHIBAET MIPIMOE DACCEsTHUE
Ha YACTUIAX, HAXOAAIMNUXCS BHYTPH (depMu — c¢hepbl B MOMEHT BPEMEHHU T1, 3aTE€M OHA
CHOBA JIBUKETCSA KaK CBOOOTHASI OT MOMEHTA T1 J0 7. AKT B3auMOIeHCTBYS TPEJICTABICH
BOJIHUCTOH JIUHUEN, KPYrOBasi JIMHUsT OMUCHIBAET TPOIECC, TTPU KOTOPOM YaCTHUIA ObLIA
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Puc. 11.3: InarpaMmbl IepBOTO NOpsiAKa, aJist byukuu ['puna.
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Puc. 11.4: TnarpaMMbl BTOPOTO TOPAAKa A pyHKmuH I prHa.

BBIONTA M3 COCTOSHUSA C JAHHBIM HUMIIYJIbCOM MO (epmu — cepoil, a 3aTem BO3Bpa-
THJIACH CHOBA B 3TO e cocrosiame. IIporece (6) — oOMeHHOe paccesiHue Ha JacTUIAX,
HaxoaAIUXCs o, cdepoit Pepmu.

Bo Bropom mopsizke Teopun BO3MYIIEHHN 9YHCJIO BO3MOYKHBIX MPOIECCOB PACCETHUS
BO3PACTAET, IPUMEPDI COOTBETCTBYOMUX nuarpamMbl Peitamana mokasansl Ha Puc. 11-4.
Bce mmarpammbl, KpoMe TOCTeIHEH, TPEICTABIIIOT PA3JUIHBIE KOMOUHAIINN YKe Pac-
CMOTPEHHBIX ITPOIECCOB TIEPBOTO NOpsiaka. [locaequss auarpaMmMa OMuChIBAET HEYTO HO-
BO€ — B MOMEHT T] JaCTHUIA PACCEMBAETCs, POXKaad u3 mos depmu cdepbr mapy 4acTurd
— npIpka. B MOMEHT Ty 9aCTWIla PACCEMBAETCS OISATH W IIPU ITOM Iapa AHHUTUIADY-
€T, BO3BPAIIAsACh B MEPBOHAYAIBHOE cOCTOsiHne. OU3NYECKH ITOT MIPOLECC COOTBETCTBYET
TMOJSAPUIAINN YACTHUIL, HAXOAAIIUXCS O MOBEPXHOCTHI0 DPepmu.

Hawnbonee ymobHo mpaBuiia quarpaMMHON TEXHUKYA (DOPMYIHPYIOTC 171 Pypbe — 06-
pasa dbyrkuum I'pura G(pe). B 3TOM ciyvae CTpenKn Ha JWHUSX GOJIBINE HE O3HATAOT
HAIPABJIEHHE BPEMEHH, a IIPOCTO COOTBETCBYIOT BXOIMAIIUM U BBIXOIAIIAM “YHEPIUUIM €
U UMIOYJIbCAM P, KOTOPBIE COXPAHSIOTCH B KA¥KIOH BEPIIUHHON YaCTU AUArPAMMBL (TOUKE
B3aumMozeiicrus ). ChopMmyaupyeM Ternepb NpaBuia, [0 KOTOPBIM KaxKI0# (helHManoB-
CKOI JuarpaMme COMOCTABISIOTCS aHAJUTHIECKNE BBIPAYKEHUS:

1. Kaxxmo# mpsMoii CILTONIHOM JTUHUY IPUNACHIBAETCS 3HAYEHNE UMITYJIBCA P U “SHEep-
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run”’ € W CONOCTABJSIETCS BhIparKeHHe:
7

iGo(pe) = e —e(p) + idsigne(p)”

(11.47)

2. KaxzaoMy B3anMOIeHCTBUIO (BOJHHCTON JIMHUN) COIOCTABISETCS MHOXKHUTEIb —i Ve
(ecin B3amMogeiicTBre MruoBenHoe) uim —iV (qw) i 3a0a3bIBAIOIIEr0 B3aUMO-
TIeCTBUSI.

3. B kax0ii BepinuHe B3aUMOIECHCTBU (TOYKE MPUCOSAUHEHWs] BOJHUCTON JIMHUM)
COXPaHSAETCA IHEPTUS U UMITYJIBC IIPHU YCJIOBUHU, YTO BEJIMYUHBI SHEPTUN U UMITYJIHCA,
MPUNUCAHHBIE JIMHWSAM, HAPABIEHHBIM K BEPIIUHE DEPyTCd CO 3HAKOM ILIIOC, &
SHEPIUU U UMIIYJIbCHI, BBIXOAAIINE U3 BEPIIMHBI — CO 3HAKOM MUHYC.

4. To xaxk10i cBOBGOAHOI (T.€. He PUKCUPOBAHHON 3aKOHAMHU COXPAHEHWsI) MEPEMEH-
HOI P M € B AuarpaMMe HEOOXOINMO BBIMOJHATDL WHTEIPHPOBAHIE:

(2i)4 /d3p/d5... (11.48)

5. Kaxoil 3aMKHYTOI (hepMUOHHOH HeTsIe COMOCTABIAETCS MHOKNTENb (—1).

6. IIpu cymmupoBanuu 10 cuiuHaM (HapUMep B LeTJe) BBOAUTCH MHOXKHUTEb 2.

Paccmorpum npocrefiiune npuMepsl BbIPAXKEHHUl, COIMOCTABIISEMbIX KOHKDETHBIM A~
rpamMmam. Hampumep, rpaduky Puc. 11-3 (a) cooTBeTCTBYeT aHAJIMTHIECKOE BHIPAYKEHIE
BHJIA:

2Go(p2)(~i%0) { s [ €% (-n(p) | Gialpe) = Galpe) (1) NGo(pe) (1149

2
(2m)?
r/Ie B IePBOM BhIpazkeHun yuke ywm (11.43), a N — mosnroe uncio gacturl. Takum o6pazom
nosyvaerca nonpaska Xaprpu. I'paduk Puc. 11-3 (6) anasorudabiM 00pa3oM Jaer:

. 1 .
ZQGo(pE)W /qu(—qu)(—n(p +q))Go(pe) (11.50)
— nonpasky ®oka. Ilocnemueit nmarpamme na Puc. 11-4 coorBercTByeT:
1 , . :
GO(pE)W /d3q/dszo(p — qe — w)(—iVy)?[—illy(qw)]Go(pe) (11.51)

TJI¢ BBEJIM TaK HA3BIBACMBIN MTOJIAPU3AIIMOHHBIN OMTEPATOP, ONUCHIBAEMBINA TPOCTOI TIeTaei
Ha paccMaTpuBAeMOM Tpaduke:

3./ 6/
sill(a) = 2 [ G5 [ 507G+ ae + (e =

_ Z/ d’p n(p) —n(p —q)
(

2m)3 e(p —q) — e(p) + w + idsignw

(11.52)

3aMeTrM, 9TO 9TO BBIpAXKeHWe TAeT TIPOCTEHINNA BKIA B MOJISPU3AIIMOHHBII omrepaTop,
B 00IIEM ciiyuae K HeMy J0DABJISIOTCS MOMPABKY BBICIIAX MTOPSIIKOB THIA, TTOKA3AHHBIX
Ha Puc. 11-5.
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Puc. 11.5: [lonpaBku BBICHINX MOPSIKOB I MOJISPUIAIUOHHOTO ONEPATOPA.

Puc. 11.6: JInarpaMMubiil psif, s 0oaHoM (Tounoit) dbyukimu ['puna.

11.3 Ypasuaenue /laiicona.

3amMedaTeabHONR 0CODEHHOCTHIO (DeHHMAHOBCKON IHArPaMMHON TEXHUKH SIBIISIETCS BO3-
MOXKHOCTH TIPOBEIEHUS] HATTISIHOTO IPAMDUIECKOTO CYMMUPOBAHUS OECKOHEUHBIX MOCTe-
JnoBaTebHOCTEN nuarpaMm. bymem obo3nauars mounyto dyukimio 'puna KupHOL JTUHI-
eit, a ¢pyukiumuio I'prHa cBOOOIHON YAaCTHUIIBI — TOHKOI, KaK u Bbimre. [lomHaa aMinTyaa
MIEPEXO/Ia U3 TOYKM 2 B TOYKY 1 paBHA, OYEBHUIHO, CYMME BCEX BO3MOXKHBIX AMILTHTY/I
[IEPEX0/1A, BO3HUKAIOIIMX BO BCEX IOPAIKAX TEOPUHM BO3MYIIEHHUI, T.e. CyMMe BCEX Jha-
rpaMM, TUTA MOKa3aHHbX Ha Puc. 11-6. [Ipoknaccudunupyem 31u rpaduKu CIeIyONIM
obpaszom. IIpexe Bcero oTme MM €IUHCTBEHHbBI IPaUK, COOTBETCTBYIOMNNE CBOOOTHO-
My ABuKeHUI0. Bee ocTanbabie rpaduK UMEIOT TAKOH BUI: 10 HEKOTOPOH TOYKH YACTHUIA
JIBUKETCs CBODOMIHO, 3aT€M MPOUCXOINT CTOJKHOBEHUE, B PE3YIIBTATE KOTOPOTrO o0pasy-
eTCsd U YHUYTOXKAETCH HECKOJBKO YaCTHI M JAbIPOK (MJIM IPOUCXOAUT PACCEAHHME HA Ha-
CTUIIAX, HAXOMSAIIUXCs o7, (hepMu — chepoii), a 3aTeM OmsTh OMAThH CBOOOIHOE ABUKEHIE
¥ aKThI paccessHus MoBTOpsitorTcsi. Obo3HaUMM Yepes X cyMMy IpaUKOB Hepa3pe3aemol
no 000t aunuu wacmuys. Ilpuvepsr Takux rpadukoB mpusenenb Ha Puc. 11-7. Be-
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Puc. 11.7: IIpocreitiue rpaduku 1Js1 HEIPUBOAUMOM COOCTBEHHO — YHEPTETHIECKOH |Ua-
CTH.

— O D

Puc. 11.8: Jnarpammvusiii BeiBoz, ypasuerus [laiicona.

JIMYIUHA Y. HA3BIBAETCS HEIPHUBOINMOM COOCTBEHHO — SHEPreTHYIECKOH JacThio. Herpymamno
coobpasuTh, ¥To nonanas Gyuknusa ['puna onpemesnsgercs Tak HA3bIBAEMBIM yPaBHEHUEM
Haiicona, rpaduyieckuit BbiBo KOTOporo gan Ha Puc. 11-8. B anajuTuydeckom Bujzie 3TO
€CTh CJIeIyIOIee NHTerPaIhHOe YpaBHEHHUE:

G(1,2) = Go(1,2) + /d73d7'4G0(1,3)Z(3,4)G(4,2) (11.53)

Ero wreparuu oueBnaHbM 00pa30M BOCIIPOU3BOISAT BECH DPsijl TEOPUU BO3MYIIEHUN JTst
dbyuknuu ['puna. [locie mepexona Kk dypbe — npencrasiaenuto ypasuenue Jlaiicona mpe-
Bpalaercs B ajrebpanveckoe:

G(pe) = Go(pe) + Go(pe)X(pe)G(pe), (11.54)

KOTOPOE JIEI'KO PEIaeTCs:

G(pe) = — (11.55)
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rae yunau ssabiil Bug Go(pe). Orciona sicHO, 94TO COOCTBEHHO — SHEPrETUYECKAs YaCTh
Y (pe) onuchiBaeT B KOMIIAKTHOM BHJIE U3MEHEHUSI, IIPOUCKOIAIINE B IBUKEHUN YACTHUIIbI
B pe3ysbTaTe ee B3aUMOIEHCTBHUS ¢ APYTUMHU d4acTHIAMHU. B obiieM ciydae 9ra BeJTudu-
HA COCTOUT U3 JEHCTBHUTEIBHON U MHMMOH JacTeil (nMenHO mosromy B (11.55) omymeHa
GECKOHETHO Masasg MHUMOCTB OT cBoGomuOl dyrkmun ['puna idsign(e — ep)). DHeprus
KBa3WYACTHIILI MOYKET ObITH OINpeNesieHa Tereph KaK peleHne YpaBHEeHHUs, OlpeIesisiio-
ero nosoc gyakmmn 'puaa;

e =¢e(p) + X(pe) (11.56)

910 ypaBHEHHE OTHOCHTENBHO € MOKET OKA3aThCSA OYEHDb CJIOMKHBIM!
PaccvorpennbiM Boiie npumepam (11.49), (11.50) u (11.51) cOOTBETCTBYIOT CJIELyIO-
IIde BKJIAbI B COOCTBEHHO — IHEPIETHIECKYI0 YaCTh:

Yy =NVy (11.57)
d3q
Yy = _/ (QW)Ban(p +q) (11.58)
a3 dw
Yot = / (2753 %VqQHo(qw)Go(p —qc —w) (11.59)

Bepremcs erie pa3 K BOOPOCY O TOM, KOTJA B CHCTEME MOXKHO BBECTH XOPOIIO OIPE/Ie-
JIEHHBIE KBA3UYaCTHLIbL, T.€. CBecTH Mmownyto Gyukuuio ['puna k Buay (11.32). B dbepmu —
cucTeMe yI00HO BCe IHEPTUN OTCUNTHIBATEH OT XUMTOTeHTaa (. JI1sT CBODOAHBIX YacTHII
rorga uMeeM e(p) = 2’% — p. B usorponnoii cucreme X(pe) 3aBUCUT TOJBKO OT MOJYJIst
pP. Beenem Benuuuny umnynbca ®epmu prp B cucreme szaumodeticmsyowus GepMUOHOB
o ¢opmye:

PE

==+ X(pr,0) = (11.60)

2m

Oro onpenenenne noapaszymesaer Im¥(p,0) — 0 mpu p — pp,e — 0 (dbepvm — xuz-
KocTh!). JIeHCTBUTEIHHO, B CHCTEME B3AMMOIEHCTBYIONMX (DEPMUOHOB MOKHO B JOCTa-
TOYHO O0IMeM BHIE ToKa3aTh, 9to ImY(pe) ~ Maxz{e?, (p—pr)?}signe. Toraa, pasnaras
Y(pe) B psiz 10 p—pp ¥ €, TOJYUUM CeAyIonIee Boipaxkenue 1y G(pe) BOIu3n rpaHuiibl
Pepmn:

p?

G_lzs—%—&—u—E(ps)

Q

2
N P 19)Y 19)Y .
e bru=sor0)— (5) o= (57) eriokl

- {1 _ (Zf)F] e — [1;5 + (%)F] (p—pr)+idlele  (11.61)

rae o = const. W3 (11.61) Bugmo, aro dpynknua ['puna NpeACTABIACTCA B KEIAEMOM
BHJIE:

Z

Glpe) = e—vp(p—pr) + ialele

Greg (11.62)

r7ie B Greg BXOIUT BCe OTyTIEHHOE B (11.61) u MBI Ompee/TuIn:

1) oG~1
Zil 1 o
! <8E>F ( Oe )F (11.63)
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vp = PE = (11.64)

(11.65)

mpuaem « = Za'. Taknum o6paszom, Mbl orydaeM dpyHkouio 'puHa hepMUeBCKUX KBa-
zuuacTur] ¢ 3phEeKTUBHON MaCcoi m*, KOTOpasi, KaK M BCE OCTAJBHOE, OMpEeIeIseTCs
nosesenueM X (pe) BOsu3u yposhs Pepmu. 3aMeTuM, U4TO B yIPOIIEHHOM CJIydae, KOTaa

Y (pe) He 3aBUCHT OT p, TakK UTO (%) =0, umeem:
F

br_Pry e ™ =z (11.66)

9TO TPUIAET BEIUYUHE Z CMBICI (DAKTOPA MEPEHOPMUPOBKMA MACCHI. B cuity ormeden-
HOTO BbIIe 00Iero croiictea Z < 1, acdhdexkTupHas Macca B (bepMu — JKUIKOCTH BCETIA
BO3pACTaeT 110 CPABHEHHIO CO CJIyvYaeM CBOOOJHBIX YaCTHII.

JeK1aprupOBaHHbBIE BbILIE CBOHCTBA X (PE) AOCTATOYHO JIETKO IPOBEPAIOTCA IIPU aHa-
Jim3e mpocTeimux auarpamM PeiffHMana B MPOCTHIX MOEISX TOUEYHOTO U KYJIOHOBCKO-
ro B3aumoeiicteus. [locrenoBarenbubiil 0T60p U CyMMUPOBAHUE TOMUHUPY IOIIIX TIO/IITO-
CIIeI0BATEIHHOCTEN MPadUKOI YIaeTCs MPOBECTH B IPUOINKEHNUN BBICOKOH UIH HAODOPOT
MaJIoi IOTHOCTU (DEPMHUOHOB, KOT/Ia, CYIIECTBYIOT COOTBETCTBYIOIINE TAPAMETPBI MAJIO-
cru [30, 2, 31]. IIpu 310M OCHOBHbIE 1HOJIOKEHUST TeOpUU DEPMU — 2KUJIKOCTH [10J1Y YAI0T
TTOJTHOE MUKPOCKOIMYECKOEe TOATBEp XK AeHne. B obmem ciaydae, oT6op Kakoit — mbo 10-
MUHUDYIOIIEH 10CIeI0BATEIbHOCTH IPADUKOB OKA3BIBAETCS HEBO3MOXKHBIM (THUIIMYHBLI
OPUMED — 9JIEKTPOHBL B MeTajijie!) U NPpUXOIUTCH J0BOJLCTBOBATHCH PACCMOTPEHIEM 00-
IIETO XaPaKTepa, TUIIA TPOBEIEHHOrO BBIIIE, YTO COCTABIISIET OCHOBY MUKPOCKOIIAYECKOTO
moxoaa B Teopuu depmu — xkKuakocTu Jlanmay.

B mocnennaue rompr ObUT TIPEJIOKEH P MOJENel Tak HA3BIBAEMBIX CUJIBHO KOpPpe-
JINPOBAHHBIX CUCTEM, B KOTOPBIX OCHOBHBIE TIPEIIOIOKEHUS TeOPHH (HPePMU — KUIKOCTH
Jlannay, Takue HAmpUMep, KAK BO3MOXKHOCTB BBEIEHHS XOPOIIO ONPEIEIEHHBIX KBa3W-
YACTHUIL, MOTYT HAPYHIATHCA. DTO JOBOJIHHO TUIMUYHO IJjid CHCTEM MOHMXKEHHON pasmMep-
HOCTH, B YACTHOCTHU JJI OJTHOMEDPHBIX CUCTeM. /I MBYMEpHBIX CHCTEM BOIIPOC eIlle He
peIlleH OKOHYATETHHO, OHU SIBJISIOTCS, B 9TOM CMbIC/e, TOrpaHudHbiME. OIHAKO B DOJIB-
IIIAHCTBE PEeabHbIX CUCTEM U MOesel (hepMu — XKUIKOCTHOH MOIX0/T OKA3bIBAETC IPe3-
BBbIYAHO YCIEIIHBIM.

Pa3yMeeTc9{, BeCbMa 6JII/ISK&H 0 BUAY JUarpaMMHad TEXHUKA MOXKET 6bITb IIOCTPOEHA
" A1 APYTruX OCHOBHBIX TUITOB B3aI/IMO,HeIL/'ICTBI/IH KBAa3WY9aCTHUIL B MHOT'OYaCTHYHBIX CUCTE-
MaX, TAKUX KAK JIEKTPOH — (POHOHHOE UJIN DJIEKTPOH — IPUMECHOe B3anMmoeiicrsue. [lpu
9TOM, B 3aBUCHMOCTH OT BHJIA BSaHMOﬂeﬁCTBHH MOXKET HECKOJIBKO MEHATHCA TOIIOJIOTUA
ArarpaMm, TaK>Ke€ KakK W CMbICJI BEJIMYIHUH, COIIOCTABJAAE€MBIX OTACJIBHBIM HX 3JIEMEHTAaM.
Hampuwmep, B ciaydae 31eKTpoH — (GOHOHHOTO B3aNMOIEHCTBYS BOJHUCTHIE TUHUN OOBITHO
obosnauaror ¢pouonuse GyHKIMu ['prHa, a B 3a7a4e pacCesiHusi 3JTEKTPOHOB Ha CJIyJaitHO
PaCIIOIOKEHHBIX IIPDUMECAX B Fpa(bI/IKaX OTCYTCTBYIOT 3aMKHYTBIC TICTJIN.
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Puc. 11.9: Huarpammbr @eiinvana mis 3bOEKTUBHOO B3aUMOAEHCTBUS MEXKIY YaCTH-
IAMU.

11.4 3DddekTnBHOE B3aMMOAECTBUE U IUIJIEKTPUIeE-
CKad ITPOHUIIAEMOCTb.

