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Preface
This book is essentially based on the lecture course on “Statistical Physics”, that was
taught by the author at the physical faculty of the Ural State University in Ekaterinburg
since 1992. This course was intended for all physics students, not especially for those
specializing in theoretical physics. In this sense the material presented here contains
the necessary minimum of knowledge of statistical physics (also often called statistical mechanics), which is in the author’s opinion necessary for every person wishing to
obtain a general education in the field of physics. This posed the rather difficult problem of the choice of material and appropriately compact presentation. At the same
time, it necessarily should contain all the basic principles of statistical physics, as
well as its main applications to various physical problems, mainly from the field of
the theory of condensed matter. Extended version of these lectures were published in
Russian in 2003. For the present English edition, some of the material was rewritten,
and several new sections and paragraphs were added, bringing the contents more up
to date and adding more discussion on some more difficult cases. Of course, the author was much influenced by several classical books on statistical physics [19, 20, 37],
and this influence is obvious in many parts of the text. However, the choice of material
and the form of presentation is essentially his own. Still, most attention is devoted to
rather traditional problems and models of statistical physics. One of the few exceptions is an attempt to present an elementary and short introduction to the modern
quantum theoretical methods of statistical physics at the end of the book. Also, a little bit more attention than usual is given to the problems of nonequilibrium statistical
mechanics. Some of the more special paragraphs, of more interest to future theorists,
are denoted by asterisks or moved to the appendices. Of course, this book is too short to
give a complete presentation of modern statistical physics. Those interested in further
developments should address more fundamental monographs and modern physical
literature.
The second edition of this book has been expanded with boxes presenting brief
summaries of the lives and achievements of the major founders and contributors to
the field of “Statistical Physics”. The biographical details complement the scientific
content of the book and contextualize the discoveries within the framework of global
research in Theoretical Physics. In my personal opinion, this information can be useful
for readers and lecturers alike.
Ekaterinburg, 2018
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1 Basic principles of statistics
We may imagine a great number of systems of the same nature, but differing in the configurations
and velocities which they have at a given instant, and differing not merely infinitesimally, but it
may be so as to embrace every conceivable combination of configuration and velocities. And here
we may set the problem not to follow a particular system through its succession of configurations,
but to determine how the whole number of systems will be distributed among the various
conceivable configurations and velocities at any required time, when the distribution has been
given at some specific time. The fundamental equation for this inquiry is that which gives the rate
of change of the number of systems which fall within any infinitesimal limits of configuration and
velocity. Such inquiries have been called by Maxwell statistical. They belong to a branch of
mechanics which owes its origin to the desire to explain the laws of thermodynamics on
mechanical principles, and of which Clausius, Maxwell and Boltzmann are to be regarded as
principal founders.
J. Willard Gibbs, 1902 [11]

1.1 Introduction
Traditionally, statistical physics (statistical mechanics) deals with systems consisting
of large numbers of particles, moving according to the laws of classical or quantum
mechanics. Historically it evolved, by the end of 19th century, from attempts to provide mechanistic derivation of the laws of thermodynamics in the works by J. Maxwell
and L. Boltzmann. The formalism of statistical mechanics was practically finalized in
the fundamental treatise by J. W. Gibbs [11], which appeared at the beginning of the
20th century. The remarkable advantage of Gibbs method, which was created long
before the appearance of modern quantum theory, is its full applicability to the studies of quantum (many-particle) systems. Nowadays, statistical physics has outgrown
the initial task of justification of thermodynamics, its methods and ideology actually
penetrating all the basic parts of modern theoretical physics. Still being understood
mainly as the theory of many (interacting) particle systems, it has deep connections
with modern quantum field theory, which is at present the most fundamental theory
of matter. At the same time, it is now also clear that even the description of mechanical
motion of relatively few particles moving according to the laws of classical mechanics often requires the use of statistical methods, as this motion, in general (nontrivial)
cases, is usually extremely complicated (unstable). The ideas and methods of statistical mechanics form the basis of our understanding of physical processes in solids,
gases, liquids and plasma, while the modern theory of elementary particles (based on
the quantum field theory) is, from the very beginning, actually the theory of systems
with an infinite number of degrees of freedom, where statistical methods are at the
heart of the problem. Unfortunately, due to the lack of space we will not be able to discuss in detail all of these deep interconnections and just limit ourselves to the studies
of more or less traditional models of statistical mechanics [19, 20, 37], which provide
the foundation for understanding of much more complicated problems.
https://doi.org/10.1515/9783110648485-001
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1.2 Distribution functions
Consider a system of N (for simplicity) identical interacting particles, moving in a finite but macroscopically large volume V. For simplicity, we also assume that these
particles do not possess internal degrees of freedom. If we describe the motion of
particles by classical mechanics, the state of the motion of the k-th particle is completely characterized by the values of its coordinates qk and momentum pk , and the
state of the system as a whole is determined by the values of all particles’ coordinates
q1 , q2 , . . . , qN and momenta p1 , p2 , . . . , pN . Thus, the state of the system may be described by the point in 6N-dimensional phase space: (q1 , q2 , . . . , qN , p1 , p2 , . . . , pN ) –
the so-called phase point. Dynamical evolution (motion) of the system is determined
by Hamilton’s equations of motion:1
dpk
𝜕H
=−
,
dt
𝜕qk

dqk
𝜕H
=
dt
𝜕pk

(1.1)

where
H = H(q1 , q2 , . . . , qN , p1 , p2 , . . . , pN ) ≡ H(p, q)

(1.2)

is the full Hamiltonian of the system.
Consider the simplest case of particles interacting with each other via the twoparticle spherically symmetric potential U(|qi − qk |), so that the Hamiltonian takes
the form:
p2k 1
+ ∑ U(|qi − qk |).
2m 2 i=k̸
k=1
N

H=∑

(1.3)

The equations of motion are written as:
q̇ k =

pk
m

ṗ k = − ∑
i=k̸

𝜕U(|qi − qk |)
= Fk ,
𝜕qk

(1.4)

where Fk is the force enacted upon the k-th particle by the rest. It is clear that for any
significantly large value of N the complete solution of the system of equations (1.4) is
not feasible even numerically. Also, such a solution (in the improbable case we find
it) would be of no real use. The real trajectory of each particle will most probably be
quite complicated (chaotic). More so, we have to solve equations (1.4), with appropriate initial conditions, and this solution is, as a rule, quite sensitive to the choice of
initial velocities and coordinates, which are actually not known precisely in any realistic situation. As the motion of particles is in most cases unstable, the trajectories
1 It is interesting to note that Gibbs’ approach is completely based on the use of Hamilton form of
mechanics and not on that of Lagrange.
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corresponding even to quite close initial values become quite different in a rather short
time (and this difference grows exponentially with time), so that they do not have anything in common anymore. Thus, from such solutions we have almost nothing to learn
about macroscopic properties of the system with large number N of particles, which
are of main interest to us. In fact, due to the instability of mechanical motion, these
problems usually appear even for systems consisting of rather few particles. This inevitably leads us to use statistical analysis.
Thus, the equations of motion (1.4) determine the trajectory of the phase point in
the phase space, defining the mechanical state of the system. This trajectory in phase
space is called the phase trajectory. For conservative systems with fixed energy we can
write:
H(q, p) = E.

(1.5)

This means that the phase trajectory belongs to the surface of constant energy in the
phase space, defined by equation (1.5) – the so-called ergodic surface.2
When a macroscopic system is in (thermodynamic) equilibrium, its macroscopic
characteristics (temperature, volume, pressure etc.) remain constant in time, though
its microscopic state continuously changes and we do not know it at all (i. e. where
precisely is its phase point on the ergodic surface at the given moment in time). The
statistical approach attempts to determine only the probability of the realization of
some set of microstates, corresponding to the given macrostate of our system. In fact,
following Gibbs, we shall consider not the fixed system, but an ensemble i. e. the set
of the large number (in the limit of N → ∞ the infinite!) of its copies, all remaining
in macroscopically equivalent conditions (states). This is usually called the Gibbs ensemble, describing the macroscopic state of the system. Macroscopic equivalence of
external conditions (states) means that all the systems within the ensemble are characterized by the same values of the appropriate macroscopic parameters (neglecting
small fluctuations) and the same types of contacts with surrounding bodies (energy or
particle reservoirs, pistons, walls etc.). This leads to certain limitations on coordinates
and momenta of particles, which otherwise remain rather arbitrary.
A statistical ensemble is defined by a distribution function ρ(p, q, t), which has the
meaning of the probability density of systems in the phase space, so that:
dw = ρ(p, q, t)dpdq

(1.6)

2 We must stress here the important role of the Cauchy theorem on the uniqueness of the solution
of the system of usual differential equations. Under the rather weak requirements for the r. h. s. of
equations (1.4), there exists a unique (at any moment in time) solution, which automatically excludes
the possibility of the crossing of two different phase trajectories in any regular point of the phase space
(except some fixed points, corresponding to the zeroes of the r. h. s. of (1.4)).
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gives the probability to find a system (from the Gibbs ensemble!) in the element of
phase space dpdq around the point (p, q) ≡ (p1 , . . . , pN , q1 , . . . , qN ) at time t. The distribution function must satisfy the obvious normalization condition:
∫ dpdqρ(p, q, t) = 1,

(1.7)

as the sum of the probabilities of all possible states must be unity. Such a normalization condition is used e. g. in the famous book by Landau and Lifshitz [19]. However,
this is not the only possible form of the normalization condition. In fact, we understand from the very beginning, that classical statistics is the limiting case of quantum
statistics (below, we shall see that transition from the quantum case to the classical
one takes place at high enough temperatures, when quantum effects become negligible) From quantum mechanics we know [18] that a notions of coordinate and momenta
of the particles can be introduced only within the limits of a quasi-classical approximation. The minimal size of the phase space cell for the one-dimensional motion of
the i-th particle in quasi-classical approximation is given by h = 2πℏ:3
Δqix Δpxi ≥ h.

(1.8)

Thus the minimal size of the cell in the phase space of one particle (for three-dimensional motion) is equal to h3 = (2πℏ)3 , and (2πℏ)3N in the phase space of N particles.
The value of (2πℏ)3N is the natural volume unit in the phase space. Accordingly, it
is often convenient to introduce the distribution function normalized to unity after
dpdq
integration over the dimensionless phase space (2πℏ)
3N .
For the system consisting of N identical particles, we have to take into account
the fact that taking different permutations of identical particles does not change the
quantum state of the system. The number of permutations of N identical particles is
equal to N! and the volume of the phase space cell should be divided by N! if we wish
to take into account only physically distinguishable states.
Thus it is convenient to define the distribution function by the relation:
dw = ρ(p, q, t)

dpdq
,
N!(2πℏ)3N

(1.9)

and write the normalization condition as:
∫ dΓρ(p, q, t) = 1,

(1.10)

3 Quasi-classical quantization condition for Bohr and Sommerfeld in the one-dimensional case takes
the form: ∮ pdq = (n + 21 )h. The integral here represents an area of the closed orbit in phase space.
Dividing this area into cells of area 2πℏ we obtain n cells. But here, n is the number of the quantum
state, with energy below the given value, corresponding to this orbit. Thus, for any quantum state
there is a corresponding cell in the phase space with an area 2πℏ. Introducing the wave vector of a
particle as k = p/ℏ we get ΔpΔq
= ΔkΔq
, which corresponds to the well known relation for the number
2πℏ
2π
of (eigen)modes of the wave field [16].
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where:
dΓ =

dpdq
N!(2πℏ)3N

(1.11)

is the dimensionless phase space element. Integration in (1.10) corresponds to the summation over all distinguishable quantum states of the system.4
Knowing the distribution function ρ(p, q, t) we can, in principle, calculate the average values of arbitrary physical characteristics, which depend on the coordinates
and momenta of particles forming our system. The average value of any such function
of dynamic variables f (p, q) is defined as:
⟨f ⟩ = ∫ dΓρ(p, q, t)f (p, q)

(1.12)

and is sometimes called the phase average (ensemble average). Averaging with the
distribution function (over the phase space) comes here instead of another possible
procedure, when we follow the precise time evolution of f (p, q) and calculate its average behavior in time. This last approach reduces to performing measurements at different moments in time, producing explicit time dependence f = f (t), and calculating
its average value as:
T

̃f = lim 1 ∫ dtf (t)
T→∞ T

(1.13)

0

i. e. as time average.
In the general case, the proof of the equivalence of phase and time averaging is the
very difficult (and still not completely solved) problem of the so-called ergodic theory,
which is a developing branch of modern mathematics [14, 34]. In recent decades significant progress was achieved, but this material is definitely outside the scope of this
book. Below we shall only give a brief and elementary discussion of this problem. The
physical meaning of the Gibbs approach may be qualitatively illustrated as follows: let
us consider a small, but still macroscopic, subsystem within our closed (isolated) system. This subsystem is also described by the laws of classical mechanics, but it is not
isolated and influenced by all possible interactions with the other parts of the (big)
system. Under these conditions, the state of our subsystem will change in time in a
very complicated and chaotic way. Due to this chaotic motion, during a long enough
time interval T the subsystem will “visit” all its possible states many times. Or in more
4 Remarkably, the necessity to divide the phase space volume by N! for the system of identical particles was stressed by Gibbs long before the discovery of quantum mechanics as a recipe to avoid the
so-called Gibbs paradox – the growth of entropy during the mixing of identical gases at the fixed temperature, volume and pressure [10].
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rigorous terms, let us define ΔpΔq to be some small volume in the phase space of the
subsystem. It can be assumed that during a large enough time interval T the complicated (chaotic) phase trajectory of the subsystem will pass this volume many times. Let
Δt be that part of time T during which the subsystem is somewhere within this phase
space volume ΔpΔq. As T grows to infinity, the value of Δt/T will tend to some limit:
Δw = lim

T→∞

Δt
,
T

(1.14)

which can be considered as the probability of finding our subsystem within this
volume of the phase space at a given moment in time. Now going to the limit of
an infinitesimally small phase space volume we introduce the distribution function
ρ(p, q, t) and by definition of (1.14) statistical (phase) averaging (1.12) seems to be physically equivalent to time averaging (1.13). This simple justification is usually sufficient
for physicists. In particular Landau claimed [19] that the importance of ergodic theory
is overestimated by mathematicians. Though discussions of this problem are still continuing, from a pragmatic point of view the Gibbs approach is in no doubts correct,
as all conclusions obtained within statistical mechanics are getting full experimental
confirmation.
Finally, we shall mention one more qualitative point, which is very important for
understanding the foundations of statistical mechanics. The distribution function of a
given subsystem is, in general, independent of the initial state of any other part of the
same system, as the influence of this initial state during a long enough time interval
is completely smeared by the influence of many other parts of the system. It is also
independent of the initial state of the subsystem under consideration, as it passes
through all possible states during its long time evolution and actually each of these
states can be considered as initial (“memory” loss).
Josiah Willard Gibbs (1839–1903) was an American scientist who made major theoretical contributions to theoretical physics and mathematics. His
work on thermodynamics completed its transformation into a rigorous science and a resolution of
the so-called “Gibbs paradox”, about the entropy
of the mixing of gases, is often considered to be an
anticipation of the indistinguishability of particles
required by quantum mechanics. Following the initial ideas of James Clerk Maxwell and Ludwig Boltzmann, he created the modern formulation of statistical mechanics (a term that he coined), explaining
the laws of thermodynamics as consequences of the statistical properties of ensembles of the possible states of a physical system composed of many particles, called
now Gibbs ensembles. This formulation later was demonstrated to be valid also in
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quantum mechanics. It was first published in his highly influential, but very difficult to
read, book “Elementary Principles in Statistical Mechanics, which appeared in 1902,
only a year before his death. Gibbs spent almost all his career at Yale University,
where he was professor of mathematical physics from 1871 till the end of his life. He
never married, living all his life in his childhood home. His most famous aphorism is:
“Mathematics is a language”, apparently this was his remark during some discussion
in Yale on the importance of teaching languages.

1.3 Statistical independence
Let us consider some simple facts from mathematical statistics, which will be useful
in the following. In many cases, the closed macroscopic system can be “divided” into
a number of subsystems, which interact rather weakly with each other, and during
long enough time intervals behave (approximately) as closed (isolated) systems. We
shall call such subsystems quasi-closed (or quasi-isolated). Statistical independence
of such subsystems means that the state of a given subsystem does not influence the
probability distributions of other subsystems.
Consider two such subsystems with infinitesimal volume elements of phase
spaces dp(1) dq(1) and dp(2) dq(2) . If we consider the composite system consisting of
both subsystems then, from a mathematical point of view, the statistical independence of subsystems means that the probability for the composite system to be found
in the element of its phase space volume dp(12) dq(12) = dp(1) dq(1) dp(2) dq(2) factorizes
into the product of probabilities:
ρ12 dp(12) dq(12) = ρ1 dp(1) dq(1) ρ2 dp(2) dq(2) ,

(1.15)

ρ12 = ρ1 ρ2 ,

(1.16)

so that

where ρ12 is the distribution function of the composite system, while ρ1 and ρ2 are
distribution functions of subsystems.
The inverse statement is also valid – the factorization of the distribution function
means that the system can be decomposed into statistically independent subsystems.
If f1 of f2 are two physical characteristics of two subsystems, from equations (1.15) and
(1.12) it follows immediately that the average value of the product f1 f2 is equal to the
product of the averages:
⟨f1 f2 ⟩ = ⟨f1 ⟩⟨f2 ⟩.

(1.17)

Consider some physical quantity f characterizing the macroscopic body or a part of it.
As time evolves, it changes (fluctuates) around its average value ⟨f ⟩. As a measure of
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these fluctuations we can not take just the difference Δf = f − ⟨f ⟩, as due to the possibility of fluctuations in both signs it averages to zero: ⟨Δf ⟩ = 0. Thus, as a measure
of fluctuation it is convenient to take its mean square: ⟨(Δf )2 ⟩. We then always obtain
⟨(Δf )2 ⟩ ≥ 0, and the average here tends to zero only as f → ⟨f ⟩, i. e. when the deviation
of f from ⟨f ⟩ appears with small probability. The value of
√⟨(Δf )2 ⟩ = √⟨(f − ⟨f ⟩)2 ⟩

(1.18)

is called mean square fluctuation in f . It is easily seen that:
⟨(Δf )2 ⟩ = ⟨f 2 − 2f ⟨f ⟩ + ⟨f ⟩2 ⟩

= ⟨f 2 ⟩ − 2⟨f ⟩⟨f ⟩ + ⟨f ⟩2 = ⟨f 2 ⟩ − ⟨f ⟩2 ,

(1.19)

so that the mean square fluctuation is determined by the difference between the average square and the square of the average of the physical characteristic under study.
The ratio √⟨(Δf )2 ⟩/⟨f ⟩ is called the relative fluctuation in f . It can be shown that the relative fluctuations in the typical physical characteristics of macroscopic systems drop
fast with the growth of the size (the number of particles) of the body. In fact, most of
the physical quantities are additive (due to the quasi-isolated nature of different parts
of the system): the value of such a quantity for the whole body (system) is the sum of
its values for different parts (subsystems). Let us divide our system into a large number
N of more or less similar (or equal) subsystems (often this may be just the number of
particles in the system). Then for the additive characteristic we can write:
N

f = ∑ fi ,

(1.20)

i=1

where fi characterizes the i-th part (subsystem or particle). Obviously, for the average
value we get:
N

(1.21)

⟨f ⟩ = ∑⟨fi ⟩.
i=1

With the growth of N the value of ⟨f ⟩ grows approximately proportionally N: ⟨f ⟩ ∼ N.
Let us calculate the mean square fluctuation in f :
2

⟨(Δf )2 ⟩ = ⟨(∑ Δfi ) ⟩.
i

(1.22)

Due to the statistical independence of different parts (subsystems) we have:
⟨Δfi Δfk ⟩ = ⟨Δfi ⟩⟨Δfk ⟩ = 0

(i ≠ k)
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as each ⟨Δfi ⟩ = 0. Then:
N

⟨(Δf )2 ⟩ = ∑⟨(Δfi )2 ⟩.
i=1

(1.24)

Then it is clear that with the growth of N we also get ⟨(Δf )2 ⟩ ∼ N. Then the relative
fluctuation is estimated as:
√⟨(Δf )2 ⟩
⟨f ⟩

∼

√N
1
=
.
√N
N

(1.25)

Now we see that the relative fluctuation in any additive characteristic is inversely proportional to the square root of the number of independent parts of the macroscopic
body (e. g. number of particles), so that for a large enough value of N (e. g. for N ∼ 1022
for a typical number of particles per cubic centimeter) the value of f may be considered practically constant and equal to its average value. If N is not big enough, e. g.
N ∼ 106 , the relative fluctuations are not small and quite observable. Such systems
sometimes are called mesoscopic.

1.4 Liouville theorem
Introduction of the distribution function for mechanical systems as probability density in the phase space is based on the Liouville theorem – a purely mechanical statement, which does not contain any statistical assumptions. According to this theorem,
for systems with motion described by Hamilton equations:
dqk
𝜕H
=
dt
𝜕pk

dpk
𝜕H
=−
dt
𝜕qk

(1.26)

the phase volume (of an ensemble) remains constant in time. If at the initial moment
in time the phase points (p0 , q0 ) of systems forming the Gibbs ensemble continuously
fill some region G0 in the phase space, while at the moment t they fill the region Gt ,
then the volumes of these regions in the phase space are the same:
∫ dp0 dq0 = ∫ dpdq
G0

(1.27)

Gt

or, for infinitesimal elements of the phase space:
dp0 dq0 = dpdq.

(1.28)

In other words, the motion of phase points representing systems of the ensemble is like
that of a noncompressible liquid, as is shown in Figure 1.1 – the “drop”, formed by
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Figure 1.1: The change of initial volume G0 in the phase space due to the motion of phase points
representing an ensemble according to the Liouville theorem.

phase points, representing an ensemble, can deform in a rather complicated way in
the process of motion, but its volume is conserved.
To prove the Liouville theorem we transform the integral on the r. h. s. of equation (1.27) by changing integration variables from p, q to p0 , q0 . Then, according to
the well known rules for multiple integrals we get:
∫ dpdq = ∫
Gt

G0

𝜕(p, q)
dp0 dq0 ,
𝜕(p0 , q0 )

(1.29)

𝜕(p,q)
where 𝜕(p
0 ,q0 ) is the appropriate Jacobian. We remind that the Jacobian is a determinant of the following form (for simplicity we write the explicit expression below for
the two-dimensional case, generalization for multiple dimensions is direct):

 𝜕u
𝜕(u, v)  𝜕x
=  𝜕v
𝜕(x, y)  𝜕x

𝜕u 

𝜕y 
𝜕v  .
𝜕y 

(1.30)

The following general properties of the Jacobian are:
𝜕(v, u)
𝜕(u, v)
=−
,
𝜕(x, y)
𝜕(x, y)
𝜕(u, y) 𝜕u
=
.
𝜕(x, y) 𝜕x

(1.31)
(1.32)

Also it is easy to see that:
𝜕(u, v) 𝜕(u, v) 𝜕(t, s)
=
,
𝜕(x, y)
𝜕(t, s) 𝜕(x, y)

du
dv
d 𝜕(u, v) 𝜕( dt , v) 𝜕(u, dt )
=
+
.
dt 𝜕(x, y)
𝜕(x, y)
𝜕(x, y)
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Let us now show that the Jacobian in equation (1.29) is unity if systems move according
to Hamilton’s equations:
𝜕(p, q)
= 1.
𝜕(p0 , q0 )

(1.35)

To prove this we show that the total time derivative of the Jacobian is equal to zero:
d 𝜕(p, q)
= 0.
dt 𝜕(p0 , q0 )

(1.36)

Then it follows that the Jacobian is a constant, more precisely just unity, because it
was equal to unity at the initial moment in time.
For simplicity let us write down the proof for the case of a two-dimensional phase
space, when there is only one coordinate q and one momentum p. According to equation (1.34) we can write:
d 𝜕(p, q)
𝜕(p,̇ q)
𝜕(p, q)̇
=
+
.
dt 𝜕(p0 , q0 ) 𝜕(p0 , q0 ) 𝜕(p0 , q0 )

(1.37)

Then, according to equations (1.32) and (1.33) we have:
𝜕(p, q)̇
𝜕(p, q)̇ 𝜕(p, q)
𝜕q̇ 𝜕(p, q)
=
=
,
𝜕(p0 , q0 ) 𝜕(p, q) 𝜕(p0 , q0 ) 𝜕q 𝜕(p0 , q0 )
𝜕(p,̇ q) 𝜕(p, q)
𝜕ṗ 𝜕(p, q)
𝜕(p,̇ q)
=
=
,
𝜕(p0 , q0 ) 𝜕(p, q) 𝜕(p0 , q0 ) 𝜕p 𝜕(p0 , q0 )
d 𝜕(p, q)
𝜕ṗ 𝜕q̇ 𝜕(p, q)
=(
+
)
.
dt 𝜕(p0 , q0 )
𝜕p 𝜕q 𝜕(p0 , q0 )

(1.38)
(1.39)
(1.40)

It is seen that the sum in the r. h. s. is equal to zero, due to the equations of motion:
𝜕H
𝜕q

(1.41)

𝜕q̇
𝜕2 H
𝜕ṗ
=
=−
𝜕q 𝜕q𝜕p
𝜕p

(1.42)

q̇ =

𝜕H
;
𝜕p

ṗ = −

so that

and accordingly
(

𝜕ṗ 𝜕q̇
+
) = 0,
𝜕p 𝜕q

(1.43)

which proves everything.
The Liouville theorem is a purely mechanical statement and up to now, we used
the distribution function nowhere. However, with the help of the distribution function
we may give another formulation of the Liouville theorem. As the “drop” representing
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the Gibbs ensemble moves through the phase space (Figure 1.1), the number of phase
points in it (the number of systems in the ensemble) obviously does not change and all
phase points belonging at time t to volume element dpdq at time t  move to element
dp dq . Then we can write:5
ρ(p, q, t)dpdq = ρ(p , q , t  )dp dq ,

(1.44)

and from the Liouville theorem we have dpdq = dp dq , so that:
ρ(p, q, t) = ρ(p , q , t  ).

(1.45)

Now we see that the distribution function ρ is constant along phase trajectories – this
is an alternative formulation of the Liouville theorem, using the notion of the distribution function. But still it is simply a mechanical statement, not using any probability
(statistical) considerations.
Using these results, we can now derive the Liouville equation, which is actually
the equation of motion for the distribution function. Assuming the moment t to be
infinitesimally close to t  = t + dt we get from equation (1.45):
̇ t + dt)
̇ q + qdt,
ρ(p, q, t) = ρ(p + pdt,

(1.46)

so that (if ρ is differentiable) we obtain a differential equation:
𝜕ρ
dρ 𝜕ρ 3N 𝜕ρ
=
+ ∑(
ṗ +
q̇ ) = 0
dt
𝜕t k=1 𝜕pk k 𝜕qk k

(1.47)

and taking into account the Hamilton equations:
𝜕ρ
𝜕H 𝜕ρ
𝜕H 𝜕ρ
= ∑(
−
).
𝜕t
𝜕q
𝜕p
𝜕p
k
k
k 𝜕qk
k

(1.48)

The sum in the r. h. s. of equation (1.48) is the so-called Poisson bracket [17] for H and ρ:
{H, ρ} = ∑(
k

𝜕H 𝜕ρ
𝜕H 𝜕ρ
−
)
𝜕qk 𝜕pk 𝜕pk 𝜕qk

(1.49)

so that the Liouville equation can be written as:
𝜕ρ
= {H, ρ}.
𝜕t

(1.50)

This equation is the basic equation of motion for the distribution function, which remains valid for both equilibrium and nonequilibrium problems. In principle, it allows
5 Distribution function ρ can obviously be treated just as the density of phase points in the ensemble!
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one to calculate ρ at any moment in time t if it is known in an initial moment t = t0 . It
can also be used, as we shall show later, to find the response of statistical systems to
an external perturbation.
It is easy to see that the Liouville equation can be written as a continuity equation
for the phase points moving in the phase space. Consider the motion of phase points
in 6N-dimensional phase space as the motion of a “phase liquid” with density ρ. The
velocity of this motion is represented by the vector (ṗ 1 , ṗ 2 , . . . , ṗ N ; q̇ 1 , q̇ 2 , . . . , q̇ N ) in this
space. Accordingly, the appropriate continuity equation takes the form:
𝜕ρ
𝜕
𝜕
+ ∑[
(ρṗ k ) +
(ρq̇ k )] = 0,
𝜕t
𝜕p
𝜕q
k
k
k

(1.51)

where an expression in parentheses is just the divergence of the appropriate current.
Performing differentiations we can write this term as:
∑[ṗ k
k

𝜕ṗ
𝜕q̇
𝜕ρ
𝜕ρ
+ q̇ k
] + ρ ∑[ k + k ].
𝜕pk
𝜕qk
𝜕pk 𝜕qk
k

(1.52)

Because of the Hamilton equations, the second term in this expression is identically
zero, so that equation (1.51) reduces to:
𝜕ρ
𝜕ρ
𝜕ρ
+ ∑[ṗ k
+ q̇ k
] = 0,
𝜕t
𝜕p
𝜕q
k
k
k

(1.53)

which coincides with equation (1.47). From here it follows, in particular, that the motion of the “phase liquid” is incompressible. For the case of systems in statistical (thermodynamic) equilibrium both ρ and H do not depend explicitly on time,6 so that equation (1.50) reduces to:
{H, ρ} = 0

(1.54)

and the distribution function ρ becomes an integral of motion. As we shall see, this fact
alone (based upon an assumption of the existence of thermodynamic equilibrium!)
immediately leads to a radical simplification of the whole analysis of equilibrium statistical ensembles.

1.5 Role of energy, microcanonical distribution
Thus we convinced ourselves that for the system in thermodynamic equilibrium the
distribution function should be an integral of motion, i. e. it should be expressed via
such combinations of coordinates and momenta p and q that remain constant in time
6 In this case there also is no explicit time dependence of appropriate averages of any physical characteristics, considered as functions of coordinates and momenta of particles of our system, which is
an obvious property of an equilibrium state.
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as the (closed) system performs its motion in phase space. The number of independent
integrals of motion for the closed (conserved) mechanical system with s degrees of
freedom is equal to 2s − 1 [17]. For the system consisting of N particles moving in threedimensional space we have 2s = 6N (i. e., the number of all components of particle
coordinates and momenta), so that the number of integrals of motion is immensely
large. However, we can drastically reduce the number of integrals of motion on which
the distribution function can actually depend. To do this we shall use statistical (not
mechanical!) arguments. We have seen above that the distribution function ρ12 of the
composite system consisting of two independent (noninteracting) subsystems is equal
to the product of distribution functions ρ1 and ρ2 of these subsystems: ρ12 = ρ1 ρ2 . Thus:
ln ρ12 = ln ρ1 + ln ρ2

(1.55)

i. e. the logarithm of the distribution function is additive. Accordingly, the logarithm of
the distribution function of the system in equilibrium should be not just be an integral
of motion, but an additive integral of motion.
In mechanics it is shown [17], that from all of the integral of motion of a closed
(isolated) system only a few are in fact additive. These are the integrals of motion connected with basic properties of space and time – homogeneity and isotropy: energy,
momentum and angular momentum.7 Let us denote these integrals of motion for the
a-th subsystem as Ea (p, q), Pa (p, q) and Ma (p, q). The only additive combination of
these integrals is the linear combination of the following form:
ln ρa = αa + βEa (p, q) + γPa (p, q) + δMa (p, q)

(1.56)

with constant coefficients αa , β, γ, δ, and where β, γ, δ should be the same for all
subsystems – only in this case additivity (1.55) is satisfied. The coefficient αa is just a
normalization constant and can be determined from the requirement that ∫ dΓa ρa = 1.
The coefficients β, γ and δ can be similarly determined via the constant values of corresponding additive integrals of motion (calculating the appropriate averages with the
distribution function (1.56)).
Thus we come to a most important conclusion: the values of additive integrals
of motion – energy, momentum and angular momentum – completely determine the
statistical properties of a closed (isolated) system and statistical distributions of its
(independent) subsystems, as well as the average values of its arbitrary physical characteristics in the state of thermodynamic (statistical) equilibrium. These seven (taking
𝜕L
7 Additivity of energy follows from its general expression via the Lagrange function: E = ∑k q̇ k 𝜕q
−L,
k
and from additivity of the Lagrange function itself, which follows from the fact that the equations of
motion of each of the noninteracting parts of the system can not contain any parameters from other
parts. Additivity of momentum of the many particle system is obvious: P = ∑k mk vk and, unlike energy, momentum is simply the sum of the momenta of different particles, despite the possibility of
their interaction. An analogous property is valid also for the angular momentum: M = ∑k [rk pk ].
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into account the number of vector components) additive integrals of motion replace
the immense number of variables on which the distribution function can depend in
the general (nonequilibrium) case and which are necessary for a “complete” mechanical description of the many particle system.
The number of relevant integrals of motion diminishes, if from the very beginning
we consider systems at rest. Then, both full momentum and angular momentum are
obviously zero and the distribution function of the equilibrium state depends only on
one variable – the total energy of the system:
ρ = ρ(E).

(1.57)

Thus the introduction of the simplest statistical considerations for systems at equilibrium immediately leads to a radical reduction in the number of relevant variables
on which the distribution function depends and opens the way for the formulation
of equilibrium statistical mechanics. Let us stress that these radical conclusions are
based on the introduction of statistics and are “nonderivable” from classical mechanics. Of course, in the general case, the distribution function can depend on some “external” parameters, which define macroscopic conditions for an ensemble and which
are considered the same for all copies of the system within the ensemble (e. g. on volume, number of particles etc.).
Let us now explicitly construct the distribution function for a closed (adiabatically
isolated) system in equilibrium.8 It was first proposed by Gibbs. Consider the statistical ensemble of closed energetically isolated systems with a constant volume V, i. e.
the ensemble of systems with a constant number of particles N, which are surrounded
by adiabatic (in the thermodynamic sense) boundaries and possessing the same energy E, fixed up to some small uncertainty ΔE ≪ E. Following Gibbs we assume that
the distribution function ρ(p, q) for such an ensemble is just a constant within some
layer of the phase space between two iso-energetic surfaces, corresponding to energies E and E + ΔE and zero outside this layer:
[𝒲 (E, N, V)]−1
ρ(p, q) = {
0

for E ≤ H(p, q) ≤ E + ΔE

outside this layer.

(1.58)

Such a distribution (ensemble) is called microcanonical. The distribution function
(1.58) expresses the principle of equal probability of all microscopic states of a closed
system. In fact it is the simplest possible assumption – we suppose that there is no
preferable microscopic state (all are equally probable) so that systems of an ensemble, during the motion in phase space, just randomly “visit” all the microscopic states
8 Equation (1.56) in fact already represents an explicit form of the distribution function of an arbitrary
subsystem weakly interacting with an environment of a much larger closed system. We shall return to
this case later.
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within the energy layer of the width ΔE, to which belong all the phase trajectories.
The distribution function (1.58) represents simply the statistics of a “gambling die”
with 𝒲 sides. Naturally, this distribution cannot apparently be derived from purely
mechanical considerations, it can be justified only by comparing the results obtained
from experiments, with its help.
The macroscopic state of microcanonical ensemble is characterized by three extensive parameters E, N, V. The constant 𝒲 (E, N, V) is called the statistical weight and
is determined by the normalization condition:
dpdq
ρ(p, q) = 1
N!(2πℏ)3N
1
dpdq
=1
N!(2πℏ)3N 𝒲 (E, N, V)
∫

∫
E≤H(p,q)≤E+ΔE

(1.59)

and is in fact the dimensionless phase volume of our energy layer ΔE, i. e. the number
of quantum states in it (which is just the number of sides of our “gambling die”):
𝒲 (E, N, V) =

1
N!(2πℏ)3N

∫

dpdq.

(1.60)

E≤H(p,q)≤E+ΔE

In case of classical statistics we can always take the limit of ΔE → 0 and write:
ρ(p, q) = 𝒲 −1 (E, N, V)δ(H(p, q) − E),

(1.61)

where
𝒲 (E, N, V) =

1
∫ dpdqδ(H(p, q) − E).
N!(2πℏ)3N

(1.62)

Now it is obvious that 𝒲 can also be considered as the density of states on the surface of constant energy in phase space. In the quantum case all this is limited by the
well known uncertainty relation for time and energy: ΔEΔt ∼ ℏ. In the following we
always, even in the classical limit, use microcanonical distribution in the form (1.58),
assuming the quasi-classical limit of quantum mechanics.
The hypothesis that the microcanonical ensemble describes the macroscopic state
of a closed (adiabatically isolated) system, i. e. the averages calculated with the distribution function (1.58) give experimentally observable values of all physical characteristics of the system, is one of the major postulates of equilibrium statistical mechanics.
We already mentioned above that the observable values of arbitrary physical quantity
f (p, q) can also be calculated as an average over some observation time, and the problem of justification of our replacements of time averages by phase averages over the
ensemble is called the ergodic problem. From this point of view, the problem of justification of microcanonical distribution reduces to the proof that for the closed (isolated)
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systems in equilibrium we actually have:
T

1
1
∫ dtf (p(t), q(t)) =
∫ dpdqρ(p, q)f (p, q),
T→∞ T
N!(2πℏ)3N
lim

(1.63)

0

where ρ(p, q) is defined by the microcanonical distribution (1.58). This problem is very
difficult and, despite some important achievements by mathematicians, is still unsolved. Physically it is usually justified by the so-called ergodic hypothesis that the
phase trajectory of a closed system during a rather long time period necessarily passes
infinitesimally close to any given point on the ergodic surface. In Appendix A we shall
present some elementary considerations related to this problem. Rigorous mathematical analysis can be found in [14], while the modern situation is discussed in [34]. Here
we only briefly note that in recent years the problem of the conceptual foundations of
statistical mechanics obtained new developments related to the discovery of stochastic instability (chaotization) of mechanical motion in different, more or less simple
dynamical systems with a pretty small number of degrees of freedom [35]. Now it is
clear that a statistical description is actually necessary even for such systems, which
naively appear to be quite “solvable” within classical mechanics. This is also briefly
discussed on an elementary level in Appendix A. In this sense, from the modern point
of view, the requirement of a large number of degrees of freedom to justify the statistical approach is unnecessary and we cannot ignore them even in rather “simple”
systems, where typically we observe an extreme sensitivity of phase trajectories to initial conditions, which leads to chaotic instability of the motion in phase space. Thus,
the notorious Laplace determinism is rather illusory even in classical mechanics of
such systems.

1.6 Partial distribution functions∗
Knowledge of the general distribution function (1.6), depending on dynamical variables (coordinates and momenta) of all N particles, allows us to determine different
macroscopic characteristics of the system. For example, the density of particles at
point r, by definition, is given by:
̂
ρ(t, r) = ∫ ρ(r)ρ(t,
r1 , . . . , pN )dr1 ⋅ ⋅ ⋅ dpN ,

(1.64)

̂ is a density operator (here it is convenient to introduce operators of physical
where ρ(r)
quantities even in the classical case):
N

̂ = ∑ mi δ(r − ri ),
ρ(r)
i=1

(1.65)

∗ For explanation see preface.
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where mi is the mass of the i-the particle. Analogously, the current density at point r
is:
̂
J(r) = ∫ J(r)ρ(t,
r1 , . . . , pN )dr1 ⋅ ⋅ ⋅ dpN ,

(1.66)

̂ is the current density operator:
where J(r)
N

̂ = ∑ pi δ(r − ri ).
J(r)
i=1

(1.67)

The density of kinetic energy at point r is equal to:
̂
E(t, r) = ∫ E(r)ρ(t,
r1 , . . . , pN )dr1 ⋅ ⋅ ⋅ dpN ,

(1.68)

̂ is the kinetic energy operator:
where E(r)
2
N
̂ = ∑ pi δ(r − ri ).
E(r)
2mi
i=1

(1.69)

For charged particles we can introduce the electric current density as:
̂
j(t, r) = ∫ j(r)ρ(t,
r1 , . . . , pN )dr1 ⋅ ⋅ ⋅ dpN ,

(1.70)

̂ is the electric current density operator:
where j(r)
N
̂ = ∑ ei p δ(r − r ),
j(r)
i
mi i
i=1

(1.71)

where ei is the charge of the i-th particle.
The distribution function ρ(t, r1 , . . . , pN ) is the function of a practically infinite
number of variables. However, expressing macrovariables via microscopic characteristics using the general formula:
̂
r1 , . . . , pN )dr1 ⋅ ⋅ ⋅ dpN
A(t, r) = ∫ A(r)ρ(t,

(1.72)

we have to take into account that the majority of physical operators of interest to us
can be written as:
N

̂ = ∑ A(r
̂ j , pj )δ(r − rj ),
A(r)
j=1

(1.73)

expressed as the sum of operators acting on dynamical variables of one particle (single
particle operators). Examples of such operators are ρ,̂ J,̂ Ê and j ̂ introduced above.
Much more rarely we are dealing with two particle operators of the form:
̂ r ) = 1 ∑ A(r
̂ i , rj , pi , pj )δ(r − ri )δ(r − rj ).
A(r,
2 i=j̸
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An example of such an operator is the operator of potential energy of the system of
particles interacting via some central potential:
̂  , r ) = 1 ∑ U(|ri − rj |)δ(r − ri )δ(r − rj ).
U(r
2 i=j̸

(1.75)

Operators consisting of linear combinations of operators acting on dynamical variables of three, four and larger numbers of particles almost never appear in any practical tasks of interest.
Thus, for solving the majority of problems we actually do not need to know the
full N-particle distribution function:
FN (t, r1 , . . . , pN ) ≡ ρ(t, r1 , . . . , pN ),

(1.76)

depending on the dynamic variables of the enormous number of particles, it is
sufficient to somehow determine only the one particle F1 (t, ri , pj ) and two particle
F2 (t, ri , rj , pi , pj ) distribution functions, which are defined as (V is the volume of the
system) [5, 12]:
F1 (t, ri , pi )
+ V ∫ FN (t, r1 , . . . , pN )dr1 ⋅ ⋅ ⋅ dri−1 dri+1 ⋅ ⋅ ⋅ drN dp1 ⋅ ⋅ ⋅ dpi−1 dpi+1 ⋅ ⋅ ⋅ dpN ,

(1.77)

F2 (t, ri , rj , pi , pj )
= V 2 ∫ FN (t, r1 , . . . , pN )dr1 ⋅ ⋅ ⋅ dri−1 dri+1 ⋅ ⋅ ⋅ drj−1 drj+1 ⋅ ⋅ ⋅ drN dp1
. . . dpi−1 dpi+1 ⋅ ⋅ ⋅ dpj−1 dpj+1 ⋅ ⋅ ⋅ dpN

(1.78)

or, in the general case, the s-particle distribution function (with s ≪ N):
Fs (t, r1 , . . . , rs , p1 , . . . , ps )
= V s ∫ FN (t, r1 , . . . , pN )drs+1 ⋅ ⋅ ⋅ drN dps+1 ⋅ ⋅ ⋅ dpN .

(1.79)

From an obvious normalization condition
1
∫ Fs (t, r1 , . . . , ps )dr1 ⋅ ⋅ ⋅ dps = 1
Vs

(1.80)

it follows that V1s Fs (t, r1 , . . . , ps ) gives the probability for s particles in the system of
N particles to be present at the moment t in the elementary phase space volume
dr1 ⋅ ⋅ ⋅ dps of 6s-dimensional phase space near the point (r1 , . . . , ps ). There are the
following relations between these partial distribution functions, which are directly
derived from their definition:
Fs (t, r1 , . . . , ps ) =

1
∫ Fs+1 (t, r1 , . . . , ps+1 )drs+1 dps+1 .
V

(1.81)

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 1:48 AM

20 | 1 Basic principles of statistics
The use of these distribution functions allows us to calculate the average values of single particle, two particle etc. operators of different physical quantities. For example,
for a macrovariable described by operator (1.73) we have:
A(t, r) =

1 N
∑ ∫ Â j (r, pj )F1 (t, r, pj )dpj .
V j=1

(1.82)

̂ = 1, 2, . . . , N), we have:
If all Â j are the same, i. e. Â j = a(j
A(t, r) =

N
̂ p)F1 (t, r, p)dp.
∫ a(r,
V

(1.83)

For macrovariables described by two particle operators of the type of (1.74) we get:
A(t, r , r ) =

1
1
∑
∫ Â ij (r , pi , r , pj )F2 (t, r , r , pi , pj )dpi dpj .
2 i=j̸ V 2

(1.84)

If all Â ij are the same, i. e. Â ij = a,̂ we have:
A(t, r , r ) =

N(N − 1)
̂  , p , r , p )F2 (t, r , r , p , p ), dp dp ,
∫ a(r
2V 2

(1.85)

where obviously we can take (N − 1) ≈ N.
Thus we obtain the following expressions for the main macroscopic characteristics of systems consisting of identical particles:
ρ(t, r) = m

N
∫ F1 (t, r, p)dp,
V

N
∫ pF1 (t, r, p)dp,
V
1 N
E(t, r) =
∫ p2 F1 (t, r, p)dp,
2m V
e N
j(t, r) =
∫ pF1 (t, r, p)dp.
mV
J(t, r) =

(1.86)
(1.87)
(1.88)
(1.89)

The problem now is to find an explicit form of the single particle distribution function.
The general approach to find partial distribution functions can be formulated as
follows. An arbitrary N-particle distribution function (1.76) satisfies the Liouville equation (1.47), (1.48), (1.50):
𝜕FN
= {H, FN }.
𝜕t

(1.90)

Integrating equation (1.90) over phase spaces of N −s particles and taking into account
equation (1.79) we get:
1 𝜕Fs (t, r1 , . . . , ps )
= ∫{H, FN }drs+1 ⋅ ⋅ ⋅ dpN .
Vs
𝜕t
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For the Hamiltonian of the system of interacting particles:
H=

1 N 2 1
∑ p + ∑ U(|ri − rj |),
2m i=1 i 2 i=j̸

(1.92)

after some direct, but rather tedious calculations [12], we obtain from equation (1.91):
𝜕Fs
N s 𝜕U(|ri − rs+1 |) 𝜕Fs+1
drs+1 dps+1
= {H (s) , Fs } + ∑ ∫
𝜕t
V i=1
𝜕ri
𝜕pi

(1.93)

where H (s) denotes the Hamiltonian of the subsystem consisting of s particles.
The most important property of equation (1.93) is that the equation of motion for
the s-particle distribution function contains the term, describing the interaction of the
subsystem of s particles with the rest of the N-particle system, which depends on the
s + 1-particle distribution function Fs+1 . Thus, during the construction of the equations of motion for partial distribution functions, we necessarily obtain a practically
infinite system of integrodifferential equations, which is usually called Bogolyubov’s
chain. Strictly speaking, now we have to solve this whole chain of equations, which
is certainly not easier than solving the general Liouville equation for the N-particle
distribution function. However, in many cases, using some physical assumptions and
models, we can “decouple” this chain, reducing the problem to a finite number of
equations, e. g. expressing Fs+1 via Fs , Fs−1 etc. Then we remain with the closed system of s equations for F1 , F2 , . . . , Fs . Most interesting is, in particular, the possibility to
obtain the closed equation for a single particle distribution function:
𝜕F1
= L(F1 ),
𝜕t

(1.94)

where L is some operator. Constructing and solving this so-called kinetic equation is
the central problem of kinetic theory or physical kinetics [23]. We shall briefly discuss it
in Chapter 10. In most cases, kinetic equations can be derived and solved only by some
approximate methods. As a result, we can calculate the behavior of the average physical characteristics of our system, including their time dependence in the nonequilibrium case. The formalism of partial distribution functions can also serve as a ground
for constructing the equilibrium statistical mechanics [3, 15], but in the following we
shall use more traditional approaches.