B kadecrBe emie OJHONO MPUMEPA HCIOIB30OBAHUA AAATPAMMHOIO METO/N3 PACCMOTPHUM
rpaduueckoe CyMMUpPOBaHNE, TIPUBOAIIEE K KapTuHe 3hdEKTUBHOTO (IKPAHUPOBAHHO-
ro) B3auMoJelcTBus B cucTeMe dhepMuoHoB. dbddexTrBHoe (MOTHOE) B3AUMOICHCTBUE
MOKHO OIPeIeInuTh rpaduKaMu, moKazanubiMu Ha Puc. 11-9. Ha Pwuc. 11-10 moka3anbt
rpaduKu g MOJTHOTO MOJISPU3AIMOHHOTO OMEPATOPA U JIJIs TAK HA3BIBAEMBIX 8EPUIUH-
HWET “wacmet, TPEACTABNAAIMNX COOOH CIIOKHBIE JTUArpPaMMHbIE OJIOKHU, ONUCHIBAKOIINE
IIPOIIECCHI MHOTOKPATHOIO paccesinns (DEPMUOHOB Apyr Ha apyre. K coxkasnmeHuio s
TUX BEJIMYWH HEBO3MOXKHO ChOPMYIUPOBATH 3AMKHYThIE YPABHEHUS OOIIEr0 BUIA, TUIIA
PACCMOTPEHHOTO BhINIe ypaBHenus Jlaficona. B KOHKpeTHBIX NMPUOIUKEHUSAX U MOIESX
9TO MHOIJIA, TeM He MeHee, YIaeTcs C/ejaTh. DKpaHupoBanHoe 3(hdEeKTHBHOE B3aHMMO-
Jeiicrue (““kupHad” BonHucTad auHUA Ha Puc. 11-9) MOXKHO cBA3aTh ¢ 3aBUCAIIEH OT
YACTOTHI M BOJIHOBOI'O BEKTODPA AMIJIEKTPUIECKON MPOHUIAEMOCTBIO cucremsl €(qw). To-
ria u3 rpadKOB, MOKA3aHHBIX HA Puc. 11-9, momydyaemM 3KpaHUPOBAHHOE B3aNMOIeHCTBIE
B BUJE:

iVq

e(qw)

= —iVq + (=iVg)[=ill(qw)](—iVq) + (—iVg) [—ill(qw)](—iVq)[—ill(qw)](—iVq) + ...
= —iVq + (=iVq)[~ill(qw)](—=iV(qw)) =

—iV(qw) = —

= —iVy+ (—di)[—iH(qw)](_di)ﬁ -
= —iVy {1 — Vq]:[(qw) e(;w) }
TAK 9TO MMEEeM: 1 1
o) =1— VqH(qw)e(qw) (11.67)
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Puc. 11.10: Iloubrit TONASPU3ANMOHHBIN ONEPATOP W BEPITUHHDBIE TACTH.

Orcroga ciaepyer obliee BbIpaxkKeHUe JJis JUIJIEKTPUYECKON HIPOHUIIAEMOCTH MHOIOYa-
CTUYHOU CUCTEMBI Uepe3 TMOJSPU3ANNOHHBIN OrepaTop:

e(qw) = 1+ V4II(qw) (11.68)

B cay4ae KyJIOHOBCKOrO B3aUMOAEICTBHA B CHCTEMe 3JIEKTPOHOB uUMeeM V, = 4252, TaK
qTO: 5
4re

e(qw) =1+ 7 II(qw) (11.69)

PaccMoTpuM TipocTeiitiiee TpUOIHZKeHHE /1715 TOAPU3aIHOHHoTo oneparopa (11.52)5. Tlo-
CJIe BEIYUCICHUS COOTBETCTBYIONTUX HHTETPAJIOB [TOJISPU3ANUOHHBIN OMEPATOD 3aIUIIETCA
B Buze [30, 31]:

Iy (qw) = vr®(qw) (11.70)

Te VF — 3JIEKTPOHHAS TLIOTHOCThL COCTOSHMIT Ha ypoHe Pepmu, a
1
1 VFQT
d(qw) = = de——— =
2/, w—vpqx
w
20pq

W+ Vpq
w — vpq

=1

Fin——f(vpq — w). (11.71)

1
. ’ 2vpq

5 Jlannoe mpubimrKeHne OIpPaBIAHO B IIPeJese JOCTATOYHO BHICOKOH ILIOTHOCTH, KOI/d KyJIOHOBCKOE
B3aHMO/IeICTBHUE MOXKHO CUYHTATh CIa0bIM. COOTBETCTBYIOIIUE OIEHKH OBLIM IIPUBEJIEHBI BBINIE IIPU 00-
CY2K/IeHUU OCHOBHBIX CBOMCTB (bepmu — rasa.
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B uacruoctn ®(g0) = 1, uro maer:

Torma momryaaem:
4re? K2
€q0) =1+ —F-vp=1+— (11.73)
q q
rie
H2 — 47T€21/F (1174)
CoOTBETCTBEHHO: 9 9
4 4
V(0) me me (11.75)

T @2e(q0) P22
YTO OMMCHIBAET Ne0AEBCKYIO IKPAHUPOBKY KYJOHOBCKOIO MOTEHIIHAIA B KBAHTOBOM! I1/1a3-
Me 3,1eKTpOoHOB mipu Temueparype 1 = 0. O4eBuIHO, YTO B KOOPIUHATHOM TPOCTPAHCTBE
V(r) = 87267'“‘, rak 4ro Bejauuuna (11.74), dakruyuecku, oupegessier pajauyc SKPaHUPO-
BaHMA K L.

B ofparHoM mpenesie BBICOKAX YaCTOT w 3> Upg MOXKHO yOemuTnhes, uto P(qw) =

'U?;(]Z .
— 7, TaK 9TO HMEeM:
2
dme?v? 4dmne? w
fwy=1-——=Fvp=1-—F=1-—+ (11.76)
3w mw w
rae y4wid, 94To Vp = %i, rae M — KOHIIEHTPAlUs 3JEKTPOHOB. 3/IeCh TAKXKE BBEJEH

KBaJapaT 1aCTOTHI IIJIa3MEHHDBIX KoJIebaHuiA:

4 2
Wk = e (11.77)

p m

VYpasuenue €(qw) = 0 onpegenser 4acToTy MIA3BMEHHBIX KojebaHuil (MIa3MOHOB) JJist
Bceil obnactu q. B wacTHOCTH, MpU MajbIX 3HAYEHUSX ¢, KOTIA 3aTyXaHUE TLIA3MOHOB
OTCYTCTBYET, MOXKHO HAlTH UX CIEKTD B BUJE:

3
2 2 2

2 =l + Surg (11.78)
q)aKTI/I‘{eCKI/I7 qaCTOTa IIJa3MOHOB OYE€HbL C.Ha60 3aBHCHUT OT OJIMHBI BOJIHBI, a JUCIIEPCHA

SABJISIETCS MaJIoi T0OABKOIA.

11.5 ®ysknum ['pyHa TpU KOHEYHOU TeMIiepaType.

O06cykaaBiasics BbIlle IUArPAMMHAS TEXHUKA MOXET ObITh MOYTH HETOCPEICTBEHHO
0600meHa Ha ciaydail koneunbix remieparyp [30]. Huxke Mbl kparko paccMorpum 310
0000ITIeHYEe, OTPAHUYNBASTCH CHOBA TOJBKO ciyuaeMm epmu — cucrem. TepMmomuuaaMurde-
ckast pyukiusa ['puna ¢pepMueBcKoil 9acTuilbl onpegensercs: coryiacio Marybape kak:

G(p,r2a—11)=—-1< Tap(TQ)a:';(Tl) > (11.79)

[J€ 1O ONIPEeIESIEHHIO:
ap(1) = eH=#NITq o= (H-pN)T (11.80)
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mpudeMm 0 < 71,70 < B = % — NeiCTBUTENBHBIE BEJIMUUHBI, & YTJIOBbIE CKOOKHU 0003HAYA-
0T yCpeaHeHue mo OOJIBIIIOMY KAHOHWYECKOMY pachpernenernio ['ubbca, KoTopoe ceituac
yA00HO 3aIMCaTh KaK:

A
<A>= SppA rae  p=e PUH-HN) (11.81)
Spp

C yuerom Z = Spp 5T0 9KBUBAJEHTHO OIpPeIeIeHre, NCIOIL30BaBIIEeMYCst Bhiiie. [Ipuyun-
Ha, M0 KOTopoi hyHKIMIO ['pruta § MOXKHO PAa3JIOXKUTh B TOT ¥KE JUAIPAMMHBIA PsJl, 94TO
¥ PaAcCMOTPEHHYIO Bbirte st caydas T = 0 dyuknuio G, coctout B caeayiomeMm. Mol Bu-
JIeTd, 9TO JTUArPAMMHOE pazjoxkenue s G apiasercs, GakTudecku, pyHIaMeHTaTbHBIM
caejcTBUeM 3apucdinero or Bpemenu ypasaenus penunrepa (11.1). Craroneparop p,
sanucanubiil B Buje (11.81) yuoBierBopsier Tak Ha3blBAEMOMY ypaBHeHnuto Biioxa:

dp

ap
B 4eM JIerkO ybemuThbes mpsiMbiM mauddeperupoBanuemM. Mexay 3TUM ypaBHEHUEM U
HecTanmoHApHBIM ypasHenueMm [lpeaunrepa (11.1) UMeeTCd OYEBUIHOE COOTBETCTBUE:

=—(H — uN)p (11.82)

V< p He H—uN it f (11.83)
Takum obpazom, mpon3Bosd B (GOPMYIaX MPEIbLIYIINX PA3IET0OB 3aMEHY:
H—H-uN it—rT (11.84)

MOKHO TOJIYIUTh JUATPAMMHYIO TEXHUKY g G, TPAKTUYECKU TOTO K€ BUJA, ITO U I
cayaas T = 0. Samena H — H — puN n0prBOOUT JIUIIb K CABUT'Y OZHOYACTHYIHON SHEPIUU
Ha BEJIUYUHY [

Hy—pN = (e(p) — pafap (11.85)

OTsd Ma. APOBCKUE HKITIHU HAa, 3aBUCAT OT "MHUMOI'O BpeMEeHu T BCeraa
X y6ap yEknun I'puna G “ p 7T, pi

MOXKHO NEPEHTH U K PeajbHOMY BPEMEHM MYyTeM 3aMEHbl (B KOHEUHBIX BbIPAXKEHUSX )
T — it, WIKM, TOYHEE, IIyTeM AHAJTHUTHIECKOTO IPOIOJIKEHUsI Ha JeHCTBUTEILHYIO OCh
BpPEMEHH.

Boiie ormeueno, uro 3uadenus 71 1 T2 B (11.79) orpanundennt uarepsasom ot 0 10 S.
Tosromy, mpu mepexone K (P, w) — TPEACTABICHUIO CIEIYET BEECTH MEPUOTAIECKH TTPO-
JO/ZKEeHHHY0 PYHKIMIO G, [IOIyYaeMy0 IePpHOAMIECKUM OBTOPeHreM § Ha MHTEPBaJIe
or —o0 g0 0o. Torna jjis Hee MOXKHO HanMcaThb pasjoxeHnue B pad Oypbe:

o0

> e TG (pwy) (11.86)

n=—oo

g(pr) =

™| =

r/le CyMMUPOBAHKE UAET 110 JAUCKPeTHbIM (MalybapoBckum) yacroram w, = mn1. Coor-
BETCTBEHHO

B .
G(pwn) = ;/ﬁ dre'“"7G(pr) (11.87)

SBenuunma T geiicTBuTensua, HO dyuxnua ['puna G momyuaercs m3 G 3amenoit it — 7, TaK 9UTO
daxTHIeCKH pedub UAET O Hepexose K t = —iT — “MHEMOMY BpeMeHn”.
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Pasnocts “Bpemen” 7 = 1o — 71 3aKk/oueHa B unrepsase (—03, 3), MOCKOJbKY BETUYUHBI
71 u T2 upoberator unrepsan (0, ). Cama dyuximsa G(PT) NEPUOAUIECKU TIOBTOPSETCS
ma uarepsanax (—03,6), (8,30), (38,58), ..., (=38, —p), .... ns cucremsr, cocroameii u3
$depMHUOHOB, YeTHBIE 3HAMEHNA N BBIIAJAIOT U3 pana aiua G(pr) Graromapsa “KBa3uIepH-
OTMIECKOMY TPAHUIHOMY YCJAOBHUIO BHIA:

G(p,7) =-G(p,7+B) mma T<O (11.88)

B cnpaBemBOCTH 3TOTO COOTHONIEHNS HETPYAHO YOeANThCA, BOCIIONH30BABIINCH CBOT-
ctBoM SpAB = SpBA. Ilonaras 7/ — 7 > 0 umeeM:

G(p,7—1) = %Spe’ﬁ(H*“N)aﬁ(T')ap(T) = — Spag(T)e PH Nt (7)e =

Z
= %Spe—ﬁ(H—uN)eﬁ(H—uN)ap(T)e—B(H—uN)a;-(T/) _ %Spe—B(H—uN)ap(T_'_5)@;(7_/)
(11.89)
nian
Gp,7—7)=—G(p,7— 7 +p) (11.90)

gro mpu 77 = 0 cosmagaer ¢ (11.88), uro u TpeGOBANOCH JOKA3ATh. 3HAK MUHYC BO3-
HUK 3716Ch B CBSI3U C aHTHKOMMYyTarmeil (pepmuesckux oneparopos. Iloacrasiasa (11.88)
B (11.86) BuAMM, 9TO BCE CJaraeMble ¢ YeTHBIMU 7 AefCTBUTENHLHO 00PAIIAIOTCH B HYJIb.
Takum obpazom, pakTuIecKu, A7s PEPMUOHOB BCETIA UMEEM JEI0 ¢ HEYETHBIMHA MAILy-
OApPOBCKUMU IaCTOTAMH:

o+ 1

JLnst 6030HOB, AHAJJOTUIHBIM 00PA30M, OCTAIOTCS JIAITL YeTHBIE MAIyOAPOBCKUE YACTOTHI
2

wn = % = 2nnT (11.92)

Benomnnas seipazkenns (11.16), (11.17) n (11.18) mus ceoboaubix dyHKuMiA ['prHa
npu T = 0, HETPYAHO TOHATH, YTO CBODOMHAA MaIybapoBckas dbyukus ['puna depmu —
YACTHUI[ PABHA:

Go(p, 72 — 71) = —i{B(m — 71)(1 — n(p)) — O(11 — To)n(p) e E@=W(T2=T) (17 93)

rae n(p) = [eﬁ(g(p)*“) +1]7! — dbynxuua Pepyu npu Komewnbx 1. Takum o6pasom,
crynenyarsie Gynkuun Pepmu, Bxoagnme B onpenenenrne Gy npu T = 0 pa3sMbIBalOTCs
apderTaMu KOHEIHBIX 1', 9TO MPUBOIUT K TOMY, UITO B COCTOSHUN C JAHHBIM P KakK ObI
O/IHOBPEMEHHO MOI'YT HAXOJUTHCA U IEKTPOH U JIBIPKA.
IMoncrasnasa (11.93) B (11.87) naxommm:
i
go(pwn) =

B T — n = (2 =T 11.94
iwy, —€(p) + p wa = (2n+ L) ( )

C TOYHOCTBIO 70 MEPEeX0/a K AUCKPETHBIM JACTOTAM, KOTOPBIE TaKXKe “‘COXPAHSIOTCS’ B
BEpIHHAX B3auMOAEHCTBUSA, MaIlybapoOBCKasa auarpaMMuas Texauka mpu 1 > 0 Brnosne
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I
+
ho | -

A

P -

Puc. 11.11: InarpaMMHOe pa3/oKeHHEe TePMOTUHAMUTIECKOTO MOTEHITHAJIA.

UIEHTUYHA PAcCMOTpeHHO Bbime Texauke T = 0. B wacTaocTu, nonHas (tounas) QyHK-
musa ['puna onpenenserca ypaBHenueM /Jlaiicona:

i

en) = S em) + 5= S(pon)

wn = 2n+ V)xT (11.95)

IloguepkueM, omHaKo, 4TO MaiyOapoBckme (yHKIuH ['puHA BOBCE HE UMEIOT CMBICJA
dbyukuuit pacopocrpanenus (AMILTUTYL TIEPEX0A) KBAHTOBON MeXaHUKH!

Brraucnenue marybaposckux dbyarimit ['puHa qaeT mpuHIMIHAILHYI0 BO3MOXKHOCTH
HAXOXKIEHUsT JIIOOBIX TEPMOIMHAMAIECKUX BEJIMYNH B MHOTOYACTUIHON CHCTEME TIPU KO-
HEYHBIX TEMIEPATYypPax. B 9acTHOCTH, MOYKHO MOCTPOUTH TUATPAMMHOE PA3JIOKEHNE s
[OIPAaBKU OT B3auMojeiicTBug K TepmoauHaMudeckomy norenimany 2 [30]. Coorser-
CTBYIOIITHE TUArpaMMbl HU3IINX MOPSIAKOB MOoKa3aHbl Ha Puc. 11-11. JI1g KOHKpeTHOCTH
MIPUBEIEHBI IAATPAMMBI JIJTs 330491 B3aMMOJIeHCTBYONIX (hepMuoHOB. P Teopun BO3-
mytenuit st AQ) uMeer BUJL 3aMKHYTHIX [TETEJTh, IIPU 3TOM HYKHO OIPAHUYHUTHCS TOJBKO
CB3aHHBIMU guarpaMmvamu. Hekoropas OCTOXKHSIONAS 0COOEHHOCTH 9TOT0 PA3IOKEHUA
COCTOUT B TOABJIEHUN B 3TOM Py KOMOMHATOPHOTO (haKTOpa % mepes, BKIAIOM N-T0
nopsaka. 9ro genaer ps ana A) BecbMa HEYIOOHBIM J1JIsi CyMMUPOBAHM OECKOHEYHbIX
nocjefoBaTeNbHOCTel nuarpamv. B wactHocTH, s AS) He cymecTByeT HUYEro momob-
uoro ypasaenuio Jaiicona. Iockonbky Q = —V P(u, T), peus 31ech GakKTUUECKH HIET O
BbIUUC/IEHUY ONpaBku K pasjenuio AP = P — Py(u,T), rne Py — nasjenue B cucreme
cBOGOIHBIX YacTuUll (MI€aJIbHOM ra3a), T.e. O HOIPABKAX OT B3aUMOJeHCTBY K YPABHEHUIO
COCTOSTHUSI.

B zaknmouenne oTMeTHM, UTO CYIIECTBYET AMATPAMMHAS TEXHUKA, MPEIJIOKEHHAS
Kennpimem, npurofHas ajist perneHus 33349 MPU KOHEYHBIX TEMIIEPATYPax u, 4To 00-
Jiee BaXKHO, [IJIsl QHAJIN33, HEPABHOBECHBIX MPOIECCOB B MHOTOYACTUYIHBIX CHCTEMAX B Pe-
anmbHOM BpeMmeru. JocTaTovHO MOAPOOHOE M3I0KEHNE ITOTO AIapara MOYKHO HAWTH B

[17].
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IIpunoxenne A

JIpu>keHnne B pa30BOM
ITPOCTPAHCTBE, IPTOANYIHOCTD 1
repeMelnBatuie.

A.1 DproamvHOCTD.

N3 kpaccuyveckoil MeXaHWKW W3BeCTHO, UTO anuddepentnanbibie ypaBHeHUsT TBUKEHWS
J1I000#1 KOHCEPBATHBHOM MEXaHNYIECKOH CUCTEMBI MOTYT ObITH 3aIIMCAHBL B TAMUJIBTOHOBOM
dopwme:
. o0H | OH
G =7 Dr="5" (A1)
Pk qk
rae qg,pr — 0bobIeHHbIe KoopauHaThl u umiyabeol (K = 1,2,...,n = 3N, T.e. Bcero
2n = 6N ypaBuenuii, rae N — 9ucjio 9acTui B CUCTEME, 1. — YUCJI0 CTeneHel cBoGoIbl),

H(p,q) = H(p1,p2, - Pn q15G25 > Gn) (A.2)

TaMWIBTOHUAH CUCTEMbI, DABHBII MOJTHOMN SHEPTHHN, BBIPAXKEHHON KaK (DyHKIMs 0600IeH-
HBIX KOODAWHAT W UMITYJIbCOB. [aMuibTOHOBA pyHKIN CBA3aHa ¢ (pyHKIued Jlarpamnxa
L n3BecTHBIM COOTHOIIIEHHEM:

H=> prir—L (A.3)
k=1

B jasnbHeiiieM, B 9TOM pasjese, MbI CJIeJyeM, B OCHOBHOM, KHuTe [12].
Vpasuenus asuzxenus (A.3) MOKHO IPOMHTEIPUPOBATD, & PEIIEHNs 3AIIUCATD B BHJIE:

pr=e(a, 0 1) ar = Ve(q),pi 1) (A.4)

re ¢, p) — HavaANbHbIE 3HAYEHUSA KOOPAMHAT W UMITYJIhcoB. [Ipn stom dbyHKIMH o, Py
PEJCTAB/IAIOT CODOi (0 TeopeMe eIUHCTBEHHOCTH ) OJHO3HAYHBIE U HEMPEPHIBHBIE (DYHK-
A apTyMEHTOB qlo, p?.

Yr0o6bI Oy YUTh HHTErPAJIbI ABUKEHYs! (COXPAHSIONIMECS BEJIUUUHDI ), IOCTYIIUM CJIe-
aytommmM obpazom. PasnenuM Ha ypaBHeHue P = —g—g ocTanbHble 2n — 1 ypaBHEHWIH

227
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(A.1). Toraa mosyamnm:

OH OH

dqi ap1 dpn 94n
a8 ey = _O0n A5
dp1 gTﬁ dp: g—g (4.5)

Ora cucrema ypaBHeHuil He coaepkuT Bpemenu ¢ (g H He 3aBuUCHIIEro OT t) u oupese-
JifieT, TAKUM 00Pa30M, COXPAHSIOIINECS BeInInHbl. Beero y wee nmeercd 2n — 1 unarerpa-
JIOB, IPUYEM B 3TO YHCJIO BXOJUT, OYEBUIHO, HHTErPAJ SIHEPIUU, KOTOPBIA Mbl O003HAYUM
KaK:

®i(q,p) =H(p,g) =1 =E (A.6)

TOrJa KaK OCTaJIbHBbIE 2n — 2 HNHTEI'PaJIa ABU2KEHNA MOZKHO 3allHCAaTh KaK:

q)Q(qap) = OZQ,...,@n(q,p) = Qp

\I’Q(Qap) = ﬂQa---a‘Iln((Lp) = fBn (A7)

TI€ O, ..., Qp; 32, ...y B, — IOCTOSIHHBIE MHTEIPAPOBAaHNUs. EIIe OMWH MHTErpas JBNKEHAS

MOYKHO TIOJTy9UTh pernas ypasaenune p; = —0H /Jq m ucmoms3yst (A.6),(A.7). Or moxker
ObITHb 3allUCaH B BUJE:

Vi(g,p) =t+ b1 (A.8)

HeitcTBuTenbHO, nmpubaB/ienre K { MPOM3BOJBHON KOHCTAHTHI HE HAPYIIAET ypPaBHEHUI
JIBUKEHW:A, TAK KaK BPpeMsd ¢ BXOIWT B HUX TOJIBKO MO 3HAKOM quddepeHiinpoBanms.

PaccvoTrpum mpocTeiimmuii IpuMep CHCTEMbBI C OTHOM CTeMeHbI0 CBOOOIBI — rapMOHHU-
geckuil ocumaTop. Torma (mosaras Maccy m = 1) TaMUJIBTOHUAH UMEET BUL:

1
H = (0 + ) (A.9)

VYpaBuenus ['aMuIbTOHA UMEIOT BUI:

e . oH
Q—afp—p p——afq——wq (A].O)

U UMEOT CJIEIYIOIIHe pellleHns (HHTerpasb):
Y
g=q"coswt + —sinwt p=—wq’sinwt + p° coswt (A.11)
w
9ITO MOXKHO MEPENUCATH B BUJIE HHTETPAJIA SHEPIHH
2H = p* + w?¢* = 2F (A.12)
U COOTHOLIEHHS, ONPEEIAIONIEr0 3aBUCUMOCTD D U ¢ OT BPEMEHH:

1
~ arccos ——ed =t 4 B (A.13)
w

CucreMe ¢ OmHOIN CTEmEHBIO CBOOOILI, B COOTBETCTBHH CO CKA3AHHBIM BBIIIE, OTBEYAIOT
9TH ABa HHTErpasa Aprzkennd. COCTOgHIE OCHUIIATOPA MOKHO M300pPa3UTh TOYKONH HA
dazosoit mrockoctu (p, q), npeacrasasomeil (hazoBoe MPOCTPAHCTBO 3TOM MpocTeiimeit
crucTeMbl. JIBrU:KeHre CHUCTeMBI MPEICTABISIeTCs epeMelienreM (Gha3oBoil TOUKH 1o “dha-
30B0I1 moBepxuocTr” (JimHKMU Ha mockocTy (p, ¢)), onpeendaemMoil Beuannoi suepruu E.
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Puc. A.1: ®a30Boe NPOCTPAHCTBO FAPMOHUIECKOTO OCHMILIATOPA. IloKa3aHbl H303HEPIe-
TrgecKre "MOBEPXHOCTHU IPEICTABIAIONME CODOI 3JTUICHL, COOTBETCTBYIOIINE OCIAILIs-
TopaM, oruuaomuMcsa Ha AFE 1o sHeprun. MukpokanoHudeckasi (GyHKIUs PacIpeie-
JIEHUST PABHA KOHCTAHTE, OTJWYHON OT HYJs B MOJOCKE () MEXKJIy 3TUMU 3JLIUICAMHU.

DTU NUHUKM IOCTOSHHON SHepruu, Kak oueBuHo u3 (A.12), npeacrasisior coboii cemeii-
crBO 10106HBIX 3/nicoB (cMm. Puc.A-1). Bropoit narerpan (A.13) oupenenser cKopocTsb
ABuKeHus (ha3oBoil TOUKM 10 ITUM KPUBBIM. JIErKO BUIETH, YTO MHTETPAJIBI yDABHE-
Huil nBuKeHus ocumsisaTopa (A.11) ¢ ucnonszoBanuem (A.12),(A.13) MoxKHO nepernucaTh

TaK>Ke B BHJE:
q= 28 sinw(t+B8) p=+V2Ecos(t+p). (A.14)
w

st 9TOi pocTelilneil CUCTEMBL CPedHEE N0 DeMEHY BHIUUCIAETCS 3JIeMeHTapHo. B cuy
nepuogmuaHOCcTH fBmkenns (A.14) cpemmee ot moboit dyrxumu F(g,p) 3a Geckoreqno
BOJIBINOI MPOMEKYTOK BPEMEHU MOXKET ObITH CBEIEHO K CPEeIHeMY 1o mepuoxy 1 = %”:

2n
ﬁ:“/wth{”ZE
27( 0

910 cpeanee 3apucuT or F, npuuem E umeer 31ech onpenenerHoe 3Hadenne. Mo:kHO
He MeHsd Bejuuusbl (A.15) B3sTh OT HEro cpeiHee 3HaYeHUE 1O OECKOHEYHO MAJIOMY
VHTEPBAJIY 3Ha4YeHUH [:

sinw(t—i—ﬁ)@cosw(t—&—ﬁ)} . (A.15)

Alggo AE Jg

E+AE 2n 5y7
= lim -2 / dE / ar ] Y22

ITposenem 3mech 3ameny nepemenusix — or E u t nepeitnem k g u p. [onb3ysace (A.14)
BBIUUCIIAEM SKOOMAH [TEPEexXOa:

sinw(t + B), V2E cosw(t + 5)} . (A.16)

Ng:p) _ V2E cosw(t + B) m}ﬁsinw(t—i—b’) . ALT
ot,E) | —wV2Esinw(t+ B) \/%cosw(t—i—ﬂ) B (A-17)
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Torga momyuaem:

~ . w
F= Alggom/dq/dpl’(q,p) (A.18)

TJle HHTErPUPOBAHNE PACTIPOCTPAHEHO Ha GECKOHETHO Y3KYIO TTOJIOCKY MEXKIY JUTUTICAMU
nocrosiaHoi sueprun E u F + AFE.

C apyroit cTOPOHBI MOXKHO ONPEETINTh MUKPOKAHOHUNECKOE DACTIPEETIEHNE IS OC-
MUILIATOPA, 3318 IWIOTHOCTh BepoaTHOCTH p(D, ) PaBHON KOHCTaHTe (HE 3aBHCAIIEH OT
KOHKDETHDBIX 3HAYEHHH p 1 ¢) B mosocke () Mexry sammncom p? +w?q? = 2F u snaumcom
p? + w?q? = 2(E + AE) u pasnoii my.1o Bae 310t nojsocku (cm. Puc.A-1):

_ ) 5% mpum p,qCQ

rae ays obecriedeHust HOPMUPOBKH p(p, ¢) HA €IUHUIYY MBI YUIH, 9TO TLIOMATEL MOJTOCKA
) paBHa:

==, (A.20)

A(rab) = A <271’E> _ 2nAE

w

rae yepe3 a u b 06O3HAYUIN MOIYOCH 3JUIUIICA, COOTBETCTBYomero suepruu F. Torma
MUKPOKaHOHUYECKOe cpennee (110 (aszosomy mpocrpasncrsy) or F(g,p) pasHo:

p2 +w2q2:2E

| .
<P o= [dpdaptp.0F(a.p) = Jim o5 [ / g, AOF @) (42

CpasauBas (A.18) u (A.21) BuauM, YTO B PACCMATPUBAEMOM ITPOCTEHINEM CIydae CUCTE-
MBI C OJ[HOH CTENEeHbIO CBOGOJbI CPEIHEE O BPEMEHU MPOCTO COBIAIAET ¢ MUKPOKAHOHMY-
YEeCKHM CPEeIHNM.

B obuiem ciywuae mHTErpasisl ypaBHennit [aMuIbTOHA MOXKHO, KaK MBI BHIE/IH BBIIIIE,
[IPEJICTABUTD B BHJIE:

Pr = Qﬁk(t+51,62,...,6n,a1,a27...Ctn)
qr = wk(t+ﬁ17527"'7ﬂn7a17a27~~an) (A22)

UJIN B COKPAIIEHHOI 3amucu:
X:(b(t+61a/827"'7577,704170527-"0477,) (A23)

CpejiHee 10 BpeMeHU OT TIPOU3BOJIbHON GYHKIMHU cocTostHus cucrembl F(X) pasHo:

1 oo
F = lim f/ dtF(X) =
0

T—o0

= lim %/ th{<I>(t+Bl,62,,Bn,al,a27an)} (A24)

T—o0 0

DTO cpeaHee, OYEBUIHO, BOODINE TOBOPS 3ABUCHT OT 6CET 2N — 1 TTOCTOSTHHBIX WHTErPH-
poBaHus (MHTErPAJIOB ABUKEHUS) B2, ..., Bn, Q1, A2, ...Qn, KPOME (1, OT KOTOPOH OHO HE
3aBuCUT. B TOXe BpeMs, B OCHOBHON YaCTH KYPCa, MbI IIOKA3aJIi, YTO CTATUCTUKO — MEXa-
HUIECKHE CPEeJHUE OT 060N (DYHKIIMK COCTOSTHUSA B PA6HOGECUY 3ABUCAT JIAMIH OT OJHOTO
HHTerpaJja Apurkenns — sHepruu!. IlosToMy paccMaTpuBaeMble HAMH MHOTOYACTHIHBIE

Ipu dbuKCHpOBaHHBIX BHENIHUX [TAPAMETPAX THIA 00beMa, jaBjienus, GU3NUECKUX Mol u T.IL.
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CHCTEMBI JOJIKHBI 00IJaTh TEM CITEIHATbLHBIM CBORCTBOM, UTO JIJIsl HUX CPEJIHUE 110 BPe-
MEHU OT JI00i 00H03HawHOT DYHKIINY COCTOSTHUS 3aBUCAT TOJIBKO OT HHTEIPAJIA, IHEPTUU
a1 = E: _

F(X) = fr(E) (A.25)

Takue cucTeMbl HA3BIBAIOTCS 9p2odureckumu. I SproaudecKoil CUCTEMbI CPEeHEee Mo
BpEMEHU OT JTI000# OTHO3HAUHOM (PYHKINY COCTOSTHUS PABHO CPEIHEMY CTATUCTHIECKOMY
TI0 MUKPOKAHOHUYECKOMY PACTIPEACTEHUTIO.

B camoMm gese, paccMOTpUM MUKPOKAHOHHYECKOE CpeIHee:

<F>= / dXF(X)wg(X) (A.26)
o 5{H(X) — E)
we(X) = T (A.27)

Tak xkak Besimanna < F' > or BpeMeHH He 3aBHCUT, TO CPEHEE [0 BPEMEHU OT HEE PABHO
et camoif, Tak 4TO:

T

<F>=<F>= lim l/ dt/dXF(X)wE(X). (A.28)
T—oo T 0

HepeMeHHbIe X OoTIpeaeIdi0oT COCTOAHNE CUCTEeMbl B MOMEHT BPEMEHN t, 3aMEeHUM UX I11e-

peMeHHbIME X, OIPEIeISIIONIAMI COCTOSHNE CHCTeMBbI B MOMEHT Bpemenn t = 0. DTu

IepEeMEHHBIE CBI3aHbI MEXKIy cODO# perreHusiMU ypaBHeHWH ['aMuJbTOHA, 9TO MOXKHO

3alluCaTh KaK:

X = ®(t, Xo) (A.29)

CJ1eJ10BaTeJIbHO

F(X)=F{®(t,Xo)} (A.30)
Ouerngpo, uro H(X) = H(Xp), Tak 910

_S{H(X) ~ B} _ §{H(X,) - E}

welX) = "0 ) ()

= wg(Xo), (A.31)

a o Teopeme Jluysuiiast umeem dX = dXg. [loaTomy mocie 3aMeHbI IEPEMEHHBIX HMEEM:

T

T—o0

WN3MmennM MOPSI0K WHTErPUPOBAHUS TO t U X, TOTAA TIOJTYIUM:
I -
<F>:/dX0wE(X0) lim */ th{(P(LXo)} :/dXowE(Xo)F (A33)
T—o0 T 0

O/HAKO, B CHITY YCJIOBHS 9PIOIMHHOCTH CPEHEE [0 BPEMeHH F 3aBHCHT TOIBKO OT SHEp-
run H(Xp), a nMeHHO:
F = fp[H(Xo)] (A.34)
O3TOMY
< F>= /dXOwE(XO)fp[H(XO)] (A.35)
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Ho wg(Xo) otnmuuna or Hynst toabko npu H = E, tak uro frp(H) MOMKHO BBIHECTH 32
3HaK mHTerpana, nomoxkus H = E. Torma momydaem:

<F>= fF(E)/dXowE(Xo) = fr(E)=F (A.36)

rJle y9JId, 9TO MHTErPall PABeH eAWHUIE TI0 YCIOBHIO HOPMUPOBKU. Takum obpa3oMm pa-
BEHCTBO BPEMEHHOI'O ¥ MUKPOKAHOHUYECKOIO CPETHUX JOKA3AHO.

MoryT-1u CyIecTBOBATh YPrOAUIECKNE MEXAHUYECKUE CUCTEMBI B CMBIC/IE TAHHOTO
Bhinie onpenenenns? Kazanoch-Obl HET, IOCKOIBKY cpeaee mo Bpemenu (A.24) 3aBeoMo
3ABUCUT JAPYIUX UHTErPAJIOB JABUKEHUS (o, (3, ..., Bp. IlycTh onun u3 Hux $o(X) = ao.
Cpengree no pemenn ot dbyaknun Po(X) 09€BUIHO PABHO (v2 W 33BUCAT BOBCE HE OT WH-
rerpajia sueprun E = oy, a o1 ag. Jeso, oqHako, B TOM, 9TO IJjid 9PTrOJNYECKUX CHCTEM
JIEBBIE YACTU BCEX MHTErPaJIoB ypaBHenuii mgsuwxenusa O = ag, Uy = B (k= 2,...,n),
KPOME WHTErPAJIOB SHEPTUH, UMITYJIbCA, U MOMEHTA UMITYIbCA ABISIOTCS MHOZ03HGUHBLMU
GYHKIMAMU KOODJMHAT U UMIYIHCOB (PUYEM HMX HEJb3s IPeobpasoBarTb K OIHO3HAY-
HBIM). DTO BCETJA TAK [ CUCTEM C Hepa3deAstouuMucs IIePeMeHHbIMEU (& CUCTEMBL €
Pa3IeNAIONUMUC TIePEMEHHBIMYA TPUBUAIBHBI - OHU TOYHO PEITalOTCs W HA3BIBAIOTCS
TaKXKe uHme2pupyemovLmu, UX IBUKEHNE He ABISETCS CAYIAUHBIM U CTATUCTUKA JJIs UX
omucanus He HyxkHa!)?. PaccMarpuBas TTOKOSATIHECS W HEBPATIAIONINECs MHOTOYaCTHIHBIE
CHCTEMBI MBI 3a0BIBa€M PO WHTErPAJIbl UMIIYJIHCA U MOMEHTA, UTO YK€ KACAeTCsd IPro-
JUYHOCTH, TO TEreph CTAHOBUTCSA MOHATHON CIETAHHAS BBINIE IPHU €6 OMPeIeICHIN BayK-
Hasg OroBOpKa 00 odnosnawnocmu dbyakuuu F(q,p). C Todku 3penns dusndeckoil 3ama-
Yd, OUEBH/IHO, UMEET CMBICJ PACCMATPHUBATH TOJBKO OJHOZHAYHBIE (DYHKIIUU COCTOSTHUS.
IIpenmeToM CTATHCTHYECKON MEXAHWKM, €CTECTBEHHO, SBJISIETCS W3YUEHUEe TOCTATOTHO
"caoskHbIx " (COBEPITAIONINX CJIOKHOE JIBUKEHUE) HEUHINEeZPUPyYembiy cucTeM. B mocies-
HUE NeCATUIETHS ObLJIO M3y 9eHO JOBOJHHO MHOIO KOHKPETHBIX MIPUMEPOB TAKUX CHCTEM,
COCTOSIIMX JIaKe U3 BeCbMa HEOOJBIIOrO YUCIa 4acTHll (T.e. CUCTEM JIazKe ¢ HeOOJbIIUM
YKUCIIOM CrereHell cBOGOIb) U NPOBIIAIONIMX BCE CBONCTBA 9PrOANIecKOro apuzkenus [14].

A.2 Teopema Bo3Bpara Ilyankape.

IIpomomkum obCyKIeHNE XapaKTepa ABHKEHHs HAIMX CHCTEM B (Pa30BOM IIPOCTPAH-
CTBe, mepeiins Ha HECKOJIbKO Oosee abcTpakTHBIN s13bIK. [lycTh nMeercs (paszoBasg ToUka
(p, q). Onpenenum oneparop casura Bo spemenu 1'(t) Ha Benuauny t:

(a(t), p(t)) = T(£)(a(0), p(0)) (A.37)

KOTODBIH, (PaKTUIECKH, TIOJTHOCTHIO OIHUCHIBAET JBUKEHNE (Ha30BOI TOYUKH U OLpeesis-
erca ypasueruaMu [amuabrona. Mbl He OyaeM 3aHUMATHCSA SBHBIM MOCTPOEHUEM TAKUX
OTEPATOPOB /IJIsi KOHKPETHBIX CHCTEM, SICHO, YTO B MPHUHIUIIE OHH BCETJA CYIIECTBYIOT.
Teopewma JIuyBuiiisi BeipakaeT COXpaHeHue pou3BosibHOrO dhazosoro obbema I' mox xeii-
cTBHeM omeparopa 1

[(t) = T(t)T'(0) = I'(0) (A.38)

W3 Treopembr JInyBUILIA JOCTATOYHO MPOCTO TOKA3BIBACTCS TeopeMa [lyankape o BosBpaTe
[14]. TTycrs KoHcepBaTuBHAs crucreMa (H He 3aBHCHT OT BpeMeHM) coBepiiaer GHHUTHOE

2Tlompo6uee 06 3ToM Hanmcano B maparpade 52 kaurn [13], Te moKa3aHo, 9To B 06IIEM CTy9Tae CHCTEM
C HEePa3Je/JIAIIIUMUCS II€EPEeMEHHBIMA Ha.60p OJHO3HAYHBIX UHTET'PDAJIOB ABU2KEHUS OTPDAHUYINBACTCSA TEMHU,
IIOCTOSIHCTBO KOTOPBIX €CTh BHIPAXKEHUE CBOWCTB OJHOPOJSHOCTH M W30TPONNH IPOCTPAHCTBA U BPEMEHH,
T.€. 3aKOHAMM COXPAHEHHsI SHEPIUU, UMIIYJIbCA U MOMEHTa,
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(T.e. B orpaHuueHHOil 06sacTi (Hha30BOro NMPOCTPAHCTBA) ABUKEHHE. PacCMOTPUM HEKO-
TOPYI0 06/1acTh (MHOXKECTBO TOYEK) (az0BOro NpocTpancTsa A u BeIOEpPEM B HEll TOYKY
zo0 = (qo,po) B KadecTBe HadanbHOH. Torma, KAk OKa3BIBAETCH, MOXKHO MOKA3aTh, UTO
[0 UCTEYEHUH HEKOTOPOTO BPEMEHH CHCTEMa ¢ Hem30eKHOCTHIO BepHercs B obmacth A
(reopema Ilyankape). Uckiouenunem MozKeT ObITh TOJBKO MHOXKECTBO HAYAJIbHBIX TOYEK
u3 A mepbl HysIb. /IoKa3aTesibcTBO MOXKHO MpoBecT OT MpoTuBHOr0. Q603HAYNM Yepes
B MHOXKECTBO BCeX TOUEK U3 A, KOTOphIe HMKOIIA He Bo3ppamaiorcs B A. Ilycrs depes
HEKOTOpOe DOJIbIIOE BpeMs t1 MHOXKECTBO Touek B mepexonut B Bi:

T(t1)B = By (A.39)

CornacHo onpejenennio B nepecedenve By u A paBHO HYJIIO:

BiNnA=19 (A.40)
Yepes unTepBag to = 2t; umeem:
T(2t,)B = T(t1)B, = B, (A.41)
Torna nmeem u
ByNB =0 (A.42)

Ecau 651 310 661710 HE TaK, TO CYIMIECTBOBAIN OBl TOYKM, KOTOPHIE HE BBIXOIAT M3 00/Ia-
cru By. Ho u3 obparumoctu ypasHenuit I'aMuIbTOHA C/TeIyeT, 9TO 3TH TOYKKA HE MOLJIN
OBl ¥ BOUTH B B1. DTO NPOTUBOPEYUT WX TPOILIOMY: Tipu ¢ = 0, O HAIEMY TPEIIOI0-
KeHuto, oun npunaiexkaau A. TIpogonakas IpUMEHSTH OIepaTop T(ntl) K B, nopyaum
OGECKOHEUHYIO TIOCIE0BATENBHOCTE B, B, ... Helepecekanuxcs 00pa30B MHOXKeCTBa, B.
Cornacuo Teopeme JInyBuss:

['(B) =T(By) =T(By) = ..., (A.43)

TaK 4TO B IIPOLECCE ABUXKEHUs TOYKHU U3 B nokpeiBaioT ¢pazoesiii o0bem I' = co. Ograko
13 GUHATHOCTH ABUKEHUA CIIEIYET, ITO 3Ta 06JIaCTh JOMKHA ObITH KOHewIHOM. [locnenmee
BO3MOXKHO Jiuiib B ciaydae ['(B) = 0, 4ro u gokaseiBaeT Teopemy Ilyankape.