1.7 Density matrix
Up to now we considered the classical statistical mechanics in which the state of a
system was described by the point (p, q) in 6N-dimensional phase space of coordinates and momenta of all particles and the time evolution was determined by Hamilton’s equations. In quantum mechanics such a description becomes impossible as,
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due to uncertainty relations, we can not simultaneously measure both the spatial coordinates and momentum of a quantum particle. It is clear that we have to construct a
special formalism of quantum statistical mechanics. However, the remarkable fact is
that the main principles of the Gibbs approach remain valid also in quantum case.
1.7.1 Pure ensemble
In quantum mechanics, the state of a many particle system is described by the wave
function ψ(x1 , . . . , xN , t), which depends on time and on the coordinates of the particles x1 , . . . , xN (or on another set of simultaneously measurable variables, e. g. momenta). Time evolution is determined by the Schroedinger equation:
𝜕ψ
= Hψ.
𝜕t

(1.95)

𝜕ψ
ℏ2 N 2 1
= {−
∑ ∇ + ∑ U(|xj − xk |)}ψ.
𝜕t
2m j=1 j 2 j=k̸

(1.96)

iℏ

For example, for the system of N identical particles with mass m, without internal degrees of freedom and interacting with a two particle potential U(|x|), the Schroedinger
equation can be written as:
iℏ

The Schroedinger equation fully determines the wave function ψ at the moment t, if
it was known at some initial moment t = 0. For example, for an isolated system with
time independent H we can write down its formal solution as:
i

ψ(t) = e ℏ Ht ψ(0).

(1.97)

In quantum mechanics, the physical characteristics of a system are represented
by linear Hermitian (self-adjoint) operators acting in a Hilbert space of the wave functions. Eigenvalues of such operators define the possible values of physical observables. The knowledge of the quantum state of the system ψ (a vector in Hilbert space),
in the general case, does not lead to the precise knowledge of physical characteristics.
It only allows us to calculate the average value of a dynamic variable represented by
an operator A in the state ψ as:
⟨A⟩ = (ψ⋆ , Aψ),

(1.98)

where, as usual, we assume wave functions to be normalized:
(ψ⋆ , ψ) = 1,

(1.99)

where parenthesis denote the scalar product of vectors in Hilbert space:
(ψ⋆ , ϕ) = ∫ dxψ⋆ (x)ϕ(x),

(1.100)
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where for brevity we denote by x the whole set of coordinates x1 , . . . , xN . Only in a special case, when ψ is an eigenfunction of operator A, equation (1.98) gives the precise
value of the physical quantity A in the state ψ.
The state described by the wave function is usually called the pure state. The corresponding statistical ensemble, i. e. the large number of noninteracting “copies” of
the system, belonging to the same quantum state, is called the pure ensemble. Pure
state (ensemble) gives the most complete description of the system within the quantum mechanics.
Expressions for the averages of physical quantities in the pure ensemble can be
conveniently written, using the notion of the projection operator. Let us write down
the linear operator A as a matrix in x-representation, defining it by matrix elements:
Aψ(x) = ∫ dx A(x, x )ψ(x ).

(1.101)

Substituting (1.101) into (1.98) we get:9
⟨A⟩ = ∫ dxdx A(x, x )𝒫 (x , x) = Sp(A𝒫 ),

(1.102)

𝒫 (x, x ) = ψ(x)ψ (x )

(1.103)

where:


⋆



is the projection operator on the state ψ. It can be said that the pure ensemble is described by the projection operator (1.103), while the averages over this ensemble are
calculated according to (1.102). Naturally this description is completely equivalent to
the standard formalism of quantum mechanics, using the wave function.
The name “projection operator” is connected with the nature of the action of 𝒫 on
an arbitrary vector φ in Hilbert space – it projects it onto the “direction” of the vector ψ:
𝒫 φ = ∫ dx 𝒫 (x, x )φ(x ) = (ψ , φ)ψ(x).






⋆

(1.104)

The projection operator is Hermitian, as can be seen from its definition (1.103):
𝒫 (x, x ) = 𝒫 (x , x).
⋆





(1.105)

It also has the following property:
2

𝒫 =𝒫

(1.106)

9 In the following we use the notation of Sp for the sum of the diagonal elements of the matrix (trace),
which is traditional in European and Russian literature. In English literature it is usually denoted as Tr.
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which follows from (1.104) – after the first projection the following projections on the
same “direction” change nothing. We also have:
Sp 𝒫 = 1

(1.107)

which follows from (1.102) after the replacement of A by the unity operator or from the
definition (1.103) taking into account the normalization (1.99).

1.7.2 Mixed ensemble
Quantum mechanics is an inherently statistical theory of pure ensembles, which provides the complete description of quantum reality. Quantum statistical mechanics
considers more general mixed ensembles, which are based on incomplete information
about the quantum system. Let us consider the bug number of identical noninteracting copies of the given system, which can be in different quantum states. In the mixed
ensemble, we only know the probabilities w1 , w2 , . . . to find a system in its exact quantum states ψ1 , ψ2 , . . . . We do not know precisely in which state the system is in reality.
In this sense our knowledge is incomplete, since we only know these probabilities.
However, in the mixed ensemble we can certainly calculate the average value of an
arbitrary physical quantity, represented by an operator A as:
⟨A⟩ = ∑ wk (ψ⋆k , Aψk ),
k

(1.108)

where
∑ wk = 1;
k

wk ≤ 1.

(1.109)

These relations are, in fact, quite obvious, as (ψ⋆k , Aψk ) represents the quantum mechanical average of an operator A in the state ψk . The pure ensemble is just the limiting case of the mixed ensemble, when all probabilities wk are zero, except the only
one equal to unity. Then (1.108) reduces to (1.98).
To study mixed ensembles it is convenient to use the statistical operator first introduced, independently, by Landau and von Neumann. Let us return to the linear
operator A in x-matrix representation (1.101). Substituting (1.101) into (1.108), we get:
⟨A⟩ = ∫ dxdx A(x, x  )ρ(x , x)

(1.110)

⟨A⟩ = Sp(ρA),

(1.111)

or
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where
ρ(x, x ) = ∑ wk ψk (x)ψ⋆k (x )
k

(1.112)

is the statistical operator in the x-matrix representation or the so-called density matrix.
The density matrix depends on 2N variables x1 , . . . , xN , x 1 , . . . , x N and satisfies
the normalization condition:
Sp ρ = 1,

(1.113)

Sp ρ = ∫ dxρ(x, x) = ∑ wk (ψ⋆k , ψk ) = 1,

(1.114)

which is evident from its definition:
k

where the last equality follows from (ψ⋆k , ψk ) = 1 and ∑k wk = 1. Equation (1.113) is the
direct analogue of the normalization condition for the distribution function in classical statistical mechanics.
The general relation (1.111) is most convenient, as the trace of the matrix is invariant with respect to unitary transformations. Thus, equation (1.111) is independent
of the representation used for the operators A and ρ; it is valid for an arbitrary representation, not only for x-representation used above. For example in some discrete
n-representation we have:
⟨A⟩ = ∑ Amn ρnm ,

(1.115)

mn

where Amn are the matrix elements of operator A in n-representation, ρnm is the density
matrix in n-representation.
The density matrix (statistical operator) is Hermitian:
ρ⋆ (x, x ) = ρ(x , x)

(1.116)

which follows directly from its definition (1.112). Using the projection operator (1.103)
we can write the statistical operator (1.112) as:
ρ = ∑ wk 𝒫ψk ;
k

∑ wk = 1;

wk ≤ 1,

k

(1.117)

where 𝒫ψk is the projection operator on the state ψk . In case of all wk zero except one,
which is unity, the statistical operator (1.117) simply coincides with the projection operator (1.103).
To conclude this discussion, we show that statistical operator is positive definite, i. e. its eigenvalues are nonnegative. As ρ is Hermitian, positive definiteness of
its eigenvalues is equivalent to:
⟨A2 ⟩ = Sp(ρA2 ) ≥ 0,

(1.118)
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where A is an arbitrary Hermitian operator. It becomes obvious, if we diagonalize ρ
(which is possible due to its Hermiticity) and write equation (1.118) as:
∑ ρnn Ank Akn = ∑ ρnn |Ank |2 ≥ 0,
nk

nk

(1.119)

which leads to conclusion that ρnn ≥ 0. For the density matrix (1.112) the property
(1.118) is satisfied as:
⟨A2 ⟩ = ∑ wk (A2 )kk = ∑ wk Akm Amk = ∑ wk |Akm |2 ≥ 0
k

km

km

(1.120)

so that the statistical operator is positively definite. It can also be shown that all matrix
elements of the density matrix are limited by [37]:
Sp ρ2 = ∑ |ρmn |2 ≤ 1.
mn

(1.121)

John von Neumann (1903–1957) was a Hungarian and American mathematician,
theoretical physicist and computer scientist. He made major contributions into mathematics (foundations of mathematics, functional analysis, ergodic theory, representation theory, operator algebras, geometry, topology, and numerical analysis), theoretical physics (quantum mechanics, hydrodynamics, quantum statistical mechanics), economics (game theory), computing (Von Neumann computer architecture, linear programming, self-replicating machines). Sometimes he is considered as one of
the greatest mathematicians of all times. During World War II, von Neumann worked
on atomic bomb in Manhattan Project. After the war, he proposed some key solutions
in the creation of the hydrogen bomb. In quantum statistical mechanics he introduced
the formalism of density matrices in 1927 (independently, but less systematically, it
was also introduced at that time by Lev Landau) and derived his version of quantum
ergodic and H-theorems. Von Neumann was the first to establish a rigorous mathematical foundation for quantum mechanics in his 1932 book “Mathematical Foundations of Quantum Mechanics”, where he also deeply analyzed the so-called measure-

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 1:48 AM

1.8 Quantum Liouville equation

| 27

ment problem. Von Neumann was a founding figure in modern computer science and
inventor of the present day computer architecture. He died from cancer at the age of
53 in Washington, D. C., under military security guard to guarantee that he do not reveal the military secrets while being heavily medicated. Hans Bethe once said “I have
sometimes wondered whether a brain like von Neumann’s does not indicate a species
superior to that of man”.

1.8 Quantum Liouville equation
Let us consider the time evolution of the density matrix (statistical operator) of an
ensemble of systems described by the Hamiltonian H, which has no explicit time dependence. At the moment t the density matrix (1.112) has the form:
ρ(x, x ) = ∑ wk ψk (x, t)ψ⋆k (x , t),
k

(1.122)

where all the time dependence is contained in wave functions, while probabilities wk
do not depend on t, as they correspond to the distribution of systems in the ensemble
at t = 0. Wave functions ψk (x, t) are the solutions of the time dependent Schroedinger
equation with initial conditions:
ψk (x, t)|t=0 = ψk (x),

(1.123)

where ψk (x) is some system of wave functions defining the density matrix at t = 0:
ρ(x, x ) = ∑ wk ψk (x)ψ⋆k (x ).
k

(1.124)

If at the initial moment the relative number wk of dynamical systems were in the state
ψk (x, 0), then at the moment t the same number of systems will be in the state ψk (x, t).
Time dependence of ψk (x, t) is determined by the Schroedinger equation:
𝜕ψk (x, t)
= Hψ(x, t)
𝜕t

(1.125)

𝜕ψk (x, t)
= ∫ dx H(x, x )ψk (x  , t).
𝜕t

(1.126)

iℏ
or in x-matrix representation:
iℏ

Accordingly, the density matrix satisfies the equation:
iℏ

𝜕ρ(x, x , t)
= ∫ dx ∑[H(x, x )wk ψk (x  , t)ψ⋆k (x , t) − wk ψk (x, t)ψ⋆k (x , t)H(x  , x  )]
𝜕t
k
= ∫ dx [H(x, x )ρ(x , x , t) − ρ(x, x , t)H(x , x  )],

(1.127)
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where we have used the Hermiticity of the Hamiltonian H ⋆ (x, x  ) = H(x  , x). Thus we
obtain the equation of motion for the density matrix – the so-called quantum Liouville
equation. In operator form it is written as:
iℏ

𝜕ρ
= [H, ρ],
𝜕t

(1.128)

where
1
1
[H, ρ] = (Hρ − ρH) ≡ {H, ρ}
iℏ
iℏ

(1.129)

are the quantum Poisson brackets.
For systems in statistical (thermodynamic) equilibrium ρ does not explicitly depend on time and the quantum Liouville equation takes the form:
[H, ρ] = 0

(1.130)

so that ρ commutes with the Hamiltonian and is an integral of motion, similar to the
case of classical statistical mechanics. Commutativity of operators ρ and H and their
Hermiticity allows them to have a common system of eigenfunctions. Thus, the statistical operator of the equilibrium system can be written as:
ρ(x, x ) = ∑ w(Ek )ψk (x)ψ⋆k (x ),
k

(1.131)

where the wave functions are eigenfunctions of the Hamiltonian (stationary
Schroedinger equation):
Hψk = Ek ψk .

(1.132)

1.9 Microcanonical distribution in quantum statistics
The main ideas of the Gibbs approach based on the concept of statistical ensembles
can be directly generalized from the classical to the quantum case. In equilibrium,
the state density matrix can depend only on additive integrals of motion, for the same
reasons as in the classical case (factorization of the density matrix for statistically independent systems and additivity of its logarithm). In quantum mechanics these integrals of motion are the same as in the classical case: total energy of the system (Hamiltonian H), total momentum P and total angular momentum M (the corresponding operators acting in the space of wave functions). Accordingly, the equilibrium density
matrix can be a function of H, P, M only:
ρ = ρ(H, P, M).

(1.133)
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If the number of particles in systems of an ensemble N is not fixed, it has to be taken
into account as an additional integral of motion:
[N, H] = 0,

(1.134)

where N is the particle number operator with positive integer eigenvalues 0, 1, 2, . . . .
Then:
ρ = ρ(H, P, M, N).

(1.135)

For the system at rest we have P = M = 0 and:
ρ = ρ(H)

or ρ = ρ(H, N).

(1.136)

Besides that, the statistical operator can depend on external parameters fixed for all
systems in an ensemble, e. g. on volume V.
The microcanonical distribution in quantum statistics can be introduced in the
same way as in classical statistics. Consider an ensemble of closed, energetically (adiabatically) isolated systems with constant volume V and total number of particles N,
which possess the same energy E up to some small uncertainty ΔE ≪ E. Let us suppose that all quantum states in an energy layer E, E + ΔE are equally probable, i. e. we
can find a system from an ensemble in either of these states with equal probability.
Then:
w(Ek ) = {

[𝒲 (E, N, V)]−1
0

for E ≤ Ek ≤ E + ΔE
outside this layer

(1.137)

and this is what we call the microcanonical distribution of quantum statistics. Here everything is similar to the classical case, though the statistical weight 𝒲 (E, N, V) is not
equal to the phase volume, but from the very beginning is just the number of quantum
states in the energy layer E, E + ΔE, for the system of N particles and volume V. This
follows directly from the normalization condition ∑k w(Ek ) = 1. The microcanonical
distribution corresponds to the density matrix of the form:
ρ(x, x ) = 𝒲 −1 (E, N, V) ∑ ψk (x)ψ⋆k (x ),
1≤k≤𝒲

(1.138)

which can also be written in operator form as:
ρ = 𝒲 −1 (E, N, V)Δ(H − E),

(1.139)

where Δ(x) is the function, which is unity on the interval 0 ≤ x ≤ ΔE, and zero otherwise.
Let us stress once again that the assumption of equal probability of quantum
states with the same energy for the closed (isolated) system is the simplest one, but
not obvious. The justification of this hypothesis is the task of quantum ergodic theory.
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1.10 Partial density matrices∗
Similar to the classical case, in practice we do not need knowledge of the full density matrix of the N-particle system. In fact, the most important information about the
system can be obtained from the study of statistical operators for (rather small) complexes of particles or so-called partial density matrices [6]. Consider again an arbitrary
system of N identical particles. Let us denote as x1 , x2 , . . . , xN the variables of these particles (these may be coordinates, momenta etc.). Wave functions of the whole system
are functions of these variables:
ψn (x, t) = ψn (x1 , . . . , xN , t),

(1.140)

where n denotes the “number” (the set of quantum numbers) of the given state of the
system. Operators of physical quantities are represented by generalized matrices of
the following form:
𝒜 = 𝒜(x1 , . . . , xN ; x1 , . . . , xN ).




(1.141)

Consider the statistical operator for an N-particle system:
ρ(x1 , . . . , xN ; x1 , . . . , xN ; t) = ∑ wn ψn (x1 , . . . , xN , t)ψ⋆n (x1 , . . . , xN , t).
n

(1.142)

For a system of Bosons:
Pψn (x1 , . . . , xN , t) = ψn (x1 , . . . , xN , t),

(1.143)

where P is permutation operator of variables xi (i = 1, 2, . . . , N). For a system of
Fermions:
Pψn (x1 , . . . , xN , t) = (−1)P ψn (x1 , . . . , xN , t),

(1.144)

where (−1)P = 1 for even permutations and (−1)P = −1 for odd permutations. Thus, in
both cases we have:
Pρ = ρP

or PρP −1 = ρ.

(1.145)

While calculating the average values of physical characteristics we usually deal
with operators depending on variables of one, two, . . . , s-particles:
𝒜1 =

(1.146)

∑ 𝒜(r),

1≤r≤N

𝒜2 =

∑

..
.

1≤r1 <r2 ≤N

𝒜(r1 , r2 ),

(1.147)
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𝒜s =

∑

1≤r1 <r2 <⋅⋅⋅<rs ≤N

𝒜(r1 , r2 , . . . , rs ),
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(1.148)

where ri denotes the dependence on the coordinates of the i-th particle. The average values of such operators can be calculated with the help of density matrices, obtained from the general ρ, taking the Sp over (most of the) the independent variables.
Taking into account the symmetry of ρ with respect to particles permutations (1.145),
we get:
⟨𝒜1 ⟩ = N Sp1 {𝒜(1)ρ1 (1)}.
⟨𝒜2 ⟩ =
..
.
⟨𝒜s ⟩ =

(1.149)

N(N − 1)
Sp1,2 {𝒜(1, 2)ρ2 (1, 2)},
2!

(1.150)

N(N − 1) . . . (N − s + 1)
Sp1,2,...,s {𝒜(1, 2, . . . , s)ρs (1, 2, . . . , s)},
s!

(1.151)

where we have introduced the notations:
ρ1 (1) = Sp2,...,N ρ(1, 2, . . . , N),

(1.152)

ρ2 (1, 2) = Sp3,...,N ρ(1, 2, . . . , N),

(1.153)

..
.

ρs (1, 2, . . . , s) = Sps+1,...,N ρ(1, 2, . . . , s, s + 1, . . . , N)

(1.154)

and for brevity we used the notations ρ2 (1, 2) ≡ ρ2 (x1 , x2 ; x1 , x2 , t), Sp2 ρ2 (1, 2) =
Spx2 ρ2 (x1 , x2 ; x1 , x2 ; t), etc. The density matrices ρs are called statistical operators of
complexes of s-particles or s-particle density matrices.
For operators ρs , due to (1.145), we have the following relations:
Ps ρs Ps−1 = ρs ,

(1.155)

where Ps is permutation operator of s particles, and
ρs (1, 2, . . . , s) = Sps+1 ρs+1 (1, . . . , s, s + 1)

(1.156)

which gives the expression for the s-particle density matrix via the s+1-particle density
matrix.
Instead of ρs , let us use the operators Fs defined as:
Fs (1, . . . , s) = N(N − 1) ⋅ ⋅ ⋅ (N − s + 1)ρs (1, . . . , s).

(1.157)
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From (1.156) we obtain similar relations:
Fs (1, . . . , s) =

1
Sp F (1, . . . , s, s + 1).
N − s s+1 s+1

(1.158)

In the limit of N → ∞ and for fixed s, we can neglect s in the denominator, so that:
Fs (1, . . . , s) =

1
Sp F (1, . . . , s, s + 1).
N s+1 s+1

(1.159)

Analogously to the classical case we shall call Fs the s-particle distribution functions.
Under permutations we obviously have: Ps Fs Ps−1 = Fs . The averages of the physical
quantities (1.151) are now written as:
⟨𝒜s ⟩ =

1
Sp
{𝒜(1, . . . , s)Fs (1, . . . , s)}.
s! 1,...,s

(1.160)

Let us write an operator 𝒜s in the standard second quantized form:
𝒜s =

1
∑ A(f , . . . , fs ; fs , . . . , f1 )a+f1 ⋅ ⋅ ⋅ a+fs afs ⋅ ⋅ ⋅ af1 ,
s! {f ,f  } 1

(1.161)

where a+f , af are operators of creation and annihilation of particles in some single
particle states, characterized by quantum numbers f , and A(f1 , . . . , fs ; fs , . . . , f1 ) is the
appropriate matrix element of an operator of the dynamical variable A. Then, calculating the ensemble averages we have:
⟨𝒜s ⟩ =

1
∑ A(f , . . . , fs ; fs , . . . , f1 )⟨a+f1 ⋅ ⋅ ⋅ a+fs afs ⋅ ⋅ ⋅ af1 ⟩.
s! {f ,f  } 1

(1.162)

Comparing this expression with equation (1.160) we obtain the following general expression for the s-particle distribution function in second quantized form:
Fs (1, . . . , s) = ⟨a+f1 ⋅ ⋅ ⋅ a+fs afs ⋅ ⋅ ⋅ af1 ⟩,

(1.163)

which is very convenient in practical calculations of quantum statistical mechanics
and is widely used in the modern theory of many-particle systems.10 In fact, calculation of these averages in different physical situations is the main task of this theory.
One of the methods to perform such calculations is to construct the system of coupled
equations for such distribution functions (Bogolyubov’s chain), similar to the classical case and its approximate solution by some method. This approach is used e. g.
during the derivation of quantum kinetic equations (see Chapter 10).
10 Let us stress that the angular brackets here denote averaging (taking the trace) with the full
N-particle density matrix!
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For a number of problems, as well as to discuss the correspondence with the classical case, it is often convenient to introduce the so-called Wigner’s distribution function in the “mixed” coordinate-momentum representation. Consider the single particle density matrix ρ1 (1) = ρ(x, x ), where x are coordinates of the particle, and define
Wigner’s distribution function as:
f (x, p) =

i
ξ
ξ
1
∫ dξ e ℏ pξ ρ(x + , x − )
3
2
2
(2π)

(1.164)

i. e. via Fourier transform over the difference of coordinates ξ = x − x . Integrating this
function by x and p we obtain the diagonal elements of the density matrix in x and p
representations:
ρ(x, x) = ∫ dpf (x, p)

ρ(p, p) = ∫ dxf (x, p),

(1.165)

which is easily obtained from the definition of Wigner’s function, after proper change
of variables. Of course, this distribution function f (x, p) cannot be understood as a
distribution function over coordinates and momenta (because of the uncertainty principle!), but its integrals separately define distribution functions over coordinates and
momenta. By itself, Wigner’s function can even be negative and does not have the
meaning of the usual (classical) distribution function.

1.11 Entropy
1.11.1 Gibbs entropy. Entropy and probability
Let us return to the case of classical statistical mechanics and consider the logarithm
of the distribution function (with inverse sign):
η = − ln ρ(p, q, t).

(1.166)

This function plays a special role, e. g. above we have already seen that it is additive
for factorizing distribution functions of independent subsystems, which is analogous
to the additivity of entropy in thermodynamics. The average value of this function is
called Gibbs entropy:
S = ⟨η⟩ = − ∫

dpdq
ρ(p, q, t) ln ρ(p, q, t).
(2πℏ)3N N!

(1.167)

Let us calculate this entropy for the microcanonical distribution (1.58) describing a
closed system in equilibrium. Substituting into equation (1.167) the distribution function given by (1.58):
[𝒲 (E, N, V)]−1
ρ(p, q) = {
0

for E ≤ H(p, q) ≤ E + ΔE

outside this layer,

(1.168)
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where
𝒲 (E, N, V) =

1
N!(2πℏ)3N

∫

dpdq

(1.169)

E≤H(p,q)≤E+ΔE

we obtain:
S(E, N, V) = −

∫
E≤H(p,q)≤E+ΔE

dpdq
1
−1
ln[𝒲 (E, N, V)]
(2πℏ)3N N! 𝒲 (E, N, V)

= ln 𝒲 (E, N, V).

(1.170)

Thus, for the microcanonical distribution Gibbs entropy is equal to the logarithm of
the statistical weight, i. e. to the logarithm of the number of quantum states in the
energy layer of width ΔE, corresponding to a given macroscopic state of our system.11
In quantum statistics we may similarly introduce the operator of entropy via the
logarithm of the density matrix:
η = − ln ρ.

(1.171)

We have seen above that the statistical operator ρ is Hermitian and positive definite.
Accordingly, its logarithm is also Hermitian and the entropy operator is positive: if
w1 , w2 , . . . are the eigenvalues of operator ρ, the eigenvalues of operator η are correspondingly − ln w1 , − ln w2 , . . . as the eigenvalues of the function of an operator are
equal to the same function of eigenvalues. From 0 ≤ wk ≤ 1 it follows that − ln wk ≥ 0.
The entropy operator is additive: if the operator ρ is a direct product of operators
ρ1 and ρ2 :
ρ = ρ1 × ρ2

(1.172)

η = − ln ρ1 − ln ρ2 = η1 + η2 .

(1.173)

we get

Now we can again introduce the Gibbs entropy as the average logarithm of the density
matrix (with a minus sign):
S = ⟨η⟩ = −⟨ln ρ⟩ = − Sp ρ ln ρ.

(1.174)

11 Statistical weight 𝒲(E, N, V) = exp S(E, N, V), by definition, is the number of energy levels in the
energy interval ΔE, which characterize the energy distribution width. Dividing ΔE by 𝒲(E, N, V) we
obviously get the average distance between the energy levels in the spectrum, in the vicinity of E.
Denoting this distance by D(E) we obtain: D(E) = ΔE exp(−S(E)). In this sense, the value of entropy
S(E) determines the density of states in this energy interval. Due to the additivity of entropy we can
claim that the average distance between energy levels of a macroscopic system is dropping off exponentially with the growth of the number of particles, so that the spectrum of a macroscopic body is, in
fact, continuous [19].
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Entropy is positive definite and in some diagonal representation it can be written as:
S = − ∑ wk ln wk ≥ 0.
k

(1.175)

Only for the special case where the density matrix corresponds to a pure state, we
have S = 0 (one of wk = 1, all others are zero). If ρ describes statistically independent
ensembles (1.172), we get S = S1 + S2 , where S1 = − Sp ρ1 ln ρ1 and S2 = − Sp ρ2 ln ρ2 , so
that the Gibbs entropy is additive (as entropy in thermodynamics).
Let us discuss the statistical meaning of entropy. Consider a macroscopic state
of the system characterized by E, N, V and some additional macroscopic parameters
(x1 , x2 , . . . , xn ), or just x for brevity. Let the statistical weight of the macroscopic state
with the fixed values of these parameters be 𝒲 (E, N, V, x). Then, the probability that
this state (E, N, V, x) is realized, due to the equal probability of all states in the microcanonical ensemble is simply given by (sum of probabilities!):
w(x) =

𝒲 (E, N, V, x)
= C exp(S(E, N, V, x)),
∑x 𝒲 (E, N, V, x)

(1.176)

where
S(E, N, V, x) = ln 𝒲 (E, N, V, x)

(1.177)

is the entropy of the state (E, N, V, x).
In many cases the most probable value of x, which we denote by x ∗ , and the average value ⟨x⟩ just coincide, as the probability w(x) possesses a sharp peak at x = x ∗ (for
a large enough system). The most probable value x ∗ is determined by the maximum
of w(x):
S(E, N, V, x) = Max

for x = x ∗

(1.178)

or
𝜕S(E, N, V, x1∗ , . . . , xn∗ )
=0
𝜕xj∗

j = 1, 2, . . . , n.

(1.179)

It is easy to conclude that
w(Δx) = C  exp{S(E, N, V, x∗ + Δx) − S(E, N, V, x ∗ )}

(1.180)

determines the probability of the deviations (fluctuations) Δx of parameters x from
their most probable (average or equilibrium!) values.12 This property of entropy gives
the foundation of its statistical applications (Boltzmann’s principle), it is also the
foundation for the theory of fluctuations (Einstein, see Chapter 7).
12 We can write: w(x∗ + Δx) = C exp{S(x∗ + Δx)} = C  exp{S(x ∗ + Δx) − S(x ∗ )}, where C  = C exp{S(x ∗ )}
is just the new normalization constant.
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1.11.2 The law of entropy growth
In thermodynamics, it is shown that, in the state of thermodynamic equilibrium, the
entropy of an isolated system can only increase or remain constant. For the equilibrium state we shall show below that Gibbs’ definition of entropy is actually equivalent
to thermodynamic entropy. However, for nonequilibrium cases, when the distribution
function ρ(p, q, t) depends on time, the situation is much more complicated. In fact,
we can easily show that for an isolated system the Gibbs entropy does not depend
on time at all, thus it just cannot increase. To see this, let the distribution function at
t = 0 be ρ(p0 , q0 , 0), while at the moment t it is equal to some ρ(p, q, t), where (p, q)
belongs to a phase trajectory passing through (p0 , q0 ) and moving according to Hamilton’s equations. According to Liouville theorem we have (1.45):
ρ(p0 , q0 , 0) = ρ(p, q, t).

(1.181)

Then at time t the Gibbs entropy is equal to:
S = −∫
= −∫

dpdq
ρ(p, q, t) ln ρ(p, q, t)
(2πℏ)3N N!

dp0 dq0
ρ(p0 , q0 , 0) ln ρ(p0 , q0 , 0)
(2πℏ)3N N!

(1.182)

as, due to the Liouville theorem on the conservation of the phase volume, we have
dpdq = dp0 dq0 . Then it is obvious that the Gibbs entropy cannot serve as the general
definition of entropy for the arbitrary nonequilibrium state. This is the major paradox
directly connected with the principal difficulty of justifying the irreversible thermodynamic behavior by time-reversible equations of motion of classical (and also quantum) mechanics, which lead to active discussions already at the initial stages of development of statistical mechanics (Boltzmann, Zermelo, Poincare, Gibbs).
Using some early ideas of Gibbs, further developed by Paul and Tatiana Ehrenfest,
the following heuristic picture can illustrate the statistical sense of entropy growth
with time evolution of a mechanical system. Starting with the idea of the inevitable
limitations of measurements of coordinates and momenta in the phase space13 let us
introduce the “coarse grained” distribution function related to “microscopic” distribution ρ(p, q, t) by the following relation:
̃ q, t) ≡ ρi =
ρ(p,

1
∫ dpdqρ(p, q, t),
ωi

(1.183)

ωi

where the integration (averaging) is performed over some small fixed “cells” in the
phase space ωi , with size determined by the limitations of the measurements men13 This may be related to finite resolution of the experimental apparatus, sensitivity to initial conditions etc.
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tioned above. Such averaging (“coarse graining”) of the distribution function just
means that we introduce some “natural” and finite resolution in the phase space –
smaller scales are outside the limits of the measurement procedures available to us.
For example, we have already noted that there exists an absolute lower boundary
for any “cell” ωi in the phase space, which can not be smaller than (2πℏ)3N due to
the uncertainty principle.14 The “coarse grained” distribution function (1.183) is obviously constant inside the appropriate “cell” ωi , surrounding the point (p, q). Then,
any integral over the whole phase space with our distribution function can be written
as:
̃ q) ⋅ ⋅ ⋅ .
∫ dpdqρ(p, q) ⋅ ⋅ ⋅ = ∑ ρi ωi ⋅ ⋅ ⋅ = ∑ ∫ dpdqρ(p, q) ⋅ ⋅ ⋅ = ∫ dpdqρ(p,
i

(1.184)

i ω
i

Now we shall see that the Gibbs entropy, constructed with help of the “coarse grained”
distribution is, in the general case, time dependent and can increase with time. Let us
compare the values of the Gibbs entropy calculated with the “coarse grained” distribution function at the moments t and t = 0, assuming that at the initial moment the
microscopic distribution function just coincides with “coarse grained”:
̃ 0 , q0 , 0).
ρ(p0 , q0 , 0) = ρ(p

(1.185)

We have:
̃ q, t) ln ρ(p,
̃ q, t) + ∫ dΓ0 ρ(p0 , q0 , 0) ln ρ(p0 , q0 , 0)
St − S0 = − ∫ dΓρ(p,
̃ q, t) − ρ(p, q, t) ln ρ(p, q, t)},
= − ∫ dΓ{ρ(p, q, t) ln ρ(p,

(1.186)

where we have used Liouville theorem to write dΓ0 = dΓ and also (1.181) and removed
the tilde over distribution function, which is not under the logarithm, which according
to (1.184) is always correct under integration.15
For two arbitrary normalized distribution functions ρ and ρ , defined in the same
phase space, we can prove the following Gibbs inequality:16
∫ dΓρ ln(

ρ
) ≥ 0,
ρ

(1.187)

14 In general, the situation with entropy time dependence in quantum statistical mechanics is quite
similar to that in classical statistical mechanics and we shall limit ourselves here to classical case only,
referring to the discussions of the quantum case in the literature [37].
̃ q) ln ρ(p,
̃ q) = ∑i ρi ωi ln ρi = ∑i [∫ω dpdqρ(p, q) ln ρi ] = ∫ dpdqρ(p, q) ln ρ(p,
̃ q),
15 We have: ∫ dpdqρ(p,
which was used in equation (1.186).

i

ρ

16 This inequality follows from ln( ρ ) ≥ 1 −

It is clear from inequality ln x ≥ 1 −

1
,
x

ρ
ρ

(ρ > 0, ρ > 0), where equality is valid only for ρ = ρ .

valid for x > 0 (equality for x = 1), where we put x =

multiplication by ρ and integration over the phase space we get:
where we have used normalization, thus proving equation (1.187).

ρ
∫ ρ ln( ρ )dΓ

≥ ∫ ρ(1 −

ρ
ρ



ρ
.
ρ

After

)dΓ = 0,
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where equality is achieved only in the case of ρ = ρ . Then, from equation (1.186)
(taking ρ̃ = ρ ) we immediately obtain:
St ≥ S0 .

(1.188)

Let ρ(p0 , q0 , 0) be some nonequilibrium distribution. Then at the moment t:
̃ q, t)
ρ(p, q, t) ≠ ρ(p,

(1.189)

as though ρ(p, q, t) does not change along phase trajectory, but the “cell”, ω, surrounding an arbitrary point (p, q) will be “visited” by phase points from other “cells” (chaotically coming and going), and these processes, in the general case, will not compensate each other. This is called “mixing” of phase points. Taking into account equation (1.189) from equation (1.188) it follows that:
St > So

(1.190)

i. e. entropy, defined with a “coarse grained” distribution function, grows with time.
This conclusion is valid if the motion of phase points is “mixing” in the abovementioned sense. The “mixing” nature of motion in phase space is intimately related
to the local instability of phase trajectories, which appears (as a rule!) for nontrivial
physical systems, even with a pretty small number of particles [35]. This instability
leads to exponential growth (in time) of the distance between phase points on different trajectories initially quite close to each other. We shall discuss this situation in
more detail, though still on a rather elementary level, in Appendix A.
However, the introduction of the “coarse grained” distribution function can not
quite be considered as a satisfactory solution of the problem. The smaller the scale
of “coarse graining” (the size of the “cells” ω) the smaller is the entropy growth, and
in the limit of ω → 0 it just goes to zero. At the same time, the growth of physical
entropy should not depend on the scale of “coarse graining”. For example, we could
have taken ω ∼ ℏ3N , in agreement with the requirements of quantum mechanics, but
in this case the growth of the entropy would be controlled by the size of Planck’s constant ℏ. However, this is obviously not so; there is no such relation at all. There are
different points of view with respect to this problem. Some researchers believe [37]
that “coarse graining” should be performed within two limiting procedures: first we
must go to the usual thermodynamic limit of statistical mechanics with the number
of particles in the system N → ∞, system volume V → ∞, while the particle density
remains finite N/V = const, and only afterwards we perform the limit ω → 0. The
modern point of view [35] is that the thermodynamic limit here is irrelevant and the
“mixing” of phase points (positive Kolmogorov entropy, see Appendix A) is sufficient
to guarantee “correct” physical behavior, even for systems with a rather small number
of degrees of freedom N > 2. An isolated system, irrespective of the initial conditions,
evolves to the equilibrium state, where it can (with equal probability) be discovered
in any of its possible microscopic states (ergodic behavior).
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Another, probably more physical approach to defining nonequilibrium entropy
[19] is based on the unquestionable definition of the entropy of the equilibrium state
(1.170). Assume that the system is initially in some not completely equilibrium state
and start to analyze its evolution during time intervals Δt. Let us separate the system
in some smaller (more or less independent) parts, so small that their relaxation times
are also small compared with Δt (relaxation times are usually smaller for smaller systems – an empirical fact!). During the time interval such subsystems Δt can be considered to be in their partial equilibrium states, which are described by their own microcanonical ensembles, when we can use the usual definitions of statistical weight and
calculate appropriate (equilibrium) entropies. Then the statistical weight of the complete system is defined as the product 𝒲 = ∏i 𝒲i of statistical weights of the separate
subsystems, and the entropy S = ∑i Si . In such an approach, the entropy characterizes
only some average properties of the body during some finite time interval Δt. Then it is
clear that for too small time intervals Δt the notion of entropy just looses its meaning
and, in particular, we can not speak about its instant value.
More formally, in this approach, we can analyze the entropy growth in the following way. Consider the closed macroscopic system at time t. If we break this system
into relatively small parts (subsystems), each will have its own distribution function
ρi . The entropy S of the whole system at that moment is equal to:
S = − ∑⟨ln ρi ⟩ = −⟨ln ∏ ρi ⟩.
i

i

(1.191)

Considering our subsystems as quasi-independent, we can introduce the distribution
function of the whole system as:
ρ = ∏ ρi .

(1.192)

i

To obtain the distribution function at some later time t  we have to apply to ρ the mechanical equations of motion for the closed system. Then ρ will evolve at the moment
t  to some ρ . To obtain the distribution function of only i-th part of the system at the
moment t  we must integrate ρ over phase volumes of all subsystems, except the i-th.
If we denote this distribution function as ρi , then at the moment t  we get:
ρi = ∫ ∫ ⋅ ⋅ ⋅ ∫ ∫ ⋅ ⋅ ⋅ dΓ1 dΓ2 ⋅ ⋅ ⋅ dΓi−1 dΓi+1 ⋅ ⋅ ⋅ ρ .
1 2

(1.193)

i−1 i+1

Note that in the general case ρ already cannot be written as a product of all ρi . The
entropy at the moment t  , according to our definition is:
S = − ∑⟨ln ρi ⟩,
i

(1.194)
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where the averaging ⟨⋅ ⋅ ⋅⟩ is already performed with distribution function ρ . Let us
now use the inequality ln x ≤ x − 1, valid for x > 0. Here, set x =
− ln ρ + ∑ ln ρi ≤
i

∏i ρi
− 1.
ρ

∏i ρi
ρ

to obtain:

(1.195)

Averaging both sides of this inequality with distribution function ρ , we get zero in
the r. h. s., as ∫ dΓ1 dΓ2 ⋅ ⋅ ⋅ ∏i ρi = ∏i ∫ dΓi ρi = 1 due to normalization, while the l. h. s.
reduces to ⟨− ln ρ ⟩ + ∑i ⟨ln ρi ⟩. Finally we get:
−⟨ln ρ ⟩ − S ≤ 0.

(1.196)

According to Liouville theorem, the distribution function ρ does not change under mechanical motion, so the value of −⟨ln ρ ⟩ remains equal to −⟨ln ρ⟩, which is the initial
entropy S. Thus we obtain:
S ≥ S,

(1.197)

proving the entropy law: if the closed system is defined by its macroscopic state at some
moment in time, the most probable behavior at some later time is the growth of entropy.
Mechanical equations of motion are symmetric with respect to the replacement
of t by −t. If mechanical laws allow some process, e. g. characterized by the growth
of entropy, they also must allow just the opposite process, when the system passes
through precisely the same configurations in inverse order, so that its entropy diminishes. It may seem that we arrived at a contradiction. However, the formulation of the
law of entropy growth used above, does not contradict the time invariance, if we speak
only about the most probable evolution of some macroscopically defined state. In fact,
the above arguments never explicitly used the fact that t  > t! A similar discussion will
show that S ≥ S also for t ≤ t  . In other words, the law of entropy growth means only
that given the macroscopic state, of all microscopic states forming this macroscopic
state, an immensely vast majority will, at a later time, evolve to the state with larger
entropy (or the same entropy in case of equilibrium). Thus the entropy law is primarily
a statistical statement!
To understand this situation better, we may use a heuristic model discussed first
by Paul and Tatiana Ehrenfest. Consider 2R balls, numbered from 1 to 2R, and distributed among two boxes A and B. At some discrete moment in time s, a random number generator produces some integer from the interval between 1 and 2R. Then, the
ball with this number is just transferred from one box to another and this procedure
continues for many times. Actually, this procedure is simple to realize on any modern
PC. Intuitively, it is quite clear what happens. Consider, for simplicity, the initial state
when all balls are in the box A. Then, on the first step we necessarily transfer one ball
from A to B. On the second step we may return to the initial state, but the probability
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of this event is (2R)−1 and small if 2R is big enough. Actually, with much larger probability 1 − (2R)−1 , another ball is transferred to box B. It is clear that until the number
of balls nA in box A is significantly larger than the number of balls nB in box B, we
“almost always” will only observe transitions from A to B. Or, in more detail, let there
be nA (s) balls in box A at time s, while in box B there are 2R − nA (s) balls. At the next
moment s + 1 the probability of obtaining the ball with the number belonging to box
A
A is n2RA , while for the ball from box B, the probability, naturally, 2R−n
. However, until
2R
nA
nA > 2R − nA , the “relative chance” 2R−n of a ball from A to appear, compared to the
A
similar chance of emergence of the ball from B, is obviously larger than 1. Thus, the
transition A → B is more probable and the difference between the number of balls in
our boxes diminishes with “time”. This tendency persists until we achieve the equality
nA − (2R − nA ) = 0, and it becomes weaker as this difference approaches zero. Thus, as
the number of balls in both boxes tends to be equal, the probabilities of balls emerging
from either A or B become closer to each other, and the result (for further moments in
time) becomes less and less clear. The next transfer may lead to further “equalization”
of the number of balls in both boxes, but it may also lead to the inverse process. Figure 1.2 shows a typical realization of such an experiment with 40 balls. It is seen that
initially the process seems to be irreversible, but close to the “equilibrium state”, the
difference between the number of balls in our boxes starts to fluctuate, which shows
that in fact we are dealing with a reversible process.17 We cannot say that this difference always diminishes with “time”, but we can be absolutely sure that for large values
of the number of balls 2R it diminishes “almost always”, while we are far enough from
the “equilibrium”. The behavior of entropy in a nonequilibrium many-particle system
is precisely the same (with negative sign)!
Ehrenfest’s model allows a simple answer to all objections against the statistical
mechanical justification of irreversible behavior. According to the principle of microscopic reversibility of mechanical motion, the process, after “time reversal”, when the

Figure 1.2: Typical realization of Ehrenfest’s “H-curve”. Ordinate shows the value of |nA (s) − nB (s)| =
2|nA (s) − R|.

17 On Figure 1.2 these fluctuations are always positive because the ordinate shows the absolute value
of the difference between the number of balls in boxes A and B.
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movement of the balls will go in precisely reverse order along the same “H-curve”, is
completely possible. But for large enough values of R such a process is absolutely improbable. The probability of all balls to return “sometime” to a single box is not zero,
but it is extremely small (say for R ∼ 1022 !). Precisely the same is the meaning of thermodynamic irreversibility and the law of entropy growth.18
Thus, the common viewpoint is that an evolving isolated system essentially passes
through states corresponding to more and more probable distributions. This behavior
is overwhelming, due to the factor exp(S), where in the exponent we have an additive
entropy. Thus, the processes in a closed nonequilibrium system develop in such a way,
that the system continuously goes from states with lower entropy to states with larger
entropy, until the entropy reaches its maximum in the state of statistical equilibrium.
Speaking about “most probable” behavior we must take into account that in reality
the probability of a transition to a state with larger entropy is immensely larger than
the probability of any significant entropy drop, so that such transitions are practically
unobservable (up to small fluctuations). This purely statistical interpretation of the
entropy growth was first formulated by Boltzmann. “It is doubtful whether the law
of increase of entropy thus formulated could be derived on the basis of classical mechanics” [19].19 In the framework of modern statistical mechanics of nonequilibrium
systems [37, 3] and physical kinetics [5, 12, 23] it is possible to explicitly demonstrate
the entropy growth in a number of concrete statistical models. However, we always
need some physical (statistical) assumption to obtain this behavior. We shall return to
a brief discussion of these problems later.