N3 teopemnr Ilyankape cremyer, 9To cucreMa 6ymeT GECKOHETHOe YnCO0 Pa3 BO3BPa-
MATHCA B UCXOAHYIO 0b1acTh A. Kazamoch ObI 370 MPOTHBOPEYUT HEOOPATUMON SBOJTIOIIH
MHOTI'OYACTHYHBIX CUCTEM, HADJIIOAAIOIIENHCS Ha IKCIIEPUMEHTE, U BO3MOYKHOCTH €€ OIHCa-
HHUs HA OCHOBE IMPEJCTABICHUN CTATHCTUYECKON Mexanuku. Ha camom fese 310 He Tak.
PaccvoTpum nonsiTne cpeaHero BpeMeHH BO3BPaTa WU BpeMeHu yukaa Iyankape. IIpo-
BesleM ero TpyOyio OIEHKY MAJisi MpOoCcTeiieil MHOTOYACTUYHONW CHUCTeMbl — HIeAJIbHOTO
raza [33]. Ilycts B obbeme V naxomurcest N Mosekyst rasa. BymeM momuMmarh MO BO3BPaA-
TOM TIOBTOPEHUE HAYAJIBHOIO COCTOSHUST KAXKJI0W MOJEKYJBI ¢ TOYHOCTHIO Av IO CKOPO-
cTd U Az 110 KOOpAWHATE. DTOM TOTHOCTH COOTBETCTBYET 00beM (ha30BOro MPOCTPAHCTBA
AT = [mAvAz]*N, Torna kax Bcemy HAaBOPY COCTOsIHUIT Ta3a, ¢ DUKCHPOBAHHOM SHeprueii

2
E:Zimzvi

= 2NT coorsercrayer obbem®:

D~ Can(m? Y v2)N2VN ~ Oy (3NTm)* M2 vV (A.44)

2me\3N/2 o _
N CBSI3aHO C KOHCTAHTON B BBIPDAXKEHUH JIsI 00beMa M-MEpHOTro mapa Vy, =
n — 2n"/2

CR™, tounoe Boipaxkenue Cp = AT(ny3) PE N > 1, ¢ yuerom acumntoTuku -dpyukmuu ['(n/2)

(2m)1/2(n/2)(n=1)/2¢=1/2 jaer C), = (%)n/Q

33pecs Cyn ~ (

Q
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[Ipex e vem BepHYTHCS C 3aJAHHON TOYHOCTHIO B UCXOIHOE MOJIOKeHNE, (DA30Bas TOUKA,
n300paKA0IIAs CUCTEMY OJIZKHA, IPOATH YUCIO COCTOSHUIM, PABHOE TI0 TIOPSIIKY ~ %.
Ilycts T — HEKOTOpPOE XapaKTEpHOE BpeMs B ra3e, HAIPUMEP BPEMsI CBOOOIHOIO mpobdera
Mostekysibl. Torma g BpeMeHn BO3BPATa MOYKHO HAMUCATD CIEAYIONYIO0 IPYOyIO OIEHKY:

I v AN/ oaNT \ 3V/2 VAN o \3N2
TRETAT ™ Can <Am3) (mAv2> T (Ax?’) <msz> o (Ad9)

Mycrs Az ~ 0.1(V/N)Y3, 1e. mopsaxa 10% MexK<acTHYIHOTO pacCTOSHUS B Tase, a
Av ~ 0.1(T/m)Y/?, r.e. nopsaxa 10% cpenmeii CKOPOCTH, TaK YTO yCIOBHs Ha "BO3-
Bpar" noBosibHO MaATKme. Torma momydaem:

TR ~ T(10N)N(102)3N/2 ~ 7NN (A.46)
Ilna lem? raza B mopMamisubix yeaosusax N ~ 1018, rax gro

TR (1018)10" 102 10" (A.47)

-
U OTHOIIEHWE BPEMEHH BO3BPaTa Tr K BpeMeHH csobommoro mpobera 7 ~ 107 %cek, x
ONHON CEKyHIe, K OJHOMY TOIY, WJH JazKe K XapaKTEPHOMY BPEMEHHU ‘‘CYIECTBOBAHUS
nameit Beemennoii (~ 101%1er ~ 10'7cex) ¢ morapudmmteckoii TOTHOCTHIO OIUHAKOBO 1
coctapaster semanny mopsaka 102 10 Taxmu o6pasom Bpems mukia Iyankape maske
JIJIsT CTOJIh TMPOCTOM CHCTEMBI HEBOODPA3UMO OTPOMHO, & BEPOATHOCTH BO3BPATA COOTBET-
CTBEHHO HeBOOOpasumo Masa. Haubosee 6eposmmbim TIOITOMY SIBASETCS HADIIOIAEMOE
Ha IKCIIEPUMEHTE HEOOPATUMOE TTOBEIEHNe MHOTOYACTUIHBIX CHCTEM.

A.3 HeycrToitunBoCTh TPAEKTOPUIl U MEPEMEIINBAHNE.

Paccvorpum aBmkerune Kammu “$pa3oBoit XKUIKOCTH B ($aA30BOM IPOCTPAHCTBE. Xapak-
TEp HTOrO JBUKEHU MOXKET ObITh OYeHDb CJIOXKHBIM, C TEYCHUEM BPEMEHU TDAHUIIBI KATLIH
MoryT npuobperars “ameboobpazuyio”’ dopmy, a Kamst 3PPEKTUBHO 3AMOTHIET PA3TAI-
Heie obsmacTu (aszosoro npocrpancTsa (M. Puc.A-2). O6beM Kalm mpu 3TOM COXpa-
usiercs (reopema Jluysusuis). Takoe nBUMKEHHE HABBIBAETCHA NepeMewueatousum. Touku,
KOTOPbIE B HAYAIbHBIT MOMEHT BpeMeHU ObLu OJIU3KM, C TEYEHUEM BPEMEHU YIAJISAIOTCS
JIPYT OT APYTra M HAYUHAKOT JIBUTATHC (pakTuuecku HezaBucuMo. CBOMCTBO mepeMermBa-
HUSI €CTECTBEHHO OXKUJIATH Y CHCTEM, XaPAKTEPUBYIOIUMCS HeycmoUuusoLm IBUKEHIEM,
y KOTOPBIX U3HAYAILHO Ou3Kre (DA30BbIe TPACKTOPUHN OLICTPO (IKCIOHEHIUAIBHO) Y-
JISIOTCS IPYT OT JApyTa, WIH, WHAYE TOBOPs, CKOJIb YTOTHO MAJbIE BO3MYIIEHUS HAYAb-
HBIX YCJIOBWII MPUBOAAT K CKOJIb YIOIHO CUJIBHOMY OTKJIOHEHWIO (ha30BOH TPAEKTOPUU
OT CBOEro HEBO3MYIIEHHOro BUa. Kciu (ha3zoBoe MpoCTPaHCTBO sIBJISETCH KOHEYHBIM (a
HAC HHTEPeCyeT Kak pa3 Takoil cIydail — CHCTeMa JBUKETCs 10 THIIEPIIOBEPXHOCTH, COOT-
BETCTBYIONIEHl KOHEUHOM sHepruu), To (Ha30Bble TPAEKTOPUM He MOTYT Pa3ONTHCh U3-33
HEYCTOUYIHUBOCTH DOJIee 9eM Ha XapaKTEPHBIN pa3Mep MPOCTPAHCTBA U HAYHHAIOT “3aIry-
rhiBaThest”. Ecau obosnauurs yepes D(t) paccmosnue MRy IByMs TOYKAMU B (ha30BOM
MPOCTPAHCTBE, MPUHAJIEKAIIUM IBYM PA3HBIM TPAEKTOPUIM B MOMEHT BpPEMEHHU f, TO
dopmasbHOE ONpeneneHne JOKATBHOW HEYCTOWYIUBOCTH IBUKEHUS BBITJISIIUT CJIEIYIO-
M obpasom [14] — cywecrByer nanpasienue B a3’o0BOM IPOCTPAHCTBE B KOTOPOM:

D(t) = Dgehot (A.48)
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Puc. A.2: KayecrBennas sBosronus (Ha30BOi KaIlIu IIPH [I€PEMEITHBAHNIN.

rjie MHKPEMEHT HeycToitunsocTu (nokasaresn JIanyuosa hy > 0) sBasgercs, BooOIIE TOBO-
pst, byHKIEeH TouKY B (ba30BOM MPOCTPAHCTBE U NMEET, KaK MOYKHO MOKa3aTh [14], rakke
U CTATUCTHIECKHUI CMBICTI 0DPATHOTO BpEeMEHH “pACIEIIeHuA’ KOPPEINi TPAeKTOPHii
MpU [IepeMeruBaoeM ABmkeHnu. Q4UeBuIHO, 9T0 00CYKIaeMasi KapTUHA UMeeT psi-
MO€ OTHOIIIEHUE K M€ OMUCAHUS POCTA SHTPOIMH HA A3bIKE OrpyOIeHHOM DYHKIUN PAC-
TpesiesleHust, pACCMOTPEHHON B OCHOBHOM YacTh Kypca. BozHMKaeT BOMpOC — HEJIb3d-JI1
OTIPEJICIUTH TIOHSITHAE SHTPONUN TAK, YTOObI OHO MOIJIO NPUMEHSTHCSA HEINOCPEICTBEHHO
K JMHAMAYECKUM CHUCTEMAaM, UCIOJIb3Ysl TOJIBKO CBOWCTBA TPAEKTOPUil cucreMbl (a HE
dbyukuuu pacnpenenenus)? Jra 3a4a4a Gbuia penieHa KosmMoropoBbiM, KOTODBIH BBe
MOHATHE JUHAMUYECKON wiau K-sHrporuu. PaccMOTpuM CHOBA HBOJIIONNID HEKOTOPOTO
HAYATHHOTO deMenTa daszosoro obbwema Al'g. B cuny teopemsr Jlnysusist:

AT(t) = AT, (A.49)

OJIHAKO CTPYKTypa ($a3oBoil Kanim meHsercs co spemeneM (cp. Puc.A-2). B ueil noss-
JFI0TCA My3bIpu, mycToThl U T.00. C pocToM t “my3bipuaras’ CTPYKTYpPa CTAHOBUTCS BCE
bosiee MeNIKOit, a orubaroras (a30BOil KAILIN PACITUPIETCS M OTPAHNINBACT BCe OOIbINNI
o6beM. BozbMeM Teneph HEKOTOPYIO € (pasMepHocTH I') u “orpy6um” cTpYKTYPHYIO CETKY
¢da30B0Oil KU ¢ TOYHOCTHIO /10 €. TOrma KavuecTBEHHO SICHO, YTO BCe TOHKHE (ha30BbIe
“HuTr’ ¢ TOMIUHOM MeHbIe € 3heKTUBHO “omeHyTcss” U orpybdIieHHbIH (Ha30BbIi 00beM

AT(t) dakruaeckn Gymer pactu co Bpemenem. 3Has (A.48) HETPYIHO MOHATH, YTO

AT(t) = ATpe (A.50)

rae h — HEKOTOpasi BeJIMYWHA, XaPAKTEPU3YIOMAs YCPEIHEHHbBIH 10 00beMy WHKPEMEHT
HeycToiunBoCTH (Pa30BbIX Tpaekropuit hy. Torma surponus:

S = In AT'(t) = In(ATge") = ht +In AT (A.51)

Hac unTepecyer onpenenierve (puU3HIeCKUX BEJIUUWH, B TOM YHCJE W SHTPOIUHU S, C BO3-
MOXKHO 00JbIIedl TOYHOCTHIO. 1Ipu TOYHOCTH OTrpyOJieHWsT €, OYEBHAHO, 9TO HE WMEET
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cMbicsia BeiOuparh Al'g menbine, wem e. Ilostomy nomoxkum Al'y = ¢ u mepeiijem K
npeneny € — 0. PaccmoTrpum BhIpaxKenwme:

1, ~ 1

lim lim —InAT'(¢) = lim lim —(ht +1ne) =h (A.52)
e—>0t—=o0 t e—>0t—o0 t

910 BeIpaxkeHue u onpenensier K-sarponuio h. IlogaepkHeM, 9TO TOPAIOK TPEIETHHBIX

MIEPEXOIOB 37€eCh KpaitHe cymectsen. Ilepedncanm ocHoBHBIE cBOticTBa K-3HTpONNN:

1. K-surponus h onpenenser CKOPOCTh U3MEHEHHUsT SHTPONUY S B PE3YIbTATE IUCTO
JMHAMUYECKOT'O IIPOIECCA TIEPEMEITNBAHNS TPAEKTOPHil B (DA30BOM IIPOCTPAHCTEE.

2. K-surponus h, HHKpEMEHT JIOKAJIbHOM HeycroiiauBocTr hg 1 0OpaTHOE BpeMs pac-
IeTIeHNsT BDEMEHHBIX KOPPETANHii — BeIMINHBI OJTHOTO TIOPSIKA.

OTH CBOMCTBA PACKPBIBAIOT (BU3NTECKUIT CMBICT SHTpornu Koamoroposa.

Kak snrponus duzungeckoit cucremsbr S gocruraer makcumyma?! [lpu € — 0, T.e. pu
omnpenenennn snTpormu S(t) = ht (t — 00) co CKOJIb YTOIHO GOJIBINOH TOTHOCTHIO, SHTPO-
must S MaKCUMyMa He JOCTUTAET, HO MOJOKEHNE MEHIeT s, ecin (GUKCUPOBATH KOHETHBIIM
nopsiaok orpyGuenns €. Torga uz (A.50) serko HaiiTu xapakTepHoe Bpems tg, B T€IEHHEe
koroporo obsacts Al'g = g¢ pacimpsiercs 10 3HAYEHUs AT = 1:

1.1

h €0
3a 310 Bpems (as3oBas KAl €g PABHOMEPHO PACTEKAETCS MO BCeMy (ha30BOMY 00BEMY
" JAJIBHEUINNIT POCT SHTPOIUU IIPEKPAIIALTCA.



IIpnnoxenue B

CraTucrudeckass MeXaHUKa 1
Teopusi MTH(pOPMAIINN.

B.1 Csa3p pacnpenenennii 'm66ca ¢ makcmmymMom uH-
dopMaIMOHHOI SHTPOIIUN.

NuadopMmarnimontag 3HTPONNU.

IloHsATHE SHTPONMUY B CTATHCTUYECKON MeXaHHKe TeCHO CBA3aHO C AHAJOTHYHBIM MOHHA-
tueM B Teopuu uHbopManun [34]. CymecTByeT TOBOJBHO OOMIMPHAS JIUTEPATYPA, [e
3Ta CB3b JeTanbHO o0cyxzaerca [35, 36], Hurke MBI OCTAHOBHMCS JHIIb HA HECKOJb-
KHUX 337]a9aX, WIMIOCTPUPYIOMNX HEKOTOPBIE OCHOBHBIC NMPHHITAILI, CBA3BIBAIONINE 3TN
dyHzaMeHTATbHBIC TOHATHA.

B y3kom mommmanum, Teopus wHOOPMAINN MPEACTABISET COOOH CTATUCTHYECKYIO
TEOPHIO CBI3W, T.€. IePenadn CHrHaJOB, coobmenuil u T.o. [34]. B xadecrBe ocHOBHO-
IO IIOHATHA B 3TOH Teopuu PUIYPUPYET UHPBOPMAUUOHHAAL SHTPOIIUA, BHICTYIAIONIAA B
KavecTBe Mephl MH(MOPMAIN, coleprKaleiicss B JAHHOM COODOIIEHNHN, TeKCTe U T.1., Pac-
CMaTpUBAaEMbIX, KaK OoJlee WM MeHee CIydaifHas MOCTeNOBATETLHOCTh CUMBOJIOB WJIH
coopiTit. Todnee, nEGOPMAITMOHHAS SHTPONNA MPEJCTABIAET COO0H Mepy Heolpe/ieseH-
HOCTH B WHMOPMAINH, COOTBETCTBYIOMEH NAHHOMY CTATHCTHYECKOMY DACTIPeIeTeHNIo
taknx cooprtmit. IlycTs pr — HekoTOpoe AWCKPeTHOe pAaCIpesieeHHe BepPOATHOCTEH Co-
OBITHIT, HyMepyeMBIx wHIeKCOM k. MHbopMaIonHoit sHTponell Ha3hIBaeTCs BeJMINHA
[34]*:

H:—Zpklnpk; Zpkzl (B.1)
k=1 k

B camom mene, Bemmunaa H paBHA HYJIIO, €Cau Kakoe-1nO0 u3 pr = 1, a BCe OCTaIbHbBIE
pr = 0, T.e. KOTJA PE3YIBTAT UCIBITAHUS MOXKET OBITH TPEICKA3AH C JIOCTOBEPHOCTHIO U
HEONPEeEeIEHHOCTh B nH(pOpMarmu orcyTcreyer. Bemwunna H npunumaer aanbosibiiee
3HaYEHHUe, KOIJIA BCE Pi PABHBL MEXKJy co00ii, T.e. pr = 1/n. OyeBuano, 9TO ITOT NpE-
JeIbHBIN caydail ob1agaeT HanOobIeil HEOMPEAEIeHHOCTHIO — HAM HHYEro He W3BECTHO

I Msr oTBIIEKAEMCS OT HECYIIECTBEHHOIO Il HAC 00CTOSITEIbCTBA, YTO B Teopuu nHEMOPMAIUU B JaH-
HOM OIIp€/IeJIeHuU OOBIYHO UCIOJIB3YIOT BMECTO In jorapudm 1o OCHOBaHUIO 2, T.€. l0g2, 9YTO CBSI3aHO C
usMepenueM 00bema uadopMmaluu B bumax

237
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00 OTJENbHBIX COOBITHSX, BCE OHU PABHOBEPOSTHDI (T.€. ByKBbI TEKCTA MOABJIAIOTCs abco-
JIFOTHO CJIyYaiiHO, B IpUMeHEHUHN K (U3nKe abCOTIOTHO CAYUIANHO PEASU3YIOTCS TE WA
UHbIE COCTOSIHUS CUCTeMbI U T.II.). MakcumanbHoCcTh MHGOPMAIMOHHON SHTPOIUN COOT-
BETCTBYET MAKCHUMAJIHHOCTH HAIIEr0 HE3HAHUA O COOBITUAX, HaIra WHMOPMAIUS O HHUX
MHUHHMAJIbHA.

Durponus H anauTuBHA i1 COBOKYITHOCTY HE3ABUCUMBIX COOBITHI, PEATA3Y FOITUXCS
C BEPOATHOCTAMU U; U V;, T.K. €CIN P;if, = U;V, TO

H:—Zpiklnpq;k:—Zuilnui—kalnvk; Zuizl; ka:l (B.2)
ik i k i

k

Jia pacnpenenenusi BepOSTHOCTEH HEMPEPLIBHON BEJUYMHBL & C ILUIOTHOCTBIO f(2) MH-
dhOpMaIMOHHAS YHTPOIUS PABHA:

H= —/ldxf(x)lnf(x); /da:f(x) =1 (B.3)

JIng He3aBUCUMBIX COOBITHIL ONMATH UMEEM aIauTUBHOCTD, ecu f(x,y) = f1(z)f2(y), To

/dr/dyfa‘y In f(z,y) = /drfl )In f1(z /dyfzy Info(y) (B.4)

g dyukuuu pacnpenenenus p(p,q) B $pazoBoM mpocTpaHcTBe ruGOCOBCKAs SHTPO-
U, 0 CYyTH JIeJTa, ABJIAETCS TaKKe U HH(MOPMAIMOHHON SHTPOIHEH:

S = —/delnp;/de: 1 (B.5)

U ee MOXKHO DAacCMarpuBaTh KaK Mepy Hallero HesHauus (orcyrcrBusd WHGMOPMAIMU) O
COCTOSTHUSTX MAKPOCKOTTMYIECKOH (PU3MIECKON CHCTEMBI.
Ja ancambeit ¢ nepeMernbiM ducyaoM yactull (B.5) obobriaerca Kak:

-> /dFNlenpN, > /derN = 1. (B.6)

N>0 N>0

Humxe Mbr paccMOTpuM SKCTPEMAaJIbHBIE CBOMCTBA pacipeneneruii I'mbdca, ycraHoB-
JIEHHBbIE UM 3370770 110 co3manust Teopuu uHdopmanyun. OHU JIETKO TOTyYa0TCsT U3 pac-
CMOTPEHHOTO BhIIe HepapercTBa ['nb6ea (1.187):

/drp’ In (’;’) >0 (B.7)

rae p u p — JBa HOPMHUPOBAHHBIX PACIIPEIENCHAS, ONPEIEJEHHBIX B OJHOM (hasoBOM
LIPOCTPAHCTBE. 3HAK PABEHCTBA UMEET MECTO JIUIIbL IpH p = p'.

SKCTpeMaJII)HOCTI) MHUKPOKaHOHNYECKOIo paclpeaeJieHu:d.

JlokazkeM, UTO MUKPOKAHOHUYIECKOE PACIPEIe/IeHe COOTBETCTBYET MAKCUMYMY HUHQOP-
MAaITMOHHOHN 3HTPOINU CPeJU BCEX pacCIpellesleHuil ¢ TeM YKe YHUCJIOM 4YacTHUll B TOM Ke
cyoe sHeprun. IIycrs p — QyHKIHS paclpeleIeHus MAKPOKAHOHNIECKOro ancamos, a p’
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— IPOU3BOJIbHAS (QYHKIINS PACIPEIETIEHNS, ONPEIEIEHHAsT B TOM Ke (Da30BOM MPOCTPAH-
CTBE U B TPEJIeaxX TOTO YK€ SHEPTeTHYECKOTO CJIOs, TIpUYeM

./de' = /drp: 1 (B.8)

Ioncrasasa p u p' B HEpaBencTBo (B.7), momyaaem:

—/de’lnp’ < —/de'lnp:—lnp/de’: —/delnp (B.9)

gT0 U TPeboBaIOCh M0Ka3aTh. B (B.9) Mbl BOCIOAB30BAIUCH [OCTOSHCTBOM MUKDPOKAHO-

HUYECKOT'0 PacIpeneseHus p B SHEPIETUYECKOM CJI0€ W yCJIOBHEM HOPMUPOBKHU JJId p U
/

p.

DKcTpeMAIbHOCTh KAHOHUYECKOTO paciipedesienuss ['ubbca.

ITokaxkem, uTo KaHOHUYECKOE pacipenenenve ['mub6ca coorBeTcTByeT MakcuMymy HHOOP-
MAIIMOHHOU HTPOINHU TIPU 38JaHHOU CpeJIHEeN IHEPTUU CUCTEMBbI:

< H>= /dFHp (B.10)
" IIpU COXpaHEHUHU HOPMHUPOBKH:
/drp =1. (B.11)
PaccvoTpum KaHOHUUIECKOE pacTpeeeHue:

p=2Z'exp(—pBH); Z:/dFeXp(—ﬂH) (B.12)

rae B = 1/T. Tycrs p/ — HEKOTOPOE APYroe HOPMHPOBAHHOE PACIPEIEICHUE, COOTBET-
CTBYIOIIEe TOI 2Ke CaMOIl CpelHell SHEPIruu, YTO U KAHOHUYIECKOe paCIIpeneseHne p:

/ dlp'H = /deH (B.13)
a B ocranpHOM p' mpoussonbHO. [loncrasnaa (B.12) B (B.7), momyamm:
—/dfp’lnp’ < —/dfp’lnp: an—Fﬁ/de)/H:an—Fﬂ/dpr
T.e. — /de’ Inp’ < f/. dlplnp  (B.14)
9710 1 TPebOBAIOCH MOKA3ATH.

DKcTpeMaJIbHOCTH GOJIBIIOro KAHOHMYECKoro ancambuasa I'ub6ca.

s pazaooGpas3us mpoBeieM JOKA3ATENbCTBO i KBAHTOBOTO CJIydasl. JHTPONNsT KBAH-
TOBOT'O aHCAMOJIsT OMpeIesdeTcs KaK:

S =—-Spplnp (B.15)
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rjie p — MATPUIA TUIOTHOCTH. B nmaroHanbHOM mpeacrapiennn nmeeM (cp. (1.175)):

S = —Zwklnwk (B.16)
i

g1o npsamo umeer suj (B.1) urdopmanuonHo# sHTpPONNYM g AMCKPETHON OCIe10Ba-
TeILHOCTH COOBITHIA.
DKCTpeMabHbIe CBORCTBA KBAHTOBBIX aHCAMOJIEH MOYKHO TIOYYUTh, UCHOJIb3Y ST Hepa-
BEHCTBO:
Spp’ Inp’ > Spp'Inp (B.17)

rae p u p) — TPOU3BOJLHLIE HOPMUPOBAHHBIE CTATHCTUYICCKHAC OMEpaTophl. PaBeHcTBO
ONSTHL UMEET MECTO JIUIIL TIph p = p'. DT0 HepareHcTBO ceayer w3 Inz > 1 — 1/z, uto
cripaBeryueo pu 2 > 0 (paBencTBo mveet mMecto mpu = = 1). Ioctapmss croma x = p’ p !
U ycpennss 1o p', uMeeM:

Spp' n(p'p~™") > Spp'(1—pp'~") =0 (B.18)

T.K. 00e MATPHUILI TIJIOTHOCTH HOPMUPOBAHBI HA EIUHUILY, & OMEPATOPHI MO, 3HAKOM SP
MO2KHO IIepeCTaBJIATh.

ITokarkem Temepn, 9TO OOIBIITIOE KAHOHUYIECKOE pacipeaesienue ['uboca coorBeTcTByeT
MaKCAMYMYy HHMOPMAIIIOHHON SHTPONWH IPH 33 TaHHOI CpemHeil SHepTHH:

< H >= SppH (B.19)
W CpemHeM YHCie JaCTHIL:
< N >= SppN (B.20)
[IpH COXPAHEHUH HOPMHPOBKU:
Spp = 1. (B.21)
Banmrmrem GOBITOE KAHOHWIECKOE PACTIPEAEIEHNE B BUE:
O—H N H — uN
p = exp <T+M) ; e F = Sp exp (_Tu> . (B.22)

Torna u3 mepasencTia (B.17) monywaem (camTast, aro p' — mobas Apyras MATPUIA TLIIOT-
HOocTH ¢ Temu ke cpenaumu (B.19), (B.20),(B.21)):

Q H uNﬂ

~Spp'Inp" < —Spp'Inp=—Sp {p' ( — &+ || = —Spplnp (B.23)

T T T

gr0o u Tpebosanocs! 3neck ucnonbzopanu (B.19),(B.20),(B.21), cnpasenivebie mis p u
P, Te.
Spp'H = SppH; Spp’ N = SppN. (B.24)

PaccmorpersbIe 9KCTpeMaibHBIE CBOMCTBA, CTATHCTAYECKUX ancambireir ['mbbca MoxK-
HO TIOJIO’KUTH B OCHOBY WX OTIPEJIEIEHHsI. DTO JTAET eIle OIHH MTOAX0 K 0OOCHOBAHUIO DaB-
HOBECHOH CTATHCTHIECKOH MexaHmKH?. V3 9THX HOCTPOEHH{l BHIHO, UTO SHTPONUS CETh
Mepa HeJOCTATKA MHGMDOPMALINH O JEHCTBATENBHOR CTPYKTYPE MHOTOYACTAIHON CHCTEMBI.

2Tlo cyTu mesa, MbI IPOCTO MOKA3aJIM, 9TO Pa3Hble BAPHAHTHI pacrpesesenus ['ub6ca cooTBeTcTBy-
IOT MAaKCUMYMY TePMOJHMHAMUYECKOIl SHTPOINU IIPU BBIIOJHEHUU COOTBETCTBYIOIIUX JONOJHUTEIHHBIX
ycaoBuil. ITO, €CTECTBEHHO, OLPEIEIsSeT COOTBETCTBYIOIINE PABHOBECHBIE COCTOSHMU.
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Puc. B.1: Iemon Makcsesia.

DTOT HEAOCTATOK WHMOPMAIIMY TPUBOIUT K TOMY, YTO BO3MOXKHO OOJBIIIOE Pa3HOOOpasue
PA3IMYHBIX MUKPOCOCTOSTHUI, KOTOPBIE MbI TPAKTHIECKA HE MOYKEM OTJIMYHUTEH JPYT OT
apyra. Takum o6pa3oM, HenocTaToK NHGOPMAIUH COOTBETCTBYET IeHCTBUTEIbHOMY Oec-
TIOPSIIKY B CKPBITBIX CTEMEHSX CBOOOIBI. DTOT HEIOCTATOK WH(MOPMAIUU MAKCUMAJIEH,
KOTJIa CHCTEMa HAXOJWUTCS B PABHOBECHOM COCTOSIHUM, TOTIA Mbl MPAKTUYECKH HUYErO
HE 3HAEM O JIETAJISIX €€ MHUKPOCTPYKTYDPBI, BCE OMPENEsIeTcs HeOOMBIINM YUCIOM Tep-
MOAUHAMUYECKAX IapaMeTpoB. IIONBITKY yTOYHUTHL AeTaj d BHYTPEHHEro ‘ycrpoiicrsa’
cucTeMbl HeM36EXKHO OYJYyT BHIBOAUTDL €€ U3 PABHOBECHOIO COCTOsIHUsI (YMEHBIIATH JH-
TPOINIO).

B.2 “Jlemon” MakcBeJjia 1 €ro M3rHaHUeE.

WNurepecubie nHGOPMAIMOHHBIE ACMEKTHI CTATUCTAYECKON TEPMOIMHAMUKHA MOYKHO Pac-
CMOTpeTh 1IPU aHasu3e 3aaa4u o “memone” Makcsesuia [35]. Mbl TosibKO 9TO BUAENH, 9TO
MOMBITKY BMEIATHCA B MHKPOIIPOIECCHI BHYTPH MAKPOCKOMUYECKON CUCTEMBI, C TEbI0
npuobperenus HHGOPMAIMY O JETATSAX BHYTPEHHETO JIBUKEHUS YACTHUIl, MOI'YT BBIBECTH
CUCTEMY W3 COCTOSIHUSI DPABHOBeCHs. BO3MOXKHO TEPBBINA MpUMEpP TAKUX MeHCTBUHN OBLIT
paccMoTped MaKCBesLIoM, KOTOPBIA IPEeIIORUI Napagoke 0 “aeMone” (MUKPOCKOIMYE-
CKOM CYIIECTBE UJIM aBTOMATE), KOTOPbI “paborai-Obl” MPOTUB BTOPOro HAYAIA TEPMOJIU-
HaMuk#. IIpocrefimmit BApHAHT TAKOro “IeMOoHa” MOXKHO IIPEICTABUTH cebe CaeayIonnm
obpazom. [Tycrs y HaC uMeercs COCy/I € Ta30M, HAXOASAIIUMCS B COCTOSHUN TEPMOTAHAMHU-
4eckoro pasHoBecud. IIycTh B 9TOM COCyZE MMEETCsl MEPEropojka, (Pasmaessionias Cocyl
ua yacru A u B) ¢ orBepcrreM, Koropoe cHabxkeHo asepieil. Torma MoKHO NPeCTaBUTh
cebe, 9TO “AEMOH”; pACIOJArasichb y ITOH ABEPIIBI MOYKET MPOIYCKATh 4epe3 OTBEPCTHE
TOJBKO OoJiee OBICTPBIE MOJIEKYJIbL ra3a, Jerdinue, ckaxeMm, u3 A B B, auz B B A —
TOJBKO Gosiee MeIeHHbIe MOJIeKyJIbl. 'TOrma 1Mo mpoIecTBUr HEKOTOPOTO BPEMEHH, MOCTIe
HAYAJIA TAKON AeATeTbHOCTH, B 9aCTH COCyaa, obo3HadeHHoit B cobepercs, B cpeaHeM,
6oJIbITIe OBICTPBIX MOJEKYI, YyeM B dactu A. TepMmogunamudeckoe paBHOBecHe HyIeT Ha-
PYIIIEHO, TeMIeparypa ra3a B 4acTu B crTaHeT BhINE TeMIEeparypbl ra3a B dactu B.
Takoit mpoIecC ABHO MPOTUBOPEYUT BTOPOMY HAYAILY TEPMOIUHAMUKY, TAK HETPYIHO 3a-
CTABUTH MIEPEXOIUTDH TEILIO BCe BpeMs u3 6osiee X0I0aHO0# 0baacTu ra3a B 60ee TopsIayio.
BaxkHO MOAYEpKHYTH, 9TO B KadecTBe “AeMOHa” JIETKO MPEACTAaBUTH cebe HEKOTOPOe aB-
TOMATHUIECKOE YCTPOHCTBO, KOTOPOE, TaKUM 00pa3oM, OyIeT HApyIiaTh BTOPOE HAUAJTIO.
Tem Gonee, KaxkeTcs, 9T0 “MHTEJIIEKTYa bHBIN AeMOH’ CIPABUATCS C ITON 3amaqeil He3
Tpyaa. B ToXke BpeMsi, BTOpOe HAYa 0 HOCUT YHHUBEPCAIbHBIN XapaKTep, BCE MPOIECCH
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B IIPUPOJIE JOJKHBI €My MOAIWHSATHCS. B 1efiCTBUTEIBHOCTH 9TO TaK U €CTh — HUKAKOMH
“neMOH” HE CMOXKET 00eCnevYnTh MPOIECC YMEHBIIEHNsT SHTPOINHU B 3aMKHYTON CHCTEME,
BRUTIOUaoredt ero camoro. Iapagoke MakcBemna Buepsbie Obut paszperiern CHuiiapaoMm,
B Pe3yJIbTare J0BOJLHO IPOCTOrO AHAIM3A, KOTOPbIHA IpUBOAUTC HuKe [35].

Heso B ToM, 910 “neMOoH” TOKEH CyMeThb IPOHAOIIOIATD OTIE/IbHBIE MOJIEKYJIbI, C 16~
JIbIO OTHeJIeHusT “OBICTPBIX” OT “MeIeHHbIX . A JI7IsT TOrO eMy HYKHO BOCTIOJB30BATHCS,
KAKUMU-TO (PUSWIECKUMY METOJAMY HAOIIOMEHNsI, HATIPUMED, MOXKHO OCBEIATH MOJIEKY-
Jibt “‘bOHAPUKOM” ¥ TIOTOM TOJIBKO KaK CAeAyeT “DaccMOTpPeB” WX HAYMHATD JAEHCTBOBATD.
TToaromy, r3oaupoBaHHAs CUCTEMA, K KOTOPOHM MbI [OJKHBI IPUMEHATH BTOPOE HAYAIIO,
COCTOWT, HA CAMOM JIeJIe M3:

® Ta3a Mpu MOCTOAHHON Temreparype 1’ = T, 3aKTI0YEHHOTO B 3aAMKHYTOM COCY/IE C
TIEPETOPOJIKOM € OTBEPCTHEM, PA3EIAIONINM COCY/T HA JIBE TIOJIOBUHBI,

® JIeMOHA, YIIPABJLIOINIETO JIBEPIeil B OTBEPCTHN,
® BAPSIXKEHHON OaTapeiiky 1 3JeKTPUIECKON JTAMIIOUKH.

Barapeiika HarpeBaer HUTbH JIaMIbl A0 BBICOKOH Temmneparypbl 17 > Ty. D10 ycaosue
HeODXOIMMO Jijis [OJIy4YeHUs CBeTa C SHeprueil KBantos fuw; > 1), 4T0 HEOOXOAUMO Jist
TOTO, YTOOBI 3TU KBAHTHI MOTJIU PACIO3HABATHCA HA, (DOHE TEILJIOBOTO U3/TyUYeHUS, CYIIe-
CTBYIOIIETO B COCyZe C rasoMm mpu temneparype Tp. Ha nporsikenun onbrra Harapeiika
OTHAET IIOJAHYIO SHEPrui0 F, HUTh JAMIOUYKY U3/Iy4YaeT 3Ty IHEPIUI0 U TePAeT SHTPOIHUIO.
Il3MmeHeHre SHTPONKHK JIAMIIOYKHU €CTh:
E
Syr=—— B.25

P (B.25)
¥ BBOIWUT B ra3 OTPUIATENBHYO SHTponni0. bes BMemarencTBa 1emMoHa, sHeprus E mo-
TJIOIIAETCsT B ra3e mpu remneparype 1o u Mbl HAOIIOMaeM 00Iee BO3PACTAHNE IHTPOITHAN:

S=— 48 =———>0 (B.26)

Paccmorpum Teneps pabory gemona. O cMoxkeT 0GHAPYKUTH MOJEKYIY, €CJIU M0 MEHb-
el Mepe OJUH KBAHT SHEPIuu fiw paccenBaeTcs MOJIEKYJ/ION U HONagaeT B “rias3’ 1eMOHa,
(nam B doTONMpPHEMHNK). JTO O3HAYTAET, B KOHEUHOM CUeTe, yBeIUIeHNe SHTPOTHN JEMO-
HA: b
1
AS; = — (B.27)
To
[onyuennas uadopMarys MOKeT ObITh WCIONB30BAHA IS YMEHbBIIIEHUN HTPONUNA CH-
crembl. VcxomHas SHTPOMUST CHCTEMbBI PABHA:

SO =1In Qo (B28)

riae o — crarucruydeckuil Bec (3aMKHyTOM) cucrembl. Ilocsie momydenust nagopMaun
cucTeMa ompeneseHa 6osee MOIHO, )y YMEHBIIAETCS HA HEKOTOPYIO BEJIUUIHHY Dot

1o OTPpUBOAUT K YMEHBIMTCHUIO SHTPOITNUN:

AS; =51 -5 =In(Q —p) —InQo = (B.30)

_Pr
Qg
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MOCKOJIbKY BO BCEX MPAKTHUECKUX ciydasx p K g. Obmmii 6asanc sHTPOMUY BhIpayka-
€TCsT COOTHOIIEHUEM:

hwy P
ASg+AS;=———2>0 (B.31)

To Qo
Tak Kak fiwy /Ty > 1, o p/Qy < 1. Takum 06pa3oM, B KOHEUHOM CU€TE, SHTPOITUS U30JIH-
POBAHHOH CUCTEMBI BO3PACTACT, KAK 3TO N TPeOYeTCS U3 BTOPOTrO HAYAJIA TePMOJTAHAMUKI.
Paccmorpum Bce 310 4yTh mompobHee, HA MPUMEpPe WCXOMHON MOCTAHOBKY 3aIatH.
IIpeamonokumM, ITO MO MPOIIECTBHN HEKOTOPOrO BPEMEHH, JeMOH CyMeJ CO3IaTh pas-

HOCTH TeMmeparyp AT:
T > Ty, Tg — Ty = AT
1 1
Tg =T+ §AT; Ty=Ty— iAT (B.32)
Jlamee meMOH BBLIOHPAET OBICTPYIO MOJIEKYIY B 00JacTH A ¢ KHHETHYECKOH sHepruei
%T(l + £1) u manpasnger ee B obnactb B. 3areM OH BBHIGUPAET MEIJICHHYIO MOJEKY-
Jy B B ¢ kuHeTwdeckoil sHeprueit %T(l — €9) U jaer eii npoHukHyTh B A. na Toro

9TOOBI TPOHAOIIONATH STH [IBE MOJEKYJbl, JeMOHY Tpebyercsi qBa CBETOBLIX KBAHTA M,
CJIeJOBaTeNbHO, UMEETCA YBeJINYEeHUe ero HTPOINU:

hw
ASg=2—"1>2 (B.33)
Ty

Ob6MeH MOJIeKyIaMu TTPUBOIUT K TiepeHocy u3 A B B sueprum:

AQ = gT(El + 62) (B34)

qt0, ¢ yaeroMm (B.32), cOOTBETCTBYET yMEHBINEHUIO TIOJHON SHTPOINH:

1 1 AT 3 AT
AS;=AQ [ — |~ AT == 22 B.
5 @ (TB TA> @ T2 2(81 +e2) T (B.35)
Besuaunnt €1 u €9 ckopee Beero mMannl, AT < T, u moIToMy:
3
AS; = 7517; n <1, mak 9To
hw 3
AS 4+ AS; = (2= —-2p) >0 (B.36)
To 2

9TO COOTBETCTBYET BTOPOMY HAYAJIy TEPMOIMHAMUKMN.

MozkHo paccMOTpeTh U APYroit NpuMep — JeMOH [IPK HU3KOH Temieparype (Harmpumep
B Kpuocrare), roraa ero remneparypa To < Tp. Ilpu s10M OH MOXKeT “JIOBUTH’ KBAHTbHI
hw, ncnyckaembre MoJieKystamu ra3a npu remmeparype 1p. Torga BMecTo paccMOTpeHHbIX
Boie yeaosuii 17 > Ty u hwy > T umeem HepaserctBa hw > Th u Ty < Tj, ¢ KOTOPBIMHI
BCE HAIIM PACCYKJIEHUS MOBTOPSIOTCA. Beerma HyKHA HEKOTOpas Pa3HOCTh TEMIEPATYD,
B IIPOTUBHOM CJIy4ae JIeMOH He Oymer paborarh, HO cpaboTaTh MPOTUB BTOPOrO HAYAJA
OH HE CMOXKET HUKOT/IA.