18 “What, never? No, never! What, never? Well, hardly ever!” to quote Captain Corcoran of H. M. S.
Pinafore by W. Gilbert and A. Sullivan (1878). This quotation was used in the context of entropy behavior in Ch. 4 of “Statistical Mechanics” by J. Mayer and M. Goeppert-Mayer, Wiley, NY 1940.
19 Landau made the interesting observation that in quantum mechanics the situation probably
changes. Though the Schroedinger equation, by itself, is invariant with respect to time reversal (with
simultaneous replacement of ψ by ψ⋆ ), quantum mechanics contains some inequivalence of both directions of time. This inequivalence appears due to the importance of the process of interaction of
the quantum object with a classical system (e. g. related to the measurement process). If the quantum
object undergoes two successive processes of such an interaction, say A and B, the claim that the probability of some outcome of the process B is determined by the result of the process A is justified only
if the process A preceded B. Thus it seems that in quantum mechanics there is some physical inequivalence of both directions of time, so that the law of entropy growth may follow from it. However, in
this case there should be some inequality containing ℏ, justifying the validity of this law. There is no
evidence at all that this is true. Similarly, we may mention the possibility to explain irreversible thermodynamic behavior by the experimentally known fact of very weak CP-symmetry violation in the
modern physics of elementary particles, which inevitably leads to a weak violation of T-invariance in
the processes of elementary particle interactions. Up to now there is no accepted interpretation of this
kind.
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Paul and Tatiana Afanasyeva –
Ehrenfest. Paul Ehrenfest (1880–
1933) was an Austrian and Dutch theoretical physicist, who made major contributions to the field of statistical mechanics and quantum mechanics, including the theory of phase transition.
His wife Tatiana Afanasyeva (1876–
1964) was a Russian mathematician
who made contributions to the fields
of statistical mechanics and statistical
thermodynamics. Paul took courses at
the University of Vienna, in particular from Ludwig Boltzmann on his kinetic theory
of thermodynamics. These lectures had a profound influence: they were instrumental
in developing Ehrenfest’s interest in theoretical physics. Continuing his education
in Göttingen, Germany, he met his future wife Tatiana Afanasyeva, a young mathematician born in Kiev, Russian Empire, and educated in St Petersburg. They married
in 1904 and collaborated in their scientific research, most famously on their classic
review of the statistical mechanics of Boltzmann “The Conceptual Foundations of the
Statistical Approach in Mechanics”, originally published in 1911 as an article for the
German Encyclopedia of Mathematical Sciences. Ehrenfest’s most important contribution to physics were the theory of adiabatic invariants and classification of phase
transitions. He also made major contributions to quantum mechanics (Ehrenfest theorem). The evening colloquium in physics at Leiden University, initiated by him in 1912
was attended by many prominent physicists at a time. He was a close friend of Albert
Einstein. On his invitation Einstein accepted in 1920 an appointment as professor at
the University of Leiden. This arrangement allowed Einstein to visit Leiden for a few
weeks every year. At these occasions Einstein would stay at Ehrenfest’s home. At the
end of his life Ehrenfest suffered from severe depression and on 25 September 1933
he fatally shot his younger son, who had Down syndrome, and then killed himself.
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2 Gibbs distribution
2.1 Canonical distribution
Let us consider from a practical point of view the most important task of finding the
distribution function of an arbitrary macroscopic body that is a small part (subsystem)
of a much larger closed (adiabatically isolated) system. Suppose that we can consider
this large system as consisting of two parts: the body (subsystem) of interest to us
and the rest of the system (surrounding the body), which we shall call a thermostat or
bath (cf. Figure 2.1). It is assumed that the thermostat is a system with many degrees
of freedom that can exchange energy with our subsystem and is so large that its own
state is unchanged during such interaction.1
Let us start with quantum statistics. Both parts, our subsystem and the bath, can
be considered as a single, energetically isolated (closed) system with Hamiltonian:
H = H1 + H2 ,

(2.1)

where H1 is the Hamiltonian of the (sub)system under study and H2 is the Hamiltonian
of the bath (thermostat), which is assumed to be much larger than the system of inter-

Figure 2.1: System (1) in a thermostat (bath) (2).
1 The following presentation mainly follows from [37]. Some points are explained following [19].
https://doi.org/10.1515/9783110648485-002

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 1:51 AM

46 | 2 Gibbs distribution
est to us. Interaction between our system and the bath is assumed to be very weak but,
strictly speaking, finite, as it must be to guarantee the equilibrium state of both parts
of the large system (in Hamiltonian (2.1), this interaction is just dropped).2 In this case,
the wave function corresponding to the Hamiltonian (2.1) is factorized into a product
of the wave functions of the bath (system 2) and the body under study (system 1):
ψik (x, y) = ψk (x)ψi (y),

(2.2)

where ψk (x) is an eigenfunction of H1 and ψi (y) is an eigenfunction of H2 , while x and
y are sets of coordinates of the system and the bath correspondingly.
Energy levels of the whole (composite) system (neglecting small-surface interaction effects) are just the sums of the energy levels of systems (1) and (2):
Eik = Ei + Ek ,

(2.3)

where Ek denote the energy levels of the system (1), and Ei denote the energy levels of
the bath (2).
The statistical operator (density matrix) of the whole (closed!) system is:
ρ(xy; x y ) = ∑ wik ψik (x, y)ψ⋆ik (x  , y ),
ik

(2.4)

where wik is defined, according to our basic assumption, by the microcanonical distribution (1.58):
for E ≤ Eik ≤ E + ΔE

[𝒲 (E)]−1
w(Eik ) = {
0

outside this energy layer.

(2.5)

The density matrix of the system under study (1) can be obtained by taking the trace
of the statistical operator of the whole (composite) system over the coordinates (variables) of the bath (subsystem (2)):3
ρ(x, x ) = Sp2 ρ(xy; x y ) = ∑ wik ∫ dyψik (x, y)ψ⋆ik (x , y).
ik

(2.6)

From here, using (2.2) and the orthonormality of the wave functions, we immediately
obtain:
ρ(x, x ) = ∑ wk ψk (x)ψ⋆k (x  ),
k

(2.7)

2 For example, the thermal contact of our body with a bath is only through its boundary and can be
considered as a small surface effect.
3 This operation is similar to the one we used while obtaining, e. g., the single-particle density matrix
for two particles.

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 1:51 AM

2.1 Canonical distribution

| 47

where
wk = ∑ wik .

(2.8)

i

Now it is clear that, to get the probability distribution of quantum states for system
(1), we have to simply sum the probability distribution for the whole system over the
states of the bath (thermostat):
w(Ek ) = ∑ w(Ei + Ek )|Ei +Ek =E =
i

1
,
∑ 1|
𝒲 (E) i Ei =E−Ek

(2.9)

where for brevity we denoted Eik = E. It is clear that (2.9) reduces to:
w(Ek ) =

𝒲2 (E − Ek )
,
𝒲 (E)

(2.10)

where 𝒲2 (E − Ek ) is the number of quantum states of the bath with energy E − Ek ,
while 𝒲 (E) is the number of states of the whole (composite) system, corresponding to
energy E.
Introducing the entropy of the bath S2 (E) and the entropy of the whole system S(E)
via (1.170), we rewrite (2.10) as:
w(Ek ) = exp{S2 (E − Ek ) − S(E)}.

(2.11)

Taking into account that our system (1) is small in comparison with the bath, so that
Ek ≪ E, we can write an expansion:
S2 (E − Ek ) ≈ S2 (E) −

𝜕S2
E .
𝜕E k

(2.12)

Substituting (2.12) into (2.11), we get:
w(Ek ) = A exp(−

Ek
),
T

(2.13)

where we have introduced the temperature T (of the bath!) as:
𝜕S (E) 𝜕 ln 𝒲2 (E)
1
= 2
=
.
T
𝜕E
𝜕E

(2.14)

This definition of the (inverse) temperature coincides with that used in thermodynamics if we identify our entropy with that of thermodynamics. In equation (2.13)
A = exp{S2 (E) − S(E)} = const, it is a constant independent of Ek , i. e., independent of
the state of our system under study (1), and this constant can be determined by just
a normalization condition. Equation (2.13) is one of the most important expressions
of statistical mechanics; it defines the statistical distribution for an arbitrary macroscopic body, which is a relatively small part of some large closed system (essentially,
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this is probably the most general case of a problem to be solved in reality—there is
always some surrounding media for any system of interest!). Equation (2.13) is the socalled canonical Gibbs distribution.
The normalization constant A is determined from ∑k wk = 1, and using (2.13) we
immediately get:
Ek
1
≡ Z = ∑ e− T .
A
k

(2.15)

Here we introduced Z, which is usually called the statistical sum or partition function.
Using this notation, we can rewrite the canonical distribution (2.13) in the following
standard form:4
w(Ek ) = Z −1 exp(−

Ek
).
T

(2.16)

The average value of an arbitrary physical variable, described by quantum operator f ,
can be calculated using the Gibbs distribution as:
Ek

⟨f ⟩ = ∑ wk fkk =
k

∑k fkk e− T
Ek

∑k e− T

,

(2.17)

where fkk is the diagonal matrix element f calculated with eigenfunctions corresponding to the exact energy levels of the system Ek .
In classical statistics, we may proceed in a similar way. Let us consider a small part
of an isolated classical system (subsystem), so that we can write a volume element dΓ0
of the phase space of the whole (isolated) system as dΓ0 = dΓ dΓ, where dΓ is related
to our subsystem, while dΓ relates to the bath (surrounding media). We are interested
in the distribution function for the subsystem, and where the bath is in phase space
is of no interest to us, so that we just integrate over its variables (coordinates and momenta). Using the equality of the probabilities of all states of microcanonical ensemble
(describing the whole closed system, consisting of our subsystem and the bath), we
get:
dw ∼ 𝒲  dΓ,

(2.18)

where 𝒲  is the phase space (statistical weight) of the bath. Rewriting this statistical
weight via entropy, we obtain:
𝒲 ∼ exp{S (E0 − E(p, q))},




(2.19)

where E0 is the energy of the whole closed system, while E(p, q) is the energy of the
subsystem. The last relation takes into account that the energy of the thermostat (bath)
is given by: E  = E0 − E(p, q), because E0 = E  + E(p, q), if we can neglect interactions
4 If we measure the temperature in absolute degrees (K), and not in energy units, as is done in the
whole text, we have to replace T → kB T, where kB is Boltzmann’s constant, kB = 1.38 10−16 erg/K or
kB = 1.38 10−23 J/K. In this case we also have to add kB to our definition of entropy: S = kB ln 𝒲.
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between the subsystem and the bath. Now everything is quite easy:
dw = ρ(p, q)dΓ ∼ exp{S (E0 − E(p, q))}dΓ

(2.20)

ρ(p, q) ∼ exp{S (E0 − E(p, q))}.

(2.21)

so that

As previously, we can expand:
S (E0 − E(p, q)) ≈ S (E0 ) − E(p, q)

dS (E0 )
E(p, q)
= S (E0 ) −
,
dE0
T

(2.22)

where once again we have introduced the temperature of the bath T. Finally we obtain
the canonical distribution:
ρ(p, q) = Ae−

E(p,q)
T

(2.23)

where E(p, q) is the energy of the body under study (the subsystem in the bath), as a
function of the coordinates and momenta of its particles. The normalization constant
A is determined by the condition:
∫ dΓρ(p, q) = A ∫ dΓe−

E(p,q)
T

Z = A−1 = ∫ dΓe−

=1
E(p,q)
T

,

(2.24)

where Z is called statistical integral or partition function.
Let us return to the quantum case. The density matrix corresponding to the canonical Gibbs distribution can be written as:
Ek

ρ(x, x ) = Z −1 ∑ e− T ψk (x)ψ⋆k (x ),
k

(2.25)

where x is the coordinate set (and probably also spins) of particles (if we work in coordinate representation), and ψk (x) are eigenfunctions of Hamiltonian H.
Let us introduce the operator exp(− HT ). Then we can write down the compact operator expression for the canonical distribution:
H
)
T

(2.26)

H
).
T

(2.27)

ρ = Z −1 exp(−
and the partition function:
Z = Sp exp(−

This expression for the partition function is very convenient because of the invariance
of the trace (Sp) with respect to matrix representations; it is independent of the choice
of wave functions ψk (x), which may not necessarily be eigenfunctions of H.
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Up to now, we have spoken about the canonical Gibbs distribution as a statistical distribution for a subsystem inside some large closed system. Note that, in equation (1.56), we in fact already obtained it almost from “nothing”, while discussing the
role of energy and other additive integrals of motion. This derivation was absolutely
correct, but it was relatively obscure and formal from the physical point of view.
It is necessary to stress that the canonical distribution may be successfully applied also to closed systems. In reality, the values of thermodynamic characteristics
of the body are independent of whether we consider it as a closed system or a system
in some (probably imaginary) thermostat (bath). The difference between an isolated
(closed) and an open body is only important, when we analyze the relatively unimportant question of fluctuations in the total energy of this body. The canonical distribution
produces some finite value of its average fluctuation, which is a real thing for the body
in some surrounding media, while it is fictitious for an isolated body, because its energy is constant by definition and is not fluctuating. At the same time, the canonical
distribution is much more convenient in most calculations than the microcanonical
distribution. In fact, it is mostly used in practical tasks, forming the basis of the mathematical apparatus of statistical mechanics.

2.2 Maxwell distribution
As a very simple example of an important application of the canonical distribution,
we consider the derivation of Maxwell’s distribution function. In the classical case,
the energy E(p, q) can always be represented as a sum of kinetic and potential energy.
Kinetic energy is usually a quadratic form of the momenta of the atoms of the body,
while potential energy is given by some function of their coordinates, depending on
the interaction law and external fields, if the are present:
E(p, q) = K(p) + U(q)

(2.28)

so that the probability dw = ρ(p, q)dpdq is written as:
dw = Ae−

K(p)
T

e−

U(q)
T

dpdq

(2.29)

i. e., is factorized into the product of the function of momenta and of coordinates. This
means that probability distributions for momenta (velocities) and coordinates are independent of each other. Then we can write:
dwp = ae−
dwq = be

K(p)
T

− U(q)
T

dp,

(2.30)

dq.

(2.31)

Each of these distribution functions can be normalized to unity, which will define the
normalization constants a and b.
Let us consider the probability distribution for momenta (velocities) which, within
the classical approach, is independent of interactions between particles or on external
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fields and is in this sense universal. For an atom with mass m, we have:5
dwp = a exp(−

1
(p2 + p2y + p2z ))dpx dpy dpz
2mT x

(2.32)

from which we see that the distributions of momentum components are also independent. Using the famous Poisson–Gauss integral,6
∞

2

I = ∫ dxe−αx = √
−∞

we find:
∞

∞

∞

−∞

−∞

−∞

a ∫ dpx ∫ dpy ∫ dpz exp[−
∞

= a( ∫ dpe

−p2 /2mT

π
α

(2.33)

1
(p2 + p2y + p2z )]
2mT x

3

) = a(2πmT)3/2

−∞

so that:

a = (2πmT)−3/2 .

(2.34)

Finally, the probability distribution for momenta has the following form:
dwp =

p2x + p2y + p2z
1
exp(−
)dpx dpy dpz .
2mT
(2πmT)3/2

(2.35)

Transforming from momenta to velocities, we can write the similar distribution function for velocities so:
dwv = (

3/2

m
)
2πT

exp(−

m(vx2 + vy2 + vz2 )
2T

)dvx dvy dvz .

(2.36)

This is the well-known Maxwell’s distribution, which is one of the first results of classical statistics. In fact, it is factorized into the product of three independent factors:
dwvx = √

m − mv2Tx2
e
dvx ⋅ ⋅ ⋅
2πT

(2.37)

each determining the probability distribution of a separate component of velocity.
Note that the Maxwell distribution is valid also for molecules (e. g., in a molecular
gas), independent of the nature of the intramolecular motion of atoms (m in this case
is just the molecular mass). It is also valid for the Brownian motion of particles in
suspensions.
5 The kinetic energy of the body is the sum of the kinetic energies of the constituent atoms, so that
this probability distribution is also factorized into the product of distributions, each of which depends
only on the momenta of one atom.
2

2

6 It is easy to see that I 2 = ∫−∞ dxe−αx ∫−∞ dye−αy = ∫−∞ dx ∫−∞ dye−α(x
∞

∞
π ∫0

dze

−αz

∞

∞

∞

= π/α, thus proving the Poisson–Gauss expression.

2

+y2 )

2

= 2π ∫0 dρρe−αρ =
∞
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Transforming from Cartesian to spherical coordinates, we obtain:
dwv = (

3/2

m
)
2πT

e−

mv2
2T

v2 sin θdθdφdv,

(2.38)

where v is the absolute value of the velocity, while θ nd φ are polar and azimuthal
angles, determining the direction of the velocity vector v. Integrating over the angles,
we find the probability distribution for the absolute values of the velocity:
dwv = 4π(

3/2

m
)
2πT

e−

mv2
2T

v2 dv.

(2.39)

As a simple example of the application of the Maxwell distribution, let us calculate the
average value of the kinetic energy of an atom. For any of the Cartesian components
of the velocity, we have:7
⟨vx2 ⟩

∞

mvx2
m
T
=√
∫ dvx vx2 e− 2T = .
2πT
m

(2.40)

−∞

Thus, the average value of the kinetic energy of an atom is equal to 3T/2, i. e., 3kB T/2,
if we measure the temperature in absolute degrees. Then the average kinetic energy of
all particles of the body in classical statistics is always equal to 3NT/2, where N is the
number of atoms.
James Clerk Maxwell (1831–1879) was a
Scottish scientist in the field of mathematical
physics. His most notable achievement was
to formulate the classical electrodynamics
(Maxwell equations), bringing together electricity, magnetism and light as different manifestations of the same phenomenon. Basically, his theory forms the foundation of all
modern applications of electricity and magnetism and electrotechnics in general. With
the publication of “A Dynamical Theory of
the Electromagnetic Field” in 1865, Maxwell
demonstrated that electric and magnetic fields travel through space as waves moving
at the speed of light. The unification of light and electrical phenomena led to the prediction of the existence of radio waves, leading to modern communications. Actually,
his contribution to physics is considered to be on the scale of Newton and Einstein. At
the same time, he was one of the founders of statistical physics and the kinetic the2

n+1

7 For the integral of the general form In = ∫0 dxx n e−αx , we have: In = 21 α− 2 Γ( n+1
), where Γ(x) is
2
the Γ-function whose values for half-integer values of its argument are well known and can be found
in handbooks.
∞
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ory of gases. Between 1859 and 1866, he developed the theory of the distributions of
velocities in particles of a gas, work later generalized by Ludwig Boltzmann. The formula, called the Maxwell distribution, gives the fraction of gas molecules moving at
a specified velocity at any given temperature. In the kinetic theory, temperatures and
heat involve only molecular movement. This approach generalized the previously established laws of thermodynamics. In 1871, he established Maxwell’s thermodynamic
relations, which are statements of equality among the second derivatives of the thermodynamic potentials with respect to various thermodynamic variables. Maxwell’s
work on thermodynamics led him to devise the thought experiment that came to be
known as Maxwell’s demon, where the second law of thermodynamics is violated by
an imaginary being capable of sorting particles by energy. As a great lover of Scottish
poetry, Maxwell memorized many poems and wrote his own. He died in Cambridge of
abdominal cancer on 5 November 1879 at the age of 48.

2.3 Free energy from Gibbs distribution
According to equation (1.175), the entropy of a body can be calculated as the average
value of the logarithm of the distribution function:
S = −⟨ln wk ⟩ = − ∑ wk ln wk .
k

(2.41)

Substituting here the canonical distribution in the form of equation (2.16), we obtain: −⟨ln wk ⟩ = ln Z + T1 ∑k wk Ek = ln Z + ⟨E⟩
, where ⟨E⟩ = ∑k wk Ek is the average
T
energy. As this average energy ⟨E⟩ is precisely the same thing as the energy of the body
E in thermodynamics, we can write (2.41) as: S = ln Z + TE , or using the expression for
the free energy in thermodynamics F = E − TS:
Ek

F = −T ln Z = −T ln ∑ e− T .
k

(2.42)

This is the basic relation of equilibrium statistical mechanics, giving an expression
for the free energy of an arbitrary system via its statistical sum (partition function). In
fact, this fundamental result shows that, to calculate the free energy of a body, it is
sufficient to know its exact energy spectrum. We do not have to know, e. g., the wave
functions, and finding the spectrum of the Schroedinger equation is much a simpler
task than the solution of the complete quantum mechanical problem, including the
determination of the wave functions (eigenvectors).
From equation (2.42), we can see that the normalization factor in the Gibbs distriF
bution (2.16) is, in fact, expressed via the free energy: Z1 = e T , so that equation (2.16)
can be written as:
wk = exp(

F − Ek
).
T

(2.43)

It is the most common way to write the Gibbs distribution.
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Similarly, in the classical case, using (1.167), (2.23) and (2.24), we obtain:
ρ(p, q) = exp(

F − E(p, q)
),
T

(2.44)

where
F = −T ln ∫ dΓ exp(−

E(p, q)
)
T

(2.45)

dpdq
and dΓ = (2πℏ)
3N N! . Thus, in the classical approach, the statistical sum is just replaced
by the statistical integral. Taking into account that E(p, q) here can always be represented by the sum of kinetic K(p) and potential U energies, and kinetic energy is
always a quadratic form of momenta, we can perform momentum integration in the
statistical integral in its general form (see the previous discussion of the Maxwell distribution!). Thus, the problem of the calculation of the statistical integral is reduced to
U(q)
integration over all coordinates in e− T , which is of course impossible to do exactly.

2.4 Gibbs distribution for systems with varying number of
particles
Up to now, we implicitly assumed that the number of particles in the system is some
predetermined constant. In reality, different subsystems of a large system can exchange particles between them. The number of particles N in a subsystem fluctuates
around its average value. In this case, the distribution function depends not only on
the energy of the quantum state but also on the number of particles N of the body.
In fact, the energy levels EkN themselves are different for different values of N. Let
us denote as wkN the probability for the body to be in the k-th state and contain N
particles. This probability distribution can be obtained in the same way as we just
derived the probability wk .
Consider the closed (isolated) system with energy E (0) and number of particles
(0)
N , consisting of two weakly interacting subsystems with energies E  (bath) and EkN
(small subsystem) and respective numbers of particles N  (bath) and N (subsystem):
E (0) = EkN + E 

N (0) = N + N  .

(2.46)

We assume that the subsystem of interest to us is small in comparison to the bath
(particle reservoir), so that:
EkN ≪ E 

N ≪ N .

(2.47)

As we assume the full composite system to be isolated, it can again be described by
the microcanonical distribution. Similar to the derivation of the canonical distribution, we can find the probability distribution for a small subsystem wkN by summing
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the microcanonical distribution for the whole system over all states of the bath. In
complete analogy with equation (2.10), we get:
wkN =

𝒲  (E (0) − EkN , N (0) − N)
𝒲 (0) (E (0) , N (0) )

,

(2.48)

where 𝒲  is the statistical weight of the bath, while 𝒲 (0) is the statistical weight of
the full (closed) system. Using the definition of entropy, we immediately obtain:
wkN = Const exp{S (E (0) − EkN , N (0) − N)}.

(2.49)

Now we can again expand S in powers of EkN and N, restricting ourselves to linear
terms only:
S (E (0) − EkN , N (0) − N) ≈ S (E (0) , N (0) )
−(

𝜕S
𝜕S
) EkN − (
) N + ⋅⋅⋅.
𝜕E V,N
𝜕N E,V

(2.50)

Then, remembering the thermodynamic relations for the system with a variable number of particles [19]:
dE = TdS − PdV + μdN;

μ=(

𝜕E
)
𝜕N S,V

(2.51)

or
dS =

μ
dE P
+ dV − dN,
T
T
T

(2.52)

we obtain:
(

𝜕S
1
)
= ;
𝜕E V,N T

(

μ
𝜕S
) =− .
𝜕N E,V
T

(2.53)

Then we can rewrite the expansion (2.50) as:
S (E (0) − EkN , N (0) − N) ≈ S (E (0) , N (0) ) −

EkN μN
+
.
T
T

(2.54)

Notice that both the chemical potential μ and temperature T of the body (subsystem)
and the bath (thermostat) just coincide due to the standard conditions of thermodynamic equilibrium.
Finally, we obtain the distribution function:
wkN = A exp(

μN − EkN
).
T

(2.55)
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The normalization constant A can again be expressed via thermodynamic variables.
To see this, let us calculate the entropy of the body:
μ
1
⟨N⟩ + ⟨E⟩
T
T

S = −⟨ln wkN ⟩ = − ln A −

(2.56)

or
T ln A = ⟨E⟩ − TS − μ⟨N⟩.

(2.57)

Identifying ⟨E⟩ with energy of the body E in thermodynamics and ⟨N⟩ with the particle
number N in thermodynamics, taking into account the thermodynamic relation E −
TS = F and introducing the thermodynamic potential Ω as Ω = F − μN [19], we have:
T ln A = Ω, so that equation (2.55) can be rewritten as:
wkN = exp(

Ω + μN − EkN
).
T

(2.58)

This is the final form of the Gibbs distribution for the system with a variable number
of particles, which is called the grand-canonical distribution.
The usual normalization condition for (2.58) is:
Ω

∑ ∑ wkN = e T ∑(e
N

μN
T

N

k

∑ e−

EkN
T

k

) = 1.

(2.59)

From here, we obtain the general expression for the thermodynamic potential Ω in
statistical mechanics:
Ω = −T ln ∑(e

μN
T

N

∑ e−

EkN
T

k

(2.60)

),

where the expression on the right-hand side can be called a grand partition function.
The average number of particles ⟨N⟩ in our system is determined by the relationship:
Ω

⟨N⟩ = ∑ ∑ NwkN = e T ∑(Ne
N

k

N

μN
T

∑ e−
k

EkN
T

),

(2.61)

which can be considered as a kind of additional “normalization” condition. Actually,
this equation implicitly determines the chemical potential μ as a function of temperature and a fixed average particle number ⟨N⟩, which is equivalent to the number of
particles N in thermodynamics. This is the general recipe to determine μ, which will
often be used in future calculations.
Expressions (2.42) and (2.60) determine thermodynamic characteristics for arbitrary systems in equilibrium. The free energy F is determined as a function of T, N
and V, while the thermodynamic potential Ω is determined by (2.60) as a function of
T, μ and V.
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Similar to previous analysis, in classical statistics the grand canonical distribution is written as:
dwN = exp(

Ω + μN − EN (p, q) dp(N) dq(N)
)
≡ ρN dΓN .
T
(2πℏ)3N N!

(2.62)

The variable N is written here as an index of the distribution function and also of the
phase-space volume element to stress that there is a different phase space for each
value of N (with its own dimensions 6N). The expression for the potential Ω is now:
Ω = −T ln{∑ e
N

μN
T

∫ dΓN exp(−

EN (p, q)
)}.
T

(2.63)

It is clear that in calculations of all statistical (thermodynamic) properties of the body,
except fluctuations in the total number of particles, both the canonical and grand
canonical Gibbs distributions are equivalent. Neglecting fluctuations in the particle
number N, we have Ω + μN = F, and these distributions just coincide.
The use of one or the other distribution is, in most practical tasks, mostly a question of convenience of calculations. In practice, the microcanonical distribution is
most inconvenient, while the most convenient is often the grand canonical distribution.

2.5 Thermodynamic relations from Gibbs distribution
Let us complete the statistical justification of thermodynamics by deriving its main
relations from the Gibbs distribution. Already during our discussion of the role of additive integrals of motion and derivation of equation (1.56), which is essentially the
canonical distribution itself, we noted that the factor β before the energy in equation (1.56) is the same for all subsystems of the given closed system. Taking into account that in the canonical distribution we have β = −1/T, we come to the conclusion
that this is equivalent to the usual thermodynamic condition for equality of the temperatures for all parts of the system being in the state of thermodynamic equilibrium.8
It easy to see that for the temperature T > 0, otherwise, there appears a divergence in
the normalization sum ∑k wk , because the energy levels Ek may be arbitrarily large.
All these properties nicely coincide with the basic properties of temperature in thermodynamics.
Basic thermodynamic relationships may be derived in various ways. Let us write
down the canonical distribution in operator form as:
ρ=e

F−H
T

.

(2.64)

8 Equation (1.56) coincides with the canonical distribution (2.43), if we also take α = F/T and consider
the system at rest.
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Normalization condition Sp ρ = 1 can be rewritten as:
H

F

e− T = Sp(e− T )

(2.65)

which is in essence the definition of free energy. Differentiating this expression with
respect to T, we get:
(

H
F
1 𝜕F − TF
1
−
)e = 2 Sp(He− T ).
T 2 T 𝜕T
T

(2.66)

F

Multiplying this relation by T 2 e T and taking into account that ⟨H⟩ = E, we obtain the
basic Gibbs–Helmholtz relationship of classical thermodynamics:
F =E+T

𝜕F
.
𝜕T

(2.67)

Comparing this expression with the definition of free energy F = E − TS, we get:
S=−

1
𝜕F
= − (F − ⟨H⟩).
𝜕T
T

(2.68)

According to equation (1.174), we can write down the entropy in operator form as:
S = − Sp ρ ln ρ.

(2.69)

The identity of this expression for S with the previous one can be easily seen—according to equation (2.64), we have ln ρ = T1 (F − H), and the rest is obvious.
Another way to obtain the basic thermodynamic relations is to consider the normalization condition for the Gibbs distribution:
∑e
k

F−Ek
T

=1

(2.70)

and differentiate it, considering the left-hand side as a function of T and some variables λ1 , λ2 , . . . , which characterize external conditions of the body under study. These
variables may, for example, determine the geometrical form and size of its volume,
define external fields etc. Energy levels of the system Ek parametrically depend on
λ1 , λ2 , . . . . After differentiation we obtain (for brevity, we write explicitly only one parameter λ):9
∑
k

𝜕E
F − Ek
wk
[dF − k dλ −
dT] = 0.
T
𝜕λ
T

(2.71)

9 More precisely, we write down the full differential on the left-hand side of equation (2.70):
d ∑k e

F−Ek
T

= ∑k wk d(

F−Ek
T

) = 0, which gives us equation (2.71).
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Then we have:
dF ∑ wk = dλ ∑ wk
k

k

𝜕Ek dT
+
(F − ∑ wk Ek ).
𝜕λ
T
k

Taking into account ∑k wk = 1, ∑k wk Ek = ⟨E⟩ = E and ∑k wk
F − E = −TS and the relationship:10

𝜕Ek
𝜕λ

(2.72)
=

𝜕⟨Ek ⟩
,
𝜕λ

𝜕⟨Ek ⟩ 𝜕⟨H⟩
=
𝜕λ
𝜕λ

as well as

(2.73)

we finally obtain:
dF = −SdT +

𝜕⟨H⟩
𝜕E
dλ = −SdT +
dλ
𝜕λ
𝜕λ

(2.74)

which represents the general form of the differential of free energy in thermodynamics.
Similarly, from the normalization condition for the grand canonical distribution11
(2.59), we can obtain the general form of the differential of the thermodynamic potential Ω:
dΩ = −SdT − Ndμ +

𝜕⟨H⟩
dλ.
𝜕λ

(2.75)

We assumed here that the external parameters λ1 , λ2 , . . . characterize the macroscopic state of the system in equilibrium. These may be the volume (form) of a vessel,
the values of external electric or magnetic fields etc. Parameters λ1 , λ2 , . . . are also assumed to change very slowly in time, so that, during the time of the order of the relaxation time for the system to evolve to equilibrium, these parameters can be considered
as practically constant. Then we can suppose that, at any moment in time, the system
is in some equilibrium state, despite the fact that the external parameters change.
Such a process of slow change of external parameters may be called quasi-static. If we
consider the parameters λ1 , λ2 , . . . as generalized coordinates, corresponding generalized forces can be introduced as:
Λi = −

𝜕H
.
𝜕λi

(2.76)

10 If the Hamiltonian H and its eigenvalues Ek depend on the parameter λ, we have: 𝜕λk = ( 𝜕H
) , so
𝜕λ kk
that after the averaging we obtain (2.73).
11 Note that the grand canonical distribution can also be derived with arguments used in the derivation of equation (1.56), if we consider the number of particles as N as an additive integral (constant)
of motion. Then, for a system at rest, we can write: ln wkN = α + βEkN + γN, where γ and β are to be the
same for all parts of the system in equilibrium. Putting here α = Ω/T, β = −1/T and γ = μ/T, we obtain
the grand canonical distribution. By the way, here we obtained the well-known condition of equality
of chemical potentials of subsystems in equilibrium with each other.
𝜕E
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For a quasi-static process, the observed values of the generalized forces can be obtained by averaging over the equilibrium statistical ensemble as:
⟨Λi ⟩ = Sp(ρΛi ) = −

𝜕⟨H⟩
.
𝜕λi

(2.77)

Let us consider some typical examples. If we choose as an external parameter the volume of the system V, the generalized force is pressure:
P=−

𝜕⟨H⟩
𝜕E
=− .
𝜕V
𝜕V

(2.78)

Then equation (2.74) takes the well-known form:
dF = −SdT − PdV.

(2.79)

If we choose as a parameter an external electric field E, the generalized force is the
polarization (electric dipole moment of the body) P and:
dF = −SdT − PdE;

P=−

𝜕⟨H⟩
.
𝜕E

(2.80)

For the case of an external magnetic field H, the generalized force is the magnetization
(magnetic moment) of the body M and:
dF = −SdT − MdH;

M=−

𝜕⟨H⟩
.
𝜕H

(2.81)

Thus, we succeeded in the construction of the complete statistical derivation of all basic relationships of thermodynamics. Historically, the development of statistical mechanics was directly related to this task.
The final problem to be discussed in relation to the justification of the laws of thermodynamics is Nernst’s theorem, sometimes called the third law of thermodynamics.
We note from the very beginning that, in contrast to the first and the second laws,
which directly follow from the Gibbs approach, a similar (in generality) proof of the
Nernst’s theorem is absent, though for all “reasonable” models of statistical mechanics it is valid. Let us analyze the limiting behavior of the Gibbs distribution
wk = e

F−Ek
T

(2.82)

for temperatures T → 0. Using the expression for the entropy:
S=

1
(⟨H⟩ − F),
T

(2.83)

we can write wk = exp{−S + T1 (⟨H⟩ − Ek )}, or:
wk = exp{−S +

⟨H⟩ − E0 E0 − Ek
+
},
T
T
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where E0 is the energy of the ground state of the system, so that Ek > E0 for all k ≠ 0.
Calculating the limit of (2.84) for T → 0, we obtain:
lim wk = wk (0) = exp{−S(0) + CV (0)}δEk −E0 ,

T→0

(2.85)

where
1
δEk −E0 = {
0

for Ek = E0

for Ek ≠ E0 .

(2.86)

)
denotes the specific heat of the body at T = 0 and
In equation (2.85) CV (0) = ( 𝜕⟨H⟩
𝜕T T=0
for constant volume. However, from equation (2.83) it follows (using l’Hôpital’s rule)
that for T → 0:
S(0) = (

𝜕⟨H⟩ 𝜕F
−
)
= CV (0) + S(0)
𝜕T
𝜕T T→0

(2.87)

so that CV (0) = 0 (Nernst’s theorem). Accordingly, equation (2.85) reduces to:
wk (0) = exp{−S(0)}δEk −E0 ,

(2.88)

which is, in fact, just the microcanonical distribution:
wk (0) =

1
𝒲0

δEk −E0 ,

(2.89)

where 𝒲0 is the degeneracy of the ground state. Then the entropy in the ground state
at T = 0:
S(0) = ln 𝒲0 .

(2.90)

For the majority of physical systems (like crystals, quantum gases and liquids etc.)
the ground state is nondegenerate, so that 𝒲0 = 1, and thus the entropy tends to zero
as T → 0. Even for the case of 𝒲0 ≫ 1, but for limN→∞ N1 ln 𝒲0 = 0 (entropy per
single particle), we may assume S(0) = 0, which is, in fact, the general formulation of
Nernst’s theorem.12
Unfortunately, the situation here is not so simple and the physical behavior of
systems, described by Nernst’s theorem, is not directly related to nondegeneracy of
the ground state. Actually it reflects the behavior of an effective behavior of excitation
12 Note that Nernst’s theorem is inapplicable to amorphous solids (glasses) or disordered alloys,
which are not, in fact, in a state of complete thermodynamic equilibrium, but can be “frozen” (at
T → 0) in some of many possible metastable states with quite large or even practically infinite relaxation times.
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spectra of macroscopic bodies at small energies, and Nernst’s theorem manifests itself
for temperatures T, which are much larger than the energy difference between the first
excited state of the system and its ground state. Above, we have already seen that the
energy spectrum of a macroscopic body can be considered as practically continuous,
so this energy difference is, in fact, unobservable. This follows even from the simplest
estimates. Consider an ideal gas of atoms with mass m, moving in the volume V = L3 .
Then we can estimate:
E1 − E0 ∼

h2
ℏ2 2
kmin =
2m
2mV 2/3

where kmin =

2π
L

(2.91)

and the volume V → ∞. Experimentally, for an ideal gas, manifestations of Nernst’s
theorem become observable for finite temperatures of the order or below the so-called
2
degeneracy temperature T0 ∼ ℏm ( NV )2/3 .
To give the general proof of Nernst’s theorem, we have to understand the distribution of energy levels Ek close to the ground state, i. e., to find the general behavior
of the statistical weight 𝒲 (E, N, V) close to E = E0 . Up to now, such behavior has only
been studied for some specific models. The behavior necessary to reproduce Nernst’s
theorem in all cases, when the weak (low energy) excitations of the system can be represented by an ideal gas of quasi-particles. Later, we shall consider only such systems,
and the concept of quasi-particles will be of central importance.
This concludes our presentation of the basics of the Gibbs approach to statistical
mechanics. The rest of the book will be devoted to applications of this formalism to
various concrete problems of the physics of many particle systems.
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3 Classical ideal gas
3.1 Boltzmann distribution
The simplest model to illustrate the applications of the general principles of statistical
mechanics is an ideal gas of noninteracting atoms or molecules.1 This model played
an important role at the early stages of the development of statistical physics.2
The absence of interactions between the atoms (molecules) of an ideal gas allows
us to reduce the quantum mechanical problem of finding the energy levels En of a gas
as a whole to the problem of finding the energy levels of an isolated atom (molecule).
We shall denote these levels as εk , where k is the set of quantum numbers, determining
the state of an atom (molecule). Because of the absence of interactions the energy
levels, En are just the sums of energies of each of the atoms (molecules). Let us denote
as nk the number of gas particles occupying the quantum state k and calculate its
average value ⟨nk ⟩ for the important limit of:
⟨nk ⟩ ≪ 1.

(3.1)

Physically, this limit corresponds to a strongly diluted gas. Let us apply the canonical Gibbs distribution to gas molecules, considering a single molecule as a subsystem
in the bath (of the rest of the molecules). Then it is clear that the probability for the
molecule to be in the k-th state, and also the average number ⟨nk ⟩ of molecules in this
εk

state, will be ∼e− T , so that

εk

(3.2)

⟨nk ⟩ = ae− T ,
where the coefficient a can be determined by the normalization condition:
∑⟨nk ⟩ = N,
k

(3.3)

where N is the total number of particles in a gas. The distribution function given by
equation (3.2) is called Boltzmann’s distribution.
Let us give another derivation of the Boltzmann distribution that is based on application of the grand canonical Gibbs distribution to all particles of the gas occupying
the same quantum state, which is considered as a subsystem in the bath (of all other
particles). In the general expression for the grand canonical distribution (2.58), we
1 Surely, the existence of some weak interactions (e. g., rare collisions) between atoms or molecules
is necessary to reach the equilibrium state. However, during the calculations of the equilibrium thermodynamic properties of an ideal gas, we can neglect those from the very beginning.
2 Below we basically follow the presentation of [19].
https://doi.org/10.1515/9783110648485-003
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now have to set E = nk εk and N = nk . Adding an index k also to the thermodynamic
potential Ω, we obtain:
wnk = e
In particular, w0 = e

Ωk
T

Ωk +nk (μ−εk )
T

(3.4)

.

is simply the probability of an absence of any particle in this

given state. In the limit of interest to us, when ⟨nk ⟩ ≪ 1, the probability w0 = e
and from equation (3.4), we obtain:
w1 = e

μ−εk
T

Ωk
T

≈ 1,

(3.5)

.

As to probabilities of the values of nk > 1, in this approximation they are just zeroes.
Thus, in the sum determining ⟨nk ⟩ there remains only one term:
⟨nk ⟩ = ∑ wnk nk = w1 ,
nk

(3.6)

and we get:
⟨nk ⟩ = e

μ−εk
T

(3.7)

.

We see that the coefficient in equation (3.2) is expressed via the chemical potential of
the gas, which is implicitly defined by the normalization condition for the total number of particles (3.3).

3.2 Boltzmann distribution and classical statistics
While the previous analysis was based on a quantum approach, let us consider the
same problem in classical statistics. Let dN denote the average number of molecules
belonging to an element of the phase space of the molecule dpdq = dp1 ⋅ ⋅ ⋅ dpr dq1 ⋅ ⋅ ⋅
dqr (r is the number of degrees of freedom of the molecule). We can write it as:
dN = n(p, q)dτ

dτ =

dpdq
,
(2πℏ)r

(3.8)

where n(p, q) is probability density in the phase space. Then:
n(p, q) = e

μ−ε(p,q)
T

,

(3.9)

where ε(p, q) is the energy of the molecule as a function of the coordinates and momenta of its atoms.
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For a gas in the absence of any kind of external field, this distributions reduces to
the Maxwell distribution:3
2

2

2

dNp =

p +py +pz
N
− x 2mT
e
dpx dpy dpz ,
V(2πmT)3/2

dNv =

N m
(
)
V 2πT

3/2

e−

m(vx2 +vy2 +vz2 )
2T

dvx dvy dvz ,

(3.10)
(3.11)
μ

where m is the mass of a molecule. Comparing (3.10) and (3.9), we obtain e T =
N
(2π)3/2 ℏ3 (mT)−3/2 , so that the chemical potential of a Boltzmann gas is:
V
μ = T ln(

N (2π)3/2 ℏ3
).
V (mT)3/2

(3.12)

This result can also be obtained directly from normalization (3.9) for the total number
of particles in a unit volume (density) given by equation (3.3). In the classical approximation, εk =

p2x +p2y +p2z
,
2m

so that (3.3) can be written as:

∑e
k

μ−εk
T

=N

or

μ

eT ∫

N
d3 p − px +p2mTy +pz
e
=
V
(2πℏ)3
2

2

2

(3.13)

which gives (3.12) after calculation of an elementary Gaussian integral:
μ = T ln{

d3 p − px +p2mTy +pz
N (2π)3/2 ℏ3
N
(∫
e
)
}
=
T
ln(
).
V
V (mT)3/2
(2πℏ)3
2

2

2

−1

(3.14)

Thus, the chemical potential of the gas is completely determined by the density of the
particles and temperature.
Consider now the gas in an external field, when the potential energy of a molecule
depends on the coordinates of its center of mass: U = U(x, y, z). A typical example is
a gas in a gravitational field. The Maxwell distribution for velocities remains, as was
noted above, valid, while the distribution for the center of mass coordinates is given
by:
dNr = n0 e−

U(x,y,z)
T

dV

(3.15)

which gives the number of molecules in volume element dV = dxdydz. Obviously,
n(r) = n0 e−

U(r)
T

(3.16)

gives the density of particles at the point r. Here n0 is the density at points, where
U = 0. Equation (3.16) is sometimes called Boltzmann’s law.
3 In contrast with the form of the Maxwell distribution discussed above, here we introduce an additional factor N/V, which is related to the normalization to particle density used here.
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As an example, consider a gas in a homogeneous gravitational field (e. g., on
Earth’s surface) directed along z-axis, so that U = mgz (g is the free fall acceleration),
and for the density distribution of a gas we obtain:
n(z) = n0 e−

mgz
T

,

(3.17)

where n0 is the density at z = 0 (at sea level).
Ludwig Boltzmann (1844–1906) was an Austrian
physicist whose greatest achievement was the development of foundations of statistical physics, which
explains and predicts how the properties of atoms
determine the physical properties of matter. Boltzmann’s most important scientific contributions were
in kinetic theory, including the Maxwell–Boltzmann
distribution for molecular velocities in a gas. Much
of the physics establishment did not share his belief
in the reality of atoms and molecules, and almost all
German philosophers like Ernst Mach and the physical chemist Wilhelm Ostwald disbelieved in their existence. Only a couple of years after Boltzmann’s death, Perrin’s studies of colloidal
suspensions, based on Einstein’s theoretical studies of 1905, confirmed the values
of the Avogadro’s number and Boltzmann’s constant, and convinced the world that
atoms and molecules really exist. Boltzmann tried for many years to “prove” the second law of thermodynamics using his kinetic equation and his famous H-theorem.
However, the key assumption he made in formulating the collision term in kinetic
equation was “molecular chaos’—a statistical assumption, not related to pure mechanics. The idea that the second law of thermodynamics or “entropy law” is a law
of disorder was basic to Boltzmann’s view of the second law of thermodynamics. The
second law, he argued, was thus simply the result of the fact that in a world of mechanically colliding particles disordered states are the most probable. Boltzmann spent a
great deal of effort in his final years defending his theories. He did not get along with
some of his colleagues in Vienna, particularly Ernst Mach. This lead to serious deterioration of his mental condition and he committed suicide on September 5, 1906 by
hanging himself while on vacation with his wife and daughter near Trieste.

3.3 Nonequilibrium ideal gas
Consider an ideal gas in an arbitrary (in general nonequilibrium) state. Let us assume
that all quantum states of a single particle of the gas can be classified into certain
groups of levels with energies close to each other, and the number of levels in each
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group, as well as the number of particles on these levels, are large enough.4 Let us
enumerate these groups of levels by the numbers j = 1, 2, . . . and let Gj be the number
of levels in j-th group, while Nj is the number of particles in these states. The set of
numbers Nj completely determines the macroscopic state of the gas, while their arbitrariness, in fact means that we are dealing with an arbitrary, in general, nonequilibrium state of the system.
To calculate the entropy of this macroscopic state, we have to determine its statistical weight 𝒲 , i. e. the number of microscopic distributions of particles over the
levels, which realize such a state. Considering each group of Nj particles as an independent subsystem and denoting its statistical weight by 𝒲j , we can write:
(3.18)

𝒲 = ∏ 𝒲j .
j

Now we have to calculate 𝒲j . In Boltzmann’s statistics the average occupation numbers of all quantum states are small in comparison to unity. This means that Nj ≪ Gj ,
though Nj are still very large. The smallness of occupation numbers leads to the conclusion that all particles are distributed over different states, independently of each
N
other. Placing each of Nj particles in one of Gj states we obtain in all Gj j possible distributions, including physically equivalent ones, which differ only due to permutations
of identical particles. Accordingly, we have to divide the total number of possible distributions (configurations) by Nj !, so that:
Nj

𝒲j =

Gj

Nj !

(3.19)

.

Then the entropy is calculated as:
S = ln 𝒲 = ∑ ln 𝒲j = ∑(Nj ln Gj − ln Nj !).
j

(3.20)

j

Using Stirling’s asymptotics, valid for N ≫ 1:5
ln N! ≈ N ln(

N
)
e

(3.21)

we get:
S = ∑ Nj ln
j

eGj
Nj

(3.22)

.

4 This assumption is made just to simplify our analysis and does not restrict its generality.
N

5 For N ≫ 1 the sum ln N! = ln 1 + ln 2 + ⋅ ⋅ ⋅ + ln N is approximately expressed as ∫0 dx ln x, which
immediately gives equation (3.21).
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This expression determines the entropy of an ideal gas in an arbitrary macroscopic
state, defined by the set of numbers Nj . Let us rewrite it, introducing the average numbers ⟨nj ⟩ of particles in the j-th group of quantum levels ⟨nj ⟩ = Nj /Gj . Then:
S = ∑ Gj ⟨nj ⟩ ln
j

e
.
⟨nj ⟩

(3.23)

Describing particles in a quasi-classic approximation, we can introduce the distribution function in phase space. Dividing the phase space into small elementary volumes
Δp(j) Δq(j) , which still contain a large enough number of particles, we can write down
the number of quantum states in such a volume as (r is the number of degrees of freedom of a gas molecule, for a one-atom gas r = 3):
Gj =

Δp(j) Δq(j)
= Δτ(j) .
(2πℏ)r

(3.24)

The number of particles in these states can be written as Nj = n(p, q)Δτ(j) . Substituting
these expressions into equation (3.23), we obtain:
S = ∫ dτn(p, q) ln

e
.
n(p, q)

(3.25)

This is the so-called Boltzmann’s entropy of an ideal gas in an arbitrary (nonequilibrium) state, defined by the single particle distribution function n(p, q).6
What is the connection of the Boltzmann entropy (3.25) with the Gibbs entropy,
defined in (1.167)? In the expression for the Gibbs entropy:
S = −∫

dpdq
ρ(p, q, t) ln ρ(p, q, t)
(2πℏ)3N N!