ITonyvennnie pe3ysaprarbl BHIPAXKAIOT OYEHb BAXKHBIN (pu3nyeckuil 3aKkoH: pusntde-
CKO€ M3MepeHVe TPUBOANT, B KOHEYHOM WTOre, K COOTBETCTBYIOIMIEMY YBETUUYEHUIO IH-
Tporuu. VMeercs HEKOTOPBIM HUKHUN TIPEIesT, HUZKE KOTOPOTO W3MEPEHUEe CTAHOBUTCS
HEBO3MOXKHBIM. ['py6o 9TOT mpenesi COOTBETCTBYET YMEHbUICHHIO 3HTpomuu ~ 1(~ kp).
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Bonee riarenbHoe uecaeI0BaHne MTOKA3bIBAET, YTO TOTHOE 3HAYEHHE STOTO MPEIeia eCTh
kpIn2 ~ 0.7kp Ha oxue O6ut nosydenHoi nadopMamn [35].

9710, OHAKO, HE KOHEI| uCTopuH ¢ JeMoHoM Makcpesia. XoTs Bce TPUBeIeHHbIE BhIIIe
paccyKIeHns HECOMHEHHO CIIPABEIINBLI, D0Jee MO3IHME NCCAETOBAHNS MOKA3AJIMN, UTO
B IPUHITAIIE CYIIECTBYIOT CIIOCODBI OIPEIEICHNs IOJIOKEHUST MOJIEKYJI, HE CBI3aHHDBIE C
uX OOJIyUeHHEM CBETOM W He NMPUBOJSIIME K COOTBETCTBYIONEMY DOCTY SHTpornuu [37].
Boobime okazanoch, YTO HEKOTOPHIE OIepamnui 00paboTKH JaHHbBIX, BKJIIOYast, HAIPHMED,
[epe3anuch JAHHBIX C OJHOrO YCTPOHCTBA HA APYroe, MOLYT ObITh (IIPU ONPEIeJIEeHHBIX
yCI0BHsIX) CBOGOAHBI OT TepMOAMHAMUYeCKuX orpanudenuii. [Ipuuunna ke, 10 KoTOpOi
COOTBETCTBYIOIINIT IEMOH BCe PABHO HE CMOZKET HAPYIIUTH BTOPOE HAYAJI0, COCTOUT B TOM,
YTO JIJIsT TOTO YTODBI OMPEIETUTh MOJOKEHNE MOJIEKYJIbl, OH JOJIXKEH CHAYaIa, “3a0bITh”’
0 pe3yJbTare NPEAbIIYIIero U3MEepPEeHus, T.€. YHHITOXRUTL UH(pOpManuio (“pacuiaruThb-
¢’ B TEPMOINHAMUIECKOM CMLIC.HG)B. CoOoTBETCTBYIONIEE OUUINEHUE TTAMATH (HAIPUMED
KOMIIBIOTEDA) €CTh TePMOJUHAMUYECKU HeoOpaTuMas onepalus, IPUBOAIad K obIemMy
BO3PACTAHHIO SHTPONNH 3aMKHYTOH cucreMpr’. Mbl He 6yneM HOAPOSHO PAaCCMATPHBATD
5TH UHTEPECHBIE BOIIPOCHI, METAIN MOYXKHO HaiTu B [36, 37].

3JTroboe cocTosTHEe MAMATH KOMIILIOTEpa TIPeICTABIAETCS CBOUM (DU3MUECKIM COCTOSTHIEM (HaBopoM
TOKOB, HANIPSI?KEHU}, HAMArHUYEHHOCTHIO U T.II.).

4Ecnu remon 061a1aeT 09€HD GOMBIION TAMATHIO, OH MOKET, KOHETHO, IPOCTO 3aIIOMHHUTE PE3yIbTaThl
Bcex m3Mmepenwmii. Torga Jiorudeckn HeoOpaTuMble maru copepriarbes He OyayT. [Ipobiiema, omHAKO, B
TOM, UTO TAKasl MOCJIEJI0BATEIHHOCTH IMATOB HE SIBJISIETCS TEPMOJUHAMHYIECKHM IUKIOM. J/leMOoH mpu
9TOM YBEJIHUYUBAECT SHTPONHIO CBOEH mamsiTd, ITOOBI YMEHBIIUTH SHTPOLUIO OKPY2KAIOMEH CpeIbl.
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I(HHGTHHGCKME:YP&BHGHHH.

C.1 Kunerndeckoe ypaBHeHue BoJjbiiMaHa.

PaccmorpuM BBIBOJ, OCHOBHOT'O YpaBHEHWST KHHETHIECKON TEOPHH Ma30B, OMPEIETIAIONIEr0
dynkunuio pacupenenenus f(p,r,t) 1ag OTAEIbHBIX ATOMOB B OOIIEM HEPABHOBECHOM CJIy-
4ae '. D10 ypaBHeHNe ABJIAETCS OCHOBHBIM MPH PEIIEHNN MHOMKECTBA, 3313 Pusuveckot
Kunemuxy ra3os [5, 17]. AHAZTOrHYHBIE KBAHTOBBIE KWHETHUYECKNE YDABHEHHsI OMVCHIBA~
0T HEPABHOBECHBIE MTPOIECCHI B Ta3aX KBA3WYACTUIL B KBAHTOBBIX JKUJIKOCTIX U TBEPIHIX
Teax MpU HU3KUX TEMIIEPATypPax.

Ecan cronkHOBEHNAME aTOMOB MOXKHO ObLTO ObI TIpeHEOPETDh, TO KazK Al aTOM TIPeI-
cTaBJisil Obl COOOM 3aMKHYTYIO IIOJICUCTEMY W i (DYHKIIMH pPacCIpeesieHns ObLia, Obr
cpaBeInBa TeopeMa JInyBuiist, B CHIIy KOTODOi

af

dt
TTonnasg mpou3BogHAA O3HATAET 34eCh AndpdepeHImpoBanie BAOIb (Pa30B0H TPAEKTOPUH
aToMa, OlpeJIeIsieMOll yPABHEHUAMY [IBUKEHUsI. B OTCyTCTBHE BHENIHETO OIS BEJTHINHA,
VMITYJIBCA CBOOOIHO ABUKYIIETOCS ATOMA, OCTAETCS TIOCTOSTHHOM, & MEHSAIOTCS TOJIBKO €ro
KoopanHaTh r. Toraa

0 (C.1)

df _of
- == v C.2
@~ T (€:2)
rae v — cKopocTh. Eciu ke ra3 Haxoaurces Bo BHermneM moje U(r), o
df _of of
- == v F— C.3
dt Ot AAC A Jp (C.3)
rme F = —VU — cuna, meiicTByromasi Ha aTOM CO CTOPOHBI Iojid. B mambpHedimieM i

KPATKOCTH IIOJIaraeM, YTO BHeIHee ojle oTcyTcTByer u F = 0.
VYuer cronkuoBenuit Hapyaer papeHcTBo (C.1), DyHKIMSA pacnpeneseHus mepecTaer
OBbITH TOCTOAHHOM BIOJb (pa3oBbix TpaekTopuit 1 BMecro (C.1) HY:KHO HANWCATH:
df

=5t f (C.4)

IBrimre, npu paccmMoTpenuu GOJILIMAHOBCKOH craructuku (cM. nanpumep (3.8), (3.28) u mar.), sta
dyuknusa pacnpejenenus 0603Hadanach Kak n(p,q). g OpOCTOTHl MBI OrPAHHIUMCS PACCMOTPEHHEM
OJHOATOMHBIX T'a30B.

245
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rae cuMBog St f obo3HAUAET CKOPOCTH W3MeHeHUst (DYHKINK PACTIPEIeeHus Daaroaapsi
cronkuaoBeHUsAM. cnomb3ys (C.2) MokeM HamuCcaTh:

or =—-vVf+5tf, (C.5)
ot
YTO OMPENEISET MOTHOE W3MeHeHne (DYHKIMH PACTIpeIeNieHnsl B 3aIaHHON TouKe has3o-
BOTO TIPOCTPAHCTBA, I7e MEPBOe CIAraeMoil B MPABO TaCTH €CTh YOBLIb YMCIA ATOMOB B
3aJAHHOM 3JieMeHTe (Ha30BOTO MPOCTPAHCTBA, CBA3aHHAS C UX CBOOOTHBIM JIBUKEHHEM.
Benmuuny St f naspiBaior unmezpasom cmoaknosenud, a ypasuenue (C.4) — xunemuue-
CRUM YPAEHEHUEM.

Koneuno, kuaeTHYIECKOE ypaBHEHHE TPHOOPETAET CMBIC TOJBKO TOCJIE YCTAHOBJICHHS
SIBHOT'O BUJIA MHTErpaJia CTOJIKHOBeHU. JI1s1 KAUeCTBEHHOTO AHATN3a KHHETHIECKUX SIB-
JIEHWH B ra3e JacTo MCIOIh3yercs Tpybast OlleHKa WHTErpaia CTOJIKHOBEHHI ¢ TTOMOIIBIO
TOHATHST 8PEMEHU C60600H020 Npobeza T — CPETHETO BPEMEHN MEKIY ABYMs TOCTeI0Ba-
TEJIbHBIMU CTOJIKHOBEHUSIMU ATOMOB (T — npubivkeHue):

st fal S0 (C.6)

T

rie fo — paBHOBecHas (DYHKIMs pacrpejesenus. YucjauTesb 3TOro BbIpasKeHus 00ec-
nednBaer obpalleHre WHTerpaa CTOJKHOBEHUH B Hy/Ib B PABHOBECHOM CJIydae, & 3HAK
MUHYC BBIPaXKaeT TOT (PaKT, 9YTO CTOJKHOBEHHS SABIAIOTCA MEXAHU3MOM yCTAHOBIICHUS
CTATUCTHYIECKOTO PABHOBECHUS, T.€. CTPEMATCS YMEHBITUTh OTKJIOHeHNE (DYHKIINN Pacipe-
JIEJIEHUST OT PABHOBECHOi. B 3TOM CMBIC/IE BEIMIMHA T UIPAET POJIb BPEMEHH PEJTAKCAAN
JUIST YCTAHOBJIEHUs PABHOBECHST B KarKJIOM 3JIeMeHTe 00heMa rasa.

IMocmenoBaTenbHBIA BBHIBOJ HHTErpaja CTOJKHOBEHUH B KJIACCHYECKOM ra3e MOMKHO
MPOBECTH METOIOM BorosroboBa, KOTOPHIH JaeT peryJaspHyr0 MpOIenypy MOJIyIeHns He
TOJILKO TPOCTEHIero ypasuenus BosbiiMana (KOTOPOe HECI0KHO HOIy9IUTb U U3 GUCTO
sBpucTHyueckux coobpazkenuii [17]), Ho u nonpasok x zemy. Huke mbl, onHako, orpaxu-
YMMCs JIMIIb BBIBOJOM MMEHHO OOJIBIIMAHOBCKOIO MHTErPAJIA CTOJKHOBEHUH, 9€r0 BIIOJIHE
JIOCTATOYHO JIJTsT WLTFOCTPAITTH OBIIEr0 MeTOIA.

WexomabiM TyHKTOM MeTo1a BorooboBa SBISIeTCs UCIOJIb30BAHNE TTEMTOYKH yPaBHe-
HUi I 9acTUYHBIX GyHKIuil pacupenenenus (1.93):

aFS N N u (94/(|I‘Z —I'S+]_|) 8F3+1
T _ H(‘5>Fs+f§/ drsy1dps :
ot { o} V= or; opi Far1Psrt (C-7)

B xomeunom cuere MbI JOJIZKHBI TIOCTPOUTH 3GMKHYMOE YpaBHEHUE JIJId O,[LHO‘I&CTI/I‘IHOI?I
dyukuun pacnpenenenus f(p,r,t) = %Fl(npﬂf) 2,

Hast Fy(r, p,t) us (C.7) u onpenenenus: ckobok ITyaccona HeMeIeHHO UMeeM IepBoe
YpaBHEHNE LEIIOYKHN B BHIE!:

BFl(t,ﬁ) +v 8F1(t,71) N 8U12 aFQ(t,Tl,Tg)
-0 -7 1— = —

ot 81‘1 1% 8[‘1 8p1 dT2 (CS)

rae, /i1 KpaTKOCTH, BBEIEHBI apI'yMEeHThl T = T, P.

2@ynxnusa pacnpejenenns f(p,r) HOPMHPOBaHA Ha TOJHOE umcTo wacTun (3.28), a Fi(r,p,t) Ha
eaunuy, corsacuo (1.80).
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AnamorngueivM 06pa30M, BTOPOE YPABHEHUE [ENOYKH UMEET BHJI:

OF, | OF | OF, 0UnOF 0UnOF: _
ot 181‘1 2 ro Ori Op1 Oory Opa

OFy s , OF; 0Ung
0p1 (91‘1 8p2 51‘2

a
N

dTg |:

Herpyano y6eauThes, ITO MHTErpas, CTOSINUA B MPABON YaCTH MOCIETHETO yDABHEHUSI
maJs. B camom Jiesie, moreriual BzanMoeiictsus U (1) 3aMeTHO OTJIMYEH OT HYJISt TOJIBKO
B mpezenax paaumyca geiicteus cun d, T.e. npu r < d. [losTomy B paccmarpuBaemom
UHTErpaJe no drs UHTErPUPOBAHKE [0 KOOPAUHATAM IIPOUCXOIUT (PAKTHUYECKH JHIIb [0
obmactsm |r1 — r3| < d wim |ry — r3| < d, T.e. o obvemy ~ d*. Ucmomzysa (1.81)
nMeeM % | Fsdrs = F», tie nHTerpnpoBanue Begercs o seemy dbasosomy oobemy. Torma
MOy 9IaeM CJIEAYIONLYIO OIEeHKY:

N/|:3F3 8U13:| dr 3U(r) 6F2d73
v

i) ~—_— Tz 1
Op1 Orp 3 or Opp a® (C.10)

IJIe a4 — CpeJiHee PACCTOSHUE MeXK/Ty YacTUIaMu B ra3e. Torma scHO, 9T0 mpaBas CTOPOHA
ypasuenus (C.9) mama o mapamerpy (d/a)® (ras canraercs 10cTaTouHO pazperkeHHbM!)
[0 CPABHEHMIO ¢ wieHamu, cojepxkamumu OU/Or B nesoil wactu. [TosroMmy el MOXKHO
mpocTo npeHebpeds. COBOKYIHOCTD CIAraeMbIX B JIEBON 9acTW yPABHEHUS MPEICTABIISA-
eT co6oit TomHy™0 TPou3BOmHyt0 dFs/dt, B KOTOPO# I'1, T2, P1, P2 PACCMATPUBAIOTC KAK
dyHKIME BPEMEHH, YIOBJIETBOPSIONINE YPABHEHUAM JIBUKEHUS JIJIsI 33/1a90 JIBYX TeJI C
TaMUJIBTOHUAHOM:

pi , P}
H=—+—"= — .
o + o +U(Jr; —r3]) (C.11)
Takum obpazom, nmeem:
d
£F2(t77—1;7_2) :0 (012)

Jlo cux mop Hallle pacCMOTPEHHe HOCHUJIO YHCTO MexXaHudecKuil xapaktep. [lias BbI-
BO/IA KMHETUYECKOI'O YPaBHEHNS HEOOXOIMMO CJIeIaTh HEKOTOPBIE IPEINONIOKEHUS C1ma-
MUCMUYECK020 XapaKTepa. A UMEHHO, MPEeJIIOIOKHM, 9TO BCE CTATKUBAIOIINECS B Pai3-
PEXKEHHOM Ta3e YaCTUIIbI ABJSIOTCA CTATUCTHYECKU HE3ABUCHMBIMU. DTO yTBEPKICHUE
OyJer urparb poJb HadaabHOIO ycsosus K juddepenunanbuomy ypasuenuto (C.12).
VMeHHO OHO BHOCHT aCHMMETPHIO 1O OTHOIIEHHIO K 0DOWM HAIPABJIEHUSIM BPEMEHU, B
pe3y/bTaTe 4ero U3 MHBAPUAHTHBIX K OOPAIEHNIO BDEMEH! YPaBHEHUH MeXaHUKH I0JIy-
9AETCST HeobPpamumoe KuHeTnIeckoe ypasuenne. CyTh 7esa 31eCh B TOM, 9TO KOPPEJIATIns
MEZKTy KOOPJAMHATAMH U HMITYJIbCAMH YACTHIl 333 BO3HWKAET JIWIb B TEYEHUEe HOCTa-
TOYHO KOPOTKOTO BPEMEHU CTOJKHOBeHHsI ~ d/v (U — CPemHdAsl CKOPOCTh YACTHIL Ta33) 1
PACIpPOCTPAHSIETCS HA PACCTOSHUS TTOpsiaKa d.

IIycts 19 — HEKOTOPBINT MOMEHT BPEMEHW, MPEIIIECTBYIONNN CTOTKHOBEHUIO, KOT/a,
JIBE YACTUIBI HAXOIATCS JOCTATOTHO MATEKO APYyT OT apyra (|r1g — reg| > d, roe mHmekc
Hy/Ib OTJINYAeT 3HAYEHUH BENMYMH B 3TOT MOMeHT). CTaTucruveckas HE3aBHCHUMOCTH
CTATTKUBAIOTITUXCS YACTHUI O3HATUAET, YTO B TAKOH MOMEHT ly AByXdacTUUHAS PYHKIUA
pacupenesenust Fy akropusyercd na onnouactudnbe dyukiun Fi. I[Tosromy uaTerpu-
poranne ypasHenusi (C.12) or tog no t naer:

Fy(t, 71, 72) = Fi(to, m10) Fi(to, T20) (C.13)
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3aeck 19 = (r10, P10) 4 T20 = (r20, P20) HYKHO HOHUMAThL KaK T€ 3HAYEHUS KOOPIAMHAT U
HMILYJIbCOB, KOTOPBIE JTOJKHBI IMETh YACTUIBI B MOMEHT t( JJIS TOTO, 9TOOBI K MOMEHTY
t mpuobpectn Tpebyemble 3HaweHust 71 = (ry,p1) u 72 = (ra, p2). B 9rom cmbIicae T
" Too ABIAIOTCA PyHKIMAMH OT T1,T2 U t — to. Bomee Toro, or t — ty 3aBUCAT TOJBKO
r1p U Tgg, & 3HAYEHUs P1g U P20, OTHOCAIIMECH K CBODOJHOMY ABUXKEHUIO YaCTUL [1epe/]
CTOJIKHOBEHHEM, OT BHIOOpA, t — to He 3aBUCAT.

Bepuemcs k ypasuenuto (C.8) — OymyuieMy KMHETUUECKOMY ypaBHeHuto. Ero Jjiesas
CTOPOHA yrKe mMeeT TpeOyemblii BUI, HO HAC TEIepPh MHTEPECYET MpaBas 9acTh, KOTO-
pasi TOJKHA MPEBPATHTHCS B MATETpAN cTonkHOBeHm. Iloncrasum tyaa Fo u3 (C.13)
nepeiigem or dynkuun Fy k f(p,r,t) = %Fﬂr, p,t). Torma momy4dnm:

af(t771) af(t77-1)
ot TV o

=St f (C.14)

rae

St f = /dT2 38Urllz aim[f(to,ﬁo)f(toﬁzo)] (C.15)

B unrerpasne (C.15) cyniecTBenHa TOIBKO 06/1aCTh [Ty — 1| ~ d — 06/1aCTh, 7€ TIPOUCKO-
JUT peaabHOe CTOIKHOBEHHME YacTHIl. B 3To# 0071acTH, B MEPBOM HTPUOINKEHNN, MOKHO
BooOIIe npeHedpeds KOOPAUHATHON 3aBUCUMOCTHI0O (YHKUUU f, IOCKOJIBLKY OHA 3aMeT-
HO MEHSIETCS HA MACINTAadaX MOPSJIKa JJIMHBI Ipobera [, CyIecTBEeHHO NPEBBINAIIUX d.
OxoHYATeNbHBII BUJ HHTEIPAIA CTOJKHOBEHWI, HA CAMOM JIeJie, HE U3MEHUTCS, €CJIU MbI
B0OOIIE OyJeM PACCMATPUBATL IPOCTPAHCTBEHHO OAHOPOIHBIN CIydaii, NPEeInoaokKus,
gro dyHKIWA f HE 3aBUCAT OT KOODJAMHAT. B COOTBETCTBUU CO CKA3aHHBIM 4yTh BBIIIE,
5T0 03HaTAaeT, uTo B GyHKmax f(to, p1o) u f(to, P10) MOKHO IpeHEGpeTs U ABHON (Uepes
ri0(t), r20(t)) 32aBUCHMOCTBIO OT BPEMEHN.

IMTpeobpasyem momunTerpanbioe Bhipakerne B (C.15), Bocmonbzosasimuch (C.12)) ¢
YUETOM OTCYTCTBHS SIBHOM 3aBUCHMOCTH OT BPEMEHH:

0 0 8U12 0 8U12 0

d
pr (to, P10) f(to, P20) = (V18r1 + V28T~2 - 871'187[)1 - 31'26'p2) f(to, P10)f(to, P20)
(C.16)

BoipasuM oTCrofa MPOM3BOAHYIO TIO Pi Yepe3 TPOU3BOIHbIE TIO I'1, Ty U Pg U TTOJCTABAM
nosnyuennoe soipazkenve B (C.15). Unen ¢ npoussonHoit 9/0py ucdesaer nocie npeodpa-
3oBanus (110 Teopeme Laycca) B MHTErpa 10 MOBEPXHOCTH B MMILYJIbCHOM ITPOCTPAHCTBE.
Tlocne aToro momydaem:

St f(t,p1) = /Wz%[f(tmplo)f(to,p20)]d37'd3p2 (C.17)

rJle BBEJIEHA OTHOCUTEIbHAA CKOPOCTh YaCTHIL Vig = V] — Vg U YYTEHO, YTO Pig U P2, a C
HUMH 1 BCE BhIpaxKeHUe B KBaAPaTHBIX CKO6K&X, 3aBUCAT HE OT I'y ¥ I'p TIO OTACJIHLHOCTH, a
JIUIITL OT PA3HOCTU I' = I'1 —Ty. Begem BMecTo r = (,y, 2) NUIMHAPAYECKUE KOOPIUHATHI
Z,p, € OCbI0 Z BJOJbL Vig. 3amedas, 910 Vi20/0r = v120/0z, u unrerpupysqa 1o dz,
neperueM (C.17) B BuE:

St f(t,p1) = /[f(toapw)f(toapzo)] |3°oo v12pdpdpd®ps (C.18)

T7e TpeeNbl 2 = £00 HYKHO TIOHUMATh KaK PACCTOSHUS OOJIBIHE TI0 CPABHEHUIO C d,
HO MaJjible [0 CPABHEHWIO C JINHOM mpobera [. DTO CBA3AHO C TE€M, UTO MPHU MEPEXOE
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or (C.15) k (C.18) ucnonb3opanoch ypaprenue (C.16), cipaBeaInBoe JUIIb JI0 TeX Top,
[OKA PACCMATPUBAEMbIE YACTUIILI HE UCIBITAIOT CIEAYIONIErO CTOJKHOBEHUS.

BemomEnM Temeph, 9TO P1g B P2p — HAYAIBHBIE (B MOMEHT () WMITYJIBCHI IACTHII,
KOTODBIE B KOHEYHBI MOMEHT ¢ HMEOT UMITYJILCHI P1 U P2. Ecam B KOHEIHBIH MOMEHT
BPEMEHU 2 = Z] — 22 = —OO, YACTHIBI | U 2 HAXOAATCS HA PACCTOSHUH 3aBEIOMO IIpe-
BBIIIAIONEM d U HE B3aUMOJEHCTBYIOT APYT C APYTOM, CTOJKHOBEHHUS €Il He ObLIO, TaK
YTO HAYAJbHBIE U KOHEYHbIE UMITYJIbChI COBIIAJAIOT: P1o = P1, P20 = P2 IPU 2 = —00.
Eciu e B KOHEYHBII MOMEHT BPEMEHU z2 = +00, TO CTOJKHOBEHUE Y2KE MPOU3OILIO, B
pe3yabTare dero GaCTHIbI IPHOOpPETH UMIIYIbCHl P1 U P2. B 3ToM ciaydae 0003HAYUNM
P10 = P'1(p) m P20 = P'5(p) mpu 2z = 00. ITH 3HAUECHUA UMITYIBCOB ABISAIOTCH DYHKITH-
AMU KOOPIUHATHI P, UTPAIOIIEH POJIb MPUIIETHLHOTO MAPAMETPA, & TIPOU3BEICHIE

pdpdyp = do (C.19)

npescTaBisier coboit kiaccuueckoe abdeKTHBHOE ceuenne paccestHus [13].

3ameTnM, HAKOHEII, 9TO ABHYIO 3aBUCUMOCTH byukmui f(to, p1o) u f(to, P20) OT to
MOYKHO 3aMEHHTh, B PACCMATPUBAEMOM HPHOIMKEHUH, TAKOW YKe 3aBUCHMOCTBIO OoT t. B
camoM Jiesie, ciupaseiyiuBoctb yreepxkaenus (C.13) rpebyer b cobiroieHusi HepaBeH-
crBa t —to > d/v: B MOMEHT t(y PACCTOSHUE MEKY YACTULAME JOJKHO OBITH BEJMKO 10
CPABHEHUIO C PAIUyCOM JeiicTBus cui d. B Toxe Bpemst, pa3HOCTh t — ) MOXKHO BRIOPATH
TaK, 9To0bl yIOBJIETBOPSAIOCH yeaoBue t — tg < l/v, rue | — myuna npobera. OrTHOIIE-
uue [ /v mpencrasnser coboi Bpems CBOOOMHOrO Tpobera, KOTOPOe KaK Pa3 W ONPEIENeT
XapakTepHOe BpeMsd u3MeHeHus GyHKIMH pacnpeeienns. Torna n3amenenne byHKIHH
pacmpeneseHus 3a BpeMsd ¢ — ty OyIeT OTHOCUTEIHHO MAIbIM U UM MOYKHO TpeHeOpeyb.

C yuerom cuenanubix yreep:kaenuii npusoguM (C.18) K OKOHUATEIHBHOMY BHUJLY:

St f(t,p1) = /[f(t7p/1)f(tap/2> — f(t,p1) f(t, p2)]vizdod®p, (C.20)

HA3BIBAEMOMY HHTErPAJIOM CTONKHOBeHMI BobiMana. Kunernyeckoe ypasuenue (C.5) ¢
TAKUM WHTErPAJIOM CTOJKHOBEHUI HA3BIBAETCS KMHETHYECKUM ypaBHeHmeM Bosbiivana.

Bosibiivan mosryuns BT MHTErPAJIa, CTOJKHOBEHWH M3 MPOCTHIX IBPUCTUYECKUX CO-
obpaskeHUit ¥ HETPUBUAJIBHON THIIOTE3BI O MOJEKYIAPHOM Xaoce. fIcHO, 4TO MHTErpa
cronknosenuit St f = R — R, tme R — ckopocTs yBemmdenus (BDyHKIUH PACIPE/IeICHNAA
f(r,p1,t) 3a c4er cTONKHOBEHUIT ATOMOB B raze, a R — CKOPOCTH € yMEHbLICHUA 38 CUET
9THX Ke CTOJKHOBeHuil. Onpemenum cHauana Beauunny R. Jlas aToro paccMoTpum Ka-
Koil — HHOYIb ATOM B 3jIeMeHTe 00beMa d°r BOIU3M TOUYKH T, HMIIYJILC KOTOPOTO JIEXKHUT
B 3JIeMeHTe 06beMa UMITYILCHOIO IPOCTPAHCTBA d°p; BOMM3K P1. B TOM Ke caMoM mpo-
CTPAHCTBEHHOM O0BbEMe MMEIOTCS ATOMBI C MPOW3BOJIHHBIMHU HUMITYJIBCAMU P2, KOTOPBIE
MOYKHO PACCMATPUBATH KAK IIYYOK YACTHI, HATAIONUX HA ATOM, UMEIONIUH UMITYJIbC P1.
[TnoTHOCTH MOTOKA TATAOIINX ATOMOB PABHA!

I = f(r,pa, t)d’pa|vi — va. (C.21)

CorylacHO THMIIOTE3€e MOJIEKYJISIPHOrO Xaoca, ¢yukuus pacupegenenus f B (C.21) coena-
daem ¢ paccMarpuBaeMoil HaMu (DYHKITUEH pacipeneenns, TOIJIeKAIIeH OMpeTeIeHIIO
U3 KHHETUYECKOTO YPABHEHUS. DTO KAYKETC TMOUYTH OYEBUIHBIM, HO KAaK Pa3 9TO U €CThb
OCHOBHO# MOMEHT BBIBOJIA, HE MMEIOMINI CTPOroro 0OOCHOBAHN. UMCJIO CTOJTKHOBEHMIH
THTA P2,P2 — P'1, Py, TPOUCXOAAMNX B 37eMeHTe obbeMa d°r B eIWHWILy BpEMeHH,
paBHO:

Ido = f(r,p2,t)|v1 — va|do (C.22)
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Ckopocth yMmenbiiienus R hyHKIMM pacnpeneienns moaydaeTcs B pe3yabTaTe CyMMUPO-
Banusg (C.22) 10 BCeM 3HAYEHUSM P2 M YMHOKEHUEM HOJIyIEHHOIO PE3YJIbTaTa Ha IIPO-
CTPAHCTBEHHYIO ILJIOTHOCTH ATOMOB B 3J1eMeHTe obbema d°p; HPOCTPAHCTBA CKOPOCTEli:

R=f(r.p1.t) [ Epadolvy = vl f(z.pa.t) (C.23)

TTo106HBIM 7Ke 00PA30M MOZKHO BBIYHCIUTD U Bestiduny R. JIjs 9T0r0 paccMOTPUM CTOJIK-
HoBeHus p’1, P’y — P1, P2, TJI€ UMITYIbC P1 CUUTAETCs (DPUKCHPOBAHHBIM. [IycTh Ha aToM,
UMEIOMHH UMITYIbC P’;, TAJAeT TyY0K ATOMOB ¢ UMIYJILCAMU P’o. ILIOTHOCTL MOTOKA
MAJAM0NNX aTOMOB DaBHA:

f(r7p/27t)d3p/2|v/2 - V/1|- (024)

YucIo CTOIKHOBEHUH PACCMATPHBAEMOrO THIA B €NUHUILY BPEMEHH PABHO:
f(r,p'y, )dPph vy — v'1|do’. (C.25)
CropocTh yBenumaeHns: R BbyHKINN PACIPEIeTeHNs OIPeIeIeTCs HHTEIPAIOM:
Rd®p, = /d?’pédo’IV’z A SLACS SROLAANICN PRI (C.26)
B cuiy o0paTMMOCTH ypaBHEHHH JBUKEHHSA MEXAHHUKH CEUeHHs HPOLECCOB PACCESHH,

00paTHBIX MO OTHONIEHHIO APYT K Apyry, pasHbl: do = do’. Kpome Toro, u3 3aKOHOB
coxpaHeHus cieayer (PaccMaTpUBaeM yNpyrue CTOJIKHOBeHus!):

[vi—va| = [v'1 = V3
PPprd3py = d>pd3ply. (C.2m)
Tornma
R= /d3p2da|v1 —va|f(r,p'1,t) f(r,p’s, 1) (C.28)

HeobxommMo OTMETHTD, 9TO 371eCh UMITYALC P 38JaH, TOTHA KaK P’y W P’y ABIAIOTCS
dbynkuuamu pi, pa.

O0benunsds HalieHHbIE BbIpaxkeHus g R u R, ¥ BBOJIIA OUEBUIHBIE COKPAIIEHHBIE
0003HAYEHNSI, TTOJTYIaeM:

Stf=R—R= /d?’pgda\vl —vol(fifs — fif2) (C.29)

aro cosnazgaer ¢ (C.20).

C.2 H - reopema.

IIpenocraBiennsiii camomy ce0e HEPABHOBECHBIN ra3, KAK W BCAKAs 3aAMKHYTasd MAaKPO-
CKOIMYECKAsT CUCTEMA, CTPEMUTCS [epeidTi B paBHOBecHOe cocTosare. COOTBETCTBEHHO
9BOJIIOINS] HEPABHOBECHOH (DYHKIMM PACIPEIETEHNs COTVIACHO KUHETHIECKOMY ypaBHe-
HUTO JIOJIZKHA COMPOBOXKIATHCS POCTOM SHTPONHNH ra3a. [lokaxem, 9To 3TO AeiiCTBUTETHHO
TaK.
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Broiie mbr nokazanu (cm. (3.25), (3.30)), 9T0 3HTpONUSA HIEAJLHOrO Ta3a, HAXOIS-
[IErocsi B HEPABHOBECHOM MAaKPOCKOIMYECKOM COCTOSHUH, ONMCBHIBAIOIIEMCH (DYyHKIIHe
pacupenenenus f, paBHa:

S = / fln ;dVd:gp. (C.30)
JuddepeHnpyst 3TO BHIpAXKEHHE 110 BPEMEHU, SATTHITIEM:
ds 9 9
== /E (f In ;) AV d3p = —/lnfa—{dVd?’p. (C.31)

ITockobKyY yCTAHOBJIEHHE CTATUCTUYECKOIO PABHOBECHS! B ra3e OCYINECTBISETCS CTOJK-
HOBEHUSMU MOJIEKYJT, TO BO3PACTAHUE IHTPOIUHU JOJ2KHO OBITH CBA3aHO MMEHHO CO CTOJIK-
HOBHUTEILHON 9aCTHI0 H3MEHEeHHUs (DYHKIMH pacupeneneHusd. V3MeHenne xKe 310 pyHK-
IIHH, CBA3AHHOE CO CBOGOTHBIM ABUKEHHEM ATOMOB, HE MOXKET M3MEHUTDh IHTPOIHUN Ta3a.
HeiicrBuresbHO, 914 YacTh U3MeHeHus (DYHKUUM pacupejelenus jgaercs (s rasa Bo
BHEITHEM TI0JI€) MEePBLIMU JBYMsl UJICHAMHU B TIPABON YACTH yPABHEHUS:

of _ of

Gr = VY Fg 4] (C.32)

Ux Brag B npoussomuyio dS/dt pasen:

0 0 . 0 0
—/lnf {—vaf: - Falj;} dVdip = / [Var + Fap} <f In J;) dVd®p. (C.33)

Nurerpan o dV or 4sena ¢ npoussoauoi 0/0r npeobpasyercs corsmacHo teopeme Laycca
B MHTErpaJ Mo MOBEPXHOCTH, OH 0DpAIIAeTCsl B HYJIh, MOCKOJIBKY 3a MpeieaMi 3aHuMa-
emoro razoMm ofbema f = 0. AuajoruuubiM 00pa30M, YIEH C NPOU3BOAHON O/Jp 1pu
HHTErPUPOBAHKE 110 d°p Ipeobpasyercs B MHTErPaJ 10 OECKOHEYHO yIAJEHHOH MOBepX-
HOCTH B HUMIIYJIbCHOM IIPOCTPAHCTBE U TOXKE OOPAIAeTCs B HYJb.

Takum obpazom, 1/ U3MEHEHNsT YSHTPOINNA OCTACTC:

% == / In £St fd>pdV. (C.34)

IMoucrasusia cropa GonbuManoBekuil unrerpasi crosikuosenuii (C.29), nosyvaewm:

dsS ) )
B / &pr / dpidolvy — Vol (f5f1 — fofi)In fu. (C.35)

DTOT MHTErpas He MEHSAETCS NMPU B3AMMHOMN I€PECTAHOBKE MMEPEMEHHDBIX P1, P2, TOCKOb-
Ky CEYEHHMEe PACCEHUS MHBAPHMAHTHO OTHOCUTENIBHO 3TOH mepectanobku. Copepmas 3Ty
3aMeHy IepPEeMEHHBbIX MHTETPHPOBAHUA M Oeps IIOJOBUHY OT CYyMMBI HOBOTO BBIPasKCHHA
u mpexkuero Beipaxkenus (C.35), mogydaem:

ds _ 1 /d3p1 /d3p2dJ|V2 —vi|(foft — fafi)In(f1f2). (C.36)

dt 2
DTOT WHTErpas TaKXKe WHBAPUAHTEH OTHOCUTENHHO B3AWMHON MMEPECTAaHOBKU Pi1,P2 U
p’ 15 p’Q, TaK KaK KaxKIOMY MPsSMOMY CTOJKHOBEHHIO COOTBETCTBYeT 0OpPaATHOE CTOJKHO-
BeHUE C TeM 2K€ CaMbIM C€Y€HHNEM PaCCedHu:d. CJIE,ILOB&TQIH)HO MO2KHO HaIIUCATb.
ds 1
_ 3./ 3./ I<,! / ! gl 1 g
PR d°py | dpaydo’|V'e = Vi |(f2f1 — f2f1) In(f1f3). (C.37)
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Bameuas, uto d°pid®ph = d°pi1d®ps m |Ve — V1| = |vo — vi| u do’ = do, Bo3BMeEM
nosoBuny cyMMmbl Beipaxenuit (C.36), (C.37), B pe3y/brare 9ero mojyauM:
ds

=1 e [ Epadoive vl - R (AL WK (€9
IMoauurerpanbuoe Boipazkenue B (C.38) Hukorna He GBIBAET NOJIOKHUTEIBHBIM, 9TO SICHO
1I0CJIE UCIIOJIb30BAaHUSI YK€ U3BECTHOIO HaM HepapeHcTsa Inx < x — 1. CoorBeTCrBEHHO,
MBI mokazaaun H—-reopemy Bombmmana: % > 0, 9TO SKBUBAJIEHTHO 3aKOHY BO3PACTAHUS
SHTDPOIHNH °.

Hepr,ZLHO IIOHATDH, YTO % = 0 B TOM U TOJBKO TOM CIy4vae, Korja ImoauHTerpaJab-
Hoe Bbipaxkenue B (C.38) TOXK/IECTBEHHO PABHO HYJIIO. ITO MMEET MECTO TOJIBKO KOIJa
BXOJSAINUE B MHTErPAJI CTOJKHOBEHUN (PYHKIMH PACIIPEICICHNS PABHBI X PABHOBECHBIM
6OJIbL[MaHOBCKI/IM BBIDAXKEHUAM. OTCIO,Z[a, KCTaTHu, SICHO, UYTO IIPpU IPOU3BOJIBHBIX HaYaJb-
HBIX yCioBusX (yHKIMA pacupenenenus f(p,t) crpemMurcs npu ¢ — 0O CTPEMUTCS K
PaBHOBECHOMY 3HAYCHUIO.

C.3 KBaHTOBBIE KUHETUYECKNE YPABHEHUS.

Tlepeiimem K pacCMOTPEHHMIO KBAHTOBBIX KHHETHYECKHX ypaBHenmit. Hamra 3aga<a co-
CTOUT B BBIBOJEC 3aMKHYTOI'O YPaBHEHHUA 1A O,HHO‘{aCTI/I‘{HOfI MaTpHuLbIl IIJIOTHOCTH M3
6Oro00BCKON TEMOYKH YPAaBHEHWH /Ui YACTHUHBIX MATpuUI, miaorHoctu Tuma (1.163).
PaccmarpuBaembrii HuKe BapuaHT MeToa BorosoboBa MpUHAIIEKUT IbIPITHOBY [38]

CrapryeM ¢ kBaHTOBOrO ypapHenus JInysusuis (1.128) mst nossoit (N — gacTuvHOi)
MaTpPHIbI IIJIOTHOCTH:

ih% =[H,p|=Hp—pH (C.39)

Byaem paborarh B npencraBieHuy BTOPUYHOIO KBAHTOBAHUS, IIOCTPOEHHOM Ha COOCTBEH-
HBIX (DYHKIMAX TAMUJIBTOHUAHA, “CBOOOIHBIX JACTHUIT :

Holv >=E,|v > (C.40)

Hy=> E,a}a, (C.41)

rae af,a, — oneparopbl POXKJIEHUA M YHUYTOXKeHH (PepMUOHOB MM GO30OHOB B KBAH-
TOBOM cocroaumu |V >. ITox v mompasymeBaerca HabOP KBAHTOBBIX YHCEJ, XapaKTEPH-
3YIOIMWX JaHHBIE BO3OY:KIeHus. allle BCEro MMEITCS BBUIY CBOOOIHBIE YACTUIIBI, Xa-
paKTepH3yeMble HMITYILCOM (KBAZHEMITYILCOM) ¥ CIIHOM: |V >= |p, 0 >= x,e¢P*/", rre
Xo — CIHMHOBAs 9acTh BOMHOBOH (byHKIimu. Ilpu 3T10M B OTCYyTCTBHE MArHUTHOTO IOJIS
E,=FE,= p?/2m. OmHAKO MOXKHO PACCMOTPETh U MeHee TPHBHAIbHBIE clydan. Hampu-
Mep v MOKeT ObITh HAOOPOM KBAHTOBBIX YHCes Jlanmay A/ 3eKTPOHA B OTHOPOIHOM
MArHUTHOM TIOJiE; ¥ = {n, p,, 0}, 95T0 MOTYyT ObITh KBAHTOBLIE YUCJIa YPOBHEH B KAKOH-TO
JIPYTOii TOYHO penaeMoil 3aade, KOrAa TAMUJIBTOHUAH YIAETCS MPEICTABUTH B JTHATO-
HasnbHOM BHje (C.41).

OmnepaTopbl BTOPUYHOTO KBAHTOBAHUST YIAOBIETBOPSIOT OOBIYHBIM KOMMYTAIIMOHHBIM
COOTHOIIIEHUSIM:

[ay,al]+ = 6, (C.42)

3Haspanne H-TeopeMa HMeeT HCTOPHYECKHH XapaKTep — B paforax BosbIMaHa pacCMaTpHBAJIACH
penuuuHa H = —S.
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[ay,a]e =0 [af,a}]e=0 (C.43)

rae £+ orHocutes K dbepmMuoHaM W G030HAM COOTBETCTBeHHO. IIpenmonaraeM, 4to 3Tn
OIIePATOPBI B3SIThI B IIPEIMHIEPOBCKOM PEICTABJIEHNH, T.€. He 3aBUCAIINMU OT BPEMeHH.