(3.26)

ρ(p, q) denotes the full N-particle distribution function, depending on the coordinates
and momenta of all N molecules of gas. For an ideal gas of noninteracting particles this
distribution function is obviously factorized (statistical independence – absence of
interactions!) into the product of single particle distribution functions for all particles:
ρ(p, q) =

N! N
∏ n(pi , qi ),
N N i=1

(3.27)

where the single particle distribution functions n(pi , qi ) are normalized as (for oneatom gas, i. e. r = 3):
∫

dp1 dq1
n(p1 , q1 ) = N.
(2πℏ)3

(3.28)

6 The distribution function n(p, q) can depend on time and this time dependence can be calculated using Boltzmann’s kinetic equation. For this entropy (3.25) the famous Boltzmann’s H-theorem, is proved
in classical kinetics, describing the time growth of (3.25).
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The factor of N!/N N in (3.27) is introduced here to insure agreement between this normalization and the one used above for ρ(p, q):
∫ dΓρ(p, q) = {

N

1 dp1 dq1
n(p1 , q1 )} = 1
∫
N (2πℏ)3

dΓ =

dpdq
(2πℏ)3N N!

(3.29)

Then, using (3.27), (3.21) in (3.26) we get:
S = −∫

n(p1 , q1 )
dp1 dq1
n(p1 , q1 ) ln
,
e
(2πℏ)3

(3.30)

which coincides with (3.25).
In the equilibrium state the entropy is to be maximal. This can be used to find the
equilibrium distribution function. Let us find ⟨nj ⟩, which gives the maximal value of
the sum (3.23), with additional demands of the fixed (average) number of particles and
average energy of the system:
∑ Nj = ∑ Gj ⟨nj ⟩ = N,

(3.31)

∑ εj Nj = ∑ εj Gj ⟨nj ⟩ = E.

(3.32)

j

j

j

j

Using the method of Lagrange multipliers we demand:
𝜕
(S + αN + βE) = 0,
𝜕nj

(3.33)

where α and β are some constants. After differentiation we get:
Gj (− ln⟨nj ⟩ + α + βεj ) = 0

(3.34)

⟨nj ⟩ = exp(α + βεj ).

(3.35)

leading to ln⟨nj ⟩ = α + βεj , or

We obtained the Boltzmann distribution, where the constants α and β are related to T
and μ: α = μ/T, β = −1/T. This is clear, in particular, from the possibility to write (3.33)
as a relation between differentials: dS + αdN + βdE = 0, which is to coincide with the
well known thermodynamic relation for the differential of energy (for fixed volume):
dE = TdS + μdN.

3.4 Free energy of Boltzmann gas
Let us apply the basic relation of statistical mechanics:
En

F = −T ln Z = −T ln ∑ e− T
n

(3.36)

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 1:54 AM

70 | 3 Classical ideal gas
to the calculation of the free energy of an ideal gas, described by Boltzmann statistics.
Energy levels En of the whole system (gas) are simply the sums of energies of isolated
molecules εk , which in the Boltzmann case are all different (because in each quantum
En

state of a gas there is no
more than one molecule). Then we can write down e− T as
ε
− Tk
a product of factors e
for each molecule and sum over all states of each molecule,
which leads to the following expression for the partition function of the gas:7
εk

N

(3.37)

Z ∼ (∑ e− T ) .
k

This expression is also to be divided by N!, taking into account the number of permutations of identical particles (molecules), leading to physically equivalent states
(configurations). Then we have:
N

εk
1
(∑ e− T ) .
N! k

En

Z = ∑ e− T =
n

(3.38)

Substituting this expression into (3.36), we get:
εk

F = −TN ln ∑ e− T + T ln N!
k

(3.39)

or, using once again ln N! ≈ N ln N/e, we obtain:
F = −NT ln{

εk
e
∑ e− T }.
N k

(3.40)

In classical statistics we can immediately write:
F = −NT ln[

ε(p,q)
e
∫ dτe− T ]
N

dτ =

dr pdr q
,
(2πℏ)r

(3.41)

where r is again the number of degrees of freedom of a gas molecule.

3.5 Equation of state of Boltzmann gas
The energy of a gas molecule can be written as:
εk (px , py , pz ) =

En

εk

1

εk

2

p2x + p2y + p2z
2m

+ εk ,

εk
N

(3.42)

7 We have e− T = e− T e− T ⋅ ⋅ ⋅ e− T , with N factors in total, with all kL (L = 1, 2, . . . , N) different.
Calculating now ∑k1 ∑k2 ⋅ ⋅ ⋅ ∑kN → (∑k )N , we get equation (3.37).
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where the first term is the kinetic energy of molecular motion, while εk denote internal energy levels of the molecule (corresponding e. g. to the rotation of the molecule,
atomic oscillations near equilibrium positions, energy levels of atoms etc.). Here it is
important to note that εk do not depend on the momenta (velocities) and coordinates
of the center of mass of the molecule. Then, the sum under ln in equation (3.40) is
equal to:8
∞

∞

∞

−∞

−∞

−∞

2

2

3/2

2

ε
p +py +pz
mT
1
− x 2mT
− Tk
dp
e
dp
e
dp
= V(
)
dV
∑
∫
∫
∫
∫
z
y
x
3
2
(2πℏ)
2πℏ
k


V

εk

∑ e− T .
k

(3.43)

Then the free energy of the gas is written as:
F = −NT ln[

3/2

eV mT
(
)
N 2πℏ2

εk

∑ e− T ] = −NT ln[
k

3/2

eV mT
(
)
N 2πℏ2

Z  ],

(3.44)
εk

where we have introduced an “internal” partition function of a molecule Z  = ∑k e− T .
This sum cannot be calculated in general form, it depends on the values of the internal
energy levels of the molecules, i. e. on the type of gas. However, it is important to note
that it is some function of temperature only, so that equation (3.44) gives the complete
dependence of the free energy on the volume. This volume dependence can be written
explicitly by rewriting equation (3.44) as:
F = −NT ln

eV
+ Nf (T);
N

f (T) = −T ln(

3/2

mT
)
2πℏ2

Z.

(3.45)

Then for the gas pressure we immediately obtain:
P=−

𝜕F
NT
=
𝜕V
V

or

PV = NT

(3.46)

i. e. an equation of state of an ideal gas. If we measure the temperature in absolute
degrees, we have to write:
PV = NkB T = RT.

(3.47)

For one gram-molecule (mole) of gas N = 6.023 1023 (Avogadro number), R =
8.314 107 erg/K, kB = 1.3804 10−16 erg/K.
From F we can find other thermodynamic potentials. For example, the Gibbs thermodynamic potential:
Φ = F + PV = E − TS + PV = W − TS = −NT ln

eV
+ Nf (T) + PV,
N

(3.48)

8 Integral over dV here is related to integration over coordinates of the center of mass of the molecule
and reduces to the total volume occupied by gas V.
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where W is the enthalpy. Expressing V via P and T using the equation of state (3.46), to
rewrite Φ as a function of P and T (remember that dΦ = −SdT + VdP) and introducing
a new function of temperature as: χ(T) = f (T) − T ln T, we obtain:
Φ = NT ln P + Nχ(T).

(3.49)

The entropy of the gas (remember that dF = −SdT − PdV):
S=−

eV
𝜕F
= N ln
− Nf  (T)
𝜕T
N

(3.50)

S=−

𝜕Φ
= −N ln P − Nχ  (T).
𝜕T

(3.51)

E = F + TS = Nf (T) − NTf  (T)

(3.52)

or, as a function of P and T:

The internal energy of the gas:

and is a function of temperature only. The same is valid for the enthalpy W = E + PV =
E + NT. The physical reason is simple – molecules of an ideal gas do not interact, so
that the change of the average intermolecular distance during the change of volume
does not influence the energy. Due to this behavior of E and W, both types of specific
𝜕E
heat Cv = ( 𝜕T
)V and Cp = ( 𝜕W
) also depend only on T. Writing the specific heat per
𝜕T P
molecule we introduce Cv = Ncv and Cp = Ncp . For an ideal gas W − E = NT, so that
the difference cp − cv is universal:
cp − cv = 1 or

cp − cv = kB

(3.53)

or CP − CV = R per mole.

3.6 Ideal gas with constant specific heat
From experiments it is known that in a wide interval of high enough temperatures the
specific heat of gases is a constant, independent of T. The physical reasons for such
behavior will become clear later, while now we shall show that, under the assumption
of temperature independence of the specific heat, the thermodynamic characteristics
of a gas can be calculated in general form. More precisely, in this case we can determine the general form of an unknown function of temperature f (T), introduced above
in equation (3.45), expressing it via constants to be determined from experiments. In
this case we do not have to calculate the “internal” partition function Z  . Simply differentiating equation (3.52) for the internal energy with respect to the temperature we
find:
cv = −Tf  (T).
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Assuming specific heat to be a constant defined by experiments, we can integrate
equation (3.54) twice to obtain:
f (T) = −cv T ln T − ζT + ε0 ,

(3.55)

where ζ and ε0 are two constants of integration. Then, from equation (3.45) we get the
free energy in the form:
F = Nε0 − NT ln

eV
− Ncv T ln T − NζT.
N

(3.56)

The constant ζ is called the chemical constant of a gas and for any concrete gas it
is to be determined experimentally. Now using equation (3.52) we obtain the internal
energy as a linear function of temperature:
E = Nε0 + Ncv T.

(3.57)

The Gibbs thermodynamic potential is obtained by adding PV = NT to equation (3.56),
and we have to express the volume of gas via pressure and temperature. Thus we obtain:
Φ = Nε0 + NT ln P − Ncp T ln T − NζT.

(3.58)

Enthalpy W = E + PV is equal to:
W = Nε0 + Ncp T.

(3.59)

Differentiating (3.56) and (3.58) with respect to T, we obtain the entropy expressed via
T and V or T and P respectively:
S = −(

𝜕F
eV
) = −N ln
+ Ncv ln T + (ζ + cv )N,
𝜕T V
N

(3.60)

S = −(

𝜕Φ
) = −N ln P + Ncp ln T + (ζ + cp )N.
𝜕T P

(3.61)

From these expressions, we can obtain the relation between the volume, temperature
and pressure of an ideal gas (with constant specific heat) during its adiabatic expansion or compression. During adiabatic processes the entropy remains constant and
from equation (3.61) we have: −N ln P + Ncp ln T = const, so that T cp /P = const, or
using cp − cv = 1:
T γ P 1−γ = const,

(3.62)

where γ = cp /cv . Using the equation of state PV = NT, we obtain the relations between
T and V and also between P and V:
TV γ−1 = const PV γ = const.

(3.63)
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3.7 Equipartition theorem
Let us consider the problem of the calculation of thermodynamic properties of gases
from the point of view of classical statistical mechanics. A gas molecule is essentially
some configuration of atoms, performing small oscillations near respective equilibrium positions, corresponding to the minimum of potential energy. Obviously, this
potential energy can be represented as some quadratic form of the atomic coordinates:
rosc

U = ε0 + ∑ aik qi qk ,
i,k=1

(3.64)

where ε0 is the potential energy of the atoms at their equilibrium positions and rosc is
the number of vibrational degrees of freedom.
The number rosc can be determined from a very simple analysis, starting with the
number of atoms in the molecule n. We know that an n-atomic molecule possess 3n degrees of freedom in total. Three of these correspond to free translations of the molecule
in space as a whole, and another three – to its rotations as a whole. The rest of the degrees of freedom correspond to atomic oscillations, so that rosc = 3n − 6. If all atoms
are placed along a straight line (like e. g. in two-atomic molecule), we have only two
rotational degrees of freedom, in this case rosc = 3n − 5. For a one-atom gas n = 1 and
there are no oscillations (and rotations) at all, one atom can move only along three
directions in space and we have only translational degrees of freedom.
The full energy ε(p, q) of a molecule is the sum of potential and kinetic energies.
Kinetic energy is always a quadratic function of all momenta, the number of these
momenta is equal to the total number of degrees of freedom 3n. Thus this energy can
be written as ε(p, q) = ε0 + fII (p, q), where fII (p, q) is some quadratic function of both
coordinates and momenta, and the total number of variables in this function is l =
6n − 6 (for the general three-dimensional molecule) or l = 6n − 5 for a linear molecule.
For a one-atom gas l = 3 and the coordinates simply do not enter the expression for
energy.
As a result for the free energy of a gas, from equation (3.41) we have:
F = −NT ln

ε0

fII (p,q)
ee− T
∫ dτe− T .
N

(3.65)

Let us here make the transformation p = p √T, q = q √T for all l variables of fII (p, q).
Due to the quadratic nature of fII (p, q) we obtain:
fII (p, q) = TfII (p , q )

(3.66)

and T in the exponent under the integral just disappears. A similar transformation
in differentials entering dτ produces the factor T l/2 , which is moved outside the integral. Integration over the coordinates of the oscillators q is done over the possible values of the atomic oscillations within the molecule. However, due to fast convergence
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(quadratic function in the exponent) integration over p and q can be extended to the
infinite interval from −∞ to ∞, so that our integral is reduced to some constant, independent of temperature. Taking into account that integration over the coordinates
of the center of mass of the molecule simply gives the total volume V of the gas, we
obtain for the free energy the following expression:
F = −NT ln

ε0

AVe− T T l/2
N

A = const.

(3.67)

Then:
F = Nε0 − NT ln

l
eV
− N T ln T − NT ln A
N
2

(3.68)

which coincides with equation (3.56), if we put:
cv =

l
2

(3.69)

and ζ = ln A. Accordingly:
cp = cv + 1 =

l+2
.
2

(3.70)

Thus the specific heat of a classical ideal gas is a constant, and for each degree of freedom of a molecule ε(p, q) we get the same contribution of 1/2 in specific heat cv (or kB /2
in standard units). It corresponds to the similar T/2 (kB T/2 if we measure T in absolute degrees) contribution to the energy of the gas. This rule is called the equipartition
law or theorem and is a quite general statement of classical statistical mechanics. In
particular it is easily generalized also for the case of condensed matter.9 Taking into
account that each of the translational and rotational degrees of freedom enter ε(p, q)
only through respective momenta, we can say that each of these degrees of freedom
contributes 1/2 to the specific heat. For each of the oscillators we have a contribution of
two degrees of freedom into ε(p, q) (coordinate and momentum) and its contribution
to the specific heat is 1.

3.8 One-atom ideal gas
Let us consider an ideal gas of single atoms (not molecules). Complete knowledge of
the free energy of such a gas requires the calculation of an “internal” partition function
9 As temperature lowers, significant deviations from this law are observed in experiments. It is obvious that constancy of specific heat contradicts Nernst’s theorem. Historically, the violation of the
equipartition law was one of the first indications of the inadequacy of the classical treatment, which
led to the discovery of quantum mechanics.
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Z  introduced in equation (3.44):
εk

(3.71)

Z  = ∑ e− T ,
k

where εk are the internal energy levels of an atom. These levels may be degenerate,
in this case the respective term enters the sum gk times, where gk is degeneracy of
corresponding level. Then:
εk

Z  = ∑ gk e− T .

(3.72)

k

The free energy of the gas, according to equation (3.44), is given by:
F = −NT ln[

3/2

eV mT
(
)
N 2πℏ2

Z  ].

(3.73)

From quantum mechanics it is known that in atoms the ground state level and first
excited level (neglecting superfine splitting) are separated by an energy of the order
of the ionization energy (potential) Iion , which for most atoms lies in the interval of
Iion /kB ∼ 5–28 104 K. Thus, for temperatures T ≪ Iion , which are of main interest to
us, the gas does not contain a significant number of ionized or even excited atoms. All
atoms can be assumed to be in their ground states.
Consider the simplest case of atoms with their orbital or spin momentum in the
ground state (L = S = 0), for example noble gases.10 In this case the ground state is
ε0
nondegenerate and “internal” partition function consists of one term: Z  = e− T . Then
from equation (3.73) we immediately obtain an expression for the free energy similar
to (3.56), with constant specific heat:
cv = 3/2

(3.74)

and chemical constant:
ζ =

3
m
ln
.
2 2πℏ2

(3.75)

The last expression is called the Sakura–Tetrode formula.
These expressions allow us to find the criterion of applicability of the Boltzmann
statistics. Previously we obtained the Boltzmann distribution assuming the smallness
of the average occupation numbers:
⟨nk ⟩ = e

μ−εk
T

≪ 1.

(3.76)

10 A detailed discussion of more complicated cases, as well as of molecular gases, can be found
in [19, 20].
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Obviously, it is instead sufficient to require that:
μ

e T ≪ 1.

(3.77)

From this expression it is clear that the chemical potential of a Boltzmann gas is always negative and large in absolute value. Let us find the chemical potential from its
thermodynamic definition μ = Φ/N, using the expression of the Gibbs thermodynamic
potential (3.58), substituting cp = cv + 1 = 5/2 and ζ from equation (3.75). We obtain:
μ = T ln[

3/2

P 2πℏ2
(
)
m
T 5/2

] = T ln[

3/2

N 2πℏ2
(
)
V mT

]

(3.78)

which obviously coincides with equation (3.12), determined in another way (from normalization to the fixed average number of particles). Then from (3.77) and (3.78) we
obtain the criterion for validity of the Boltzmann statistics in the following form:
3/2

N ℏ2
(
)
V mT

≪1

or T ≫

2/3

ℏ2 N
( )
m V

.

(3.79)

Boltzmann statistics is valid if the gas is sufficiently diluted and the temperature
is high enough. The characteristic temperature (energy) from the right-hand side
of equation (3.79) is called the temperature (energy) of degeneracy. It grows with the
growth of gas density. Its physical meaning is easily understood from simple estimates
as the average distance between atoms of the gas a ∼ (V/N)1/3 . Quantum indeterminacy of the energy of an atom corresponding to its localization on this length scale
ℏ2
ℏ2
2/3
is of the order of E0 ∼ ma
. Condition T ≫ E0 in equation (3.79) means
2 ∼ m (N/V)
that we can neglect quantum effects. In contrast, for T < E0 quantum effects become
important and we have to move from Boltzmann statistics to the quantum statistics of
ideal gases.11

11 The expressions for thermodynamic characteristics of gases obtained above are obviously unsatisfactory and contradicting Nernst’s theorem; neither entropy nor specific heat tend to zero as T → 0.
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4 Quantum ideal gases
4.1 Fermi distribution
We have already seen that, as the temperature of an ideal gas decreases (at fixed density), Boltzmann statistics become invalid due to the emergence of quantum effects
(see equation (3.79)). It is clear that, to describe low-temperature (or high-density) behavior, we need another statistics that is appropriate for the cases when the average
occupation numbers of various quantum states are not assumed to be small.1 This
statistics varies, depending of the nature (type) of the gas particles. The most fundamental classification of particles in modern quantum theory, based on most general
theorems of quantum field theory, is a classification into either fermions (particles
with half-integer spins) or bosons (particles with integer spin). Wave functions of the
system of N identical fermions are antisymmetric with respect to permutations of particles, while those of bosons are symmetric.
For the system of particles described by antisymmetric wave functions (fermions),
the Pauli exclusion principle applies, and the corresponding statistics is called Fermi
(or Fermi–Dirac) statistics. Similar to the derivation of the Boltzmann statistics from
the grand canonical ensemble just given (see section (3.4)–(3.7)), let us apply the Gibbs
distribution to a set of particles, occupying the given quantum state (subsystem in
the bath). Let us denote as Ωk the thermodynamic potential of this set of particles.
From equation (2.60), taking into account that for the gas of noninteracting particles
Enk = nk εk , we obtain:
Ωk = −T ln ∑(e

μ−εk
T

nk

n

) k,

(4.1)

where nk is the number of particles in k-th quantum state. According to the Pauli principle, in the case of fermions, this number can be either 0 or 1. Then, in the sum over
nk in (4.1), only two terms remain, and we get:
Ωk = −T ln(1 + e

μ−εk
T

).

(4.2)

The average number of particles in the system is equal to minus the derivative of the
potential Ωk with respect to the chemical potential μ, so that:
μ−εk

⟨nk ⟩ = −
or:

𝜕Ωk
e T
=
μ−εk
𝜕μ
1+e T

⟨nk ⟩ =

1

e

εk −μ
T

+1

.

(4.3)

(4.4)

1 In subsequent content, we follow the analysis of [19].
https://doi.org/10.1515/9783110648485-004
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This is called the Fermi distribution. It is easy to see that we always have ⟨nk ⟩ ≤ 1, and
εk −μ

for e T ≫ 1 equation (4.4) reduces to the Boltzmann distribution.2
The normalization condition for the Fermi distribution can be written as:
∑
k

1

e

εk −μ
T

+1

= N,

(4.5)

where N is the total number of particles in the gas. This relation gives an implicit equation determining the chemical potential μ, as a function of T and N.
The thermodynamic potential Ω of the gas as a whole is obviously obtained from
Ωk (4.2) summing it over all quantum states:
Ω = −T ∑ ln(1 + e

μ−εk
T

).

k

(4.6)

Enrico Fermi (1901–1954) was an Italian and
American physicist and the creator of the world’s
first nuclear reactor. He was one of the very few
leading physicists in history working both theoretically and experimentally. Born in Rome, Italy, he
was baptized a Roman Catholic though he was an
agnostic throughout his adult life. He was awarded
the 1938 Nobel Prize in Physics for his work on induced radioactivity by neutron bombardment and
the discovery of transuranic elements. He made significant contributions to the development of quantum theory, nuclear and particle physics, and statistical mechanics. After Wolfgang Pauli discovered the exclusion principle in 1925,
Fermi followed with a paper in which he applied the principle to an ideal gas, introducing what is now known as Fermi–Dirac statistics. Particles that obey the exclusion
principle are called “fermions”. Fermi left Italy in 1938 to escape Italian Racial Laws
that affected his Jewish wife. He emigrated to the United States where he worked on
the Manhattan Project during World War II. Fermi was part of the scientific panel
that advised on target selection for the first atomic bombings. The panel agreed that
atomic bombs would be used without warning against an industrial target. Following
the detonation of the first Soviet fission bomb in August 1949, he strongly opposed
the development of a hydrogen bomb on both moral and technical grounds. He was
among the scientists who testified on Oppenheimer’s behalf at the 1954 hearing that
resulted in the denial of the latter’s security clearance. Fermi also did important work

2 If we require the validity of this inequality for arbitrary εk , it reduces to eμ/T ≪ 1, coinciding with
the criterion of validity of the Boltzmann statistics given in equation (3.77).
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in particle physics, especially related to weak interactions and the physics of pions
and muons. Many awards, concepts and institutions are named after Fermi, like Fermi
liquid, Fermi surface, Fermi interaction, the Fermi National Accelerator Laboratory
and the synthetic element fermium. He died at age 53 of stomach cancer in his home
in Chicago.

4.2 Bose distribution
Consider now the statistics of an ideal gas of particles with integer spin (bosons), described by symmetric wave functions, which is called Bose (or Bose–Einstein) statistics.
The occupation numbers of quantum states for bosons can be arbitrary (unlimited). Similar to (4.1) we have:
Ωk = −T ln ∑(e

μ−εk
T

n

(4.7)

) k.

nk

The series encountered here is just a geometric progression, which converges if
μ−εk
e T < 1. This condition should be satisfied for arbitrary εk , so that
μ<0

(4.8)

i. e., the chemical potential of a Bose gas is always negative. Previously we have seen
that for a Boltzmann gas μ < 0 and has a large absolute value. Below we shall see that
for a Fermi gas μ may have either sign.
Summing the progression in (4.7), we get:
Ωk = T ln(1 − e
Now for ⟨nk ⟩ = −

𝜕Ωk
𝜕μ

μ−εk
T

(4.9)

).

we obtain:
⟨nk ⟩ =

1

e

εk −μ
T

−1

(4.10)

,

which is called the Bose distribution. Again, in the case of e
Boltzmann distribution.
The normalization condition is again written as:
N=∑
k

1

e

εk −μ
T

≫ 1, it reduces to the

(4.11)

εk −μ
−1
T

and implicitly defines the chemical potential.
The thermodynamic potential Ω for the whole gas, similar to (4.6), is given by:
Ω = T ∑ ln(1 − e
k

μ−εk
T

).

(4.12)
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Satyendra Nath Bose (1894–1974) was
an Indian theoretical physicist. He is best
known for his work on quantum mechanics
in the early 1920s, providing the foundation
for Bose–Einstein statistics and the theory
of the Bose–Einstein condensate. The class
of particles that obey Bose–Einstein statistics, i. e., bosons, was named after Bose.
Bose was born in Calcutta. While working at
the Physics Department of the University of
Dhaka, Bose wrote a paper deriving Planck’s
quantum radiation law without any reference to classical physics by using a novel way of counting states with identical particles. He sent the article directly to Albert Einstein in Germany. Einstein, recognizing
the importance of the paper, translated it into German himself and submitted it on
Bose’s behalf to the prestigious Zeitschrift für Physik. Bose’s formulation is now called
Bose–Einstein statistics. This result derived by Bose layed the foundation of quantum
statistics, and especially the revolutionary new philosophical conception of the indistinguishability of particles. When Einstein first met Bose face-to-face, he asked him
whether he had been aware that he had invented a new type of statistics, and he very
candidly said that no, he wasn’t that familiar with Boltzmann’s statistics and didn’t
realize that he was doing the calculations differently. Einstein also did not at first realize how radical Bose’s departure was, but in his second paper using Bose’s method,
he started to realize just how radical it was, and he compared it to wave-particle duality, saying that some particles didn’t behave exactly like particles. Einstein adopted
this idea and extended it to atoms. Although several Nobel Prizes were awarded for
research related to the concepts of the boson, Bose–Einstein statistics and Bose–Einstein condensate, Bose himself was not awarded a Nobel Prize. When Bose himself
was once asked that question, he simply replied, “I have got all the recognition I deserve”.

4.3 Nonequilibrium Fermi and Bose gases
Let us consider the entropy of Fermi and Bose (ideal) gases in general (nonequilibrium) states. Equilibrium Bose and Fermi distributions will be obtained, requiring the
maximal value of entropy in equilibrium. This analysis can be performed similar to
the case of a Boltzmann gas. Again we can consider groups of levels close in energy,
numbered by j = 1, 2, . . . . Let Gj be the number of states in the j-th group and Nj – the
number of particles in these states. The set of numbers Nj completely characterizes
the microscopic state of a gas.
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In the case of Fermi statistics, only one particle can occupy each quantum state,
but the numbers Nj are not small and of the order of Gj . The number of possible distributions of Nj identical particles over Gj states, with no more than one particle in each
state, is equal to the number of ways that we can choose Nj from Gj states, i. e., the
number of combinations of Gj elements by Nj :
𝒲j =

Gj !

Nj !(Gj − Nj )!

(4.13)

.

Taking the logarithm and using for all three factorials in (4.13), Stirling’s asymptotics
ln N! ≈ N ln(N/e), we find entropy as:
S = ∑{Gj ln Gj − Nj ln Nj − (Gj − Nj ) ln(Gj − Nj )}.
j

(4.14)

Introducing again the average occupation numbers ⟨nj ⟩ = Nj /Gj , we obtain the following expression for the entropy of a nonequilibrium Fermi gas:
S = − ∑ Gj [⟨nj ⟩ ln⟨nj ⟩ + (1 − ⟨nj ⟩) ln(1 − ⟨nj ⟩)].
j

(4.15)

Restricting its maximum with additional conditions:
∑ Nj = ∑ Gj ⟨nj ⟩ = N;
j

j

∑ εj Gj ⟨nj ⟩ = E
j

(4.16)

i. e., using the method of Lagrange multipliers, from:
𝜕
[S + αN + βE] = 0,
𝜕⟨nj ⟩

(4.17)

we immediately obtain the Fermi distribution as ⟨nj ⟩ = [eα+βεj + 1]−1 , where α = −μ/T,
β = 1/T.
In the case of Bose statistics, in each quantum state we can place an arbitrary
number of particles, so that statistical weight 𝒲j represents the number of all ways to
distribute Nj over Gj states:
𝒲j =

(Gj + Nj − 1)!
(Gj − 1)!Nj !

.

(4.18)

To understand this expression, we note that here we are speaking about, e. g., the
number of ways to distribute Nj identical balls over Gj boxes. Let us denote the balls
by Nj points, while the boxes can be numbered and their borders can be visualized by
Gj − 1 vertical strokes. In total, there are Gj + Nj − 1 point and strokes. The number we
seek is given by the number of ways to choose Gj −1 places for strokes, i. e., the number
of combinations of Nj + Gj − 1 elements by Gj − 1, which gives us equation (4.18).
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Taking the logarithm and neglecting unity in comparison with large numbers Gj +
Nj and Gj , we get:
S = ∑{(Gj + Nj ) ln(Gj + Nj ) − Nj ln Nj − Gj ln Gj }.
j

(4.19)

Introducing ⟨nj ⟩, we can write down the entropy of the nonequilibrium Bose gas as:
S = ∑ Gj [(1 + ⟨nj ⟩) ln(1 + ⟨nj ⟩) − ⟨nj ⟩ ln⟨nj ⟩].
j

(4.20)

The equilibrium Bose distribution follows from the restriction of the maximum of this
expression, similar to the case of Fermi statistics.
For Nj ≪ Gj (4.15), (4.20) naturally reduce to the Boltzmann expression (3.23):
S = ∑ Gj ⟨nj ⟩ ln
j

e
= ∑ Gj [⟨nj ⟩(1 − ln⟨nj ⟩)];
⟨nj ⟩
j

⟨nj ⟩ ≪ 1.

(4.21)

In the inverse limit of Nj ≫ Gj , i. e., ⟨nj ⟩ ≫ 1, the entropy of the Bose gas (4.20) reduces
to:
S = ∑ Gj ln

eNj

j

with statistical weight (4.18) 𝒲j =

Gj

,

(4.22)

G −1

Nj j
.
(Gj −1)!

4.4 General properties of Fermi and Bose gases
Many physical characteristics of Fermi and Bose gases can be written and calculated
in general form. In all expressions that follow, the upper plus corresponds to Fermi
statistics, while the lower minus corresponds to Bose statistics.
The energy of a free (nonrelativistic) particle can be written as:
εp =

p2
1 2
(px + p2y + p2z ) =
.
2m
2m

(4.23)

For a given value of the momentum, the state of a particle is defined also by its spin
projection. The number of particles in an element of phase space dpx dpy dpz dV can be
obtained by multiplication of the Fermi (Bose) distribution by the number of states in
this phase-space volume:
gdτ = g

dpx dpy dpz dV
(2πℏ)3

g = 2s + 1,
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where s is the spin of the particle. Thus we obtain:
dNp =

gdτ

e

εp −μ
T

±1

(4.25)

.

Integrating over dV, we get the total volume of the gas V. Then, transforming to spherical coordinates in momentum space (dpx dpy dpz → 4πp2 dp), we obtain the momentum distribution as:
dNp =

gVp2 dp
2π 2 ℏ3 (e

εp −μ
T

± 1)

(4.26)

or the distribution of energies:
dNε =

gVm3/2 √εdε
𝒩 (ε)dε
= ε−μ
,
√2π 2 ℏ3 e ε−μ
T ± 1
e T ±1

(4.27)

where we have introduced the rather useful function:
𝒩 (ε) =

mpε
gVm3/2
√ε = gV
;
√2π 2 ℏ3
2π 2 ℏ3

where pε = √2mε,

(4.28)

which is called the density of states of a particle in the energy interval ε, ε + dε. These
expressions replace the Maxwell distribution for quantum gases.
Integrating (4.27) over dε, we obtain:
∞

N = ∫ dε
0

𝒩 (ε)

e

ε−μ
T

±1

√ε
gVm3/2
.
∫ dε ε−μ
2
3
√2π ℏ
e T ±1
0
∞

=

(4.29)

Introducing the dimensionless variable ε/T = z, we can write:
√z
N g(mT)3/2
=
∫ dz
μ
z− T
√2π 2 ℏ3
V
e
±1
0
∞

(4.30)

which gives an implicit equation for the chemical potential μ as a function of T and
the particle density N/V.
Making a similar transformation from summation over quantum states to energy
integration of equations (4.6) and (4.12), we get:
Ω=∓

μ−ε
gVTm3/2
∫ dε√ε ln(1 ± e T ).
2
3
√2π ℏ

∞

(4.31)

0

After partial integration, we obtain:
2 gVm3/2
ε3/2
.
Ω=−
∫ dε ε−μ
3 √2π 2 ℏ3
e T ±1
∞

(4.32)

0
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This expression coincides, up to a factor of −2/3, with the total energy of the gas given
by:
∞

E = ∫ εdNε =
0

gVm3/2
ε3/2
.
∫ dε ε−μ
2
3
√2π ℏ
e T ±1
∞

(4.33)

0

From thermodynamics, it is known that Ω = −PV, so that equations (4.32) and (4.33)
give the generalized equation of state for ideal quantum gases:
PV =

2
E.
3

(4.34)

At the limit of Boltzmann statistics, we have E = 3NT/2 (equipartition law), and (4.34)
reduces to the classical result: PV = NT.
Rewriting (4.32) as (see equation (4.30)):
P=

z 3/2
g √2m3/2 T 5/2
dz
∫
μ
3π 2 ℏ3
ez− T ± 1
∞

(4.35)

0

we obtain the equation of state in parametric form (parameter μ!), i. e., the relation
between P, V and T for a given value of μ.
Now we consider small corrections to the classical equation of state. We shall use
inequality eμ/T ≪ 1 (Boltzmann limit) and expand the integrand in (4.35) in powers of
e(μ/T)−z , limiting ourselves to the first two terms of the expansion. Then:
z 3/2

∞

∫ dz
0

e

ε−μ
T

∞

±1

μ

μ

≈ ∫ dzz 3/2 e T −z (1 ∓ e T −z ) =
0

3√π Tμ
1 μ
e (1 ∓ 5/2 e T ),
4
2

(4.36)

and equations (4.36) and (4.35) can be rewritten as:
Ω = −PV = −

gVm3/2 T 5/2 Tμ
1 μ
e (1 ∓ 5/2 e T ).
2
3/2
(2πℏ )
2

(4.37)

gVm3/2 T 5/2 2μT
e .
16π 3/2 ℏ3

(4.38)

This expression in fact reduces to:
Ω = ΩBoltz ±

Small corrections to thermodynamic potentials, expressed via the appropriate variables, are equal. Thus, rewriting the correction to ΩBoltz via T and V, using the corresponding classical (Boltzmann) expressions (we drop the technical details), we can
write the free energy of the gas as:
F = FBoltz ±

π 3/2 N 2 ℏ3
.
2g VT 1/2 m3/2
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From here it is easy to find:
PV = NT{1 ±

π 3/2 Nℏ3
}.
2g V(mT)3/2

(4.40)

We can see that quantum corrections (tending to zero as ℏ → 0) lead to additional
growth of the pressure in a Fermi gas and to the opposite effect in a Bose gas. This
reflects the natural tendency of fermions to “avoid” each other (Pauli exclusion principle!), while for bosons we have just the opposite behavior.

4.5 Degenerate gas of electrons
Quantum effects generally become important at the low-temperature limit (in practice
these temperatures may be high enough!). Of prime importance are the low temperature properties of a Fermi gas. Keeping in mind the most important applications, we
shall discuss below mainly the gas of free electrons, and we put g = 2(s = 1/2).
Let us start from the analysis of the situation at T = 0. This is the case of a so-called
completely degenerate Fermi gas. Each quantum state in a Fermi gas can be occupied
by no more than one electron. Thus, in fact, at T = 0 they just fill all states with energies from zero (the ground state) up to some maximum energy (which is called Fermi
energy), with a value determined simply by the number of particles (density) in the
gas.
The number of quantum states of electrons moving in the volume V, with absolute
values of momenta in the interval p, p + dp, is equal to:
2

4πp2 dpV
.
(2πℏ)3

(4.41)

Electrons fill all states with momenta from zero to a maximum momentum p = pF
(Fermi momentum). The total number of electrons in these states is determined by:3
pF

Vp3
V
N = 2 3 ∫ p2 dp = 2 F 3 .
π ℏ
3π ℏ

(4.42)

0

Then for the Fermi momentum we obtain:
pF = (3π 2 )

1/3

1/3

(

N
)
V

(4.43)

ℏ,

3 In fact, here we simply calculate the volume of the Fermi sphere VF =

4πp3F
3

, while the number of
V

F
electrons is determined by the number of available states “inside” this sphere as N = 2V (2πℏ)
3 , which

gives (4.42). The surface of the Fermi sphere is called the Fermi surface. In metals, where the energy
spectrum of electrons may be quite different from that of free electrons, the Fermi surface may also be
quite different from the simple spherical shape. Geometry and topology of Fermi surfaces plays a very
important role in the theory of metals [24]. The simple estimates presented here are, strictly speaking,
applicable only to simple metals (e. g., Na and K).
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which grows with the growth of electron density. It is clear that from equation (4.43)
follows a simple estimate pF ∼ ℏ/a, where a is an average distance between electrons.
Correspondingly, the Fermi energy is defined as:4
εF =

2/3

2
p2F
N
2/3 ℏ
= (3π 2 )
( )
2m
2m V

∼

ℏ2
.
ma2

(4.44)

Naturally, it also grows with the density of the gas ∼(N/V)2/3 .
The Fermi distribution:
np =

1

e

εp −μ
T

(4.45)

+1

for T → 0 becomes a “Fermi step” function:
1 for p ≤ pF
np = {
0 for p > pF

(4.46)

or
1

nε = {

for ε ≤ μ = εF

0

(4.47)

for ε > μ = εF .

The chemical potential of a Fermi gas at T = 0 coincides with the Fermi energy:
μ = εF

(T = 0).

(4.48)

At finite temperatures T ≪ εF (strongly degenerate gas), the Fermi step is
“smeared” in the energy interval ∼T around the Fermi energy (see Figure 4.1). It is
easy to see that, with the growth of temperature for T ≫ εF , the Fermi distribution
transforms into the Boltzmann distribution. Accordingly, with the growth of temperature, the chemical potential starts to diminish from a positive value of the order of εF
and becomes negative in the Boltzmann region where T ≫ εF .
The total energy of the gas at T = 0 is obtained by multiplying (4.41) by p2 /2m and
integration over all momenta up to p = pF :
pF

Vp5F
V
4
E=
dpp
=
∫
2mπ 2 ℏ3
10mπ 2 ℏ3

(4.49)

0

or, taking into account (4.43)
E=

2/3

3(3π 2 )2/3 ℏ2 N
( )
10
m V

N.

(4.50)

4 Note that the value of the Fermi energy is practically the same as the degeneracy temperature (energy) of the gas introduced above (3.79).
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Figure 4.1: Fermi distribution function for various temperatures for εF /kB = 50,000 K.

Using the general expression (4.34), we can find the equation of state of a completely
degenerate gas:
P=

5/3

(3π 2 )2/3 ℏ2 N
( )
5
m V

(4.51)

so that at T = 0 the pressure of the Fermi gas is ∼(N/V)5/3 .
In fact all the previous expressions are applicable also for finite but sufficiently
low temperatures T ≪ εF . Corresponding temperature corrections are of the order of
(T/εF )2 . The Fermi temperature (degeneracy temperature) TF ≈ εF for the gas of electrons with density N/V ∼ 1022 cm−3 , typical for metals, and mass m ∼ me , where me is
the mass of a free electron,5 can be estimated to be in the interval of 104 –105 K. Thus,
an electron gas in metals, under normal conditions, is always strongly degenerate. In
semiconductors, where the electron density may change within rather wide limits, this
is generally not so. Quite often the statistics of current carriers may be Boltzmann’s.
To conclude this section, let us make some remarks on the role of interelectron
interactions. A degenerate electron gas becomes more “ideal” with the growth of its
density. The characteristic kinetic energy of the electrons is of the order of the Fermi
2
ℏ2
energy: εF ∼ ℏm (N/V)2/3 ∼ ma
2 , where a is the interelectron distance (in metals it is
practically the same as the interatomic distance). At the same time, the characteristic
2
Coulomb repulsion energy U ∼ ea . Then the dimensionless parameter of perturbation
2

2

2

theory over interaction is given by the ratio εU ∼ eℏ ma
∼ eℏ pm = ℏve , where we have
ℏ
F
F
F
introduced the velocity of electrons on the Fermi surface (Fermi level) vF = pF /m. Now
we see that the smaller a (i. e., for higher densities or Fermi velocity), the smaller is this
5 Note that in real metals the mass of an electron is not necessarily equal to the mass of a free electron
in a vacuum.
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parameter, and interaction effects become weaker. Remember, that the fine structure
1
e2
≈ 137
∼ 10−2 , where c ≈ 3 1010 cm/sec, is the velocity of light in a vacuum.
constant ℏc
In metals (for typical electron densities), it is easy to estimate that vF ∼ 108 cm/sec.
2
Thus, in real metals, the perturbation theory parameter is not small: ℏve ∼ 1! Only
F
for electron densities much larger than typical densities in metals can an electron gas
can be considered as a nearly free (ideal) gas. So the question arises as to why the
nearly free-electrons picture is so good to describe many of the electronic properties
of metals? The complete solution of this problem is achieved only within the Fermiliquid theory, which will be briefly discussed later.

4.6 Relativistic degenerate electron gas∗
Compression of an electron gas leads to the growth of the average electron energy (and
Fermi energy εF ), and sooner or later it becomes comparable to the rest energy mc2 and
even higher. In this situation, relativistic effects become important. Let us consider the
degenerate ultra-relativistic gas with particle energies much greater than mc2 . In this
case, the energy spectrum of electrons can be written as:
εp = √c2 p2 + m2 c4 ≈ cp.

(4.52)

For the number of quantum states and the Fermi momentum, the previous expression
remains valid:
2

4πp2 dpV
,
(2πℏ)3

(4.53)

pF

Vp3
V
N = 2 3 ∫ p2 dp = 2 F 3 ,
π ℏ
3π ℏ

(4.54)

0

1/3

pF = (3π 2 )

1/3

(

N
)
V

(4.55)

.

However, for Fermi energy we have the quite new expression:
εF = cpF = (3π 2 )

1/3

1/3

ℏc(

N
)
V

.

(4.56)

Correspondingly, the total energy of the gas is:
pF

E=

cp4
cV
∫ dpp3 = V 2F 3
2
3
π ℏ
4π ℏ
0
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or
E=

1/3

N
3(3π 2 )1/3
ℏcN( )
4
V

.

(4.58)

The pressure is obtained by differentiating this expression with respect to volume:
P=

4/3

E
(3π 2 )1/3
N
=
ℏc( )
3V
4
V

(4.59)

and is proportional to the power 4/3 of density.
The relationship
PV =

E
3

(4.60)

is valid for ultra-relativistic gases, not only at absolute zero T = 0 but for arbitrary
temperatures. This can be seen as follows. Using εp = cp in equation (4.6), and going
from summation over momenta to integration over energy, we get:
∞

μ−ε
TV
Ω = − 2 3 3 ∫ dε ln(1 + e T )
π c ℏ

(4.61)

0

and after partial integration:
V
ε3
,
Ω = −PV = − 2 3 3 ∫ dε ε−μ
3π c ℏ
e T +1
∞

(4.62)

0

which reduces to the finite temperature variant of equation (4.60) Note that the pressure obtained from equation (4.60) is in fact the highest pressure, which can exist in
any macroscopic system [16].

4.7 Specific heat of a degenerate electron gas
At finite temperatures, the “Fermi step” is smeared over the interval of the order of ∼T.
All expressions derived above for T = 0 are zeroth-order terms of expansion in powers
of the small (at low temperatures) parameter T/εF . Let us find the corresponding first
order corrections. The thermodynamic potential of an electron gas, according to (4.32),
can be written as:
Ω=−

4 Vm3/2
ε3/2
.
∫ dε ε−μ
3 √2π 2 ℏ3
e T +1
∞

(4.63)

0
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Consider the general integral containing the Fermi distribution function:
∞

I = ∫ dε
0

f (ε)

e

ε−μ
T

+1

(4.64)

,

where f (ε) is some function (the only limitation is that the integral converges). Equation (4.63) is the specific case of f (ε) = ε3/2 . For the integral (4.64) the following expansion can be derived [19, 20]:
μ

I ≈ ∫ dεf (ε) +
0

7π 4 4 
π2 2 
T f (μ) +
T f (μ) + ⋅ ⋅ ⋅ ,
6
360

(4.65)

which in fact determines the expansion of all physical characteristics of the form of
equation (4.63) in powers of the small parameter T/εF .
Taking here f (ε) = ε3/2 we write (4.63) as:
Ω = Ω0 − VT 2

√2μm3/2
,
6ℏ3

(4.66)

where the first term gives the T = 0 contribution. Considering the second term as a
small correction to Ω0 and expressing μ via N and V using the zero-order approximaℏ2
(N/V)2/3 , we can immediately write the expression for
tion (4.48) μ = εF = (3π 2 )2/3 2m
6
the free energy:
F = F0 −

2/3

B 2 V
NT ( )
2
N

(4.67)

,

where we have introduced the notation B = (π/3)2/3 m/ℏ2 . From this, we find the entropy:
S = BNT(

2/3

V
)
N

(4.68)

and specific heat:
C=T

2/3

𝜕S
V
= BNT( )
𝜕T
N

.

(4.69)

We see that the specific heat of a degenerate Fermi gas at low temperatures is a linear
function of temperature (Pauli specific heat). Using the expression for the density of
6 Here we once again use the theorem on small corrections to thermodynamic potentials: (δΩ)T,V,μ =
(δF)T,V,N = (δΦ)T,P,N = (δE)S,V,N = (δW)S,P,N .
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states (4.28) with g = 2 (for electrons), we can easily see that equation (4.69) can be
rewritten as:
C=

π2
ν T,
3 F

(4.70)

where we have introduced the density of electronic states at the Fermi surface:
mp
(4.71)
νF = 𝒩 (ε = εF ) = 2 F3 V.
π ℏ

This is not a simple coincidence. Equation (4.71) is rather simply interpreted in the
following way: We have seen that, in a degenerate Fermi gas, finite temperatures disturb only a narrow energy layer ∼T around the Fermi level. The number of electrons in
this layer δN ∼ νF T. Raising the temperature by δT leads to a change in the energy of
each of these electrons of ∼δT. Then the total energy change of the gas is δE ∼ νF TδT,
and the specific heat is C = δE/δT = νF T. This elementary interpretation solves the
problem of the contradiction between the classical equipartition law and Nernst’s theorem. For T → 0, not all electrons participate in thermal processes, but only those belonging to a narrow energy layer ∼T close to the Fermi level, and the number of such
electrons tends to zero as T → 0. The final result (4.70) for specific heat is very important. In fact, it provides one of experimental methods of determination of the density
of states at the Fermi level of metals from measurements of electron contributions to
the specific heat. In the simplest case of metals, with a spherical Fermi surface, when
equation (4.71) is valid, this also enables experimental determination of the mass of
the conduction electrons in a metal, which in the general case does not coincide with
that of a free electron.
For completeness, let us write an expression for the total energy of a degenerate
Fermi gas:
E = E0 +

2/3

B 2 V
NT ( )
2
N

= E0 [1 + 0.18(

2

4/3

mT
V
)( )
N
ℏ2

],

(4.72)

where E0 is given by equation (4.49). From this expression, it is easily seen that the relative temperature correction to the energy by parameter (T/εF )2 is small. The specific
𝜕E
heat calculated from C = 𝜕T
obviously gives the previous result (4.69).