Hara 11es16 COCTONT B MONYyYEHHN YPABHEHWH 71 OMHOYACTHIHBIX MAaTDPHIL TIOTHO-
cTH, KOTophle onpeensores n3 (1.163) kax:

Fi, =< v|F |V >= Sppata, =< a}a, > (C.44)

EcrecTBenno, nmeerca B BUIy PACCMOTPETH CIAYYAN B3aMMOIEHCTBYIOMINX 9ACTHUIl, KOTJA
[IOJIHBIH raMUJIBTOHUAH CUCTEMbl UMEET B

H=Hy+V (C.45)

rae V' — HeKOTOpbI# raMUIbTOHUAH B3aUMOJIEHCTBYS, TAKKE 3AMCAHHBIA B [IPEJICTAB/IE-
HUM BTOPUYHOTO KBAHTOBAHUA.
Ucnonn3ysa ypapuenue Jluysumis (C.39) MoKeM 3amucarhb:
0 + L0 + +
zhas;opau ayr = zh§ < a}a, >= SplH, pla)a, =
= Spplata,, H] =< [a}a,, H| > (C.46)

IJie [IPOBE/IM OYEBU/IHY 0 IMKJIMYECKY O [IEPECTAHOBKY OIIepaTOPOB 1101 3HaKoM Sp. Takum
00pa3oM 3a/1a9a CBOAWTCS K BBIYUCIEHUIO CPEIHETO 3HAYEHUS KOMMYTATOPA, CTOSIIErO
B mpaBoit wactu. Ha 3ToM 3Tame yxKe cienyeT KOHKPETU3UPOBATH TY WJIW WHYIO MOIETb
B3aUMOAEH CTBUS.

C.3.1 DaekTpoH — (POHOHHOE B3aMMOAECTBUE.

PaccmoTpum He caMblil mpocToii ciiyuail — cucreMy 371eKTpOHOB ((DepMUOHOB), HAXOId-
HIMXCsl B COCTOAHUAX |V >, B3auMogeicrByionmx ¢ ¢GoHoHamu (6O30HAME), COCTOSHUSI
KOTOPBIX XapaKTepU3yITcsa KBasuummyabcom |k >. Torma:

Ho = HY + H)), (C.47)
HY =Y Eyafa, HYy =) hudbfbe (C.48)
v k
V=Hapn= Y AWV, v,Ka a,(b+bhy) (C.49)
v,k

rme AV, v, k) = gk < v[e¥F|v > — MaTpUUHEIH 37eMEeHT 31eKTPoH — (hOHOHHOTO B3aH-
MOJENCTBUSA, gk — KOHCTAHTa, 3TOTO B3aUMOAENCTBUS.

B paccmarpuBaemoii cuctemMe HYKHO, BOOOIIE TOBOPSI, TOCTPOUTH CUCTEMY CBA3AHHBIX
KUHETHYECKUX YPABHEHUH J1Jsl OMHOYACTUYHBIX MATPHUI] IIOTHOCTH 31eKTpoHoB (C.44) u
dOHOHOB:

Nie =< k|N; |k >= Sppb by =< b by > (C.50)

CoOTBETCTBEHHO, PACCMOTPUM TOYHbIE ypaBHeHUst qprxkenus tuma (C.46):

0
Zha < aiaﬁ/ >= [a:(l,{/, Hgl + th + Hel—ph] > (051)
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0
lha < bi_bk/ >= [b:bk/7Hgl + th + Hel—ph] > (052)

Ianee HEOOGXOMUMO HENOCPEICTBEHHO BHIYACIUTD PA3JINYHBIE HMEIOIIUEC 31eCh KOMMY-
TATOPBL, UCIIOJb3Ysl OCHOBHbIE KOMMyTauuonubie cooraowenus (C.42), (C.43). B vacr-
HOCTH, HETPYIHO MOJYTHATH CICAYIONINAE COOTHOCHUST:

[ajau/,a;ra,i/] = ajanléw,{ — aial,/(syﬁ/ (053)

[0 bar, by i) = b b 6qric — by by S (C.54)

Torna ¢ ucnonszosanuem (C.53) B (C.51) momydaem:

.0 ' " X
<Zhat + FE,. — EK/) Flow = Z {A(l/ , U, q)[(;VH’Hnu'q — 5HV/HI/H/CJ +

vv'q

+ A* (V' v,Q)[0pr Hurrg — O Hurgl}  (C.55)

e BBEJIU:
*

g =< fapbg >  Hewq =< alawbl > (C.56)

AnanornansiM o6paszom, ¢ nomompio (C.54) u3 (C.52) nomxyyaunm:

0
<’Lﬁat + ﬁwk — ﬁwk/> lek/ = Z {A*(V/, v, k)Hw,/k — A(l//, v, k)H:u’k’} (057)

Taxkum 06pa3oM BO3HUKAIOT MEPBbIe ypaBHEHWsT DOTOT000BCKOI 11ermoukn. Ha cienyiomniem

* .
3Tare HyKHO BBINVCATH YPaBHEHNA JABMKeHUS M71d Hp.q, Hw{,q.

0
zha < af axbq >=< [a;} awbq, H + HYy, + Her—pn] >

0
Zha < aiaﬁ/b; >=< [aiaﬁlb;,Hgl + th + Hel—ph,] > (058)

Ucnonnsys caosa (C.53), (C.54), a Takxke
[bq, bltbk} = bkdkq [b;;, bibk] = —biékq (C.59)

MOJTY YAEM:

e / ’ + +

Zh& +E,—E + h/wq Hn',m,q = Z A('Y Y- d ) {< Qy a’Y'bq'bq > 6’Yﬁ/+

y'q’
+ < aia.y/bfq,bg > 5’)"{/7 < aja,{/bq/bé > 57/57
-q'’q

- < a,taﬁ/b*' bf > 6p— <afavatay > 5qq/} (C.60)

L0
(mﬁt +E,—Eqy — ﬁwq) HY g = Z A (Y7, d) {< afaybgrbg > 6+
yv'a’
+< a:awzbfq,bq > Oy — < 0 rbgrbg > 0yr—

- < ajaﬁ/bfq,bq > 0yn— < afawalay > 6qq/} (C.61)
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Mo>KHO, KOHEYHO, U TPOIOJIZKATH ITOT MPOIECC, BBIMKACHIBAS CASAYIONINE YPABHEHUS 18-
TIOYKM, KOTOPbIE CTAHOBATCS BCe 0OJlee TPOMO3IKHME, HO JJjisd OONBIMHHCTBA MPAKTH-
YeCKUX 33Ja4 3TUX yPaBHEHMI JOCTATOYHO, €CIU B3auMOIAeHCTBHE JOCTATOYHO MAaJo.
EaunncrBennbiM criocoboM 3aMBIKAHKSA OOTOTIO00BCKOMN IMEMOYKN SIBIAETCA TPUOIHKEH-
Hoe Bbipaxkenue (“pacueiienue’”’) BbICIIMX KOPPeJasdTopos Yepe3 Husiuue (baxropusanus
BBICIIUX MATPUIL IJIOTHOCTH 9€pe3 HU3IINE). DTa IPOLUEAyPa, K COKAICHUIO, HE SIBJIAET-
cs1 BIIOJIHE OHO3HAYHON B 00meM ciydae. B paccMarpuBaemoil 3amade MBYyX9IaCTUYHBIE
KOPPEJIATOPBI MOXKHO CAEAYIONNUM 00pa30M Mpub/INKEHHO BBIPA3UTH YePe3 OIHOYACTH Y-
Hble:

< afawbl b >~ Fiye Nige
< aiaﬁ/bkbi, >< al 4 >< g + bf(',bk >= Fon Ok + N1k )
<atawatay >~ FluoFiry + Flo (600 — Floe)

< ala bbb, >=< amaﬁbﬁ',bﬂ' >=0 (C.62)

Ucnonp3ys (C.62) B (C.60) u dpopMasbHO HHTErPUPYS 3TO YDABHEHUE, Oy IaeM:

KK

k3 1 ¢ i ’
Hyrq(t) = e (PemBurthsa)i—to) {Hm'q(to) v / QU e H (B B thisa) (=1 >IFNq<t'>}

0

(C.63)
rae t() — HaYaJIbHBI MOMEHT BpeMEeHHU, U MbI ITOJIO2KWJIN:
LN = 3 AW 7 @) [P -
7'a
*Flfyn’(;’y’rc)((sqq/ + quq’) - (Flnn/Fln'y’ (5’)%’ - Fl'yn’))(sqq’}t’ (064)

T7le TIOCTEqHMI WHIEKC O3HAUAeT, YTO Bee (DYHKIMHM DACTpeieneHuss (OIHOTACTUIHBIE
MaTPHUIIBI IJIOTHOCTH) B KBAJIPATHBIX CKOOKAX B3SATHI B MOMEHT BpeMmeHu t’.
Bsenem Temepb 60rommoboBcKoe “yemoBre ociabaeHusT KOppeaanuii 7 B 1aJeKOM IIpOo-
LJIOM:
lim Hyeq(tg) =0 C.65
m  Hicerq(to) (C.65)
Bri6op 9Toro yciosus B 66CKOHEIHOM IIPOMLIOM CBSA3aH C MPHUHIUIIOM IPAYHHHOCTH, W
yeaosue (C.65) Bbiaensier “HanpabieHue BpeMeHu”.
Torma (C.63) MOXKHO TIepenucaTh Kak:

1 ,
Hywrg(t) = — / dt' = w En = Bprthea) (=0 LEI (31 (C.66)

—00

YTO IOCJIE 3aMeHbI lepeMeHHoit ¢’ — t = 7 maer:

1 /0 . .
Hewa(t) = — / dre” (Eem Bt el F [TV (E 4 7) (C.67)

4Herpyano BUAETH, UTO 3/1€Ch BEIAEIEHBI BCE BO3MOXKHEIE KOMOHHAIINM IIap (“cnapuBanus”) omnepa-
TOPOB POXKJEHUA U YHHUUYTOXKEHH:A, CPEJHUE OT KOTOPBIX U JAKT OJHOYACTHUYHBIE MATPUIBI IIJIOTHOCTH.
Takoe mpesgcTaBieHre SKBUBAJIEHTHO HUCIOJH30BAHUIO T.H. TEOPEMBI BUKa, CIpaBEAIMBOM NPH yCpegHe-
HUM [I0 PABHOBECHOH Marpuue mioraoctu [30].
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Taxnm oOpasoM, 3HaYeHHe KoppenaTopa H,.q B MOMeHT t omnpejenseTcs 3HAYCHUAMHI
Mmarpull miotHoctu Fy u N BO BCe NpeIbiIylyue MOMEHThI BpeMenu (peniexue ¢ “rna-
marbo”). pennonoxum, cregays BoromoboBy, 4T0 XapakTepHbIil BpeMeHHO MaciiTab
“namMaru” mopsaiKa XapakTepHoro (MUKPOCKOIUYECKOr0) BPEMEHH 2JIeKTPOH — (DOHOHHO-
IO B3aUMOJEHCTBUA Tp, & 1O €ro LPOIIECTBUM IBOIIOLM BCeX (KMHETUYECKUX) BEJIMIUH
OTPENEISIeTCS JIUITh BPEMEHHON 3aBUCUMOCTHIO OHOYACTUIHBIX MATPHUIL IJIOTHOCTH. To-
T3, THTEPECYSICh IBONIOIMEH CUCTEMbBI Ha BpeMeHax t >> 7y, MOKHO 3¢ pexkramu “namsi-
i’ B (C.67) monHocTbio nperebpeds. COOTBETCTBEHHO, ¢ HCIIOIb30BAHNEM

e : 1[0 o
T/ dteT = lim —_/ dteFilatie)t _

1) o e—0t 1

. 1 1

Cpa3y XKe MmojryvJaeM:

1

HKK/:I. Alaa/{Fﬁ//*
wa ELI?+EK—EN,+hwq+z’gZ 7 ) {Fis,,

rq’

7Y'a
—Fiyr0yk) (6qq’ + Niqa') = (Fien Fiyy + Finy (630 = Fiyer))0qqr } (C.69)

Ananornunsiv o6pazom, n3 (C.61) momygaem:

1

* — 1 * ! ! ’ L/ ’ r)—
Hmﬁ’q_sl_lgh E,{—E,{/—hwq—ki&tV;l,A (7777q){(F1N7 YK (quq+5qq)
—Flvn’év’/{quq’) - (Flvn’Flfw’ - FlNH'Fl“W')(Sqq’}

(C.70)

BamernM, uro pemterns (C.67) n (C.67) vemennenno crenyor u3 (C.60) n (C.61) (c
yuaerom pacueniienud (C.62)) eciu NpemosoKuTh OTCyTCTBUE A6H0U 3aBucumoctu H u
H5* oT BpemeHu, uTo mo3poisgeT caenarh B (C.60) u (C.61) dopmambHyo 3aMeHy iﬁ% —
ie®.

Cobersenno rosops, noacranoska (C.69) u (C.70) B (C.55) u (C.57) yxke maer 3a-
MKHYTBIE KHHETHYECKHE ypapHeHus nna Fy m Np. Ogaako ux oOmmii BEI CyIIECTBEHHO

YIIpomaeTCd, €Canu IIPEeaIoNOKUTh JUArOHAJIBHOCTD OJHOIACTUYIHBIX MaTPHIT IINIOTHOCTH:
Fiow = F1ebsw Niae = Nilww (C.71)

Pazymeercs, cipaBeITMBOCTH 3TOTO MPEMOJOKEHUS 3aBUCHT OT CBOUCTB pacCMaTpUBae-
MO#1 CHCTEMBI U KBAHTOBBIX UHCEJT 3JIEKTPOHOB IV, & TAK¥XKe OT BO3MOXKHOCTH TIpeHedperKe-
HUS MPOCTPAHCTBEHHBIMYI HEOTHOPOIHOCTAMY B (pOHOHHOM Ta3e. Kcim coorBercTByomue
YCJIOBHS BBITIOJIHEHBI, KBAHTOBbIE KMHETUYECKNE YPABHEHHSI [/ JEKTPOHOB 1 (POHOHOB
proOPETAI0T OKOHYATEIbHBIN BUJI;

OFy,
ot

2T
- {|A(k, v, Q)|P0(E; — Ey) + hwq)[F1u(1 = F1,.)(N1g + 1) — Fio(1 — F1,,)Nig]

vq

5310 coorsercreyer rumorese Boromo6oBa 0 TOM, UTO HA XapaKTEPHBIX IS KHHETHKH BPEMEHAX,
BBICIIHE MATPUIBI IIIOTHOCTH ((DYHKIUU paclpeseseHus) 3aBUCAT OT BPEMEHH TOJIBKO Uepe3 COOTBET-
CTBYIOLYIO 3aBHCHMOCTb OAHOYACTUYHBbIX MarTpul (DyHKIuH pacupenesenus).
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A, 5, @P3(Ex — By — hg)[Fiu (1 Fix)Nig — Fis(1— Fu) (Niq + 1]}
(C.72)

%le = 2% Z |A(v, v/, K)|*8(E, — B, — hwi) {[F1o — F1,]Nix + Fi (1 — F1,,)}
v/
(C.73)
ITomyuenHble KHHETHHYECKHE ypaBHeH st (MHTerpajbl CTOTKHOBEHM ) /1715t 37eKTPoH — (bo-
HOHHO}1 CHCTeMbI SABJIIOTCS OCHOBO JISl PellleHus MHOTMX 33Ja4 KHHETHKH B TBEPBIX

Tenax [38].

C.3.2 DaeKTpoOH — 3JIEKTPOHHOE B3aMMOeliCTBUE.

PaccvoTpum Temeph KpaTKO BBIBOJ, KHHETHYECKOTO YPABHEHWsT B CUCTEME B3auMoei-
CTBYIOIIUX 3JIEKTPOHOB ((DEPMUOHOB), FAMUJIBTOHUAH KOTOPBIH 3aIMCHIBACTCS B BUJIE:

H= ZEl,ajal, + Z <wlUlp'v' > afataya (C.74)
v pp' vv!

rjie Mbl TIPEANOJIArAEM, Y4TO B3aUMOJAEHCTBAE UMEET KOPOTKOAEHCTBYIONMH (SKpaHUpO-
BaHHbBL) xapakTep (ciydail KyJIOHOBCKOIO B3aMMOJIEHCTBUs TPeOyeT CHelualbHOrO Pac-
cMorpenus). Ero Marpudnbiii semMent:

3] . .
< w|U (@) |p'v >= /WU(k) < ple™ |y >< v|e™ | > (C.75)
™
BBesiem CHOBA YaCTHHYHBIE MATPHIBI IIIOTHOCTH:
Firw = Sppata. =< alaw > (C.76)
< kKk'|Fe|vv' >= Sppatata,a, =< atata,a, > (C.77)

Torna coorBercTByOIINE YPABHEHH IBUKEHUA (LIEII0OYKA) UMEIOT BUIIL:

0
(mat +E, - Em) Piaw = > < UV > [<vp|Falp'v' > 6 —

v pp!

— < vpl B | K > 0yt < kpu|Fo|p'v > 60— < k| Fap'v > 6] (C.78)

ot
= Z <w|Ulp'v' ><[afafayay,atalaya,] > (C.79)

pp' vy’

0
(ih +Ew+ Ec— Ey — Ev/) < kK| Falyy >=

Iocse Boruncaennus KoMMyTaTopoB B (C.79) BOSHHKAIOT CPEIHHUE OT MPOU3BEIEHUS TPEX
OTIEPATOPOB POXKIEHUS U TPEX OMEepaTOPOB YHUITOKEHUS, B KOTOPBIX MOXKHO TTPOBECTH
pacIerieHne BUIA:

+ 7t
<a,a,

+ ~
Ay Gy Ay Qry? > Fll/'y’Fl,ul/’FlK/’y + Fll/l//Fllu’YFlﬁl'y/ +
+F1V7Flu'y’ (61/’/1’ - Fln"u’)

< a:aja;‘aulawavr >R FlHM’FlVWFlﬁW' + Flﬁﬂ/Flyry/Fl,{/A// + FlHA/FlVMFMWI (080)
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Tak>ke Kak U BBIIIE, IIPU PACCMOTPEHUAN JOCTATOUYHO MEJICHHLIX KUHETHIYCCKUX IIPOIEC-
coB, Moxkuo nposectu B (C.79) 3ameny ih% — e, uro nossoaser (¢ yuerom (C.80))
HeMeJJIEHHO MOoJy4uTh ero pemtenve. Ilocie noncranosku ero B (C.78) noayyaem Kute-
THYecKoe ypasHenue mist Fl. .. IIpennonaras nuaroHaabHOCTh Flgrr = F1x0uxs MOXKHO
LIPUBECTH €I'0 K CJIEAYIOEMY BHJLY:

81;}“ = 2% S | <w/|UlkK' > P6(E, + By — Ex — Ey)
[F1,(1 = F1)F1 (1 — Fie) — Fie(l = Fu)Fre (1 — Fi)) (C.81)

B UMITYJIBCHOM TPEJICTABICHUN:

1
|k >= —=enP¥

C.82
v (©52)
Fln — Np (083)
E. — e(p) = p*/2m (C.84)
- 1 iy
< ple™ |y >= V/dref(p Py, (C.85)
TAK 9TO KHHETHIECKOE YPABHEHWE I 3JEKTPOHOB 3AMUIIETCA KAK
onp 2
v _ 2% d / d / d U o 25 o N
5t (%h)%/ p'1dp’dp2|U(P1 — P'1)[0(P1 + P2 — P’y — P'3)
3(e(p1) +e(P2) —e(p'y) — (') [, npr, (1 = 1p, ) (1 = 1py ) —
—Npy Npy (1 = npr, ) (1 — np’g)}
(C.86)
rae U(p) — ¢pypbe — 06pa3 noreHnuaia B3auMoaeicTBus.
3anuceIBasg SHTPOINIO 3JEKTPOHHOIO Ta3a aHAIOrudHO (5.15):
P L
=2 Gn)? [(1—=np)In(l —np) —nplnng] (C.87)

1 ucnonb3yst (C.86) MOXKHO, IIOCIe JI0OCTATOYHO I'POMO3IKUX BbIYUCIICHUI, 10KA3aTh KBAH-
TOBBII BapwaHT [ — TeopeMsbr: % > 0.
PapnoBecHoe pacnpenenenue @epmu:
1
nd = —— (C.88)

P e(@)—nm
e~ 1t +1

obparaer uarerpai croikHopenuii 8 (C.86) B HyJib, B 4eM MOXKHO yOEIUTHCS HEIOCPEI-
CTBEHHBIMY BBIYUCICHUSIMHU, C YI€TOM 3aKOHA, COXPAHEHUSA IHEPTUU PACCEUBAIOMINXCS da-
CTHUI, BbIpazkaeMoro d — dgyuknueil B uaTerpase croakaopennii. Herpyauo BuaeTsb, 94To
B (C.86) upu rom roxecrBeHHO obpamaercs B HyJab KomMOunauus GbyHKIuMA pacipee-
JIEHUST B KBAJPATHBIX CKOOKAX.

[Tonyuennoe BrIpaskeHue st HHTErPajia CTOJKHOBEHU UIPAET OMPEIEISIIONLYI0 POJIh
OpPU PACCMOTPEHUM HU3KOTEMIIEPATYPHON KMHETUKY B MeTajiax (HpepMu — KUIKOCTH).
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