4.8 Magnetism of an electron gas in weak fields
The magnetization of an electron gas in weak (external) magnetic fields consists of
two contributions: paramagnetic magnetization, connected with the spin magnetic
moment of an electron (Pauli), and diamagnetic magnetization, connected with the
quantization of orbital motion of an electron in a magnetic field (Landau).
Below we shall analyze only the case of a degenerate electron gas: T ≪ εF . The
|e|ℏ
magnetic field is considered as weak if μB H ≪ T, where μB = 2mc
is the Bohr magneton.
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Calculations can be conveniently done using the thermodynamic potential Ω, depending on the variables T, V, μ. Then the magnetic moment of the system is defined
as:
M = −(

𝜕Ω
)
.
𝜕H T,V,μ

(4.73)

Let us start with the paramagnetic part of the magnetization. The additional energy of the electron, due to the spin interacting with the magnetic field, is given by
±μB H, for two spin projections ∓1/2. Accordingly, in an external field the electron energy εp = p2 /2m is replaced by εp∓ = p2 /2m ± μB H. As ε always enters the Fermi distribution function in the combination ε − μ, the statement equivalent to the previous
one is that we have to make the replacement μ → μ ∓ μB H in all expressions. Thus, for
the thermodynamic potential Ω in a magnetic field, we can write:
1
1
Ω(μ) = Ω0 (μ + μB H) + Ω0 (μ − μB H),
2
2

(4.74)

where Ω0 (μ) is the thermodynamic potential in the absence of a magnetic field. The
factor 1/2 is introduced here to account for the change of the number of quantum states
for fixed spin projection.
Expanding (4.74) in powers of H we obtain (terms of the first order, obviously cancel each other):
𝜕2 Ω0 (μ)
1
.
Ω(μ) = Ω0 (μ) + μ2B H 2
2
𝜕μ2

(4.75)

Now we get the magnetic moment (4.73) as:
M = −μ2B H
Taking into account that
of the gas):

𝜕Ω0
𝜕μ

𝜕2 Ω0 (μ)
.
𝜕μ2

(4.76)

= −N, we get the paramagnetic susceptibility (per volume

χp = −

μ2B 𝜕2 Ω0 (μ) μ2B 𝜕N
=
( ) .
V 𝜕μ2
V 𝜕μ T,V

(4.77)

Neglecting small (for T ≪ εF ) temperature effects, i. e., considering the gas as comℏ2
pletely degenerate, we have μ = εF = (3π 2 )2/3 2m
(N/V)2/3 , and:
N=V

(2mμ)3/2
,
3π 2 ℏ3

(4.78)

which after differentiation in (4.77) reduces to:
χp =

μ2B (2m)3/2 √μ μ2B mpF
=
≡ μ2B νF
2π 2 ℏ3
π 2 ℏ3
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which is called the Pauli paramagnetic susceptibility. Thus, the paramagnetic susceptibility of the degenerate electron gas is independent of temperature (for T ≪ εF )
and is proportional to the electron density of states at the Fermi level. This due to a
simple fact—the external magnetic field leads to a difference between the numbers
of electrons with spin oriented along and opposite to the direction of magnetic field:
N↑ − N↓ ∼ νF μB H, which leads to the appearance of magnetization along the field
M = μB (N↑ − N↓ ) ∼ μ2B νF H, which gives the susceptibility (4.79).7
Let us turn now to calculations of the diamagnetic part of the susceptibility connected with the orbital motion of electrons. The energy of the orbital motion of an
electron in a magnetic field is determined by the Landau levels [18]:
p2
p2
1
εn,pz = ℏωc (n + ) + z = (2n + 1)μB H + z ,
2
2m
2m

(4.80)

where ωc = |e|H
is the cyclotron frequency, n = 0, 1, 2, . . . , pz is the momentum projecmc
tion on magnetic-field direction. The number of states in the interval dpz at fixed n is
given by [18]:
2

V|e|H
dp .
(2πℏ)2 c z

(4.81)

Then, from equation (4.6), we get:
2

∞

μ − (n + 1/2)ℏωc − pz /2m
V|e|H
Ω = −T ∑ 2
)]
∫ dpz ln[1 + exp(
2
T
n=0 (2πℏ) c
∞

(4.82)

−∞

or
∞

Ω = 2μB H ∑ f [μ − (2n + 1)μB H],

(4.83)

2
μ pz
TmV
f (μ) = −
−
)].
dp
ln[1
+
exp(
∫
z
T 2m
2πℏ3

(4.84)

n=0

where
∞

−∞

Summation over n can be performed using the following formula [19, 20]:
∞

∞
1
1
∑ F(n + ) ≈ ∫ dxF(x) + F  (0).
2
24
n=0

(4.85)

0

7 There are experimental methods allowing direct measurements of only the paramagnetic part of
the magnetization (susceptibility) in metals (e. g., Knight shift measurements in NMR), providing information on the value of the density of states, alongside measurements of electron contributions to
specific heat.
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This expression is valid in the case of a small relative change of F during the single
step n → n + 1. In our case, this condition reduces to μB H ≪ T.
Applying (4.85) to (4.83) and (4.84), we obtain:
∞

Ω = 2μB H ∫ dxf (μ − 2μB Hx) +
μ

0

= ∫ dxf (x) −
−∞

2μB H 𝜕f (μ − 2nμB H) 

n=0
24
𝜕n

(2μB H)2 𝜕f (μ)
.
24
𝜕μ

(4.86)

The first term here does not contain H and reduces to Ω0 (μ) in the absence of a magnetic field. Thus:
𝜕2 Ω0 (μ)
1
Ω = Ω0 (μ) − μ2B H 2
6
𝜕μ2

(4.87)

and, similar to the paramagnetic case, we find the diamagnetic susceptibility is:
χd =

μ2B 𝜕2 Ω0 (μ)
1
= − χp ,
3V 𝜕μ2
3

(4.88)

where the last equality was obtained by comparison with (4.77). We see that the diamagnetic susceptibility (Landau diamagnetism) of an electron gas is equal to 1/3 of the
paramagnetic susceptibility (Pauli paramagnetism) and opposite in sign. The sum of
both contributions is positive, so that the electron gas is paramagnetic, and its total
magnetic susceptibility is equal to:
χ = χp + χd =

2
χ .
3 p

(4.89)

However, it should be noted that these relations between χp and χd are valid only for
the simplest model of free electrons. In real metals, the form of the electron spectrum
may be quite different from that of free electrons, so that these relationships may significantly change. Due to this problem, during the discussion of real experiments on
magnetic susceptibility of metals, we are always dealing with the complicated problem of separation of paramagnetic and diamagnetic contributions.
Obviously, the total susceptibility can be calculated directly from the single expression, writing the energy levels as εn,pz ,± = (2n + 1)μB H + p2z /2m ∓ μB H, i. e., including the spin splitting into the Landau spectrum. This set of levels can be rewritten as:
εn,pz = 2nμB H + p2z /2m (n = 0, 1, 2 . . . ), where each value of n ≠ 0 enters twice, while
n = 0 enters only once. Similar to the previous analysis, we can easily obtain:
∞
1
Ω = 2μB H{ f (μ) + ∑ f (μ − 2μB Hn)}
2
n=1

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 1:55 AM

(4.90)

4.9 Magnetism of an electron gas in high fields∗

| 97

and perform the summation using [19, 20]:
∞

∞
1
1
F(0) + ∑ F(n) = ∫ dxF(x) − F  (0).
2
12
n=1

(4.91)

0

Direct calculations lead to the total susceptibility given by equation (4.89).

4.9 Magnetism of an electron gas in high fields∗
Consider now the case of the so-called quantizing magnetic field when
T < μB H = ℏωc ≪ εF = μ.

(4.92)

Under these conditions, it is important to take into account the discrete nature of the
Landau levels, corresponding to electron motion in the plane orthogonal to the magnetic field.8 Now we can not separate orbital and spin effects so that during the calculations it is more convenient to use the general expression (4.90). As will be shown
later, for ℏωc = μB H > T, the magnetization of an electron gas contains an oscillating
(as a function of H) part, and the amplitude of these oscillations is not small. We shall
skip some details of the calculations, which can be found in [19, 20].
While calculating (4.90) under the conditions of (4.92), we cannot use simple summation formulas like (4.91), because the function summed may change rather sharply
during the transition from n to n + 1. The standard approach here is to use the Poisson
summation formula:9
∞

∞

0

0

∞
∞
1
F(0) + ∑ F(n) = ∫ dxF(x) + 2 Re ∑ ∫ dxe2πikx F(x).
2
n=1
k=1

(4.93)

Then (4.91) can be written as:
Ω = Ω0 (μ) +

∞
TmV
Re ∑ Ik ,
2
3
π ℏ
k=1

(4.94)

8 In the classical approximation, this motion is a simple cyclotron rotation of an electron around the
direction of the field, with angular frequency ωc . In the quantum case, this rotation is described as a
quantum oscillator with the same frequency, which leads to the appearance of the first (oscillator like)
term in the Landau spectrum (4.80). The second term in (4.80) corresponds to free-electron motion
along field direction.
∞
2πikx
9 The Poisson formula is obtained from the equality: ∑∞
. The sum of
n=−∞ δ(x − n) = ∑k=−∞ e
δ-functions in the left-hand side is a periodic function with period 1, while the sum in the right-hand
side is the Fourier expansion of this function. Multiplying this equality by an arbitrary function F(x)
and integrating over x from 0 to ∞, we obtain the Poisson formula. We only have to take into account
∞
that the term of the sum, corresponding to n = 0, is equal to ∫0 dxF(x)δ(x) = F(0)/2.

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 1:55 AM

98 | 4 Quantum ideal gases
where
∞

∞

−∞

0

Ik = −2μB H ∫ dpz ∫ dxe2πikx ln[1 + exp(

p2
2xμB H
μ
− z −
)].
T 2mT
T

(4.95)

We are only interested in the oscillating (with a change of magnetic field) part of the integrals, which will be denoted as Ik̃ . After an appropriate change of variables in (4.95),
we obtain:
∞

∞

−∞

0

Ik̃ = − ∫ dpz ∫ dε ln[1 + exp(

iπkpz
μ−ε
iπkε
)] exp(
) exp(−
).
T
μB H
2mμB H

(4.96)

The integral over pz can be calculated explicitly [19, 20], so that:
π

Ik̃ = −e−i 4 √

∞

iπkε
μ−ε
2mμB H
∫ dεe μB H ln[1 + e T ].
k

(4.97)

0

Here we can twice perform partial integration and transform to the variable ξ = (ε −
μ)/T. Dropping the nonoscillating part, we can write [19, 20]:
Ik̃ =

√2m(μB H)5/2
Tπ 2 k 5/2

exp(

iπkμ iπ
eξ
iπkT
exp(
− ) ∫ dξ ξ
ξ ).
μB H
4
μB H
(e + 1)2
∞

(4.98)

−∞

For μB H > T, the main contribution to the remaining integral comes from the region
of ξ ∼ 1, i. e., the vicinity of the Fermi level ε − μ ∼ T, which enables us to extend the
integration to infinity. Practically, the integral is calculated using the formula [19, 20]:
∞

∫ dξeiαξ
−∞

(eξ

πα
eξ
=
.
+ 1)2 sh(πα)

(4.99)

Finally we obtain, for the oscillating part of the Ω potential:
πμ

Ω̃ =

π
√2(mμB H)3/2 TV ∞ cos( μB H k − 4 )
.
∑
π 2 kT
3/2
π 2 ℏ3
k=1 k sh( μ H )

(4.100)

B

Calculating the magnetic moment as the derivative of (4.100) with respect to the magnetic field, we only have to differentiate the most oscillating factors of cos in the numerators of the terms of the sum. This gives the Landau result:
πμ

π
√2μB m3/2 μTV ∞ sin( μB H k − 4 )
M̃ = −
.
∑
π 2 kT
πℏ3 √H
k=1 √ksh( μ H )

(4.101)

B
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This expression is oscillating as a function of the inverse magnetic field 1/H. The period over 1/H is given by:
Δ(

2μ
1
)= B
H
μ

(4.102)

and is independent of temperature. Here we have Δ(1/H)H ∼ μB H/μ ≪ 1, so that
the oscillations are of high “frequency”. Such oscillations of the magnetic moment
in an external magnetic field are observed in metals at sufficiently low temperatures and “clean” enough samples, which are called the de Haas–van Alphen effect. For μB H ∼ T, the amplitude of the oscillating magnetic moment is given by
M̃ ∼ VμH 1/2 (mμB )3/2 ℏ−3 . The monotonous part of the magnetization M is determined
by the susceptibility (4.89) calculated above, so that M ∼ Vμ1/2 Hm3/2 μ2B ℏ−3 . Then
̃
M/M
∼ (μ/μB H)1/2 ≫, 1 and the amplitude of the oscillating part is large in comparison to monotonous part. For μB H ≪ T, this amplitude drops exponentially as
exp(−π 2 T/μB H) and becomes negligible.
Equation (4.102) for the period of the oscillations can be rewritten as:
Δ(

1
|e|ℏ 1
2|e|ℏ π
2π|e|ℏ
)=
=
=
,
2
H
mc εF
c πpF
cSF

(4.103)

where SF = πp2F is an area of maximal “cross section” of the spherical Fermi surface of
free electrons. It turns out that this last expression is also valid for metals with arbitrary Fermi surfaces if SF is understood as an area of any extremal cross section of the
Fermi surface with complicated topology [24]. In a realistic case, there may be several
such cross sections, so that there appear several periods of de Haas–van Alphen oscillations. Experimental study of these oscillations enables us to determine extremal
cross sections of the Fermi surface of a real metal, which helps in determining its form
and topology.
The De Haas–van Alphen effect is the first of a number of oscillatory effects in
metals in quantizing magnetic fields at low temperatures; there are similar oscillations of electrical resistivity (e. g., the Shubnikov–de Haas effect). All of these effects
are related to the Landau quantization of the electron spectrum in a magnetic field
(4.80), and the “passing” of discrete Landau levels (of transverse motion of electrons)
through the Fermi level with the change of external magnetic field [24]. Experimental observation of these effects is a powerful method to study the geometry of Fermi
surfaces in real metals.

4.10 Degenerate Bose gas
At low temperatures, the properties of a Bose gas are radically different from the properties of a Fermi gas. At T = 0 , all particles of Bose gas occupy the state with lowest
energy (ground state) ε = 0, and there are no limitations due to the Pauli exclusion
principle. Let us consider the equation for the total number of particles, determining
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the chemical potential (4.30) for the Bose case:
√z
N g(mT)3/2
=
.
∫ dz
μ
z− T
√2π 2 ℏ3
V
e
−
1
0
∞

(4.104)

If, for fixed density N/V of the gas, we start lowering the temperature, equation (4.104)
immediately shows, that the chemical potential μ drops in absolute value, remaining
negative (in accordance with the general requirements of Bose statistics). However,
μ can become zero at some finite temperature, which is defined by the relation:
√z
N g(mT)3/2
=
.
∫ dz z
√2π 2 ℏ3
V
e −1
∞

(4.105)

0

The integral here is just a dimensionless constant ≈ 2.315. Then, solving equation (4.105) with respect to T, we obtain the characteristic temperature T0 :10
T0 =

2/3

3.31 ℏ2 N
( )
g 2/3 m V

(4.106)

which is called the temperature of Bose condensation. The physical meaning of this
term, as well as of physical effects appearing below this temperature, can be understood from the following arguments. For T < T0 , equation (4.105) does not give negative solutions for μ, while in Bose statistics the chemical potential must be, as was
shown above, negative for all temperatures. This contradiction appears because under this conditions we cannot use the standard transformation from summation over
quantum states in equation (4.11) to integration over a continuous variable (energy)
in equations (4.30), (4.104). In fact, during such a transformation, the first term in the
sum over k in equation (4.11), corresponding to energy level εk = 0, is multiplied by
√ε = 0 (see the expression for the density of states (4.28)) and just drops out of the
equation. But in reality, at T, Bose particles will tend to occupy precisely this lowest
energy state, until T = 0, when all of them will “condense” in this ground state.
Thus, in reality, the physical behavior at temperatures T < T0 is as follows. Particles with energy ε > 0 are distributed according to (μ = 0!):
dNε =

gm3/2 V √εdε
.
ε
√2π 2 ℏ3 e T − 1

(4.107)

Accordingly, the total number of particles with energies ε > 0 is equal to:
Nε>0 = ∫ dNε =

3/2

√z
gV(mT)3/2
T
= N( )
∫ dz z
2
3
√2π ℏ
e −1
T0
∞

.

(4.108)

0

10 Note that, similar to the Fermi temperature, this expression is of the order of the temperature of
gas degeneracy (3.79).
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The remaining
Nε=0 = N[1 − (

3/2

T
)
T0

(4.109)

]

particles are already in the state with the lowest energy ε = 0. This effect of a macroscopic number of particles being “condensed” in the ground state is called Bose condensation. Let us stress that we are speaking here about “condensation” of particles
in momentum space (at p = 0), which has nothing to do with the usual gas condensation in real (coordinate) space. Particles in a Bose condensate form a macroscopic
quantum state with very peculiar properties.
The total energy of the gas at T < T0 is determined by the particles with ε > 0 (see
equation (4.33) written for μ = 0):
E=

3/2

gV(mT)3/2 T
z 3/2
T
≈ 0.770NT( )
∫ dz z
2
3
√2π ℏ
e −1
T0
∞

= 0.128g

0

m3/2 T 5/2
V.
ℏ3

(4.110)

Then we obtain the specific heat as:
Cv = (

𝜕E
5E
) =
∼ T 3/2 .
𝜕T V 2T

(4.111)

Integrating the specific heat, we find for the entropy:
T

S=∫
0

Cv
5E
dT =
T
3T

(4.112)

and the free energy F = E − TS:
2
F = − E.
3

(4.113)

For the gas pressure, we obtain:
P = −(

𝜕F
m3/2 T 5/2
) ≈ 0.0851g
.
𝜕V T
ℏ3

(4.114)

At T = T0 , all physical characteristics discussed here are continuous, but it can be
shown that the derivative of the specific heat with respect to T has a finite discontinuity
(jump) at this point [19, 20]. In this sense, the point of Bose condensation, in fact, is
a point in some kind of phase transition. Note however, that the properties of this
transition essentially depend on the interaction between particles of the gas, which is
neglected here.
During many years, the phenomenon of Bose condensation in gases remained just
a theoretical result, though its importance was clearly understood, and Bose condensation was in fact observed in such phenomena as superfluidity and superconductivity
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in condensed matter (where interactions are of prime importance). These will be discussed later, but in recent years, Bose condensation was directly observed in unique
experiments with ultracold gases of alkali metals (at temperatures ∼10−7 K in special
magnetic traps). Apparently, these systems are well described by the model of a nearly
free (ideal) Bose gas, though there interactions are also quite important for the explanation of numerous effects. These studies are at present at the center of interests of
modern physics of many particle systems [28].

4.11 Statistics of photons
The most important physical object to study with Bose statistics is electromagnetic radiation at thermodynamic equilibrium (for historic reasons also called “black body”
radiation), i. e., a gas of photons. The linearity of the equations of electrodynamics
leads to validity of the superposition principle, i. e., the absence of interactions between photons—they form an ideal gas! The spin of the photons s = 1, so this is a Bose
gas. In fact, to achieve thermodynamic equilibrium, we always have to assume the existence of some small interaction of the photons with matter. The mechanism of this
interaction consists of absorption and emission of photons by matter.11 This leads to
an important peculiarity of a photon gas: the number of particles (photons) N is not
conserved and should be determined from conditions of thermodynamic equilibrium.
Requiring the minimum of free energy (at fixed T and V), we obtain the condition:
𝜕F
)T,V = μ = 0, so that the chemical potential of a photon gas is zero:
( 𝜕N
μ = 0.

(4.115)

The distribution function of the photons over the states with definite momenta ℏk and
energy ℏω = ℏck (and definite polarizations–spin projections of photons) is given by
the Bose distribution with μ = 0:
nk =

1
e

ℏω
T

−1

,

(4.116)

which is called the Planck distribution.
Assuming the volume V to be large enough, we can as usual transform from a
discrete to a continuous distribution of photon eigenstates. The number of field oscillators with components of the wave vector k in intervals d3 k = dkx dky dkz is equal to
3

d k
V (2π)
3 [16]. Then, the number of oscillators with absolute value of the wave vector in
interval k, k + dk is given by:

V
4πk 2 dk.
(2π)3

(4.117)

11 A good example of such a system is the so-called “relict” radiation in the Universe, remaining since
the “Big Bang” throughout space.
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Using ω = ck and multiplying by two (there are two independent directions of polarization), we obtain the number of quantum states of photons with frequencies in the
interval ω, ω + dω as:
Vω2 dω
.
π 2 c3

(4.118)

Then the number of photons in this frequency interval is:
dNω =

V ω2 dω
.
π 2 c3 e ℏωT − 1

(4.119)

Multiplying by ℏω, we obtain the energy contained in this part of the spectrum:
dEω =

Vℏ ω3 dω
,
π 2 c3 e ℏωT − 1

(4.120)

which is Planck’s law. The corresponding graph is presented in Figure 4.2. Expressing
everything in terms of the wavelength λ = 2πc
, we have:
ω
dEλ =

16π 2 cℏV dλ
.
2πℏc
λ5
e Tλ − 1

(4.121)

For small frequencies ℏω ≪ T, we obtain from (4.120) the Rayleigh–Jeans law:
dEω = V

T
ω2 dω.
π 2 c3

(4.122)

Here, there is no dependence on ℏ, as this is a classical limit, and this result can be
obtained by multiplying (4.118) by T, i. e., applying the equipartition law to each of

Figure 4.2: Planck function

x3
;
ex −1

x=

ℏω
.
T
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the field oscillators.12 In the inverse limit of ℏω ≫ T (quantum limit) from (4.120), we
get Wien’s formula:
dEω = V

ℏω
ℏ
ω3 e− T dω.
π 2 c3

(4.123)

The spectral density of the energy distribution of a photon gas dEω /dω has a maximum
at ω = ωm , defined by the condition:
ℏωm
≈ 2.822.
T

(4.124)

Thus, an increase in temperature leads to a shift of the maximum of the energy distribution to higher energies (frequencies) proportional to T (Wien’s displacement law).13
Let us calculate the thermodynamic properties of a photon gas. For μ = 0, the free
energy F = Φ − PV = Nμ + Ω. Then, putting μ = 0 and transforming from summation
over k to integration over ω in (4.12), we obtain:
F=T

∞

ℏω
V
∫ dωω2 ln(1 − e− T ).
2
3
π c

(4.125)

0

Introducing x = ℏω/T and performing partial integration, we get:
x3
T4
.
F = −V 2 3 3 ∫ dx x
e −1
3π ℏ c
∞

(4.126)

0

The integral here is equal to π 4 /15 [19, 20], so that:
F = −V

4σ
π2T 4
= − VT 4 ,
3c
45(ℏc)3

(4.127)

where the coefficient σ (the Stefan–Boltzmann constant) is equal to:
σ=

π 2 kB4
60ℏ3 c2

(4.128)

if we measure the temperature T in absolute degrees. The entropy of a photon gas is:
S=−

𝜕F 16σ 3
=
VT .
𝜕T
3c

(4.129)

12 It is easy to see that the integral (4.122) over all possible frequencies diverges, so that the energy of
the photon gas becomes infinite. This is the so-called “ultraviolet catastrophe”, which historically was
one of the strong indications of the shortcomings of classical theory, leading Planck to the introduction
of the quanta. Note that Planck suggested his formula (4.120) as the simplest interpolation between
(4.122) and the experimentally discovered law (4.123).
13 For the cosmological “relict” radiation, this maximum corresponds to T ≈ 3 K.
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For the total energy of the radiation:
E = F + TS =

4σ 4
VT = −3F
c

(4.130)

which is Boltzmann’s law. For the specific heat of the photon gas:
Cv = (

𝜕E
16σ 3
) =
T ∼ T 3.
𝜕T V
c

(4.131)

4σ 4
𝜕F
) =
T
𝜕V T 3c

(4.132)

The radiation pressure14 is:
P = −(
so that the “equation of state” is:
PV =

E
3

(4.133)

characteristic for an (ultra) relativistic gas with ω = ck. The total (average) number of
photons at a given temperature is given by:
N=

3

ω2
x2
V
VT 3
T
= 2 3 3 ∫ dx x
≈ 0.244( ) V.
∫ dω ℏω
2
3
e
−
1
ℏc
π c
π
c
ℏ
T
e −1
∞

∞

0

0

(4.134)

Max Planck (1858–1947) was a German theoretical physicist whose discovery of energy quanta won
him the Nobel Prize in Physics in 1918. Planck made
many contributions to theoretical physics, but his
fame as a physicist rests primarily on his role as the
originator of quantum theory. It is said that some
physics professor warned him against going into
physics, saying, “in this field, almost everything is
already discovered, and all that remains is to fill
a few holes”. Later Planck wrote about his work in
Berlin: “In those days I was essentially the only theoretical physicist there”. In 1894 Planck turned his
attention to the problem of black-body radiation. The question had been studied experimentally, but no theoretical treatment agreed with experiments. He derived the
famous Planck black-body radiation law, which described the experimentally observed black-body spectrum well. The central assumption behind his new derivation,

14 This pressure is very low at normal conditions, but may become enormous for high enough temperature, e. g. in astrophysics. Actually, speaking about “practical” applications of this theoretical
expression, we note that the radiation pressure of a photon gas is one of the main driving forces in
thermonuclear weapons.
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presented to the German Physical Society on 14 December 1900, was the supposition, that electromagnetic energy could be emitted only in quantized portions. At
first Planck considered that quantisation was only “a purely formal assumption”, but
nowadays this assumption, incompatible with classical physics, is regarded as the
birth of quantum physics and the greatest intellectual accomplishment of Planck’s
career. The discovery of Planck’s constant enabled him to define a new universal set
of physical units (such as the Planck length and the Planck mass), all based on fundamental physical constants upon which much of quantum theory is based. When the
Nazis came to power in 1933, Planck was 74. In 1944, Planck’s son Erwin was arrested
following the attempted assassination of Hitler on 20 July 1944. He consequently died
at the hands of the Gestapo. Planck died on 4 October 1947.
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5 Condensed matter
5.1 Solid state at low temperature
In crystalline solids, atoms oscillate around equilibrium positions, which are regular
in a crystal lattice. At low temperatures, these oscillations are small and can be considered harmonic. Similar situations are characteristic of amorphous solids, where
equilibrium positions are disordered in space.1
Let N denote the number of molecules (atoms) forming a solid and ν, the number
of atoms per molecule (ν = 1 if a solid consists of atoms). Then the total number of
atoms is equal to Nν. Of the total 3Nν degrees of freedom, three correspond to translational and another three to rotational motions of the solid as a whole. The remaining
3Nν − 6 degrees of freedom correspond to oscillations. Taking into account that 3Nν is
an enormous number, we can safely neglect six of them and assume that the number
of vibrational degrees of freedom is given by 3Nν.
Below, we do not take into account electronic degrees of freedom, so that our presentation is related, strictly speaking, only to dielectric solids. In the simplest approximation, we can assume that, in metals, electrons just additively contribute to all thermodynamic quantities.
From a mechanical point of view, the system with 3Nν vibrational degrees of freedom can be considered as the set of 3Nν independent oscillators, each corresponding
(in harmonic approximation) to a separate normal oscillator [17]. From quantum mechanics, it is known [18] that the energy of the harmonic oscillator is given by:
1
εn = ℏω(n + ),
2

(5.1)

where ℏω is the quantum of oscillation, n = 0, 1, 2 . . . is the oscillator quantum number.
Then the statistical sum of a single oscillator is determined as:
∞

ℏω

Zosc = ∑ e− T

(n+1/2)

n=0

(5.2)

.

Let us place the zero of energy at the lowest (n = 0) oscillator level, i. e., include the
zero-point oscillator energy into a constant ε0 , defining the origin of an energy scale.
Then:
∞

ℏω

Zosc = ∑ e− T
n=0

n

=

1
ℏω

1 − e− T

,

(5.3)

and the corresponding free energy of a single oscillator is given by:
ℏω

Fosc = T ln(1 − e− T ).

(5.4)

1 Most of the material in this chapter is based on the presentation of [19, 20].
https://doi.org/10.1515/9783110648485-005
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Then the free energy of a solid can be written as:
F = Nε0 + T ∑ ln(1 − e−

ℏωα
T

α

),

(5.5)

where the summation is performed over all 3Nν normal oscillators, which are numbered by index α. Here, Nε0 is the energy of the zero-point oscillations, obviously proportional to the number of molecules in the solid, while ε0 is the zero energy of a
molecule at T = 0.
Consider the limit of low temperatures. At small T, in the sum over α only terms
with small ℏω ∼ T are relevant. Small frequency vibrations in solids are the usual
sound waves. The wavelength of a sound wave is given by λ = u/ω, where u is the
speed of sound. This wavelength is large, compared with lattice constant of a typical
crystal (or the average interatomic distance in an amorphous solid): λ ≫ a. The corresponding frequencies ω ≪ u/a. To consider the relevant vibrations as sound waves,
we have to restrict the temperatures to:
u
T≪ℏ .
a

(5.6)

Let us assume that our solid is isotropic (this is always valid for amorphous solids). In
this case, we have to deal with either longitudinal (with velocity ul ) or transversal (with
velocity ut ) sound waves, as both can propagate in such a solid. Their frequencies are
given by:
ω = ul k

and

ω = ut k,

(5.7)

where k = |k| is the absolute value of the wave vector.
The number of vibrational modes corresponding to sound waves with absolute
value of the wave vector in the interval from k to k + dk and with fixed polarization is
given by:
V

4πk 2 dk
.
(2π)3

(5.8)

For longitudinal polarization, we have k = ω/ul , while for the transversal polarization
k = ω/ut , so that, in the frequency interval from ω to ω + dω, we have the following
number of vibrational modes:
V

2
ω2 dω 1
( + ).
2π 2 u3l u3t

(5.9)

Let us introduce the average speed of sound u via the following relation:
3
2
1
=
+ .
u3 u3t u3l
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Then equation (5.9) can be written as:
V

3ω2 dω
.
2π 2 u3

(5.11)

In this form, equation (5.11) is applicable not only to an amorphous solid, but also to
crystals, if we assume that u is a certain average speed of sound in a crystal of given
symmetry. Then, using (5.11), we can transform the summation over α in equation (5.5)
into an integration over ω and obtain:
∞

ℏω
3VT
F = Nε0 + 2 3 ∫ dωω2 ln(1 − e− T ),
2π u

(5.12)

0

where the integration can be extended to infinity due to the fast convergence of the
integral at small T. Dropping the contribution Nε0 , we can see that the rest of this
expression differs from equation (4.125) for the free energy of a photon gas only by the
replacement of the speed of light c by the speed of sound and the factor of 3/2, related
to the three polarizations of the sound waves, as opposed to the two polarizations
of photons. Now we can conclude that the thermodynamics of a solid is determined
by the quanta of sound waves (lattice vibrations), which we shall call phonons. Here,
for the first time, we meet the situation where the theoretical description of a manyparticle system of (interacting!) atoms (molecules) is reduced to a model of an ideal
(noninteracting!) gas of quasi-particles.
Now we can use just the expressions obtained previously for a photon gas with
similar replacements. However, we shall repeat the explicit derivation. We can once
again introduce the dimensionless variable x = ℏω/T and perform partial integration
in (5.12) to get:
x3
π2T 4
T4
.
= Nε0 − V
F = Nε0 − V 2 3 3 ∫ dx x
e −1
30(ℏu)3
2π ℏ u
∞

(5.13)

0

The entropy of the system is given by:
S=−

𝜕F
2π 2 T 3
=V
𝜕T
15(ℏu)3

(5.14)

π2T 4
.
10(ℏu)3

(5.15)

and the energy E = F + TS is:
E = Nε0 + V

The specific heat of a solid in this approximation (low temperatures!), is equal to:
C=(

2π 2
𝜕E
)=
VT 3 ∼ T 3 .
𝜕T
5(ℏu)3

(5.16)

Here we can neglect any difference between Cp and Cv because their difference at low
temperatures Cp − Cv ∼ T 7 , i. e., is much smaller than the specific heat itself [19, 20].
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5.2 Solid state at high temperature
Let us consider now the opposite limit at high temperatures T ≫ ℏu/a. In this case,
we can write:
1 − e−

ℏωα
T

≈

ℏωα
T

(5.17)

so that from equation (5.5) we obtain:
F = Nε0 + T ∑ ln
α

ℏωα
= Nε0 − 3NνT ln T + 3NνT ln ℏ⟨ω⟩,
T

(5.18)

where we have introduced the mean logarithmic frequency of vibrations (phonons)
⟨ω⟩ as:
ln⟨ω⟩ =

1
∑ ln ωα .
3Nν α

(5.19)

𝜕F
From equation (5.18), we find the energy E = F − T 𝜕T
:

E = Nε0 + 3NνT.

(5.20)

The case of high temperatures corresponds to the classical analysis of atomic vibrations and equation (5.20) corresponds to the equipartition theorem—each of the 3Nν
vibrational degrees of freedom contributes to the energy T. The specific heat now is
given by:
C = Nc = 3Nν,

(5.21)

where c = 3ν is the specific heat per one molecule.2 Thus, at high enough temperatures, the specific heat of solids is a constant, independent of temperature and
dependent only on the number of atoms. In particular, for all elements (ν = 1), the
atomic high-temperature specific heat is the same and equal to three (or 3kB in usual
units)—Dulong–Petit’s law. At normal temperatures, this law agrees well with experiments.3
Using (5.21), we can write free energy as:
F = Nε0 − NcT ln T + NcT ln ℏ⟨ω⟩

E = Nε0 + NcT.

(5.22)
(5.23)

2 Again, here we simply write C because for solids the difference of Cp and Cv is negligible [19, 20].
3 For composite compounds (ν > 1), the Dulong–Petit’s limit is practically never achieved due to
melting or chemical decomposition at rather low temperatures.

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 1:56 AM

5.3 Debye theory | 111

Then the entropy of a solid is:
S=−

ℏ⟨ω⟩
𝜕F
= Nc ln T − Nc ln
.
𝜕T
e

(5.24)

Clearly equation (5.18) can be directly derived using classical statistics starting
from the general expression for the free energy:
F = −T ln ∫ dΓe−

E(p,q)
T

.

(5.25)

Substituting here the oscillator energy:
E(p, q) =

1
∑(p2 + ω2α qα2 )
2 α α

(5.26)

1
and taking into account dΓ = (2πℏ)
3Nν ∏α dpα dqα , we can see that the integral here is
factorized into a product of 3Nν identical integrals of the following form:
∞

∞

−∞

−∞

∫ dpα ∫ dqα exp(−

p2α + ω2α qα2
2πT
)=
2T
ωα

(5.27)

so that finally we obtain (5.18). Note that the limits of integration here can be extended
to infinity due to fast convergence of the integrals, though in reality atoms perform
only small oscillations around lattice sites. Accordingly, all areas of integration correspond in fact to physically different microscopic states, and there is no need to introduce an additional factor of N! in the denominator of the phase volume.

5.3 Debye theory
Debye proposed a simple, but very effective, interpolation for the specific heat which
can be used for arbitrary temperatures. Let us consider a model of a solid, where all
vibrational frequencies are distributed according to equation (5.11), though in reality
this expression is valid only for small (sound) frequencies. In fact, the phonon spectrum should be limited from above as the vibrational frequency in a solid cannot be
larger than some maximal frequency, which can be determined from the condition
that the total number of vibrations must be equal to the total number of vibrational
degrees of freedom 3Nν:
ωD

Vω3
3V
∫ dωω2 = 2 D3 = 3Nν.
2
3
2π u
2π u

(5.28)

0
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Defined thusly, the Debye frequency ωD is equal to:4
ωD = u(

1/3

6π 2 Nν
)
V

∼ u/a.

(5.29)

Accordingly, the frequency distribution or phonon density of states in Debye model is
given by:
2

{9Nν ωω3
D
ρ(ω) = {
0
{

for ω ≤ ωD
for ω > ωD ,

(5.30)

where we have expressed u via ωD using (5.29).
Surely, since Debye’s work, there has been an enormous progress of solid state
physics and nowadays the real phonon density of states is directly measured e. g.
by inelastic scattering of neutrons. However, at small frequencies it always reduces
to the Debye (sound) dependence ∼ω2 , though at higher frequencies it may become
rather complicated (see e. g. Figure 5.1). The limiting frequency always exists, but
equation (5.29) defines it only by the order of magnitude. However, in most cases Debye model produces a rather satisfactory description of the specific heat of real solids.
The Debye frequency is usually considered just as a fitting parameter, characterizing
the concrete solid, to be determined from experiments.

Figure 5.1: Phonon density of states in copper determined from neutron scattering experiments.
The dashed line corresponds to the Debye model which is fixed by demanding equality of the areas
under this line and the experimental density of states. Debye temperature θD = 340 K.
4 The existence of such a limiting frequency is crucial for phonon statistics and is the major difference
with the statistics of photons. For photons there is no such maximal frequency – the electromagnetic
field is the system with an infinite number of degrees of freedom and in Minkowski space-time no
minimal length (similar to lattice constant a) exists (at least at the present level of our knowledge).
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Again replacing the summation in equation (5.12) by frequency integration we obtain
the free energy of a solid as:
ωD

ℏω
9Nν
F = Nε0 + T 3 ∫ dωω2 ln(1 − e− T ).
ωD

(5.31)

0

Let us now introduce the Debye temperature as:
θD = ℏωD .

(5.32)

Then:
F = Nε0 + 9NνT(

3 θD /T

T
)
θD

∫ dzz 2 ln(1 − e−z ),

(5.33)

0

where we have introduced the dimensionless variable z =
tegration and introducing the Debye function:

ℏω
.
T

Performing partial in-

x

D(x) =

3
z3
∫ dz z
3
e −1
x

(5.34)

0

we can write (5.33) as:
θD

F = Nε0 + NνT{3 ln(1 − e− T ) − D(

θD
)}.
T

(5.35)

𝜕F
Then the energy E = F − T 𝜕T
is given by:

E = Nε0 + 3NνTD(

θD
)
T

(5.36)

and the specific heat is:
C = 3Nν{D(

θD
θ
θ
) − D D ( D )}.
T
T
T

In Figure 5.2 we show the dependence of
For T ≪ θD we have

θD
T

C
3Nν

on

(5.37)

T
.
θD

≫ 1, so we can replace the upper limit of integration by

infinity and the integral is equal to

π4
15

and

D(x) ≈

π4
.
5x3

(5.38)
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Figure 5.2: Temperature dependence of the specific heat in Debye model.

Then, from equation (5.37) we get:
C≈

3

12Nνπ 4 T
( )
5
θD

(5.39)

which coincides with (5.16).
For T ≫ θD we have x ≪ 1 and in first approximation we can put D(x) ≈ 1, so that
equation (5.37) gives C = 3Nν, i. e. the Dulong–Petit law.
Note that the actual form of the Debye function D(x) shows that the border between the different temperature limits is defined by the comparison of T and θD /4 –
the specific heat is approximately constant for T ≫ θD /4 and it behaves as ∼T 3 for
T ≪ θD /4. In metals, for temperatures T ≪ θD /4 we can also observe the contribution linear in T to the specific heat from free electrons given by equation (4.70), which
is rather small and is rapidly “masked” by the lattice contribution at higher temperatures. To separate electronic and lattice contributions to the specific heat it is convenient to plot experimental data for the specific heat of metals at low temperatures
as the dependence of the ratio C/T on T 2 . In a metal we have at low temperatures
C = γT + βT 3 , so that TC = γ + βT 2 , and the value of C/T at T → 0 actually determines
the coefficient γ, which in fact gives us (according to equation (4.70)) the value of the
electron density of states at the Fermi level.5
In Table 5.1 we present the values of Debye temperatures, determined experimentally for a number of real solids. Excluding special cases like diamond (where θD ∼
2000 K), Debye temperatures for the majority of solids are of the order of 102 K.
5 Note that in amorphous (insulating) glasses a specific heat linear in T is also sometimes observed,
due to the contribution of so-called tunneling states (two-level systems). However, we shall not discuss
this here as this material is outside the scope of our presentation.
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Table 5.1: Debye temperatures for some real systems (K).
Pb

Na

KB

Ag

NaCl

Ga

Cu

Al

Mo

SiO2

Si

LiF

105

158

180

225

280

320

340

430

450

470

645

732

Peter Joseph William Debye (1884–1966) was a
Dutch-American physicist and physical chemist, and
Nobel laureate in Chemistry. Born in Maastricht,
Netherlands, Debye entered the Aachen University of
Technology in 1901. In 1905, he completed his first degree in electrical engineering. At Aachen, he studied under the theoretical physicist Arnold Sommerfeld, who
later claimed that his most important discovery was
Peter Debye. His first major scientific contribution was
the application of the concept of dipole moment to the
charge distribution in asymmetric molecules in 1912, developing equations relating dipole moments to temperature and dielectric constant. In consequence, the units of molecular dipole moments
are termed debyes in his honor. Also in 1912, he extended Albert Einstein’s theory of
specific heat to lower temperatures by including contributions from low-frequency
phonons. In 1914–1915, Debye calculated the effect of temperature on X-ray diffraction patterns of crystalline solids (the “Debye–Waller factor”). In 1923, together with
Erich Hückel, he developed the theory of electrolyte solutions, introducing the concept
of (Debye) screening. From 1934 to 1939 Debye was director of the physics section of
Kaiser Wilhelm Institute in Berlin. From 1936 onwards he was also professor of Theoretical Physics at the Frederick William University of Berlin. These positions were
held during the years that Adolf Hitler ruled Nazi Germany. In 1939 Debye traveled
to the United States to deliver lectures at Cornell University in Ithaca, New York. After leaving Germany in early 1940, Debye became a professor at Cornell and in 1946
he became an American citizen. In recent years there was some controversy whether
during his directorship of the Kaiser Wilhelm Institute, Debye was actively involved
in cleansing German science institutions of Jewish and other “non-Aryan elements”.

5.4 Quantum Bose liquid
In the general case, interaction between atoms (molecules) in liquids is strong, and
calculations of thermodynamic characteristics becomes a very complicated task (as
opposed to gases or solids, where interactions or atomic vibrations are small, allowing an analytical approach). However, theoretical analysis simplifies in the case of
so-called quantum liquids, which are close to the ground state at nearly zero tem-
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peratures. In reality, there is only one such liquid, which does not crystallize up to
the absolute zero – that is liquid Helium. Most importantly, a quantum liquid is also
formed by conduction electrons in metals. There are some other more exotic examples
of quantum liquids, e. g. nuclear matter, neutron stars etc. Many properties of these
systems are quite unusual, including such spectacular phenomena as superfluidity
and superconductivity. The theory of quantum liquids is of prime importance and is
one of the major areas of the modern theory of many-particle systems.
We have seen that calculation of the thermodynamic properties requires knowledge of the energy spectrum (levels) of the body. For the case of the system of strongly
interacting particles, such as a quantum liquid, we have to deal with the energy levels
of a liquid as a whole, not of separate atoms forming a liquid. At low temperatures,
while calculating the partition function, it is sufficient to take into account only the
lowest energy levels (excitations) just above the ground state, which leads to great
simplifications.
The basic idea of Landau is that lowest energy levels of a quantum liquid can be
reduced to some kind of elementary excitations or quasi-particles, with a well defined
energy spectrum. In a spatially homogeneous (translationally invariant) liquid these
excitations can be characterized by momentum (or quasi-momentum in a crystal). Until the number of quasi-particles is low enough (at low temperatures) we can neglect
their interactions and assume that, in first approximation, these excitations form an
ideal gas.6
One of the possible types of energy spectrum of weak excitations of a quantum
liquid is the Bose-like spectrum, where elementary excitations can appear and disappear one by one. The angular momentum of any quantum system (in our case quantum liquid) can change only by integer multiples of ℏ. Thus, elementary excitations
appearing one by one, necessarily can possess only an integer angular momentum
(spin) and obey Bose statistics. The liquid, consisting of Bose particles must have an
energy spectrum of this kind. A typical example is liquid He4 (while He3 forms a Fermi
liquid).
The major characteristic of quasi-particles is dispersion (spectrum), i. e. the dependence of their energy on momentum. In a Bose liquid, elementary excitations with
small momenta p (large wavelengths ℏ/p) correspond to the usual sound waves with
dispersion:
ε(p) = up,

(5.40)

6 Let us stress that the concept of quasi-particles is quite nontrivial. Its final justification appeared
only within the modern theory of many-particle systems, based on Green’s functions and the quantum
field theory approach (see Chapter 11 below). Only within this approach we can derive precise criteria
for the existence of quasi-particles in concrete systems. In some cases (e. g. in so-called strongly correlated systems) the quasi-particle concept breaks down and a much more complicated description is
required.
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where u is the speed of sound. These excitations (quasi-particles) are called phonons.
The knowledge of the spectrum ε(p) at small p allows us to calculate the thermodynamic characteristics of a liquid at very small temperatures T, when practically all
elementary excitations are phonons. Appropriate expressions can be written immediately, using the results obtained above for the thermodynamics of a solid at low temperatures. The only difference is that instead of three independent polarizations (two
transverse and one longitudinal) in a solid, we have only one (longitudinal) in a liquid, so that all expressions should be divided by 3. For example, for the free energy of
a liquid from equation (5.13) we obtain:
F = F0 − V

π2T 4
,
90(ℏu)3

(5.41)

where F0 is the free energy of a liquid at T = 0. The energy is given by:
π2T 4
30(ℏu)3

(5.42)

2π 2 T 3
∼ T 3.
15(ℏu)3

(5.43)

E = E0 + V
and the specific heat:
C=V

With the growth of quasi-particle momentum ε(p) dependence deviates from
a simple linear one, and its behavior becomes dependent on interactions. At large
enough momenta ε(p) dependence ceases to exist, as elementary excitations with
large momenta are unstable toward decay into several excitations with smaller momenta.
After a thorough study of experimental data on liquid He4 Landau has postulated
the spectrum of elementary excitations for this system, as shown in Figure 5.3. We can
see a characteristic minimum at p = p0 and close to it ε(p) can be written as:
ε(p) = Δ +

(p − p0 )2
.
2μ̃

(5.44)

Quasi-particles from this part of the spectrum are usually called rotons.7 Now this form
of the spectrum is well confirmed by direct experiments on inelastic neutron scattering. Experimental values of the constants for the roton part of the spectrum are:
p0
Δ = 8.5 K;
= 1.9 108 cm−1 ; μ̃ = 0.16mHe .
(5.45)
ℏ
Note that p0 ∼ ℏa−1 , where a is an average interatomic distance in liquid.

7 This name is of purely historic origin. In early works Landau assumed the existence of two separate
types of quasi-particles in He4 -phonons and rotons, i. e. the existence of two independent branches
of the spectrum. Later it was discovered that there is a single branch of the spectrum with phonon
and roton parts. Contrary to the initial opinion of Landau it was also discovered that this form of the
spectrum is directly related to Bose condensation in He4 .
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Figure 5.3: Spectrum of elementary excitations in liquid He4 . Points represent experimental data
obtained from inelastic neutron scattering.

As roton energy has a “gap” Δ, at low enough temperatures T < Δ we are dealing with a
dilute gas of rotons, which can be described by Boltzmann statistics. Then, to calculate
the “roton” part of the free energy of He4 we can use equation (3.41). Substituting ε(p),
which is independent of the coordinates, we immediately obtain:
F = −NT ln[

eV
d3 p − ε(p)
e T ].
∫
N
(2πℏ)3

(5.46)

The number of particles N in a roton gas is not fixed and is determined from the re𝜕F
= μ = 0 we find the number
quirement for the minimum of F. From the condition 𝜕N
of rotons as:
Nr =

ε(p)
V
∫ d3 pe− T ,
(2πℏ)3

(5.47)

where in the integrand we have just the Boltzmann distribution with μ = 0. Substituting N = Nr from equation (5.47) into equation (5.46), we get:
Fr = −Nr T ln e = −TNr = −

ε(p)
VT
∫ d3 pe− T .
3
(2πℏ)

(5.48)

Taking into account the explicit form of the roton spectrum (5.44) in equations (5.47)
̃ we may take p2 ≈ p20 outside integral and perform integraand (5.48), due to p20 ≫ μT
tion with infinite limits. Then we obtain:
Nr =

̃ 1/2 p20 V − Δ
2(μT)
e T;
(2π)3/2 ℏ3

Fr = −TNr .

(5.49)

Accordingly, the contribution of the rotons to the entropy and specific heat is:
3 Δ
Sr = Nr ( + )
2 T

Cr = Nr [

2

3 Δ
Δ
+ +( ) ]
4 T
T
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so that the temperature dependence is exponential and for T < Δ these contributions
are small in comparison to the phonon parts determined above. For T > Δ roton contributions to thermodynamic values may overcome those from phonons. This actually
takes place with the rise of temperature.

5.5 Superfluidity
Liquid Helium at temperatures below the so-called λ-point Tλ = 2.18 K, acquires the remarkable property of superfluidity – the liquid flows through narrow tubes and channels without friction (viscosity). Superfluidity was discovered by Kapitza in 1938, its
theoretical interpretation was given few years later by Landau.
Consider first the case of T = 0. Assume that the liquid flows in a tube with a constant velocity v. In the presence of viscosity, friction of the liquid and the tube walls,
as well as within the liquid itself, will induce different processes of dissipation of kinetic energy of the flow, so that the flow slows down and finally stops. It is convenient
to consider the liquid in a coordinate system moving together with the flow. In this
system Helium is at rest in the ground state, while the tube walls move with velocity (−v). In the presence of viscosity (friction), Helium initially at rest should start to
move. From a microscopic point of view it is clear that the appearance of this motion
should start from some excitation of internal motions within the liquid, i. e. from the
appearance of some elementary excitations (quasi-particles).
Consider the situation with the appearance of only one elementary excitation with
momentum p and energy ε(p). Then, the energy of the liquid E0 becomes equal to the
energy of this excitation ε(p), while its momentum P0 becomes equal to p. Let us return
to the laboratory coordinate system in which the tube is at rest. Using the well-known
Galilean transformations of classical mechanics [17] we obtain for the energy E and
momentum P of the liquid in the laboratory system:
P = P0 + Mv

E = E0 + P0 v +

Mv2
,
2

(5.51)

where M is the mass of the moving liquid. Substituting now the values ε(p) and p for
E0 and P0 we have:
E = ε(p) + pv +

Mv2
.
2

(5.52)

The term 21 Mv2 here represents the initial kinetic energy of the liquid flow, while ε(p) +
pv is now the change of the liquid energy due to the appearance of a single elementary
excitation. This change should be negative, to diminish the flow energy:
ε(p) + pv < 0.

(5.53)
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For a given value of p the left-hand side of equation (5.53) is minimal for antiparallel
p and v, thus in any case we should have ε(p) − pv < 0, so that:
v>

ε(p)
.
p

(5.54)

This inequality is to be satisfied at least for some values of the momentum p of elementary excitation. Thus, to find the final condition for the appearance of elementary
excitations in a moving liquid we have to find the minimum of ε(p)/p:
vc = Min

ε(p)
.
p

(5.55)

Geometrically, the ratio ε(p)/p is determined by the slope of a straight line drawn
from the origin of the coordinate system in the (ε, p)-plane to some point of the curve
ε = ε(p). Its minimal value is determined by the point where this line is tangent to the
ε(p) curve. If this minimum is nonzero, then for velocities of the liquid below vc , determined by equation (5.55), no elementary excitations can appear, so that the flow will
be dissipationless (no friction!). This is precisely the case of superfluidity and equation (5.55) represents Landau’s criterion of superfluidity. The value of vc is called the
critical velocity, its existence is confirmed by experiments.
It is easy to see that Landau’s spectrum of elementary excitations for He4 satisfies
the criterion of superfluidity. Similarly, this criterion is satisfied by the energy spectrum with a “gap” at p = 0. At the same time, the free particle spectrum ε(p) = p2 /2m
obviously does not satisfy this criterion. In essence, it is necessary for the curve ε(p)
not to be tangent to the abscissa at the origin. Thus, superfluidity will appear for almost any spectrum with phonon – like behavior in the long wavelength limit or gap at
p = 0.
For finite temperatures T > 0 the liquid is not in the ground state and there are a
number of elementary excitations present. Kinematic arguments given above are still
valid, and the motion of the liquid through the tube with velocities satisfying Landau’s
criterion still does not produce additional excitations. However, we have to clarify the
role of the excitations already present due to finite temperatures.
Consider the gas of quasi-particles moving as a whole, relative to the liquid, with
velocity v. The distribution function for the gas moving as a whole is obtained from
the distribution function n(ε) at rest by the substitution ε → ε − pv, where p is the
momentum of a quasi-particle.8 Then, the total momentum of the unit volume of the
8 Consider a gas of excitations with respect to the liquid with velocity v. In the coordinate system
where the gas is at rest the liquid moves with velocity −v. Then the energy E of liquid in these coordinates is connected with the energy E0 in the coordinate system where the liquid is at rest, by:
2

E = E0 − P0 v + Mv2 . Consider an excitation with energy ε(p), appearing in the rest system of the liquid. Then the additional energy in the rest system of the gas will be given by ε − pv, which proves our
statement.
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gas is given by:
P=∫

d3 p
pn(ε − pv).
(2πℏ)3

(5.56)

Let the velocity v be small, so that we can expand the integrand in powers of pv =
pv cos θ. The zeroth -order term disappears after integration over the directions of the
vector p (θ angle) and we can write:
P = −∫

d3 p
dn(ε)
p(pv)
.
dε
(2πℏ)3

(5.57)

Integrating here again over the directions of the vector p we get:
P = −v

4π 1
dn(ε)
.
∫ dpp4
3 (2πℏ)3
dε

(5.58)

Substituting here the spectrum of phonons ε = up and integrating by parts we have:
P = −v

∞

∞

0

0

dn(p)
1 4π
16π 1
=v
∫ dpp4
∫ dpp3 n(p).
dp
3u (2πℏ)3
(2πℏ)3 3u

(5.59)

Here, the integral
d3 p
1
εn(ε)
∫ dp4πp2 upn(p) = ∫
3
(2πℏ)
(2πℏ)3
∞

(5.60)

0

reduces to the energy Eph of the unit volume of phonon gas, so that:
P=v

4Eph
3u2

.

(5.61)

The coefficient before v here defines the mass density of the liquid transported by the
flow of the quasi-particle gas. Nothing can prevent these moving quasi-particles from
being scattered by the walls of the tube and exchange momenta as in the usual gas
flow. It is clear that this part of the liquid mass will behave as a normal liquid moving
with friction. However, this is not the whole mass of the liquid, the rest behaves as a superfluid! In fact, after we substitute the expression (5.42) for the energy of the phonon
gas into equation (5.61), we obtain for the phonon part of the normal density ρn :
(ρn )ph =

2π 2 T 4
,
45ℏ3 u5

(5.62)

which goes to zero for T → 0, when the whole mass of the liquid becomes superfluid.
Now we can say that the total density ρ of He4 at T > 0 consists of normal and superfluid parts (components): ρ = ρn + ρs , though certainly it does not mean that there is
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any kind of real separation of the liquid into two components. It is important to note
that there is no momentum transfer (friction!) between these two parts of the liquid:
we have obtained this physical picture at the state of statistical equilibrium in a gas
moving with fixed velocity. But any motion in the state of thermodynamic equilibrium
is in fact dissipationless.
Above we determined the phonon contribution to ρn , to find the roton part we
= − Tn and
note that rotons can be described by the Boltzmann statistics, so that 𝜕n
𝜕ε
from equation (5.58) we get:
4π
1
d3 p 2
p n(p)
∫
∫ dpp4 n(p) =
3
3T (2πℏ)3
3T(2πℏ)
Δ
p2 N
2μ̃ 1/2 p40
e− T ,
≈ 0 r =
3T V
3(2π)3/2 T 1/2 ℏ3

(ρn )r =

(5.63)

where p0 is the momentum corresponding to the roton minimum. If we take into account the experimental values for the parameters determining the spectrum of excitations in He4 , it turns out that the roton contribution to ρn matches the phonon part
at T ∼ 0.6 K and overcomes it at higher temperatures.
As the temperature T rises, more and more of the liquid becomes normal and ρn →
ρ (where ρ is the total density of He4 ) for T → Tλ from below. The superfluid density
ρs → 0 for T → Tλ and ρs = 0 for T > Tλ . The value of ρn close to the λ-point cannot
be calculated precisely, but an approximate estimate for Tλ can be obtained from the
condition (ρn )r ≈ ρ. Using here equation (5.63) we can obtain Tλ ≈ 2.8 K, which is in
relatively good agreement with experiments.
Superfluid transition in He4 is a typical second order phase transition. Such a transition always goes together with the appearance (or disappearance) of some qualitative property (long-range order!). In case of the λ-transition in He4 , this is the appearance (disappearance) of the superfluid component of the liquid. From a microscopic
point of view, we can speak about certain properties of the single-particle density matrix of our system:
ρ(r, r ) = ∫ dqΨ⋆ (r, q)Ψ(r , q),

(5.64)

where Ψ(r, q) is the wave function of the system as a whole, where r are coordinates of
a single particle, while q is the set of all coordinates of the other particles, which are
integrated out. For an isotropic medium (liquid) this density matrix depends only on
|r − r |. In a normal (nonsuperfluid) state ρ(r, r ) → 0 for |r − r | → ∞. This is not so in
superfluid phase.
Consider the Fourier components of the density matrix:
∫ d3 (r − r )eik(r−r ) ρ(r, r ),
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which, up to a constant, coincide with:
2



∫ dq∫ dVeikr Ψ(r, q)



(5.66)

i. e. determine the probability distribution of different values of momentum of a particle p = ℏk. If ρ(r, r ) → 0 for |r − r | → ∞, the probability density in p-space for
p → 0 remains finite. However, if ρ(r, r ) tends to a finite value ρ∞ > 0 at infinity,9 the
integral in (5.65) is equal to (2π)3 δ(k)ρ∞ . This corresponds to a finite probability for
a particle to have zero momentum. Thus, in the superfluid state (opposite to the case
of normal liquid) a finite number (fraction) of particles possess zero momentum. This
clearly relates superfluidity to Bose condensation. Let us stress that this set of particles should not be identified with the superfluid component of the liquid, discussed
above. This obviously will be wrong, as at T = 0 all the mass of the liquid is superfluid,
though not all particles of the interacting system possess zero momentum (cf. below
the case of weakly interacting Bose gas).
Lev
Davidovich
Landau
(1908–1962) was a Soviet physicist who made fundamental contributions to many areas of theoretical physics. His achievements included the independent
co-discovery of the density matrix method in quantum mechanics (alongside John von Neumann), the quantum mechanical
theory of diamagnetism, the theory of superfluidity, the theory of
second-order phase transitions, the Ginzburg-Landau theory of superconductivity,
the theory of Fermi liquid, the explanation of Landau damping in plasma physics, the
Landau “ghost” pole in quantum electrodynamics, and the two-component theory of
neutrinos. He received the 1962 Nobel Prize in Physics for his development of a theory
of superfluidity. Landau was born in Baku, Azerbaijan, in what was then the Russian
Empire. In 1924, he moved to Leningrad and dedicated himself to the study of theoretical physics. Landau travelled abroad during the period 1929–1931, where he finally
went to Copenhagen to work at the Niels Bohr’s Institute for Theoretical Physics.
After the visit, Landau always considered himself a pupil of Niels Bohr. Apart from
his theoretical accomplishments, Landau was the principal founder of the “Landau
school” of theoretical physics. He and his friend and collaborator Evgeny Lifshitz,

9 This is called off-diagonal long-range order (ODLRO).
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have written the Course of Theoretical Physics, finally completed by Lev Pitaevskii,
ten volumes that together cover the whole of the subject and are widely used up to
nowadays. From 1937 until 1962, Landau was the head of the Theoretical Division
at the Institute for Physical Problems. In 1938 Landau was arrested and held in
Lubyanka prison until his release in 1939, after the head of the institute Pyotr Kapitsa
wrote a letter to Joseph Stalin, personally vouching for Landau’s behavior. Landau
was rather briefly involved in Soviet atomic and hydrogen bomb projects. However,
for this work he received the Stalin Prize in 1949 and 1953, and was awarded the title
“Hero of Socialist Labour” in 1954. In January 1962, Landau’s car collided with an
oncoming truck. He was severely injured and spent two months in a coma. Finally,
he partly recovered, but his scientific creativity was destroyed, and he never returned
fully to scientific work.

5.6 Phonons in a Bose liquid∗
Let us consider in more detail the origin of the spectrum of elementary excitations of
liquid He4 , shown in Figure 5.3. The energy of the liquid can be written as a functional
of its (mass) density and hydrodynamic velocity:
E[ρ(r), v(r)] =

1
∫ drρ(r)v2 (r) + E (1) [ρ(r)],
2

(5.67)

where E (1) is the part of energy independent of velocity. Consider small oscillations of
the density:
ρ(r) = ρ + δρ(r),

(5.68)

where ρ is liquid density at equilibrium, while δρ(r) and v(r) are small deviations,
describing oscillations. By definition:
ρ=

1
∫ drρ(r)
V

∫ drδρ(r) = 0.

(5.69)

Limiting ourselves to terms of second order in δρ and v we can replace ρ(r) in the first
term in equation (5.67) by its average value ρ. With the same accuracy E (1) is written
as:
E (1) [ρ(r)] = E (1) (ρ) + ∫ drψ(r)δρ(r) +

1
∫ dr ∫ dr φ(r, r )δρ(r)δρ(r ).
2

(5.70)

The functions ψ(r) and φ(r, r ) are determined only by the properties of the unperturbed liquid, which is homogeneous and isotropic, so that ψ(r) = ψ = const, while
φ(r, r ) depends only on the distance |r − r |: φ(r, r ) = φ(|r − r |). Then the first order
term in the expansion of E (1) given by equation (5.70) is proportional to ∫ dVδρ(r) = 0,
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and finally we obtain:
1
∫ dr ∫ dr φ(|r − r |)δρ(r)δρ(r ).
2

E (1) [ρ(r)] = E (1) (ρ) +

(5.71)

The velocity v is related to the density oscillations via the continuity equation:
ρ̇ + div(ρv) = 0,

(5.72)

which can be written up to first order terms in δρ and v as:
̇ + ρ div v = 0.
δρ

(5.73)

Performing Fourier transformation:
δρ(r) =

1
∑ ρ eipr
V p p

v(r) =
φ(r) =

1
∑ v eipr ,
V p p

1
∑ φ eipr
V p p

(5.74)
(5.75)

and taking into account the longitudinal nature of liquid oscillations, so that the velocity vp in a wave with wave vector p is directed along p, we can write:
vp = ap p.

(5.76)

Substituting these expressions into the continuity equation we immediately obtain:
vp = iρ̇ p

1 p
ρ p2

(5.77)

so that equation (5.71) is rewritten as:
E = E (1) (ρ) +

|ρ̇ p | 1
1
+ φ |ρ2 |).
∑(
V p 2ρp2 2 p p

(5.78)

The first term in equation (5.78) represents the energy of the unperturbed liquid, the
second one reduces to the sum of terms, each having the form of the energy of a harmonic oscillator with frequency ωp :
ω2p = ρp2 φp ,

(5.79)

where we have taken into account that in an isotropic liquid φp = φp , i. e. depends only
on the absolute value of |p|. In the quantum case the energy of such an oscillator is:10
1
ε(p) = ωp (n + )
2

n = 0, 1, 2 . . . .

(5.80)

Thus, the spectrum of our system (liquid) is in fact determined by the spectrum of
these oscillators, i. e. by relations (5.79) and (5.80).
10 Here we use, for brevity, the system of units, often used by theorists, where ℏ = 1 and do not discern
momentum and wave vector.
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To obtain the final solution we have to express φp via the characteristics of liquid.
In the quantum case the ground state energy does not coincide with E (1) (ρ) (as in classics), we have take into account the zero point oscillator energy ωp /2. Then the ground
state energy of the quantum Bose liquid becomes equal to:
1
E0 = E (1) (ρ) + ∑ ωp
2
p

(5.81)

or, taking into account equation (5.78):
V

ωp
2

=

1
1
⟨|ρ̇ 2p |⟩ + φp ⟨|ρp |2 ⟩ = φp ⟨|ρp |2 ⟩,
2
2
2ρp

(5.82)

where the angular brackets denote averaging over the ground state, and we used
the well known result that for a quantum oscillator the average (over the ground
state) kinetic energy equals the average potential energy. Then, expressing φp in
equation (5.79) via (5.82), we obtain:
ε(p) = ωp = Vρ

p2
2⟨|ρp |2 ⟩

(5.83)

or
ε(p) =

p2
,
2mS(p)

(5.84)

where we have introduced:
S(p) =

⟨|ρp |2 ⟩
Vmρ

(5.85)

– the so-called structure factor of the liquid, which is determined by the Fourier transform of the density–density correlation function:
S(r − r ) =

1
⟨[n(r) − n][n(r ) − n]⟩,
n

(5.86)

where n(r) = ρ(r)/m is (volume) density of the particles at point r, while n is the average
density of the particles in the liquid.
Equation (5.84) was first derived by Feynman, and the derivation given above belongs to Pitaevskii. This formula expresses the excitation spectrum via the structure
factor of the liquid. The value of S(p) in the general case can not be derived analytically, but in real liquids it is directly measured in neutron and X-ray scattering experiments.
For small momenta, the excitation spectrum of liquid He4 is linear over the momentum: ε(p) ≈ up, accordingly we have S(p) ≈ p/2mu. For very large momenta much
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in excess of the inverse interatomic distance, p ≫ a−1 , we have S(p) = 1, which corresponds to S(r) = δ(r) at small distances. In the intermediate region p ∼ a−1 the structure factor S(p) is determined from experiments and for the majority of liquids (not
only for He4 ) it demonstrates the characteristic maximum at p ∼ a−1 (see Figure 5.4).
The presence of this maximum is in fact related to the conservation of the rather strong
correlations between atomic positions in the liquid (short range order).

Figure 5.4: Characteristic form of the structure factor of liquid He4 .

From Feynman’s expression (5.84) it becomes clear that for large momenta p ≫ a−1
the excitation spectrum reduces to the spectrum of free particles: ε(p) = p2 /2m. In
the intermediate region of p ∼ a−1 the presence of the maximum in S(p) leads to the
appearance of a roton minimum.
Strictly speaking, this “hydrodynamic” derivation of Feynman’s formula is valid
only for momenta p < 1/a, i. e. when the liquid may be considered as a continuous
medium. However, this expression also gives the correct answer for p ≫ 1/a, i. e. in
the free particle limit. It can be considered as a good interpolation also for the region
where p ∼ 1/a, giving a qualitative explanation of the Landau spectrum of He4 .
Note that the spectrum of density oscillations in usual (classical) liquids has a
qualitatively similar form, but with a rather strong damping of the oscillations in the
region of wave vectors p ∼ 1/a. The existence of a “roton” minimum in classical liquids
is also directly related to the maximum of the structure factor.

5.7 Degenerate interacting Bose gas
Let us consider now the system of interacting Bosons from a microscopic point of view.
We shall limit ourselves to the analysis of a weakly interacting Bose gas, which can be
described using the rather rigorous approach first proposed by Bogolyubov.
Consider the simple model of a Bose gas with point-like repulsion between the
particles and limit ourselves to the case where T = 0. The Hamiltonian of the system

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 1:56 AM

128 | 5 Condensed matter
in second quantization representation can be written as:
H=∑
p

v
p2 +
ap ap + 0
2m
2V

p1 +p2

∑

=p

1

+p

a+p a+p ap2 ap1 ,
1

2

(5.87)

2

where v0 > 0 is the coupling constant of the repulsive interaction and the creation and
annihilation operators of Bosons satisfy the commutation relations:
ap a+p − a+p ap = δpp
ap ap − ap ap = 0

a+p a+p

−

a+p a+p

(5.88)
= 0.

In the ground state of an ideal Bose gas all particles are in a Bose condensate, i. e. in
the state with zero momentum and energy. In terms of occupation numbers Np=0 =
N0 = N, where N is the total number of particles in the gas. Accordingly Np=0̸ = 0.
In a weakly interacting Bose gas in the ground state and also in weakly excited states
Np=0̸ ≠ 0, but these occupation numbers are very small compared to the macroscopic
value of N0 . The fact that a+0 a0 = N0 ≈ N ≫ 1 means that the expression for the commutator of creation and annihilation operators of condensate particles a0 a+0 −a+0 a0 = 1
is small in comparison with a0 and a+0 , so that we can neglect unity in the right-hand
side and consider these operators as the usual c-numbers:11
a0 = a+0 = √N0 .

(5.89)

Then we can accurately separate in the Hamiltonian (5.87) all terms, containing condensate operators and replace them by (5.89). After that, we can build a kind of perturbation theory in powers of the “small” operators ap , a+p with p ≠ 0. The main
contribution comes from scattering processes (interactions) of condensate particles
and particles excited from the condensate (i. e. transitions of particles to and from the
condensate), while scattering processes between particles excited “above” the condensate can be just neglected (in first approximation).
The zeroth -order term in the interaction Hamiltonian contains:
v0 + +
v
v
a a a a = 0 a4 = 0 N 2 .
2V 0 0 0 0 2V 0 2V 0

(5.90)

11 More rigorously it is equivalent to an assumption that in the ground state the average values of
these operators ⟨a0 ⟩ and ⟨a+0 ⟩ are nonzero and equal to √N0 e±iϕ (where ϕ is an arbitrary phase of a
complex number, which can be assumed here to be just a zero), i. e. there is a finite amplitude of creation and annihilation of particles in the condensate. Then the number of particles in the condensate
is not conserved, in this sense the ground state of an interacting Bose gas breaks the particle conservation law. Thus, the symmetry of the ground state is lower than the symmetry of the Hamiltonian
(5.87), which conserves the particle number. This is the first time when we meet the phenomenon of
spontaneous symmetry breaking and the appearance of anomalous averages, breaking the symmetry
of Hamiltonian.
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The terms of first order in ap , a+p with p ≠ 0 are absent, as these can not satisfy conservation of momentum, as shown explicitly in equation (5.87). The second order terms
have the form:
v0 2
a ∑ (a a + a+p a+−p + 2a+p ap + 2a+−p a−p ).
2V 0 p>0 p −p

(5.91)

Limiting ourselves to second order terms we can here replace a20 = N0 by the total
particle number N. However, in term (5.90) we have to take into account the more
accurate relation:
a20 + ∑ a+p ap = N

(5.92)

p>0

and express N0 via N and ∑p a+p ap . After explicit calculations, combining (5.90) and
(5.91), we obtain:
N
N2
v + v ∑ (a a + a+p a+−p + a+p ap + a+−p a−p ).
2V 0 V 0 p>0 p −p

(5.93)

Thus, we can rewrite the Hamiltonian (5.87) with the given accuracy as:
H=

N2
N
p2
v0 + ∑ ( v0 +
)(a+p ap + a+−p a−p )
2V
V
2m
p>0
+

N
v ∑ (a a + a+p a+−p ).
V 0 p>0 p −p

(5.94)

This Hamiltonian is quadratic in the operators ap and a+p and can be diagonalized by
the so-called u − v-transformation, first introduced by Bogolyubov. Let us transform
αp+ and αp to new creation and annihilation operators for Bosons, related to a+p and ap
by the linear transformation:
ap = up αp + vp αp+
a+p = up αp+ + vp αp .

(5.95)

New operators should satisfy the usual Bose commutation relations like (5.7), which
is guaranteed if the coefficients up and vp satisfy the condition:
u2p − vp2 = 1.

(5.96)

Substituting a+p and ap in the form of (5.95) into the Hamiltonian (5.94) we obtain:
H = ∑ {(
p>0

Nv
p2 Nv0
+
+
)(u2p + vp2 ) + 2 0 up vp }(αp+ αp + α−p
α−p )
2m
V
V
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+ ∑ {(
p>0

Nv
p2 Nv0
+
+
)2up vp + 0 (u2p + vp2 )}(αp+ α−p
+ αp α−p )
2m
V
V

+ ∑ {2(
p>0

Nv
N 2 v0
p2 Nv0 2
+
)vp + 2 0 up vp } +
.
2m
V
V
2V

(5.97)

+
To diagonalize this Hamiltonian we have to exclude terms like αp+ α−p
and αp α−p , which
can be achieved by the requirement:

(

Nv
p2 Nv0
+
)2up vp + 0 (u2p + vp2 ) = 0,
2m
V
V

(5.98)

which gives the second relation fixing the coefficients up and vp . Solving equations
(5.96) and (5.98) we get:
up =

1

Ap

,

(5.99)

V
p2 Nv0
{ε(p) −
−
}
Nv0
2m
V

(5.100)

√1 − A2p

vp =

√1 − A2p

where
Ap =

ε(p) = √

p4
N p2 v0
+
.
V m
4m2

(5.101)

Substituting these coefficients to (5.97) we obtain diagonalized Hamiltonian, having
the form of the Hamiltonian of new noninteracting quasi-particles, corresponding to
operators αp+ and αp :
H = E0 + ∑ ε(p)αp+ αp ,
p=0
̸

(5.102)

where the spectrum of these new quasi-particles ε(p) (5.101) is radically different from
the spectrum of free Bosons due to interaction effects. The ground state energy is given
by:
E0 =

p2 N
1
N2
v0 + ∑ [ε(p) −
− v ].
2V
2 p=0̸
2m V 0

(5.103)

At small momenta the quasi-particle energy (5.101) can be written as:
ε(p) = √

v0
p ≡ up,
mV0

(5.104)

where V0 = V/N is the volume per particle, while u, which is completely determined by
interactions, represents the speed of Bogolyubov’s sound. For large momenta, (5.101)
v
p2
reduces to ε(p) ≈ 2m
+ V0 , i. e. to the spectrum of free particles.
0
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Thus, at small momenta, interactions between Bosons leads to a complete transformation of the spectrum of elementary excitations, which becomes similar to that
postulated by Landau, and satisfies the criterion for superfluidity, so that
vc = (

v
ε(p)
)
=√ 0 >0
p p→0
mV0

(5.105)

defines the appropriate critical velocity, coinciding in this model with the speed of
(Bogolyubov) sound.
From this analysis it becomes clear that the phenomenon of Bose condensation is
crucial for the appearance of superfluidity.
Nikolay Nikolaevich Bogolyubov (1909–1992) was a Soviet mathematician and theoretical physicist known for a
significant contribution to quantum field theory, classical
and quantum statistical mechanics, and the theory of dynamical systems. He was born in Nizhny Novgorod, Russian Empire. He attended research seminars in Kiev University and soon started to work under the supervision of
the well-known mathematician Nikolay Krylov. In 1924, at
the age of 15, Nikolay Bogolyubov wrote his first published
scientific paper. He never graduated from the University or
obtained any kind of regular higher-education. Krylov and
Bogolyubov worked together on the problems of nonlinear
mechanics and nonlinear oscillations. In 1946, he published in JETP two works on
equilibrium and nonequilibrium statistical mechanics which became the essence of
his fundamental monograph “Problems of dynamical theory in statistical physics”,
leading to the formulation of modern theory of kinetic equations (Bogolyubov’s chain
for a derivation of kinetic equations). In the late 1940s and 1950s, Bogolyubov worked
on the theory of superfluidity and superconductivity, where he developed the so-called
u-v transformations, one of the major modern techniques to solve interacting manybody problems. In early 1950s he was briefly involved in the USSR hydrogen bomb
project. Later he worked on quantum field theory and elementary particles, developing the theory of renormalization and renormalization group, as well as rigorous theory of dispersion relations and axiomatic S-matrix theory. In 1960s he introduced the
major concept of broken symmetry in quantum field theory and quasi-averages in statistical theory of phase transitions. Nikolay Bogolyubov received various high USSR
honors and international awards, such as two Stalin Prizes (1947, 1953), Lenin Prize
(1958), Hero of Socialist Labour, twice (1969, 1979), Heineman Prize for Mathematical Physics (1966), Max Planck medal (1973), Franklin Medal (1974), The Lomonosov
Gold Medal (1985) and Dirac Prize (1992).
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5.8 Fermi liquids
A liquid of interacting particles with half-integer spin (Fermi liquid) is characterized
by the spectrum of elementary excitations and other properties, which are radically
different from those of a Bose liquid. An example of a real Fermi liquid is He3 . Probably, the most common case is the liquid of conduction electrons in metals. More exotic
examples are nucleons in atomic nuclei, neutron star matter, etc. We shall see below
that the energy spectrum of elementary excitations in a Fermi liquid is somehow similar to that of an ideal Fermi gas, while the role of the interactions reduces to a relatively
minor “renormalization” of experimental observables.
The phenomenological theory of Fermi liquids was proposed by Landau. The
starting point of this theory is the statement that the classification of energy levels in
a Fermi system remains the same after adiabatic “switching” of interaction between
particles, as we go from Fermi gas to normal Fermi liquid. Elementary excitations
(quasi-particles) in a Fermi liquid are in one to one correspondence with free particle
excitations of an ideal Fermi gas. Thus, free particles of the gas are replaced by some
effective quasi-particles of the liquid, moving in a self-consistent field created by the
interactions. The criteria for these quasi-particles to have a well defined momentum
will be briefly discussed below. Let np be the momentum distribution function of the
quasi-particles in a Fermi liquid. The ground state contains no quasi-particle excitations and corresponds to the distribution function of quasi-particles with all states
below the Fermi momentum (i. e. for p < pF ) occupied. This is equivalent to an assumption of existence of a well defined Fermi surface (sphere) in momentum space.
The value of pF is related to the particle density of the liquid (the number of particles
in a unit volume) by the same expression (4.43), as in the Fermi gas:12
pF = (3π 2 )

1/3

1/3

(

N
)
V

ℏ.

(5.106)

It must be stressed that the total energy of a liquid E does not reduce to the sum of
quasi-particle energies: E is represented by a functional13 of the distribution function
of some general form, which does not reduce to ∫ dτnp εp , as in an ideal gas. At T = 0
this functional defines the ground state energy of the Fermi liquid E.
12 This is directly related to our assumption about the classification of levels in a Fermi liquid and
the Pauli principle. In fact, this result can be proved within a modern quantum-field theoretic (microscopic) approach to Fermi liquids, where it is known as Luttinger theorem.
13 The usual function defines some mapping of one set of numbers into another set of numbers. The
functional defines the mapping of a set of functions into a set of numbers. A typical example of a funcb

tional is definite integral: F[f (x)] = ∫a dxf (x). Note that the function of a function is again some function, not a functional. Functional (variational) differentiation, as used below is formally defined as
follows:
δF[f (x)]
F[f (x) + εδ(x − y)] − F[f (x)]
= lim
.
ε→0
δf (y)
ε
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We can normalize the distribution function as:
∫ dτnp =

N
,
V

(5.109)

where N is the number of particles in the liquid, dτ = d3 p/(2πℏ)3 . The change of E
under a small variation of the distribution function can be written as:
δE
= ∫ dτεp δnp ,
V
δE
.
εp =
δnp

(5.110)
(5.111)

The value of εp is given by the functional (variational) derivative of E by the distribution function and corresponds to the change of ground state energy of the system due
to the addition of a single quasi-particle with momentum p. This energy of a quasiparticle is itself the functional of the distribution function, i. e. the form of εp is determined by the distribution of all other quasi-particles in Fermi liquid.
The distribution function of quasi-particles (at equilibrium) has the form of the
usual Fermi distribution. This is due to the same classification of energy levels in the
liquid as in ideal Fermi gas – the entropy of the liquid is determined by the same combinatorial expression of equation (4.15), which for the liquid can be written as:
S = − ∫ dτ[np ln np + (1 − np ) ln(1 − np )].

(5.112)

Looking for the maximum (extremum) of this expression with additional conditions
of a fixed total number of particles and total energy (similar to our analysis for an ideal
gas) we obtain at finite T:
np =

1

e

εp −μ
T

+1

(5.113)

.

However, it should be stressed that εp here is some functional of np , so that equation (5.113) gives in fact some complicated implicit definition of np . In fact, it can not
be found in explicit form.14
For example, for F[f (x)] in the form of the definite integral
δF[f (x)]
1
= lim [∫ dx[f (x) + εδ(x − y)] − ∫ dxf (x)] = ∫ dxδ(x − y) = 1.
ε→0 ε
δf (y)

(5.108)

14 Within the microscopic approach to Fermi liquids it was shown by Migdal that the distribution
function of the particles (not quasi-particles!) at T = 0 contains a finite discontinuity at εp = μ, proving
the existence of a Fermi surface in the case of interacting Fermions. The size of this discontinuity in a
Fermi liquid < 1, differentiates a liquid from an ideal gas, where it is equal to 1 (see the more detailed
discussion below in Chapter 11).
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Let us discuss explicitly the spin of the quasi-particles σ.⃗ In a homogeneous and
isotropic liquid the scalar ε can depend only on scalar arguments, so that σ⃗ can enter
the quasi-particle energy (in the absence of an external magnetic field!) only as σ̂ 2 or
⃗ 2 (first order term like σp
⃗ is not allowed, as it is a pseudoscalar due to the axial
(σp)
vector nature of the spin). For spin s = 1/2 we have:
σ⃗ 2 =

3
4

⃗ 2=
(σp)

1 2
p
4

(5.114)

so that σ drops completely and the quasi-particle energy does not depend on spin.
Accordingly, all energy levels are twice degenerate and we have to write everywhere
d3 p
dτ = 2 (2πℏ)
3.
We have attributed to each quasi-particle a well defined momentum. A necessary
requirement is that any indeterminacy of this momentum is to be small compared to
the value of the momentum itself and also in comparison to the size of the “smearing”
region of the distribution function in momentum space (which is defined by small
excitation energies or temperatures). The Pauli principle restricts the possible scatterings of quasi-particles precisely to this region and, after the scattering, quasi-particles
should arrive also to free (empty) states from this same region. Thus, the probability
of quasi-particle scattering is to be proportional to the square of the width Δp of the
“smearing” region. This obviously leads to scattering-induced indeterminacy of the
quasi-particle momentum of the order of Δp2 . Now it is clear that for small enough Δp
the indeterminacy of momentum will be small not only in comparison to the momentum p ∼ pF itself, but also compared to Δp, if we consider it to be small enough. Thus,
the quasi-particles in a Fermi liquid the are well defined only close enough to the Fermi
surface and quasi-particle energy εp is also well defined only in this narrow region of
energies (or temperatures!). Expanding the quasi-particle energy in a Taylor series in
powers of p − pF we obtain:
ξp = εp − μ ≈ vF (|p| − pF )

μ = εF ,

(5.115)

where vF = 𝜕pp |p=pF is Fermi velocity.
We have already noted above that during quasi-particle creation or annihilation
the angular momentum of any quantum system can only change by integer values. If
we are dealing with Fermions of spin s = 1/2 this means that quasi-particles can be
created (annihilated) in pairs. In a Fermi liquid the creation of a quasi-particle with
energy above the ground state given by equation (5.115) takes place via its excitation
from the completely filled Fermi sphere to some state above the Fermi surface, with
simultaneous creation of a “hole” (of the same energy) below the Fermi surface. Elementary excitation in a Fermi liquid is just this process of quasi-particle–quasi-hole
pair creation. This is quite similar to the case of an ideal Fermi gas, but the major
difference is that such excitations are well defined only close enough to the Fermi
𝜕ε

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 1:56 AM

5.8 Fermi liquids | 135

surface, where scattering (interaction) processes between quasi-particles are strongly
suppressed due to Pauli principle limitations.
In an ideal Fermi gas we have εp = p2 /2m and vF = pF /m. By analogy, in a Fermi
liquid we may introduce the value of
m∗ =

pF
vF

(5.116)

which is called the effective mass of a quasi-particle.15 Then the specific heat of the
Fermi liquid is given by the usual “gas-like” expression (4.70), with the simple replacement m → m∗ :
C=

π2
ν T
3 F

νF =

m∗ pF
.
π 2 ℏ3

(5.117)

To analyze systems with a variable number of particles it is convenient to use the
thermodynamic potential Ω = F − μN. At T = 0 obviously we have F = E, so that
Ω = E − μN. Consider an “excited” state of the system described by the difference:
Ω − Ω0 = E − E0 − μ(N − N0 ),

(5.118)

where the index 0 denotes the ground state. We can write:
N − N0 = ∑ δnp = ∫ dτδnp .
p

(5.119)

According to equation (5.111):
E[np ] = E0 + ∑ εp δnp + O(δn2p )

(5.120)

Ω − Ω0 = ∑(εp − μ)δnp + O(δn2p ).

(5.121)

p

so that:
p

We consider only small variations δnp close to the Fermi surface, i. e. in a narrow energy layer ∼δ around it, so that εp − μ ∼ δ. But δnp ∼ δ itself, so that Ω − Ω0 ∼ δ2 , and
in an expansion of equation (5.121) we have to keep all terms of the order of ∼δ2 . Then
we can write:
Ω − Ω0 = ∑(εp − μ)δnp +
p

1
∑ f (p, p )δnp δnp + O(δp3 ),
2 pp

(5.122)

15 For example, in liquid He3 it is known from experiments that m∗ ≈ 2.4mHe3 , pF /ℏ ≈ 0.8 108 cm−1 .
The region where quasi-particles (i. e. the concept of Fermi liquid itself) are well defined for He3 is
limited to temperatures T < 0.5 K.
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where we have introduced:
f (p, p ) =

δ2 E
δnp δnp

(5.123)

– the so-called Landau function, describing the interaction between quasi-particles. In
fact, from the definitions of equations (5.111) and (5.122) we can see that the variation
δnp leads to a change of quasi-particle energy:
δεp = ∫ dτ f (p, p )δnp

(5.124)

which is completely determined by the Landau function. Here is the main difference
of the Fermi liquid theory from the model of an ideal fermi gas.
Let us assume that f (p, p ) is a continuous function for p and p close to pF . In
practice it is sufficient to know f (p, p ) only on the Fermi surface itself, i. e. for |p| =
|p | = pF . Then f (p, p ) depends only on the mutual orientation of the vectors p and p
(angle in between) and on the spins σ, σ  . It is convenient to write f (p, p ), separating
explicitly independent parts, corresponding to the parallel or antiparallel orientations
of the spins of the quasi-particles:
f↑↑ (p, p ) = f s (p, p ) + f a (p, p ),
s

a

f↑↓ (p, p ) = f (p, p ) − f (p, p ).






(5.125)
(5.126)

We can say that the antisymmetric part f a (p, p ) is due to some exchange interaction
2f a (p, p ), which appears only when the spins are parallel. Another representation of
the Landau function is also widely used in the literature:
fσ,σ (p, p ) = φ(p, p ) + (σ̂ σ̂  )ψ(p, p ),

(5.127)

where σ̂ and σ̂  are the spin matrices of two fermions.
Thus, in an isotropic Fermi liquid, the functions f a (p, p ) and f s (p, p ) depend
only on the angle θ between p and p . Then these functions can be represented as
expansions over Lagrange polynomials:
∞

f s(a) (p, p ) = ∑ Pl (cos θ)fls(a)
l=0

(5.128)

so that both functions f (p, p ) are completely determined by the sets of coefficients fls
and fla , which are called the Fermi liquid constants. It is convenient to introduce the
dimensionless constants Fls,(a) via:
νF fls,(a) =

m∗ pF s,(a)
f
≡ Fls,(a) .
π 2 ℏ3 l

(5.129)
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The values of these constants determine the renormalization of a number of physical characteristics of the Fermi liquid and at least some of them can be determined
from experiments. In most cases only a few constants are important. In particular,
the following relation between “bare” mass of the particle and effective mass of the
quasi-particle can be derived using Galilean invariance [20, 29]:
pF
1
1
=
+
4π ∫ d cos θ cos θf (p, p ).
m m∗ (2πℏ)3

(5.130)

Using (5.128), (5.129) and the properties of Lagrange polynomials we can get:
Fs
m∗
=1+ 1.
m
3

(5.131)

From here, it is obvious that F1s > −3. Similarly, taking into account the interaction with
the external magnetic field (see also below), we can derive the spin (paramagnetic)
susceptibility of our Fermi liquid as [20, 29]:
χp = μ2B

m∗ pF 1
,
π 2 ℏ3 1 + F0a

(5.132)

which differs from the similar Fermi gas expression (4.79) by the replacement m → m∗
and the Fermi liquid renormalization 1 + F0a .

5.9 Electron liquid in metals∗
In our previous discussion we implicitly assumed that a Fermi liquid consists of neutral particles (e. g. like He3 ), so that interaction is short range. For a Fermi liquid of
electrons in metals, long-range Coulomb interaction becomes important. In case of
long-range interactions the basic Fermi liquid theory relation (5.124) becomes, strictly
speaking, invalid. However, a certain generalization of the standard Fermi liquid approach for the case of charged Fermi liquids, proposed by Silin, correctly takes into
account the Coulomb interaction and reduces the theory to a form quite similar to
that of neutral Fermi liquid theory.
Note, first of all, that for the general case of a local in time relation we can write
the generalization of equation (5.124) in the following form:
δε(p, r) = Spσ ∫ dr ∫

d3 p
F(p, p ; r, r )δn(p , r ),
(2πℏ)3

(5.133)

where we have introduced an explicit dependence on the coordinates, necessary for
the analysis of spatially inhomogeneous perturbations and taken Sp over spin.16 Function F(p, p ; r, r ) here represents the second variational derivative of the ground state
16 The distribution function of the quasi-particles here is understood to be in the Wigner representation, to account for coordinate dependence.
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energy of the Fermi liquid and also depends no only on momenta p, p and spins, but
also on the coordinates r and r . In the simplest case (self-consistent field in Hartree
approximation), neglecting exchange effects, for particles interacting via potential
U(|r − r |), we have:
FH (p, p ; r, r ) = U(|r − r |).

(5.134)

This expression neglects the so-called correlation effects, while the difference F − FH
by definition is determined by these effects, including the most important effects of
exchange correlations. It is important to note that characteristic distances for correlation effects are of the order of electron wavelength at the Fermi level, i. e. of the order
of the average distance between the particles (electrons) (N/V)−1/3 ∼ 10−8 cm (in metals). Thus, for the most interesting case, when the characteristic scale of a change of
the distribution of the quasi-particles is significantly larger than the correlation range,
we may assume:
F(p, p ; r, r ) − FH (p, p ; r, r ) ≈ δ(r − r )f (p, p ).

(5.135)

Then equation (5.133) can be rewritten as:
δε(p, r) = Spσ ∫ dr ∫
+ Spσ ∫

d3 p
U(|r − r |)δn(p , r )
(2πℏ)3

d3 p
f (p, p )δn(p , r).
(2πℏ)3

(5.136)

For electrons in metals U(r) = e2 /r. In equilibrium, when the distribution of particles
does not depend on the coordinates, a spatially nonlocal coupling in the first term of
(5.136) is irrelevant and the properties of the system of charged particles are, in some
sense, similar to those considered above for a neutral Fermi liquid. Note, however, that
the first term in (5.136), taken literally, diverges in the case of spatially homogeneous
distributions. This divergence is actually fictitious, as we have to take into account
the existence in a metal of a homogeneous background of positive ions, guaranteeing the overall electrical neutrality of the system. For spatially inhomogeneous distributions, this term can be considered as a manifestation of the self-consistent scalar
potential φ(r):
eφ(r) = Spσ ∫ dr ∫

d3 p
e2
δn(p , r ).
(2πℏ)3 |r − r |

(5.137)

This potential can be determined by the solution of the Poisson equation:
∇2 φ(r) = −4πe Spσ ∫

d3 p
δn(p , r)
(2πℏ)3

(5.138)

which is an integral part of Landau–Silin theory of charged Fermi liquids.
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Let us now take into account the interaction with an external magnetic field B.
Then equation (5.136) for the charged Fermi liquid is rewritten as:
⃗ + eφ(r) + Spσ ∫
δε(p, r) = −μB σB

d3 p
f (p, p )δn(p, r).
(2πℏ)3

(5.139)

It is important that both δε and φ are now determined by the system of coupled equations (5.138) and (5.139) in a self-consistent way. In particular, it leads to the phenomenon of the screening of long-range Coulomb forces in a quantum system (metallic Fermi liquid), which will be discussed later in Chapter 11.
Neglecting relativistic effects like spin–orbital coupling, we can again write down
the interaction function f (p, p ) as in (5.126) or (5.127). Then again we can introduce
the Fermi liquid constants (5.128) and (5.129), which are to be determined from experiments. Finally, for the charged Fermi liquid we can also obtain expressions for the
specific heat (5.117), effective mass (5.131) and spin susceptibility (5.132), which are
just the same as for the neutral Fermi liquid [29]. Obviously, the values of the Fermi
liquid constants in different metals are different and also different from those in liquid
He3 , being the characteristics of quasi-particle interactions in a given system (metal).
Beside that, in real metals the electronic Fermi liquid may be anisotropic, with a nonspherical Fermi surface, due to the effects of the given crystal lattice. This requires the
appropriate generalizations of the isotropic model considered here.

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 1:56 AM

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 1:56 AM

6 Superconductivity
6.1 Cooper instability
Up to now we have analyzed the so-called normal Fermi liquid with repulsive interaction between particles. However, as we shall see here, the ground state of a Fermi
liquid becomes unstable in the case of weak (even infinitesimal!) attraction between
the quasi-particles in the vicinity of the Fermi surface. This instability, discovered by
Cooper, leads to the formation of bound states of fermions (Cooper pairs), i. e., effectively bosons in a fermion system. It is fundamental to the understanding of physical
phenomena such as superconductivity in metals and superfluidity in liquid He3 .
In this chapter, we shall present a simplified analysis of the Cooper instability,
which gives an “almost” correct answer [1]. We have already noted that quasi-particles
in a Fermi liquid are created in pairs (he particle above the Fermi surface and the hole
below). Close to the Fermi surface, according to equation (5.115), we can introduce
quasi-particle energies as:
ξp = vF (|p| − pF )

(particle)

ξp = vF (pF − |p|) (hole)

(6.1)

so that quasi-particle energy in general can be written as |ξp |.
Consider the interaction of two particles (or two holes) close to the Fermi surface.
The Schroedinger equation for two quasi-particles interacting via potential U(r1 , r2 )
can be written as:1
[H0 (r1 ) + H0 (r2 ) + U(r1 , r2 )]ψ(r1 , r2 ) = Eψ(r1 , r2 ),

(6.2)

where H0 (r) is the Hamiltonian of a free quasi-particle:
H0 (r)ψp (r) = |ξp |ψp (r),

(6.3)

where ψp (r) = √1 eipr/ℏ is the wave function of a free quasi-particle. Let us analyze the
V
possibility of the formation of a bound state of two such particles (aCooper pair). In
the ground state, the momentum of the bound pair should be zero, and we assume the
pair has zero spin (the singlet state).2 Thus, the pair is described by the superposition
of two quasi-particles with opposite momenta and spins:
ψ(r1 , r2 ) = ∑ cp ψp↑ (r1 )ψ−p↓ (r2 ).
p

(6.4)

1 This is the point where we actually oversimplify the real many-particle problem—we analyze here
two separate quasi-particles on the background of a “rigid” Fermi surface.
2 We consider here the simplified model with almost point-like attraction of the quasi-particles, and
the Pauli principle forbids two fermions to have the same spin at the same point.
https://doi.org/10.1515/9783110648485-006
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Substituting this expression into equation (6.2), we obtain the equation for the coefficients cp :
2|ξp |cp + ∑ Upp cp = Ecp ,

(6.5)

p

where Upp is the matrix element of interaction. Let us assume that this matrix element
has the following form:
−g
Upp = {
0

for pF −

ℏωD
vF

< |p|, |p | < pF +

outside this interval.

ℏωD
vF

(6.6)

The sign of the coupling constant g corresponds to attraction, while the limitations on
the momenta mean that this attraction exists only in rather thin energy layers with a
width of 2ℏωD around the Fermi level. The appearance of the Debye frequency here is
connected with the well-established fact that in most metals the microscopic mechanism of this attraction is due to electron–phonon interaction, and phonons can interact effectively with electrons only in the energy layer 2ℏωD ≪ εF near the Fermi
surface.
From (6.5) and (6.6) we find the following expression for the coefficient cp :
cp =

gI
,
2|ξp | − E

(6.7)

where
I=

p =pF +

∑

p =pF −

ℏωD
vF
ℏωD
vF

cp .

(6.8)

The bound state of two particles corresponds to the negative value of the energy E =
−2Δ(Δ > 0). Substituting this into (6.7), and (6.7) into (6.8), we get:
1
I = gI
2

p =pF +

∑

p =pF −

ℏωD
vF
ℏωD
vF

1
|ξp | + Δ

ℏωD

ℏωD
1
1
1
= gIνF ∫ dξ
≈ gIν ln
,
4
|ξ | + Δ 2 F
Δ

(6.9)

−ℏωD

where we have transformed the summation over p to integration over ξ = vF (p − pF ),
F
introducing the density of states at the Fermi level νF = πmp
2 ℏ3 and taking into account
that Δ ≪ ℏωD . Here, the extra coefficient 1/2 is due to the summation being done over
the states of one of the particles of the pair, with a fixed spin projection, while the
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expression for the density of states νF is written for both spin projections. Accordingly
from (6.9), we obtain the equation for Δ:
ℏωD
1
1 = gνF ln
,
2
Δ

(6.10)

which always (even for infinitesimal values of g) possesses the nontrivial solution:
Δ = ℏωD exp[−

2
]
gνF

(6.11)

determining the finite binding energy of the pair. Now we see that our system is unstable to the formation of bound pairs of electrons even in the case of very weak attraction
near the Fermi surface. This is called the Cooper instability. Our analysis is slightly inaccurate, as we discussed for two separate electrons above the fixed or “rigid” Fermi
surface, but it gives the correct order of magnitude estimate of the binding energy. Obviously, Cooper pairs are bosons and can undergo Bose condensation at sufficiently
low temperatures. This is the main physical idea in the explanation of the microscopic
nature of superfluidity in Fermi systems (superconductivity in metals).
John Bardeen (1908–1991) was an American theoretical physicist. He is the only person to be awarded the
Nobel Prize in Physics twice: first in 1956 with William
Shockley and Walter Brattain for the invention of the
transistor, and again in 1972 with Leon Cooper and John
Robert Schrieffer for the fundamental theory of superconductivity known as the BCS theory. In 1945 Bardeen
began work at Bell Labs. He was a member of a solidstate physics group, led by William Shockley. Bardeen
and Brattain were working without Shockley when they
succeeded in creating a point-contact transistor that
achieved amplification. Shockley publicly took the lion’s
share of the credit for the invention of transistor, and this led to a deterioration of
Bardeen’s relationship with Shockley. So Bardeen began pursuing a theory of electron–phonon interactions to explain superconductivity and left Bell Labs in 1951. He
joined the engineering and physics faculties at the University of Illinois at Urbana
– Champaign in 1951. In 1957, Bardeen, in collaboration with Cooper and his doctoral student Schrieffer, proposed the standard theory of superconductivity known
as the BCS theory, which essentially solved the long-standing mystery of superconductivity in metals. He was an active professor at Illinois from 1951 to 1975 and then
became Professor Emeritus. In his later life, Bardeen remained active in academic
research, during which time he focused on understanding the flow of electrons in
charge-density-wave systems in metallic linear-chain compounds. While he served as
a professor for almost 40 years at the University of Illinois, he was best remembered
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by neighbors for hosting cookouts where he would prepare food for his friends, many
of whom were unaware of his accomplishments at the university. In addition to being
awarded the Nobel prize twice, Bardeen received numerous other awards including
the National Medal of Science (1965) and Franklin Medal (1975). He was elected a Fellow of the American Academy of Arts and Sciences (1959), a Foreign Member of the
Royal Society (1973) and a Foreign Member of the USSR Academy of Sciences (1982).

John Robert Scrieffer (born 1931)
is an American theoretical physicist
who, with John Bardeen and Leon
Cooper, was a recipient of the 1972
Nobel Prize in Physics for developing
the BCS theory of superconductivity.
Pursuing an interest in solid-state
physics, Schrieffer began graduate
studies at the University of Illinois at
Urbana-Champaign, where he was
hired immediately as a research assistant to John Bardeen. Schrieffer
recalls that in January 1957 he was on a subway in New York City when he had an
idea of how to describe mathematically the ground state of superconducting electrons. Schrieffer and Bardeen’s collaborator Cooper had discovered that electrons in
a superconductor are grouped in pairs, now called Cooper pairs, and that the motions of all Cooper pairs within a single superconductor are correlated. Schrieffer’s
mathematical breakthrough was to describe the behavior of all Cooper pairs at the
same time, instead of each individual pair. The day after returning to Illinois, Schrieffer showed his equations to Bardeen who immediately realized they were the solution
to the problem. The BCS theory of superconductivity, as it is now considered as one of
the major theories of modern physics. For many years he was developing this theory
further with the aim to apply it real metals. He also made important contributions
to other fields of solid-state theory, such as the theory of magnetic fluctuations and
impurities in metals. In 1980, Schrieffer became a professor at the University of California, Santa Barbara, and rose to chancellor professor in 1984, serving as director of
the Kavli Institute for Theoretical Physics. In 1992, Florida State University appointed
Schrieffer as a university eminent-scholar professor and chief scientist of the National
High Magnetic Field Laboratory, where he continued his studies of high-temperature
superconductivity. He was elected to the National Academy of Sciences (1971) and
several other academies, becoming the Foreign Member of the USSR Academy of Sciences in 1982. During the Cold War period, he actively pursued collaboration and joint
seminars between US and USSR theorists.
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6.2 Energy spectrum of superconductors
The physical nature of superconductivity in metals is the Cooper pairing of electrons,
i. e., the formation of bound states of paired particles that are close (in momentum
space) to the Fermi surface with equal and opposite momenta and spins. The microscopic mechanism of attractive interaction in traditional superconductors (with a critical temperature for superconducting transition Tc < 30 K) is, in most cases, attributed
to the electron–phonon interaction. The nature of this attraction in high-temperature
superconductors (copper oxides, iron pnictides and chalcogenides) with Tc > 30 K
is up to now not clear; most probably it is connected with the interaction of current
carriers (electrons or holes) with antiferromagnetic spin fluctuations. In < superfluid
He3 (where in the temperature region T < 2.610−3 K, there exist several superfluid
phases), this is definitely an exchange by spin fluctuations (paramagnons) among
quasi-particles in helium. A number of other pairing mechanisms were proposed in
the literature, e. g., the so-called excitonic mechanism. In any case, we speak about
interaction due to the exchange of some quanta of the collective (boson) excitations
between fermionic quasi-particles. In the following, we shall not discuss these microscopic mechanisms of the pairing, but shall limit ourselves to the traditional and
simplified model of superconductivity, proposed by Bardeen, Cooper and Schrieffer
(the BCS model).3
Bardeen, Cooper and Schrieffer proposed the following Hamiltonian model of a
superconductor:
H = ∑ ξp a+pσ apσ −
pσ

g
∑ a+ a+  a a ,
V pp p ↑ −p ↓ −p↓ p↑

(6.12)

where ξp = vF (|p| − pF ) is the electron energy in a normal metal in the vicinity of the
Fermi level, a+pσ and apσ the creation and annihilation operators of an electron with
momentum p and spin projection σ. The sign of the coupling constant g is taken here
corresponding to the attraction, and it is assumed that this constant is different from
zero only in some energy layer around the Fermi surface, as in equation (6.6). Note
that this Hamiltonian is much “reduced”—only electrons with opposite momenta and
spins interact, all other interactions are just dropped.4
3 We shall consider only spin-singlet pairing (opposite paired spins) of electrons with the pair having
zero orbital momentum (s-wave pairing), though in some metals and in superfluid He3 , Cooper pairing
takes place in the spin-triplet state (parallel paired spins) and not necessarily in the s-wave orbital
state. For example, in high-temperature copper-oxide superconductors, d-wave singlet Cooper pairs
are well confirmed by many experiments.
4 As a result of this simplification (separation of the most important interactions), the problem may
be studied in detail. BCS theory remains one of the most important achievements of modern theoretical physics, and its ideas are applied in many other systems (besides metals), energy scales and temperatures. Besides the examples given previously, we can mention nucleon pairing in atomic nuclei,
superfluidity in neutron-star matter and also some models of modern theory of elementary particles.
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To solve the Hamiltonian (6.12), we shall use the method proposed by Bogolyubov.
Let us write down the interaction part of the Hamiltonian (6.12):
Hint = −

g
∑ a+ a+  a a
V pp p ↑ −p ↓ −p↓ p↑

(6.13)

and make the following approximate replacement of operator part:
a+p ↑ a+−p ↓ a−p↓ ap↑ → ⟨a+p ↑ a+−p ↓ ⟩⟨a−p↓ ap↑ ⟩
+ ⟨a+p ↑ a+−p ↓ ⟩a−p↓ ap↑ + ⟨a−p↓ ap↑ ⟩a+p ↑ a+−p ↓ ,

(6.14)

where angular brackets denote the ground state averaging at T = 0 or statistical avH
eraging for T > 0, i. e., ⟨⋅ ⋅ ⋅⟩ = Z −1 Sp(e− T ⋅ ⋅ ⋅) (assuming that these averages exist
and are nonzero!). This replacement effectively excludes four operator terms in the
Hamiltonian, reducing it to the following form, describing interaction with some selfconsistent field, determined by these averages:
Hint = −
−

g
∑ {< a+p ↑ a+−p ↓ > a−p↓ ap↑ + ⟨a−p↓ ap↑ ⟩a+p ↑ a+−p ↓ }
V pp
g
∑ ⟨a+ a+  ⟩⟨a a ⟩.
V pp p ↑ −p ↓ −p↓ p↑

(6.15)

Finally, the total Hamiltonian of the system can be written as:5
H = ∑ ξp a+pσ apσ + ∑{Δ∗ ap↑ a−p↓ + Δa+−p↓ a+p↑ } +
pσ

p

1
V|Δ|2 ,
g

(6.16)

where we have introduced by definition:
Δ∗ =
Δ=

g
∑⟨a+ a+  ⟩,
V p p ↑ −p ↓
g
∑⟨a  a  ⟩
V p −p ↓ p ↑

(6.17)
(6.18)

the so-called anomalous averages, directly related to the order parameter of the superconducting transition. Combinations of creation and annihilation operators, here
taken under the averaging (as well as in equations (6.14) and (6.15)), are in fact creation
and annihilation operators for Cooper pairs (bosons!) with zero momentum, similar
to (5.89). Then, using Bogolyubov’s idea applied before to a Bose gas, we can replace
this combination of operators in Hamiltonian (6.13) by c-numbers, defined by the averages in equations (6.14), (6.15), or by the directly related (6.17) and (6.18), i. e., assume
5 Note the sign change due to the permutation of anticommuting Fermi operators.
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that the Cooper pairs undergo Bose condensation at sufficiently low temperatures.
Without any limitations, we can put here Δ∗ = Δ, i. e., choose the phase of a complex
number Δ = |Δ|eiϕ (order parameter) equal to zero: ϕ = 0. In the absence of an external
magnetic field, this can be done because the energy of the system does not depend on
the phase.6 Note that the existence of anomalous averages of the type (6.18) explicitly
breaks the particle conservation law (compare again with the Bose gas case!); in a normal metal these averages are obviously zero [6]. The appearance of such averages corresponds to the breaking of this invariance during the phase transition from a normal
metal to a superconductor.7 Further analysis is intended to confirm, self-consistently,
that such averages are really different from zero at sufficiently low temperatures, corresponding to a phase transition to a superconducting state.
Now, the Hamiltonian (6.16) is quadratic over the Fermion operators and can be
diagonalized by Bogolyubov’s u − v-transformation. Let us introduce new operators
as:
bp↓ = up ap↓ + vp a+−p↑

bp↑ = up ap↑ − vp a+−p↓ ,

(6.19)

b+p↓

b+p↑

(6.20)

=

up a+p↓

+ vp a−p↑

=

up a+p↑

− vp a−p↓ .

Due to the assumed isotropy of the electronic-liquid coefficients, up and vp depend
only on |p|. The linear transformation (6.20) “intermixes” the operators of quasiparticles with opposite momenta and spins. “Old” operators satisfied the usual
Fermion commutation relations
{apσ , a+p σ } = δpp δσσ

{apσ , ap σ } = {a+pσ , a+p σ } = 0,

(6.21)

where figure brackets denote anticommutators. We have to require that the new operators satisfy the same commutation relations:
{bpσ , b+p σ } = δpp δσσ

{bpσ , bp σ } = {b+pσ , b+p σ } = 0

(6.22)

so that “new” quasi-particles are also fermions. It is easy to see that this leads to the
following relationship between the coefficients u and v:
u2p + vp2 = 1.

(6.23)

Inverse transformations have the form:
ap↑ = up bp↑ + vp b+−p↓

ap↓ = up bp↓ − vp b+−p↑ ,

(6.24)

a+p↑

a+p↓

(6.25)

=

up b+p↑

+ vp b−p↓

=

up b+p↓

− vp b−p↑ .

6 This was done before also in equation (5.89) for the Bose gas model.
7 Here again we meet the phenomenon of spontaneous symmetry breaking—a new ground state of
the system (superconductor) has lower symmetry, than the initial Hamiltonian (6.12). This is typical
for any phase transition of second order.
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Substituting (6.25) into the Hamiltonian (6.16), we obtain:
H = 2 ∑ ξp vp2 − 2Δ ∑ up vp +
p

+

∑{[ξp (u2p
p

p

1
VΔ2
g

− vp2 ) + 2Δup vp ](b+p↑ bp↑ + b+p↓ bp↓ )}

+ ∑{[2ξp up vp − Δ(u2p − vp2 )](b+p↑ b+−p↓ + b−p↓ bp↑ )}.
p

(6.26)

Now it is seen that, if we demand the coefficients u and v to satisfy
2ξp up vp − Δ(u2p − vp2 ) = 0,

(6.27)

the nondiagonal terms in (6.26) vanish. Then we finally obtain the Hamiltonian of the
new “free” (!) quasi-particles:
H = E0 + ∑ ε(p)[b+p↑ bp↑ + b+p↓ bp↓ ],
p

(6.28)

where
E0 = 2 ∑[ξp vp2 − Δup vp ] +
p

1
VΔ2
g

(6.29)

defines the ground-state energy, while
ε(p) = ξp (u2p − vp2 ) + 2Δup vp

(6.30)

gives the energy of the new quasi-particles. From equations (6.23) and (6.27), it is easy
to obtain explicit expressions for the coefficients u and v:
ξp
u2p
1
).
} = (1 ±
vp2
2
2
√ξp + Δ2

(6.31)

Then for the spectrum of new quasi-particles from (6.30), we get:
ε(p) = √ξp2 + Δ2

(6.32)

which is the BCS spectrum with an energy gap of width 2Δ around the Fermi surface!
Qualitatively, this spectrum is shown in Figure 6.1. Obviously, this spectrum satisfies
the Landau criterion for superfluidity – Min ε(p)
> 0, i. e., guarantees superconductivp

ity in the system of charged quasi-particles.8

8 If there is a current, the whole Fermi surface is shifted in momentum space by some vector q, such
that mvs = ℏq, where vs is the drift velocity of electrons. Then the energy of an elementary excitation
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Figure 6.1: Energy spectrum of electrons in BCS theory.

Thus, for finite values of Δ (i. e., qualitatively, when there is a Bose condensate of
Cooper pairs present), the system becomes a superconductor. However, we still have
to show that such a situation is possible, i. e., we have to define conditions when the
anomalous averages (6.17) and (6.18) become nonzero. Making the u−v transformation
in (6.17) we can write:
Δ=

g
g
∑⟨a+p↑ a+−p↓ ⟩ = ∑ up vp (1 − np↑ − np↓ ),
V p
V p

(6.33)

where
np↑ = ⟨b+p↑ bp↑ ⟩ 1 − np↓ = ⟨bp↓ b+p↓ ⟩.

(6.34)

In fact:
⟨a+p↑ a+−p↓ ⟩ = ⟨(up b+p↑ + vp b−p↓ )(up b+−p↓ − vp bp↑ )⟩

= u2p ⟨b+p↑ b+−p↓ ⟩ − up vp ⟨b+p↑ bp↑ ⟩ + vp up ⟨b−p↓ b+−p↓ ⟩ − vp2 ⟨b−p↓ bp↑ ⟩
= up vp (1 − np↑ − np↓ )

(6.35)

close to the Fermi surface can be written as ε(p) ≈ √ξp2 + Δ2 + pF vs , where we have taken into account
the smallness of the drift velocity (compared to the Fermi velocity), so that ξp+q ≈ ξp + vF q. For an

electron with momentum parallel or antiparallel to vs , we have ε(p) ≈ √ξp2 + Δ2 ±pF vs . Thus, an energy
difference ℏω = 2pF vs appears between opposite points on the Fermi surface, so that the excitation
spectrum becomes asymmetric. However, until ℏω = 2pF vs < 2Δ, the gap in the spectrum persists
and for T = 0 there are no excited BCS quasi-particles. Accordingly, there is no dissipation of current.
For vs pf > Δ, the upper and lower quasi-particle bands overlap, the excitation of quasi-particles into
the upper band becomes possible even for T = 0 and superconductivity vanishes. This leads to the
simplest estimate for the critical current of superconductor: jc = evsc = peΔ .
F
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because, in the correct ground state, we have to satisfy the condition:
⟨b+p↑ b+−p↓ ⟩ = ⟨b−p↓ bp↑ ⟩ = 0,
i. e., new quasi-particles should not be spontaneously created or annihilated.9 Similarly:
⟨ap↑ a−p↓ ⟩ = up vp (1 − np↓ − np↑ ) = ⟨a+p↑ a+−p↓ ⟩.

(6.36)

Substituting the explicit expression (6.31) for up and vp into (6.33), we obtain:
1=

1 − np↑ − np↓
g
∑
2V p √ξ 2 + Δ2

(6.37)

p

the fundamental gap equation of BCS theory.
In the absence of an external magnetic field, the occupation numbers are np↑ = np↓
and are defined by the usual Fermi distribution of quasi-particles with spectrum (6.32):
np↑ = np↓ =

1

e

ε(p)
T

+1

.

(6.38)

Consider first the case of T = 0. For Δ ≠ 0, there are no (excited) quasi-particles at all,
i. e., np↑ = np↓ = 0. For T > 0, they can be thermally excited in pairs (particles and
holes) and appear above (below) the gap. Then in equation (6.37), we can transform
from summation over p to integration and write:
1=

g
d3 p 1 − 2np
.
∫
2 (2πℏ)3 √ξ 2 + Δ2
p

(6.39)

1=

g
dp
4πp2
.
∫
3
2 (2πℏ) √ξ 2 + Δ2
p
0

(6.40)

For T = 0, we have:

It is seen immediately that this equation does not have solutions for Δ0 in the case
of g < 0, i. e., for repulsive interaction, because the two sides of this equation have
different signs. Remember now that the coupling constant g is nonzero only in a narrow energy layer of width ∼2ωD around the Fermi surface (see equation (6.6)). Then,
in (6.40):
∫ dpp2

1
√Δ20 + vF2 (p − pF )2

ℏωD

≈

dξp
p2F
2p2
2ℏωD
≈ F ln
∫
vF
v
Δ0
2
2
F
√ξp + Δ0
−ℏω

(6.41)

D

9 Mathematically this follows from the presence of only diagonal elements of the density matrix, corresponding to a diagonalized Hamiltonian (6.28). Accordingly, the averages of the diagonal products
of the operators (6.34) are different from zero, while the averages of the nondiagonal products (6.35)
are zero.
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so that equation (6.40) takes the form:
1=

gmpF
2ℏωD
ln
Δ0
2π 2 ℏ3

(6.42)

giving the solution:
Δ0 = 2ℏωD exp(−

1
2
) ≡ 2ℏωD exp(− ),
gνF
λp

(6.43)

F
where νF = πmp
2 ℏ3 is the electron density of states at the Fermi level and λp = gνF /2 is
a dimensionless coupling constant of the pairing interaction. Thus, at T = 0, the energy gap Δ0 is different from zero, formally, even for infinitesimal values of the pairing
coupling constant λp .10
At finite temperatures, setting Δ = 0 in equation (6.39), we obtain the equation for
the critical temperature of the superconducting transition:

ℏωD

1=

ξp
g
d3 p 1 − 2np
1
th
,
= λp ∫ dξp
∫
3
2 (2πℏ) |ξp |
2ξp 2Tc

(6.44)

2γ
1
ℏωD exp(− ),
π
λp

(6.45)

−ℏωD

solution of which is [1]:
Tc =

where γ ≈ 1.78 is the Euler constant. At this temperature, the energy gap goes to zero
(see the following), and the superconductor becomes a normal metal.11
In Table 6.1, we give the temperatures of the superconducting transition for a
number of metals and compounds. In the right-hand row, we show the most popular copper-oxide high-temperature superconductor. These compounds have been actively studied since 1987. The maximal temperature of the superconducting transition Tc ∼ 135 K (under pressures up to ∼150 K) was observed in Hg2 Ba2 Ca2 Cu3 O8 . In
2008, a new class of high-temperature superconductors was discovered, based on iron
10 Note an extra factor of 2 in equation (6.43), as compared with equation (6.11), obtained above from a
simpler approach. The inaccuracy of equation (6.11) is connected with the approximation of a separate
pair of electrons on the background of a rigid Fermi surface. The correct solution is given by (6.43).
11 If the microscopic mechanism is not of an electron–phonon nature, the frequency in the preexponential factor in this approximation is replaced by the characteristic frequency of bosons, responsible for the attraction between current carriers. In particular, for the so-called excitonic mechanism,
this is replaced by some energy ∼EF ≫ ℏωD , leading to possible high-temperature superconductivity (Little–Ginzburg). In the real high-temperature superconductors discovered thus far, we deal here
with a characteristic frequency of antiferromagnetic spin fluctuations, while the basic points of BCS
theory are conserved.
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Table 6.1: Temperature of the superconducting transition for a number of metals and compounds (K).
Al

Sn

In

Hg

Pb

Nb

Nb3 Sn

Nb3 Ge

YBa2 Cu3 O7

1.2

3.75

3.4

4.16

7.22

7.78

18.0

23.2

92

pnictides and chalcogenides. The highest Tc = ∼55 K was observed in this class for
the Nd(Sm)FeAsO system. High-temperature superconductors are not described by
the simplified version of BCS theory described previously, though the basic qualitative conclusions are still valid. In fact, in these systems, only concerning the nature
of microscopic mechanism of Cooper pairing, there is no general consensus, though
most researchers believe it to be non-phonon, most probably connected with antiferromagnetic spin fluctuations. There are some other differences with the simple BCS
approach, e. g., it is well established that in copper oxides the pairing is a singlet, but
anisotropic (d-wave pairing). In iron-based superconductors, the theoretical picture
is complicated by their multiple-band electronic structure.
In traditional superconductors, BCS theory gives a more or less complete description of this phenomenon, and there are no doubts as to the electron–phonon nature of
Cooper pairing. In Table 6.2 [9], we give the values of λp and ℏωD for a number of superconductors, where the weak-coupling BCS model gives a pretty good description.12 As
was noted already, in superfluid He3 , Cooper pairing between neutral atoms of helium
takes place at temperatures below 2.6 mK, leading to superfluidity. The microscopic
mechanism of pairing in He3 is related to the exchange by spin fluctuations (paramagnons). There are several superfluid phases on a rather complicated phase diagram,
differing by the type of pairing (orbital and spin momentum of pairs). This leads to an
unusual richness of physical phenomena observed in this system [21].
Table 6.2: Experimental values of ℏωD , Tc and coupling constant λp .

Zn
Cd
Hg
Al
Tl
Sn
Pb

ℏωD (K)

Tc (K)

λp

235
164
70
375
100
195
96

0.9
0.56
4.16
1.2
2.4
3.75
7.22

0.18
0.18
0.35
0.18
0.27
0.25
0.39

12 For the case of strong electron–phonon coupling, BCS theory was generalized by Eliashberg and
McMillan, producing more complicated equations but conserving all the main ideas of the BCS approach.
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The concept of bound pairs in BCS theory should not be taken too literally. It is
more correct to speak about a certain correlation between pairs of particles in p-space,
leading to a finite probability for particles to have, in fact, the distribution of momenta
δp in the region of these correlations corresponding to the binding energy of a pair
(gap) ∼Δ, i. e., δp ∼ Δ/vF . The appropriate correlation length, given by ξ ∼ ℏ/δp ∼
ℏvF /Δ, defines a characteristic scale of distances between correlated particles (the size
of a pair). For T = 0, this length, also called the coherence length, is equal to:
ξ0 ∼

v
ℏvF
1
∼ F exp( ).
Δ0
ωD
λp

(6.46)

εF
Typically, in metals ωvF ∼ pℏ ℏω
≫ a, where a is a characteristic distance between
D
F
D
the electrons. In addition to that, the exponential factor in (6.46) much exceeds unity
because usually we have λp < 1. From these estimates, it is clear that we always have
ξ0 ≫ a, so that “inside” each pair there are many electrons, or, in other words, pairs
are much overlapped and lose their individual nature. In high-temperature superconductors, due to the much the higher values of Tc (large binding energy of a pair) and
a relatively small concentration of current carriers, the size of pairs is not overwhelmingly large in comparison with the interparticle distance. These systems belong to
a crossover region between very large BCS pairs and “compact” bosons (BCS-Bose
crossover).
In BCS theory, the electrons of a normal metal are transformed into fermion quasiparticles with the spectrum given by equation (6.32). Simultaneously, a reconstruction
of the ground state takes place. Here, we present (without derivation) the main expressions describing the ground state of a superconductor [9]. This state is described by
the following state vector:

|BCS⟩ = ∏(up + vp a+p↑ a−p↓ )|0⟩
p

(6.47)

where |0 > is the state without electrons (a vacuum), satisfying the obvious condition:
apσ |0⟩ = 0. Equation u2p + vp2 = 1 guarantees the normalization ⟨BCS|BCS⟩ = 1. The
average number of particles in the BCS ground state is given by:
⟨N⟩ = ∑⟨BCS|a+pσ apσ |BCS⟩ = 2 ∑ vp2 =
pσ

p

V
∫ d3 p2vp2 .
(2πℏ)3

(6.48)

However, the fluctuation in particle numbers in the BCS state is different from zero, as
this ground state (as was noted above) breaks the particle conservation:
⟨N 2 ⟩ − ⟨N⟩2 = ∑ 4u2p vp2 .
p

(6.49)

From here it is easily seen that ⟨N 2 ⟩ − ⟨N⟩2 ∼ V ∼ ⟨N⟩, but the relative fluctuation
⟨N 2 ⟩ − ⟨N⟩2
1
∼
⟨N⟩
⟨N⟩2

(6.50)

and the relative mean-square fluctuation behaves as 1/√⟨N⟩ for ⟨N⟩ → ∞.
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Direct calculations show that the BCS ground-state satisfies the condition:
bp↑ |BCS⟩ = bp↓ |BCS⟩ = 0,
i. e., is the correct vacuum state for BCS quasi-particles, originating from quasiparticles of a normal metal via the u − v-transformation.

6.3 Thermodynamics of superconductors
Consider now finite temperatures T > 0. The gap equation (6.39) can be rewritten as:
−1 +

d3 p 1
d3 p np
g
=
g
,
∫
∫
2 (2πℏ)3 ε(p)
(2πℏ)3 ε(p)

(6.51)

where ε(p) is given by (6.32). Note that the integral in the left-hand side differs here
from those in equation (6.40) only by the replacement of Δ by Δ0 . Then, replacing unity
in the left-hand side by the logarithm form of equation (6.42), we can rewrite the leftΔ0
mpF
hand side of equation (6.51) as g 2π
2 ℏ3 ln Δ . In the right-hand side we write explicitly
ε(p)

the Fermi function np = [e T + 1]−1 and transform to an integration over dξ = vF dp.
Then (6.51) takes the following form:
∞

Δ
ln 0 = ∫
Δ

dξ
√ξ 2 + Δ2 (e

−∞

√ξ 2 +Δ2
T

+ 1)

Δ
= 2I( ),
T

(6.52)

where
∞

I(u) = ∫
−∞

dx
.
√x2 + u2 (exp √x 2 + u2 + 1)

(6.53)

This integral can be calculated in limiting cases [19], and we obtain:
π 1/2 −u
) e
( 2u

I(u) = {

π
ln( γu
)

+

7ζ (3) 2
u
8π 2

for u ≫ 1

for u ≪ 1,

(6.54)

where γ ≈ 1.78 is the Euler constant, ζ (3) ≈ 1.202 is Riemann’s ζ -function with argument 3. Substituting these limiting expressions to (6.52), we obtain for low temperatures T ≪ Δ:
Δ = Δ0 [1 − √

2πT − ΔT0
e ],
Δ0

(6.55)

while in the vicinity of the transition to the normal state, where Δ → 0, we get:
ln

Δ0
πT 7ζ (3) Δ2
= ln
+
.
Δ
γΔ
8π 2 T 2
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From this equation, we can wee that the gap Δ becomes zero at the critical temperature:
Tc =

γ
Δ ≈ 0.57Δ0 ,
π 0

(6.57)

which, taking into account (6.43), coincides with (6.45). Note the characteristic BCS
2Δ
ratio, following from these expressions: T 0 ≈ 3.52, its experimental verification in
c

traditional superconductors was one of the first confirmations of BCS theory.13
Close to Tc , it follows from (6.56) that:
Δ(T) = Tc [

1/2

8π 2
T
(1 − )]
7ζ (3)
Tc

≈ 3.06Tc √1 −

T
Tc

(6.58)

demonstrating the characteristic square-root behavior of the gap, typical for the order
parameter of a second-order phase transition.
The general the form of the temperature dependence of the gap Δ in BCS theory,
following from equation (6.52), is shown in Figure 6.2. This dependence is also well
confirmed by experiments on traditional superconductors with a relatively low transition temperature Tc .

Figure 6.2: Temperature dependence of the gap in BCS theory.
13 In many real superconductors, significant deviations from this BCS theory prediction are widely
observed. In fact, the “ideal” BCS value of 3.52, the ratio of full width of the energy gap and Tc , is characteristic for weakly-coupled superconductors (with small values of the pairing coupling constant),
in accordance with BCS theory. The observed deviations (mostly growth) of this ratio are typical for
strongly coupled superconductors and are well described by the Eliashberg–McMillan approach.
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Let us consider some other properties of a superconductor at finite temperatures
(dropping the details of the derivation). The difference in free energies between the
superconducting and the normal state, close to Tc (T < Tc ), following from BCS theory
[19, 20], is given by:
Fs − Fn = −V

2

2mpF Tc2
T
(1 − ) ,
Tc
7ζ (3)ℏ3

(6.59)

so that the superconducting state at T < Tc has lower free energy than the normal
state. The difference of entropies, following from (6.59) is:
Ss − Sn = −

4mpF Tc
𝜕(Fs − Fn )
T
= −V
(1 − ).
𝜕T
Tc
7ζ (3)ℏ3

(6.60)

Accordingly, we obtain the value for the specific heat discontinuity at the transition
point:
Cs − Cn = T

𝜕(Ss − Sn )
4mpF Tc
.
=V
𝜕T
7ζ (3)ℏ3

(6.61)

Taking into account that Cn = VmpF T/3ℏ3 (see equation (4.70)), we obtain:
Cs (Tc )
12
=
+ 1 ≈ 2.43.
Cn (Tc ) 7ζ (3)

(6.62)

This universal value is also rather well confirmed in measurements of the specific heat
on traditional (weakly-coupled) superconductors, while strong coupling leads to significant deviations from this prediction of simple BCS theory.
To calculate the specific heat at low temperatures, we can use the relationship:
δE = ∑ ε(p)(δnp↑ + δnp↓ ) = 2 ∑ ε(p)δnp
p

p

(6.63)

for the total quasi-particle energy change due to variation of occupation numbers. Dividing this expression by δT and going from summation to integration, we obtain the
specific heat as:
∞

𝜕np
mp
.
C = V 2 F3 ∫ dξp ε(p)
𝜕T
π ℏ

(6.64)

−∞

For T ≪ Δ0 , we can write np ≈ e−
gives:

ε(p)
T

C=V

and ε(p) ≈ Δ0 +
√2mpF Δ5/2
0
π 3/2 ℏ3 T 3/2

ξp2
.
2Δ0

Then, simple integration

Δ0

e− T
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so that at T → 0 the specific heat of the electron gas in a superconductor is exponentially small, due to the existence of a finite gap in the quasi-particle spectrum.
At T = 0, it can be shown [19, 20] that the difference between the ground-state
energies of superconducting and normal states is given by:
Es − En = −V

mpF 2
1
Δ = − VνF Δ20 .
4
4π 2 ℏ3 0

(6.66)

The negative sign here corresponds to the instability of the “normal” ground state in
the case of attraction between quasi-particles and makes the superconducting state
the real (stable) ground state of the system. The physical meaning of equation (6.66)
is pretty clear: in an energy layer of width ∼Δ0 around the Fermi level, we have ∼νF Δ0
quasi-particles, each gaining energy of the order of ∼Δ0 due to gap formation. The
estimate of the total energy gain per one electron is ∼Δ2 /εF .

6.4 Coulomb repulsion∗
Up to now, we assumed that there is an attractive interaction between the electrons,
acting in a narrow energy layer of width 2ωD around the Fermi surface.14 Such an attraction can exist in metals due to electron–phonon interactions. However, a strong
Coulomb repulsion is obviously acting between all electrons in metals, which definitely opposes the formation of Cooper pairs (and thus superconductivity). Let us
show how this repulsion can be taken into account in the equations of BCS theory.
In the general case, the energy gap of a superconductor, when taking into account
various interaction mechanisms, is defined by a rather complicated integral equation.
Close to Tc , this equation can be linearized over Δ as the gap goes to zero for T → Tc .
In the weak-coupling approximation, we can write the following gap equation close
to Tc , which is the direct generalization of equation (6.44) and determines the critical
temperature of the superconducting transition [9]:
∞

Δ(ξ ) = ∫ dτV(ξ , ξ  )N(ξ  )
−∞

ξ
1
th(
)Δ(ξ  ),

2ξ
2Tc

(6.67)

where N(ξ ) is the density of electron states in a normal metal (per one spin projection),
and V(ξ , ξ  ) is the “potential” of an effective interaction between the electrons. We
assume that Δ(ξ ) here is some unknown function of the energy of a quasi-particle ξ ,
which is to be determined depending on the accepted model of the interactions. In our
previous discussion, Δ was assumed to be a constant and just canceled out, dropping
out from equation (6.44).
14 In this section, we put ℏ = 1 and measure frequency ωD in units of energy.
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Effective electron–electron attraction in superconductors is determined in reality by some balance between attraction due to electron–phonon interaction and
Coulomb repulsion. We may assume for the “potential” V(ξ , ξ  ) the following very
crude model:15
V(ξ , ξ  ) = −Vc (ξ , ξ  ) + Vph (ξ , ξ  ),

(6.68)

where
Vc (ξ , ξ  ) = Vc θ(εF − |ξ |)θ(εF − |ξ  |),




Vph (ξ , ξ ) = Vph θ(ωD − |ξ |)θ(ωD − |ξ |)

(6.69)
(6.70)

are the “potentials” of electron–electron and electron–phonon interactions respectively and ωD is the Debye frequency. Constants Vc > 0 and Vph > 0 describe repulsion and attraction, acting (due to εF ≫ ωD ) in significantly different intervals of energy: electron–phonon attraction acts only on electrons in an energy layer of width
2ωD close to the Fermi level, while the (screened) Coulomb repulsion acts between all
conduction electrons on an energy scale of the order of the Fermi energy εF .
After substitution of this expression into equation (6.67) and simple transformations, using the (presumably) even gap function Δ(ξ ), we get:
ωD

Δ(ξ ) = [Vph θ(ωD − ξ ) − Vc θ(εF − ξ )] ∫ dξ  N(ξ  )
0

εF

− Vc θ(εF − ξ ) ∫ dξ  N(ξ  )
ωD

ξ
1
th(
)Δ(ξ  )

ξ
2Tc

ξ
1
th(
)Δ(ξ  ).
ξ
2Tc

(6.71)

In a rough approximation, we can seek a solution of this equation in the form of two
“step” functions [9]:
Δph ,

Δ(ξ ) = {

Δc ,

|ξ | < ωD ,

ωD < |ξ | < εF ,

(6.72)

where Δph and Δc are some constants, which can be determined (after substitution
of (6.72) into (6.71)) from the following system of homogeneous linear equations (obtained after substitution of (6.72) into (6.71)):
{1 − (Vph − Vc )N(0)K(
Vc N(0)K(

ωD
ε
ω
)}Δph + Vc N(0)[K( F ) − K( D )]Δc = 0,
2Tc
2Tc
2Tc

ωD
ε
ω
)Δ + {1 + Vc N0 (0)[K( F ) − K( D )]}Δc = 0,
2Tc ph
2Tc
2Tc

(6.73)

15 We assume interelectron repulsion to be short-ranged due to the strong screening of the Coulomb
interaction in metals.
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where we have replaced the density of states by its constant value N(0) = 21 νF at the
Fermi level and introduced the notation:
x

K(x) = ∫ dx
0

1
th(x ).
x

(6.74)

A nontrivial solution of this system exists if the determinant of this system of equations
is zero, which gives the equation for Tc :
(λ − μ∗ )K(

ωD
) = 1,
2Tc

μ∗ = μ{1 + μ[K(

−1

εF
ω
) − K( D )]} ,
2Tc
2Tc

(6.75)

where we have introduced μ∗ —the so-called Coulomb pseudo-potential, μ = Vc N0 (0)
is the dimensionless Coulomb (repulsion) coupling constant, while λ = Vph N0 (0) is a
dimensionless pairing-coupling constant due to electron–phonon interaction.
Due to inequality εF ≫ ωD ≫ Tc , the integral in (6.74) can be calculated for x ≫ 1,
so that K(x) = ln( 4γ
x), where γ is again the Euler constant. Then for the critical temπ
perature of the superconducting transition, we immediately obtain:16
Tc =

2γ
1
ω exp(−
),
π D
λ − μ∗

(6.76)

which coincides with the BCS expression (6.45), if we write the pairing constant as
λp = λ − μ∗ . The Coulomb potential μ∗ is given here by the following expression:
μ∗ ≈

μ
.
1 + μ ln ωεF

(6.77)

D

From this result we can see that Coulomb repulsion naturally opposes pairing and
reduces Tc , diminishing λp by μ∗ . However, in most metals, this effect is largely suppressed due to relatively large (for εF ≫ ωD ) value of ln(εF /ωD ) (the so-called Tolmachev’s logarithm). In particular, even for λ < μ, i. e., when for all energies the total
constant of electron–electron interaction is formally repulsive, superconductivity may
still persist if λ > μ∗ .
Using equation (6.76), we may propose the following ways to raise the critical temperature of the superconducting transition:
1. We may raise the value of ωD or try to use another (non-phonon) mechanism of
pairing via the exchange by some collective excitations with characteristic frequencies larger than ωD . A typical example is the so-called excitonic mechanism,
for which ωD is replaced by an energy of the order of εF .
16 This important result was obtained by Tolmachev soon after the BCS work.
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2.

Another way is to raise the pairing coupling constant λp , either by rising attractive
coupling λ, or by reducing the Coulomb pseudo-potential μ∗ .

Nearly all attempts to search for high-temperature superconductivity were undertaken
this way. Many theoretical explanations of high transition temperatures observed in
real high-temperature superconductors are explicitly or implicitly based on these or
similar ideas. In fact, the practical realization of these tasks is pretty complicated.
Even on this elementary level, it can be seen that the necessary requirements are
rather contradictory. For example, raising the pre-exponential ωD in (6.76) up to the
values of the order of εF inevitably leads to the appropriate growth of the Coulomb
pseudo-potential, due to the diminishing value of Tolmachev’s logarithm. On the
other hand, raising the effective pairing constant demands the replacement of the
weak-coupling approximation used in simple BCS theory.17
Concluding our review of the microscopic theory of superconductivity we note
that in this chapter we always supposed that Cooper pairing takes place in a singlet
state (antiparallel spins), and with zero orbital momentum of the pair (s-wave pairing). In real superconductors, the situation may be more complicated. It was shown
by experiments that in some systems Cooper pairing takes place in a triplet state (parallel spins), and also in a state with nonzero orbital momentum (He3 , the so-called
“heavy fermion” systems etc.). In copper oxides, Cooper pairing is a singlet in spin, but
a d-wave. In iron pnictides, the situation is complicated by a multiple-band electronic
structure, leading to different superconducting gaps in different bands etc. Obviously,
the microscopic description of such systems requires more complicated theories, but
the main ideas and qualitative conclusions of BCS theory remain valid.
17 As an example of the appropriate development of microscopic theory, we give here the interpolation formula for Tc , proposed by Allen and Dynes, which is valid for the wide interval of the dimensionless coupling constant of electron–phonon pairing interaction, including the values λ ∼ 1:
Tc =

f1 f2
1.04(1 + λ)
ω exp{−
},
1.20 log
λ − μ⋆ (1 + 0.62λ)

(6.78)

where
1/3

f1 = [1 + (λ/λ1 )3/2 ]

⋆

λ1 = 2.46(1 + 3.8μ );

;

f2 = 1 +

[⟨ω2 ⟩1/2 /ωlog − 1]λ2
λ2 + λ22

,

⟨ω2 ⟩1/2
λ2 = 1.82(1 + 6.3μ )
,
ωlog

(6.79)

⋆

where ωlog is the average logarithmic frequency of the phonons, while ⟨ω2 ⟩ is the average square of
the phonon frequency (the averaging in both cases is over the phonon spectrum). These parameters
replace ωD of BCS theory; the other parameters were defined earlier.
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Vitaly Lazarevich Ginzburg (1916–2009) was a Soviet
and Russian theoretical physicist, astrophysicist, Nobel
laureate, a member of the Soviet and Russian Academies
of Sciences and one of the most active defendants of
science in modern Russia. He was the successor to Igor
Tamm as head of the Department of Theoretical Physics
of the Lebedev Physical Institute in Moscow and an outspoken atheist. He was born in Moscow in 1916 and graduated from the Physics Faculty of Moscow State University in 1938. Among his achievements are a phenomenological theory of superconductivity, the Ginzburg–Landau theory, developed with Lev Landau in 1950, the theory of electromagnetic wave propagation in plasmas and a theory of the origin of cosmic radiation, as well as various aspects of the theory of phase transitions. He was
an active proponent of the idea of high-temperature superconductivity long before it
was discovered experimentally in cuprates. He was awarded the Nobel prize in 2003
for his part in the development of the Ginzburg–Landau theory of superconductivity,
which actually forms the basis of many modern theories in physics, such as the Standard Model of elementary particles. In the late 1940s and early 1950s, he also worked
on the Soviet atomic project, contributing some major ideas on hydrogen-bomb design (e. g., the use of LiD). Ginzburg was an atheist and criticized clericalism in the
press and in his books on religion and science. His regular seminar in Lebedev Institute had attracted scores of theorists for more than 40 years. Besides his Nobel prize,
he had numerous scientific awards, such as the Stalin (1953) and Lenin (1966) prizes,
Wolff prize in physics (1994) and the Lomonosov Gold Medal of the Russian Academy
of Sciences (1995). He was also a member of a number of foreign academies, including
the Foreign Members of the Royal Society (1987).

6.5 Ginzburg–Landau theory
The complete microscopic theory, describing the behavior of superconductors in an
external electromagnetic field, is too complicated to be discussed here. However, the
analysis can be very much simplified if we restrict ourselves to the temperature region
of T → Tc , where the phenomenological Ginzburg–Landau (GL) theory can be applied.
In fact, GL theory is one of most outstanding physical theories; its main ideas play a
major role not only in superconductivity, but in many other branches of theoretical
physics (such as, e. g., the Standard Model of elementary particles). At the same time,
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from a phenomenological point of view, GL theory is an impressive example of the use
of the general Landau theory of phase transitions of second order [19].18
In the general Landau theory of phase transitions of the second order, the difference between “nonsymmetric” and “symmetric” phases is described by the order
parameter. For a superconductor, the natural choice of the order parameter is the complex energy gap, or more precisely, the anomalous average (6.18), which is proportional to the condensate wave function of Cooper pairs. In the general case, this order
parameter can be inhomogeneous in space. Assuming for simplicity cubic symmetry of the crystal lattice, we note that the superconducting state is characterized by a
scalar ns -density of superconducting electrons (pairs). Thus, it is convenient to normalize the condensate wave function by the condition |Ψ|2 = ns /2, and introducing its
phase ϕ to write it in the form [20]:
Ψ=√

ns iϕ
e ∼ Δ.
2

(6.80)

Thus, the order parameter is the complex (two-component) function.
According to the general rules of quantum mechanics, we can write the density of
the supercurrent as:
js = −

ieℏ ⋆
eℏ
(Ψ ∇Ψ − Ψ∇Ψ⋆ ) =
n ∇ϕ,
2m
2m s

(6.81)

where the last equality is valid for the case of a spatially homogeneous density ns ,
while the doubled mass is introduced here only formally, to stress that the supercurrent carriers are Cooper pairs.
The starting point of GL theory is the expression for the free energy of a superconductor as a functional of Ψ(r). Consider first a superconductor in the absence of an
external magnetic field. It is obvious that the physical properties should be invariant
with respect to a gauge (phase) transformation Ψ → Ψeiα . This requirement excludes
odd power terms in the Landau expansion of the free energy.19
Thus, the free-energy expansion in powers of the order parameter Ψ for a superconductor can be written as:20
F = Fn + ∫ dV{

ℏ2
b
|∇Ψ|2 + a|Ψ|2 + |Ψ|4 }.
4m
2

(6.82)

18 Note that GL theory can actually be derived from microscopic BCS theory, though in fact the GL
approach was formulated nearly a decade earlier.
19 Note that phase invariance in quantum mechanics is responsible for particle conservation. The
order parameter itself is not invariant with respect to this transformation. In this sense, as was already
noted, in the superconducting state this symmetry is broken. Symmetry breaking takes place at any
second-order phase transition, so that the condensed phase is always “nonsymmetric”.
20 The basic postulate of Landau theory is precisely the possibility to perform such an expansion due
to the smallness of the order parameter close to the transition temperature [19].
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Here Fn is the free energy of a normal state, coefficient b > 0 and coefficient a is written
in usual Landau form:
a = α(T − Tc )

α>0

(6.83)

so that for T < Tc we have a < 0. The coefficient before |∇Ψ|2 is taken in the form
which leads to the expression (6.81) for the current (treated later). Identification of m
with the electron mass is of no importance, as well as is the definition of ns .
For the case of the homogeneous order parameter, we have:
F = Fn + αV(T − Tc )|Ψ|2 +

bV
|Ψ|4 .
2

(6.84)

The value of |Ψ|2 at equilibrium is determined by the minimum of this expression and
is given by:
|Ψ|2 = −

a α
= (T − T)
b b c

(6.85)

for T < Tc and is zero for T > Tc . The value of the order parameter |Ψ| goes to zero
for T → Tc , according to the square-root law, in complete accord with equation (6.58).
The value of ns ∼ |Ψ|2 → 0 linearly in Tc − T.
Substituting (6.85) into (6.84), we obtain:
Fs − Fn = −V

α2
(T − Tc )2
2b

(6.86)

which is equivalent to equation (6.59).21 Differentiating equation (6.86) with respect to
T, similar to (6.60), we can find the difference between the entropies and the specificheat discontinuity at the transition point:
Cs − Cn = V

α 2 Tc
b

(6.87)

which agrees with equation (6.87).
Close to Tc , (6.86) gives a small correction to the free energy, and, according to
thermodynamics, it also represents (being expressed via T, P instead of T, V) the difference between the Gibbs thermodynamic potentials Φs − Φn . This difference coinB2

cides with the value of −V 8πct , where Bct is the thermodynamic critical field destroying
the superconducting state. Then we easily obtain:
Bct = (

1/2

4πa2
)
b

=(

4πα2
)(Tc − T).
b

(6.88)

21 GL theory was derived from microscopic BCS theory of superconductivity by Gorkov, giving an explicit microscopic expression for the GL coefficients α and b. These expressions can be easily obtained
by direct comparison of equations (6.85) and (6.58) with equations (6.58) and (6.86). Thus, for “pure”
6π 2 T

superconductors (without impurities), we have: α = 7ζ (3)εc and b =
F
density, with Tc given by the BCS expression (6.45).

αTc
, where n
n

=

p3F
3π 2 ℏ3

is the electron

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 1:57 AM

164 | 6 Superconductivity
In the presence of an external magnetic field, equation (6.82) for the free energy can
be written as:
F = Fn + ∫ dV{

2
2ie
b
B2
ℏ2 

+
A)Ψ + a|Ψ|2 + |Ψ|4 },
(∇ −

8π 4m 
ℏc
2

(6.89)

where B = rot A. The structure of gradient term here is determined by the gauge inhere is expressed via funvariance of electrodynamics; in particular, the coefficient 2ie
ℏc
damental constants, in contrast to ℏ2 /4m. The presence of 2e reflects the charge of a
Cooper pair—in GL theory we are dealing with a charged-order parameter!
Looking for an extremum of F as a functional of three independent variables Ψ,
Ψ⋆ , A,22 we can find a differential equation determining the distribution of Ψ and the
magnetic field in the superconductor. Varying (6.89) with respect to Ψ⋆ and transforming the integral of (∇ − 2ieA/ℏc)∇δΨ⋆ by partial integration, we get:
δF = ∫ dV{−
+

2

ℏ2
2ie
(∇ −
A) Ψ + aΨ + b|Ψ|2 Ψ}δΨ⋆
4m
ℏc

2ie
ℏ2
AΨ)δΨ⋆ ,
∮ ds(∇Ψ −
4m
ℏc

(6.90)

where the second integral is taken over the surface of the superconductor. Demanding
δF = 0, we get the condition for the volume integral being zero for arbitrary δΨ⋆ , in
the form of the following Ginzburg–Landau equation:
2

1
2e
(−iℏ∇ − A) Ψ + aΨ + b|Ψ|2 Ψ = 0.
4m
c

(6.91)

Variation over Ψ gives the complex-conjugate equation for Ψ⋆ . Variation of (6.89) over
A leads to Maxwell’s equation:
rot B =

4π
j,
c

(6.92)

where
j=−

2e2 2
ieℏ ⋆
(Ψ ∇Ψ − Ψ∇Ψ⋆ ) −
|Ψ| A.
2m
mc

(6.93)

Here we have written j as the superconducting current because in the equilibrium state
the normal current is absent.
The boundary condition for these equations is obtained from the condition that
the surface integral in (6.90) be zero:
n(−iℏ∇Ψ −

2e
A)Ψ = 0,
ℏc

(6.94)

22 Complex Ψ consists of independent real and imaginary parts, so it is convenient to consider Ψ
and Ψ⋆ , as independent variables.
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where n is the unit vector normal to the surface of the superconductor. It leads to the
equivalent relation: nj = 0. Equation (6.94) is valid on the boundary of the superconductor with a vacuum (insulator) which, in case of a boundary with a normal metal,
takes another form. The boundary condition for B reduces to the continuity of B at the
border.
In a weak magnetic field, we may neglect its influence on |Ψ|2 and set it equal to
(6.85). For spatially homogeneous ns = 2|Ψ|2 from (6.93), we get (see (6.81)):
j=

2e
ℏe
n (∇ϕ − A).
2m s
ℏc

(6.95)

Applying rot to both parts of this equation and using rot A = B, we obtain London’s
equation:
rot j = −

ns e2
B.
mc

(6.96)

From Maxwell’s equations (6.92) and div B = 0, substituting j from the first equation
into (6.96) and using rot rot B = grad div B − ∇2 B = −∇2 B, we can write London’s equation as:
∇2 B =

1
B,
δ2

(6.97)

where
δ2 =

mc2
4πe2 ns

δ=(

1/2

mc2 b
)
8πe2 |a|

1/2

=[

mc2 b
] .
2
8πe α(Tc − T)

(6.98)

Near the flat surface of the superconductor, taking it as the yz-plane and directing the
x-axis into the body of superconductor, we can reduce equation (6.97) to:
d2 B
1
= 2B
dx2
δ

(6.99)

B(x) = B0 e−x/δ ,

(6.100)

and immediately get the solution:

where the vector B0 is parallel to the surface. This gives the description of the Meissner effect—the “exclusion” of the external magnetic field from a superconductor. The
characteristic length δ is called the penetration depth, and it is directly measurable.
Its typical values for real superconductors at low temperatures is δ ∼ 10−5 − 10−6 cm.
For T → Tc , it diverges according to (6.98), which corresponds to complete penetration
of the external magnetic field into a normal metal.
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In addition to δ, another characteristic length appears in GL theory—the so-called
coherence length or correlation length of the order parameter fluctuations ξ (T). Using the standard expressions of the Landau theory of second-order phase transitions
(treated later), this length is expressed via the GL coefficient as follows:
ξ (T) =

Tc
ℏ
ℏ
=
∼ ξ0 √
;
Tc − T
2(m|a|)1/2 2(mα)1/2 (T − Tc )1/2

ξ0 ∼

ℏvF
,
Tc

(6.101)

where in the last estimate we used the microscopic expressions for the GL coefficients
and the estimate of the BCS coherence length (6.46), determining the size of Cooper
pairs. We can see that the coherence length ξ (T) (pair size) also diverges for T → Tc
(pairs grow and become destroyed at T = Tc ).
The dimensionless ratio of these characteristic lengths:
κ=

δ(T)
mcb1/2
=
ξ (T) (2π)1/2 |e|ℏ

(6.102)

defines the so-called Ginzburg–Landau parameter. Depending on its value, all superconductors are divided into two classes with significantly different properties in an
external magnetic field: superconductors with κ < √12 are called type-I superconduc-

tors, while those with κ > √12 are called type-II superconductors. Most superconductors used for practical applications, as well as all high-temperature superconductors,
are in fact type II superconductors.
Let us derive one remarkable result following from equation (6.95) and the Meissner effect. Consider a superconductor forming a torus and place it in an external
magnetic field. We assume that both diameters of the torus are much larger than the
penetration depth and coherence length (macroscopic torus). Now we can show that
the value of the magnetic flux through the torus is quantized—it may only be integer
units of the elementary “flux quantum”, expressed via the fundamental constants
(flux quantization). Deep inside the superconducting torus (outside the border region
defined by the penetration depth), the current density is obviously zero j = 0 (there is
no field to induce the current), while the vector potential is nonzero (only its rotor is
zero, so that B = 0). Consider some closed contour C, going around the torus inside
its body, far from its surface. Circulation of A along the contour C coincides with the
magnetic flux through the contour, i. e., with the flux Φ through the torus:
∮ Adl = ∫ rot Adf = ∫ Bdf ≡ Φ.

(6.103)

On the other hand, taking (6.95) equal to zero and integrating it around the contour,
we get:
∮ Adl =

ℏc
ℏc
δϕ,
∮ ∇ϕdl =
2e
2e

(6.104)
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where δϕ is the change of the phase of the wave function as we go around the contour. Demanding the single-valuedness of the wave function, after we perform a total
circulation (one or several times), we conclude that this change of phase can only be
2π, multiplied by an integer. Thus we obtain:
Φ = nϕ0

where ϕ0 =

πℏc
= 2 10−7 Gauss cm2 ,
|e|

(6.105)

where n is an integer. The value of ϕ0 represents an elementary quantum of magnetic
flux. This remarkable result is directly confirmed by the experiments, which is, by the
way, a direct proof that (super)current carriers in superconductors are quasi-particles
with an electric charge equal to 2e (Cooper pairs).
If we consider a massive cylinder in an external (longitudinal) magnetic field B
made of a type-I superconductor, it will undergo a first-order phase transition to the
normal state, if we reach the thermodynamic critical field Bct discussed above. For a
type-II superconductor, even before we reach the thermodynamic critical field Bct , it
becomes favorable thermodynamically to form some small regions of normal phase
inside the cylinder and the unusual penetration of the magnetic field to the body of
the superconductor, in the form of the so-called Abrikosov’s vortices of normal phase,
oriented along the field, and allowing the magnetic field to penetrate inside. It only
becomes possible once the external field reaches the value of the so-called first (or
lower) critical field Bc1 . For B < Bc1 , the superconductor is in the usual Meissner state
(no field inside). If we start with a metal in the normal state in a high external field,
the lowering of this field up to some second (or upper) critical magnetic field Bc2 > Bc
makes it favorable for finite regions of the superconducting phase to form inside the
normal metal. Thus, in the field region Bc1 < B < Bc2, a type-II superconductor is in the
mixed (Shubnikov) phase. The phase diagram of such a superconductor in a magnetic
field is shown schematically in Figure 6.3.
The value of Bc2 can be determined from GL theory. It is clear that for B < Bc2 ,
but close to it, nuclei of the superconducting phase possess small values of the order
parameter Ψ (Ψ → 0 for B → Bc2 ). Then we can write the linearized GL equation:
2

2e
1
(−iℏ∇ − A) Ψ = |a|Ψ,
4m
c

(6.106)

which has the form of Schroedinger equation for a particle with mass 2m and charge
2e in a magnetic field. The value of |a| on the right-hand side of this equation plays the
role of an energy level. The boundary condition at infinity is Ψ = 0. Now remember
the quantum mechanical (Landau) problem of a charged particle in a constant homogeneous magnetic field [18]. The minimal value of the energy of such a particle is
E0 = ℏωB /2, where the cyclotron frequency ωB = 2|e|B/2mc = |e|B/mc. Starting from
this value, we have a continuous energy spectrum. Thus our superconducting nuclei
can exist only for:
|a| >

|e|ℏ
B
2mc

(6.107)
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Figure 6.3: Phase diagram of a type-II superconductor in a magnetic field. The dashed line shows the
thermodynamic critical field Bct .

so that
Bc2 =

2mc|a| √
1
,
= 2κBc = ϕ0
|e|ℏ
2πξ 2 (T)

(6.108)

where we have introduced ϕ0 = πcℏ
—the elementary flux quantum of superconduc|e|
tivity theory already introduced, and also determining the magnetic flux through a
single Abrikosov’s vortex. During the derivation of the remaining equalities, we have
used equations (6.88), (6.101) and (6.102).
The description of the vortex structure of the mixed state of type II superconductors by Abrikosov remains one of the most remarkable achievements of Ginzburg–
Landau theory. Unfortunately, we have to limit ourselves to this qualitative discussion.
Finally, let us briefly discuss the limits of applicability of GL theory. First of all, it
is necessary to satisfy the condition for Tc − T ≪ Tc , which is equivalent to ξ (T) ≫
ξ0 . Then we can use the Landau expansion. However, for T → Tc , the validity of GL
theory is limited also by the general condition for the applicability of Landau theory of
phase transitions, connected with the growth of order-parameter fluctuations in the
immediate vicinity of Tc (in the so-called critical region to be discussed later). In case
of superconductivity, this is a very weak limitation. Later, during the discussion of
order-parameter fluctuations in Landau theory, we shall see that its region of validity
(where we can neglect fluctuations) is expressed via GL coefficients by the following
inequality:
Tc − T ≫

b2 Tc2
.
α(ℏ2 /m)3

(6.109)
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Estimating the right-hand side here using microscopic values of these coefficients, derived in BCS theory, we get:
4

T
Tc − T
≫ ( c) .
Tc
εF

(6.110)

Due to the smallness of the ratio Tc /εF ∼ 10−3 − 10−4 in usual superconductors (usual
metals), we can conclude that this limitation is practically irrelevant. The situation
changes in high-temperature superconductors, where the critical region becomes observable.
Aleksei Alekseevich
Abrikosov
(1928–
2017) was a Soviet,
Russian and American theoretical physicist whose main contributions are in the
field of condensed
matter theory. He was
the co-recipient of the
2003 Nobel Prize in
Physics, with Vitaly
Ginzburg and Anthony James Leggett, for theories about how matter behaves at
extremely low temperatures. He graduated from Moscow State University in 1948.
From 1948 to 1965, he worked at the Institute for Physical Problems of the USSR
Academy of Sciences, where his scientific supervisor was Lev Landau. From 1965 to
1988, he worked at the Landau Institute for Theoretical Physics of the USSR Academy
of Sciences. He was a full member of the USSR (later Russian) Academy of Sciences
from 1987. In his two works in 1952 and 1957, Abrikosov explained how magnetic
flux can penetrate a class of type-II superconductors. The accompanying arrangement of magnetic-flux lines is usually called the Abrikosov vortex lattice. In his early
works, he made significant contributions to quantum electrodynamics, and later to
the theory of magnetic impurities in metals, as well as to various aspects of the theory of superconductivity. He also was an author of major developments in the use of
quantum field-theory methods (Feynman diagrams) in condensed matter theory. As
one of the most original and famous members of the Landau school of theoretical
physics he was well known among theorists in Russia and abroad. From 1991 until his
retirement, he worked at Argonne National Laboratory in the US. Abrikosov was an
Argonne Distinguished Scientist at the Condensed Matter Theory Group in Argonne’s
Materials Science Division. Besides the Nobel prize, Abrikosov was awarded the
Lenin Prize in 1966, the Fritz London Memorial Prize in 1972 and the USSR State Prize
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in 1982. In 1989, he received the Landau Prize from the USSR Academy of Sciences,
Russia. Two years later, in 1991, Abrikosov was awarded the Sony Corporation’s John
Bardeen Award. The same year he was elected a Foreign Honorary Member of the
American Academy of Arts and Sciences, and in 2000 he was elected to the US
National Academy of Sciences. In 2001 he became a Foreign Member of the Royal
Society.
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7 Fluctuations
7.1 Gaussian distribution
The physical observables that characterize the macroscopic body are, with high accuracy, equal to their average values. However, small deviations from the average value
always take place—there are fluctuations! Let us discuss the ways to find the probability distributions for fluctuations.1
Consider an arbitrary closed system, and let x be some physical parameter, characterizing our system or its part. In the following it is convenient to assume that the
average value ⟨x⟩ is already subtracted from x, so that we always have ⟨x⟩ = 0. In most
cases, ⟨x⟩ = x∗ , where x∗ is the most probable value of x. During our general discussion of entropy, we have seen (see (1.180)) knowledge of the entropy as a function of
some macroscopic parameters x = (x1 , x2 , . . . , xn ), and we can find the probability of
their specific values as:
w(x) = C exp{S(E, N, V, x)},

(7.1)

which is called Boltzmann’s principle. Thus, the probability to find a value of some
physical characteristic x in the interval x, x + dx is proportional to exp S(x), where S(x)
is entropy as function of an exact value of x. This is a way to define the probability
distribution of x in a most general way, enabling us to find the appropriate average
values and fluctuations. Equation (7.1) is the starting point of the theory of fluctuations
developed by Einstein.
If ⟨x⟩ is not subtracted from x, we should note that in equilibrium the entropy is
equal to S0 = S(⟨x⟩). Then the probability for the system to be in a state characterized
by the value of x, belonging to the interval ⟨x⟩, ⟨x⟩ + dx, takes the form:
̃ ΔS dx,
dw = w(x)dx = C̃ exp[S(x) − S(⟨x⟩)]dx = Ce

(7.2)

where ΔS is the entropy change due to the fluctuation dx. In equation (7.1), the value
of e−S(⟨x⟩) is simply absorbed into the normalization constant C.
Consider the limits for the applicability of equations (7.1) and (7.2). All previous
arguments implicitly assumed the classical nature of x. Thus, it is necessary to find
the condition for the quantum effects to be neglected. From quantum mechanics, it is
known [18] that the quantum indeterminacy of energy and some other physical variable x are related by the following relationship:
ΔEΔx ∼ ℏx,̇

(7.3)

1 Subsequently, we mainly follow [19].
https://doi.org/10.1515/9783110648485-007
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where ẋ is the classical time derivative of x.2
Let τ be a characteristic time of change of x, so that ẋ ∼ x/τ and
ΔEΔx ∼

ℏx
.
τ

(7.8)

It is clear that we can speak about a well-defined value of x only if Δx ≪ x, so that it is
necessary to have
ΔE ≫

ℏ
τ

(7.9)

i. e., the quantum indeterminacy of the energy must be large in comparison to ℏ/τ.
Then the entropy of the system has an indeterminacy
ΔS ≫

ℏ
.
Tτ

(7.10)

For equations (7.1) and (7.2) to be valid, it is necessary for the indeterminacy of entropy
to be small in comparison to unity:
T≫

ℏ
τ

τ≫

ℏ
.
T

(7.11)

This is the condition we seek. At sufficiently low temperatures and in the case of very
fast changes of x in time (small τ!), these fluctuations cannot be considered as classical (thermodynamic); instead, they become quantum fluctuations! Here we shall limit
ourselves only to the case of classical fluctuations.
2 Consider two physical variables f and g, described by operators satisfying the commutation relationships:
f ̂ĝ − ĝ f ̂ = −iℏc,̂

(7.4)

where ĉ is also some operator. In the quasi-classical limit ℏ → 0, the first approximation ĉ can be
replaced by c-number. Then:
f ̂ĝ − ĝ f ̂ = −iℏc.

(7.5)

This commutation relationship is similar to px x − xpx = −iℏ, but with ℏ → ℏc. Then, in analogy with
the Heisenberg relation ΔxΔpx ∼ ℏ, we can conclude that in the quasi-classical approximations of f
and g satisfy the following indeterminacy relationship:
Δf Δg ∼ ℏc.

(7.6)

In particular, when one of the variables is the energy, f ≡ H, and the second operator (g)̂ does not
̂ we obtain c = ġ and the quasi-classical indeterminacy
depend on time, using the ġ = ℏi (Ĥ ĝ − ĝ H),
relationship takes the form:
ΔEΔg ∼ ℏg.̇
For g = x, it reduces to (7.3).
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Let us return to equation (7.1). The entropy S has a maximum at x = ⟨x⟩ = 0. Then:
𝜕2 S 
< 0.

𝜕x2 x=0

𝜕S 

= 0,
𝜕x x=0

(7.12)

The value of x due to the fluctuation is small. Expanding S(x) in powers of x up to the
second order, we have:
β
S(x) = S(0) − x2 ;
2

β > 0.

(7.13)

Substituting this into (7.1), we obtain:
β 2

w(x)dx = Ae− 2 x dx.

(7.14)

∞

The normalization constant A is defined by ∫−∞ dxw(x) = 1, giving A = √β/2π.
We see that the probability distribution of fluctuations in x is given by Gaussian
law:
w(x) = √

β − β2 x2
e
.
2π

(7.15)

The average square of the fluctuation is equal to:
∞

⟨x ⟩ = ∫ dxx2 w(x) =
2

−∞

1
.
β

(7.16)

Thus, the Gaussian distribution can also be written as:
w(x) =

1

√2π⟨x2 ⟩

exp(−

x2
).
2⟨x2 ⟩

(7.17)

Function w(x) has a sharper maximum for smaller values of ⟨x 2 ⟩.
Knowledge of ⟨x2 ⟩ allows us to find a similar characteristic for any function φ(x).
Due to the smallness of x, we have:
⟨(Δφ)2 ⟩ = (

2

dφ
) ⟨x2 ⟩.
dx x=0

(7.18)

Similarly, we can determine the probability of simultaneous fluctuations of several thermodynamic variables. Let us denote these deviations from equilibrium (average) values as x1 , x2 , . . . , xn . Introducing the entropy S(x1 , x2 , . . . , xn ), we write this
probability distribution as wdx1 ⋅ ⋅ ⋅ dxn ∼ exp[S(x1 , . . . , xn )]dx1 ⋅ ⋅ ⋅ dxn . Expanding S in
powers of xi up to terms of second order, we get:
ΔS = −

1 n
1
∑ β x x = − βik xi xk ,
2 i,k=1 ik i k
2

(7.19)
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which is a negative quadratic form. Obviously βik = βki . In the latter equality, we assume the usual rule of summation over repeating indices. Then:
1
w = A exp(− βik xi xk ),
2

(7.20)

where A is defined by the normalization ∫ dx1 ⋅ ⋅ ⋅ dxn w = 1. Further calculations proceed as follows. Let us make a linear transformation of xi :
xi = aik xk

(7.21)

diagonalizing the quadratic form βik xi xk . To get:
βik xi xk = xi 2 ≡ xi xk δik

(7.22)

we require that the coefficients of our transformation (7.22) satisfy the condition:
βik ail akm = δlm .

(7.23)

The determinant of the matrix on the left-hand side is equal to the product of the determinants:
βa2 = 1 β = Det βik

a = Det aik .

(7.24)

The Jacobian of the linear transformation xi → xi is equal to a. Then, after the linear transformation in (7.21), the integral is factorized into the product of n identical
integrals. Taking into account (7.24), we get:
n

∞

1
A
(2π)n/2 = 1.
Aa[ ∫ dx exp(− x 2 )] =
2
√β


(7.25)

−∞

Finally, the Gaussian distribution for several variables is written as:
w=

√β
1
exp(− βik xi xk )
n/2
2
(2π)

β = Det |βik |,

(7.26)

and using it we can find:
−1
⟨xi xk ⟩ = βik
,

(7.27)

−1
where βik
is the matrix element of the matrix inverse to βik . For statistically independent fluctuations in x1 and x2 , the average of their product factorizes: ⟨x1 x2 ⟩ =
−1
⟨x1 ⟩⟨x2 ⟩ = 0, so that β12
= 0. In the case of a Gaussian distribution, the inverse theorem
−1
is also valid. If ⟨x1 x2 ⟩ = 0 (i. e. β12
= 0), then fluctuations in x1 and x2 are statistically
independent.

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 2:00 AM

7.2 Fluctuations in basic physical properties | 175

Albert Einstein (1879–1955) was a German-born theoretical physicist who developed the theory of relativity, as well as quantum theory and statistical mechanics. He received the 1921 Nobel Prize in Physics “for his
services to theoretical physics, and especially for his
discovery of the law of the photoelectric effect”. Here
we briefly mention only his contributions to statistical physics. Two of his papers published in 1902–1903
attempted to interpret thermodynamics from a statistical point of view. Actually Einstein independently
rederived the main principles of statistical mechanics,
without any knowledge of the book by Gibbs, which appeared precisely at that time. These papers of Einstein were the foundation for his
1905 paper on Brownian motion. Later in 1910, Einstein returned to the problem of
thermodynamic fluctuations, giving a treatment of the density variations in a fluid
at its critical point and finalizing the general theory of fluctuations in statistical
physics. In a 1905 paper, Einstein postulated that light itself consists of quantum
particles—the photons. Einstein actually suggested that this idea would explain certain experimental results, notably the photoelectric effect. In 1907, Einstein proposed
a model of matter where each atom in a crystal lattice structure is an independent
harmonic oscillator, which essentially explained the temperature-dependent specific
heat of solids. Later Peter Debye only refined this model. In 1924, Einstein received
a letter from Indian physicist Satyendra Bose, which described statistics based on
a counting method that assumed that light could be understood as a gas of indistinguishable particles. Einstein noted that Bose statistics may be applied to some atoms
as well. He also published his own articles describing this model and its implications,
among them the Bose–Einstein condensation. In July 1939, Einstein and Szilard wrote
a letter to U.S. President Roosevelt on the dangers of atomic bombs being developed
in Hitler’s Germany and recommending that the US pay attention and be engaged in
its own atomic bomb research, starting the actual development of nuclear weapons.

7.2 Fluctuations in basic physical properties
Let us calculate the mean-square fluctuations in basic the thermodynamic variables
of some separate small part of a macroscopic body. This small part is assumed to still
contain a sufficiently large number of particles.
For such variables as energy and volume, which also have a direct mechanical
interpretation, the notion of fluctuation is obvious. However, it needs clarification for
such variables as entropy and temperature, because a definition of these variables is
necessarily connected with the system’s evolution during finite time intervals.
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The probability w can be written as:
w ∼ exp ΔS,

(7.28)

where ΔS is the entropy change due to fluctuation. From thermodynamics, we know
[19] that
ΔS = −

Rmin
,
T0

(7.29)

where Rmin is the minimal necessary work for a reversible change of thermodynamic
variables in the given small part of the body (due to fluctuation), while the rest of the
system plays the role of a bath with temperature T0 . Thus:
w ∼ exp(−

Rmin
).
T0

(7.30)

Now we can substitute here (for fixed temperature and pressure of the bath):
Rmin = ΔE − T0 ΔS + P0 ΔV,

(7.31)

where ΔE, ΔS, ΔV are changes of energy, entropy and volume of the small part of the
system due to fluctuation, while T0 and P0 are the temperature and pressure of the
bath, i. e., the temperature and pressure of our system in equilibrium. In the following,
we drop the index zero and understand that the coefficients are taken at equilibrium.
The we obtain:
w ∼ exp(−

ΔE − TΔS + PΔV
ΔΦ
) ∼ exp(−
),
T
T

(7.32)

where ΔΦ is the change of thermodynamic potential due to fluctuation. For ΔV = 0,
i. e., in the absence of volume fluctuations, we have:
w ∼ exp(−

ΔF
),
T

(7.33)

here ΔF is the free-energy change due to fluctuation.
Note that equations (7.32) and (7.33) are actually applicable to arbitrary fluctuations, both small and large. In case of small fluctuations, we may proceed as follows.
Expanding ΔE in a power series, we get:
𝜕2 E
1 𝜕2 E
𝜕2 E
ΔE − TΔS + PΔV = [ 2 (ΔS)2 + 2
ΔSΔV +
(ΔV)2 ],
2 𝜕S
𝜕S𝜕V
𝜕V 2

(7.34)

𝜕E
= T and 𝜕V
= −P.
where the first-order terms in the expansion of ΔE canceled out as 𝜕E
𝜕S
It is easily seen that (7.34) can be rewritten as:

1
𝜕E
𝜕E
1
[ΔSΔ( ) + ΔVΔ( ) ] = (ΔSΔT − ΔPΔV).
2
𝜕S V
𝜕V S
2
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Then we obtain the probability of fluctuation as:
w ∼ exp(

ΔPΔV − ΔTΔS
).
2T

(7.36)

From this general expression, we can find the fluctuations in various thermodynamic
variables.
First, let us choose V and T as independent variables. Then:
ΔS = (

C
𝜕S
𝜕S
𝜕P
) ΔT + ( ) ΔV = v ΔT + ( ) ΔV,
𝜕T V
𝜕V T
T
𝜕T V

(7.37)

ΔP = (

𝜕P
𝜕P
) ΔT + ( ) ΔV.
𝜕T V
𝜕V T

(7.38)

Substituting these expressions into (7.36), we can see that terms with ΔVΔT cancel,
and what remains is:
w ∼ exp{−

Cv
1 𝜕P
(ΔT)2 +
( ) (ΔV)2 }.
2T 𝜕V T
2T 2

(7.39)

This expression factorizes into two factors, depending only on ΔT or ΔV. Thus, the
fluctuations in temperature and volume are statistically independent:
⟨ΔTΔV⟩ = 0.

(7.40)

Comparing each of the two factors in equation (7.39) with the general expression for
the Gaussian distribution (7.17), we find the following expressions for the mean-square
fluctuations in temperature and volume:
⟨(ΔT)2 ⟩ =

T2
,
Cv

⟨(ΔV)2 ⟩ = −T(

(7.41)
𝜕V
) .
𝜕P T

(7.42)

The positivity of these expressions is guaranteed by the thermodynamic inequalities
Cv > 0 and (𝜕P/𝜕V)T < 0 [19].
Now, choose P and S as independent variables in equation (7.36). Then:
ΔV = (
ΔT = (

𝜕V
𝜕V
) ΔP + ( ) ΔS,
𝜕P S
𝜕S P

(7.43)

𝜕T
𝜕T
T
𝜕T
) ΔS + ( ) ΔP =
ΔS + ( ) ΔP.
𝜕S P
𝜕P S
Cp
𝜕P S

But according to dW = TdS + VdP, we have ( 𝜕V
) =
𝜕S P
ΔV = (

𝜕2 W
𝜕P𝜕S

(7.44)

= ( 𝜕T
) , and then:
𝜕P S

𝜕V
𝜕T
) ΔP + ( ) ΔS.
𝜕P S
𝜕P S

(7.45)
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Substituting ΔV and ΔT into (7.36), we obtain:
w ∼ exp{

1 𝜕V
1
( ) (ΔP)2 −
(ΔS)2 }.
2T 𝜕P S
2Cp

(7.46)

As before, this expression factorizes in two factors, depending on ΔP and ΔS. Thus:
⟨(ΔS)2 ⟩ = Cp ,
⟨(ΔP)2 ⟩ = −T(

(7.47)
𝜕P
) .
𝜕V S

(7.48)

From the relationships just obtained, it is seen that mean-square fluctuations
in additive thermodynamic variables, such as volume and entropy, are proportional
to the size (volume) of those part of the system to which they are related. Accordingly, these fluctuations are ∼√V, while the relative fluctuations are ∼1/√V. At the
same time, for temperature and pressure, the mean-square fluctuations are already
inversely proportional to the square root of the volume.
Expressions for the fluctuations in thermodynamic variables can also be obtained
directly from the Gibbs distribution. As an example, let us consider the fluctuations of
particle numbers. Using the grand canonical distribution, we have:
Ω

⟨N⟩ = e T ∑ Ne
N

μN
T

∑ e−
n

EnN
T

.

(7.49)

Differentiating this expression with respect to μ (at constant V and T), we get:
EnN
1 Ω
𝜕Ω μNT
𝜕⟨N⟩
= e T ∑(N 2 + N
)e ∑ e− T
𝜕μ
T
𝜕μ
n
N

=

1
𝜕Ω
(⟨N 2 ⟩ + ⟨N⟩ ).
T
𝜕μ

(7.50)

But 𝜕Ω/𝜕μ = −⟨N⟩, so that:
1
1
𝜕⟨N⟩
= (⟨N 2 ⟩ − ⟨N⟩2 ) = ⟨(ΔN)2 ⟩,
𝜕μ
T
T

(7.51)

⟨(ΔN)2 ⟩ = T(𝜕⟨N⟩/𝜕μ)T,V .

(7.52)

and accordingly:

From these expressions, it is clear that the mean-square fluctuations in such variables
as energy, volume and pressure tend to zero as T → 0. This is a general property of all
thermodynamic variables, which also have a direct mechanical meaning, but in general it is not so for such purely thermodynamic variables such as entropy and temperature. According to equation (7.41), for fixed energy, we can not attribute a well-defined
temperature to our system, since it fluctuates, and equation (7.41) characterizes the
limits for a precise determination of the temperature of an isolated system.
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7.3 Fluctuations in ideal gases
Consider now the calculations of ⟨(ΔN)2 ⟩ from another point of view. According to
equation (7.42), fluctuations in volume are given by ⟨(ΔV)2 ⟩ = −T( 𝜕V
) . Dividing both
𝜕P T
parts of this equality by N 2 , we find the fluctuation in the volume per one particle to
be:
2

⟨(Δ

T 𝜕V
V
) ⟩ = − 2( ) .
N
N 𝜕P T

(7.53)

This enables us to find the fluctuation in the particle number in any separate volume
inside the body. The volume V is fixed, so that Δ NV = VΔ N1 = − NV2 ΔN, and substitution
into equation (7.53) gives:
⟨(δN)2 ⟩ = −T

N 2 𝜕V
( ) .
V 2 𝜕P T

(7.54)

Using now the equation of state of an ideal gas, giving V = NT/P, we obtain:
⟨(ΔN)2 ⟩ = N.

(7.55)

⟨(ΔN)2 ⟩1/2
1
=
.
√N
N

(7.56)

Then the relative fluctuation is:

Consider now the fluctuations in the particle distribution over different quantum
states. Let nk be the number of particles in k-th quantum state. Due to the total independence of this (sub)system of particles from the rest of the system (gas), we may
apply equation (7.52) thus:
⟨(Δnk )2 ⟩ = T

𝜕⟨nk ⟩
.
𝜕μ

(7.57)

For a Fermi-gas, after the substitution of ⟨nk ⟩ = [e(εk −μ)/T + 1]−1 , we obtain:
⟨(Δnk )2 ⟩ = ⟨nk ⟩(1 − ⟨nk ⟩).

(7.58)

⟨(Δnk )2 ⟩ = ⟨nk ⟩(1 + ⟨nk ⟩).

(7.59)

Similarly, for a Bose-gas:

For a Boltzmann gas, after substitution of ⟨nk ⟩ = e(μ−εk )/T , we obtain:
⟨(Δnk )2 ⟩ = ⟨nk ⟩.

(7.60)
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Previous expressions of equations (7.58) and (7.59) reduce to (7.60) for nk ≪ 1. Let us
sum (7.58) and (7.59) over the group of Gj close levels, containing Nj = ∑ nk particles.
Due to the statistical independence of fluctuations in various nk , we have:
⟨(ΔNj )2 ⟩ = Gj ⟨nj ⟩(1 ∓ ⟨nj ⟩) = Nj (1 ∓

⟨Nj ⟩
Gj

),

(7.61)

where ⟨nj ⟩ is the average value of ⟨nk ⟩ close to each other, and ⟨Nj ⟩ = ⟨nj ⟩Gj .
These expressions can be applied, e. g., to a photon gas, putting in (7.59) μ = 0.
Consider the set of quantum states of photons (in volume V) with close frequencies,
belonging to a small interval Δωj . The number of relevant states is Gj = Vω2j Δωj /π 2 c3 .
The total energy of the quanta in this frequency interval is given by EΔωj = Nj ℏωj .

Multiplying (7.61) by (ℏωj )2 and dropping the index j, we obtain the following Einstein
expression for the fluctuation in the energy EΔω of a photon gas, in the given frequency
interval Δω:
⟨(ΔEΔω )2 ⟩ = ℏωEΔω +

π 2 c3 (EΔω )2
.
Vω2 Δω

(7.62)

Let us consider also fluctuations in the particle number within the given volume
of an ideal gas V. In principle, we can analyze sufficiently large fluctuations with N −
⟨N⟩ of the order of ⟨N⟩. This is relevant only for a Boltzmann gas, because, in Fermi
and Bose gases, the probability of such fluctuations becomes noticeable only in small
volumes such that quantum fluctuations become important. According to the grand
canonical ensemble, the distribution of N particles of the gas over various quantum
states is proportional to
exp{

Ω + μN − ∑ εk
},
T

(7.63)

where ∑ εk is the sum of the energies of the particles. To obtain the probability distribution wN , we have to sum this expression over all states of the particles in the given
volume V. Performing the summation independently over the states of each particle,
we have to divide the result by N!, so that:
wN =

N

μ−εk
eΩ/T
(∑ e T ) .
N! k

(7.64)

The sum written in this expression is simply the average number of particles in the
given volume:
∑e
k

μ−εk
T

= ⟨N⟩.

(7.65)

Then:
wN = const

⟨N⟩N
,
N!
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and finding const = e−⟨N⟩ from normalization3 we obtain:
wN =

⟨N⟩N e−⟨N⟩
,
N!

(7.67)

which is the so-called Poisson distribution. Using it we can directly show [19], that the
mean-square fluctuation in the particle number is again:
⟨(ΔN)2 ⟩ = ⟨N⟩

(7.68)

and this expression is valid not only for large, but also for arbitrary, values of ⟨N⟩.

3 This reduces to Ω = −PV = −⟨N⟩T, in accordance with the equation of state of an ideal gas.
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8 Phase transitions and critical phenomena
8.1 Mean-field theory of magnetism
This chapter is an elementary introduction to the theory of second-order phase transitions and critical phenomena. The simplest microscopic model of such a phase transition is the mean (or molecular) field theory of Curie and Weiss, which gives a qualitative description of a phase transition in ferromagnets. This model allows us to study
the main aspects of the general problem, which are also characteristic for all other
types of second-order phase transitions.
Consider first the statistical mechanics of free spins in an external magnetic field
(e. g., a paramagnet with localized magnetic moments). The Hamiltonian of the system
of N noninteracting spins Si in an external magnetic field H is written as:
N

H = −gμB ∑ Si H,

(8.1)

i=1

eℏ
where g is gyromagnetic ratio and μB = 2mc
is the Bohr magneton. To shorten notations in the following, we introduce μ̃ = gμB . Quantum states of spin are defined by
its projections on an external magnetic field, which are given 2S + 1 possible values
(mi = −S, −S + 1, . . . , S − 1, S).
The partition functions of this system of spins takes the form:

Z = ∑ exp(−
S

mN =S
m1 =S
N
μ̃ N
∑ Si H) = ∑ ⋅ ⋅ ⋅ ∑ exp(x ∑ mi ),
T i=1
m =−S
m =−S
i=1

(8.2)

N

1

where
x≡

̃
μH
.
T

(8.3)

The summation in equation (8.2) is especially simple in the case of S = 1/2:
N

mi =1/2

i=1

mi =−1/2

Z = ∏{ ∑ exp(xmi )}
N

1
1
= ∏ 2ch( x) = 2N chN ( x).
2
2
i=1

(8.4)

For arbitrary S, we have:
Z={

N

N

exp(−xS)[1 − exp{(2S + 1)x}]
sh{(S + 1/2)x}
} =[
] .
1 − exp(x)
sh(x/2)

(8.5)
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The free energy is now given by:
sh{(S + 1/2)x}
].
sh(x/2)

(8.6)

𝜕F
𝜕
) =T
ln Z = M0 BS (Sx),
𝜕H T
𝜕H

(8.7)

F(T, H) = −T ln Z = −NT ln[
Then the magnetization is obtained as:
M(T, H) = −(

where M0 ≡ M(T = 0, H = 0) = NSμ̃ = NSgμB is the maximal possible value of the
magnetization, while
BS (x) ≡

2S + 1
2S + 1
1
1
cth(
x) − cth( x)
2S
2S
2S
2S

(8.8)

is the so-called Brillouin function. This function relates the magnetization of the paramagnet to the value of an external magnetic field, which is shown graphically in Figure 8.1. For the case where S = 1/2, the Brillouin function is given by:
1
B1/2 ( x) = 2cth(x) − cth(x/2) = th(x/2).
2

(8.9)

From Figure 8.1, we see that M = 0 for H = 0, which is in fact obvious for a paramagnet state. In ferromagnets, the situation is different: spins interact with each other
and at low temperatures the system acquires a spontaneous magnetization, which
exists also in the absence of an external magnetic field, i. e., for H = 0. The basic assumption of the mean field-theory approach to magnetic ordering is that spin–spin interaction produces within the system some mean (or “molecular”) magnetic field Hm ,

Figure 8.1: Dependence of relative magnetization of a paramagnet σ = M/M0 on the parameter
̃
μHS/T
, described by the Brillouin function for various values of spin S.
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which is to be added to the external field H. It is also assumed that this field is just
proportional to the internal magnetization of the system
Hm = λM(T, H)

(8.10)

so that an effective field acting upon each spin is given by:
Heff = H + λM(T, H).

(8.11)

The parameter λ > 0 is called the molecular field parameter. All the relationships just
derived remain valid, and we only have to substitute H → Heff . In particular, after such
a substitution, equation (8.7) reduces to:
M = M0 BS [

̃
μS
(H + λM)].
T

(8.12)

Now setting H = 0, we get the equation determining the magnetization M:
M = M0 BS (

̃
μλM
S).
T

(8.13)

A graphic solution of this equation is shown in Figure 8.2. Equation (8.13) possesses
the trivial solution M = 0 for arbitrary values of the temperature T. However, there is
also the possibility of a second (nontrivial) solution for M ≠ 0, when the initial slope
of the curve, representing the right-hand side of equation (8.13), is steeper than the
left-hand side. To analyze this situation analytically, we perform a Taylor expansion
of Brillouin function:
BS (x) =

S+1
S + 1 2S2 + 2S + 1 3
x + ⋅⋅⋅.
x−
3S
3S
30S2

(8.14)

Then the initial slope of the curve, for the right-hand side of (8.13), is defined by:
M0 (

̃
S + 1 μSλ
λ
)
=C ,
3S
T
T

(8.15)

Figure 8.2: Graphic solution of the equation for the magnetization in molecular (mean) field theory
(β = 1/T ).
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where we have introduced the so-called Curie constant:
C≡

N μ̃ 2 S(S + 1)
3

(8.16)

expressing M0 via microscopic parameters, in accordance with an expression after
equation (8.7). Now from equation (8.15), we can see that a nontrivial solution exists
for T < λC, giving the value of the critical temperature of the ferromagnetic phase
transition in mean-field theory:
Tc = λC.

(8.17)

For lower temperatures, M ≠ 0 even in the absence of an external magnetic field. The
transition temperature Tc obviously tends to zero as λ → 0, when we return to the case
of a paramagnet.
Let us consider the origin of the molecular field from the microscopic point of
view. The majority of models for magnetic ordering are based upon the concept of the
exchange interaction between spins, which in the simplest case can be described by
the Heisenberg model, with the interaction Hamiltonian written as:
1
H = − ∑ Jij Si Sj − μ̃ ∑ Si H,
2 i=j̸
i

(8.18)

where Jij is the so-called exchange integral, which is taken to be positive (the case of
ferromagnetic ordering).
Very popular is also the simplified version of this model called the Ising model,
described by the Hamiltonian (8.18) with only Sz spin components left. Usually, the
Ising Hamiltonian is written as:
1
H = − ∑ Jij si sj − μ̃ ∑ si H,
2 i=j̸
i

(8.19)

where the Ising “spins” si = ±1, i. e., take only two values. Actually, the Ising model
can be solved exactly on a two-dimensional lattice [19]. This solution, first obtained
by Onsager, is very important for the theory of phase transitions, but we shall not
describe it here.
The mean (molecular) field approximation reduces to the approximate replacement of the microscopic Hamiltonian (8.18) by an effective Hamiltonian of the following form:
H = − ∑ Jij ⟨Sz ⟩Siz − μ̃ ∑ Siz H,
i=j̸

i

(8.20)

where the external magnetic field is assumed to be oriented along the z-axis, while
⟨Sz ⟩ denotes the average value of the z-component of the spin on an arbitrary lattice
site. It is clear that equation (8.20) describes the system of free (noninteracting) spins
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in an effective (mean or molecular) field, oriented along the z-axis and given by:
Heff = H +

J0
J
⟨S ⟩ = H + 0 2 M,
μ̃ z
N μ̃

(8.21)

where
J0 = ∑ Jij
j

Jii = 0.

(8.22)

It can be said that the molecular field on the given lattice site is actually the mean
magnetic field, which is self-consistently created on this site by all other spins of the
system. Comparing equations (8.21) and (8.11), we can see that the molecular field
constant λ in this model is determined by the following expression:
λ=

J0
.
N μ̃ 2

(8.23)

From equation (8.17), it now follows that the critical temperature of the ferromagnetic
phase transition (Curie temperature) is given by:
Tc =

1
J S(S + 1).
3 0

(8.24)

In case of spins interacting with nearest neighbors only, i. e., for Jij = J when the site j
is one of the z nearest neighbors of site i, while for other cases Jij = 0, we have:
Tc =

1
zJS(S + 1).
3

(8.25)

Let us return to the simplest case where S = 1/2. According to equations (8.9) and
(8.12), we can write:
M = M0 th[

1
̃ + λM)].
μ(H
2T

(8.26)

Introducing the dimensionless (relative) variables σ = M/M0 and t = T/Tc , we can
rewrite equation (8.26) as:
σ = th(
Using th(x + y) =

thx+thy
,
1+(thx)(thy)

̃
σ
1 μH
+ ).
2 T
t

(8.27)

we rewrite (8.27) as:
h ≡ th(

̃
μH
σ − th(σ/t)
)=
.
2T
1 − σth(σ/t)

(8.28)

Near the critical point (H = 0, M = 0, T = Tc ), all arguments of the hyperbolic functions in (8.28) are small, and we can perform the Taylor expansions: thx = x − 31 x 3 +
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2 5
x
15

+ ⋅ ⋅ ⋅ . Then:
1
1
1 − 1/t
h = σ(1 − ) + σ 3 [ 3 +
].
t
t
3t

(8.29)

This is the so-called magnetic equation of state, which determines the behavior of all
the relevant physical characteristics of the magnet close to the critical point.
For example, we can consider the magnetization and the magnetic susceptibility.
From equation (8.28), it is seen that in a zero external field h = 0, and for T < Tc
equation (8.29) takes the form:
σ2 =

Tc3
3T 3

Tc /T − 1
+

Tc
(1
T

−

Tc
)
T

+ ⋅ ⋅ ⋅ ≈ 3(

2

T Tc − T
)
.
Tc
Tc

(8.30)

Thus, we obtain the following behavior of the magnetization in a zero field close to Tc
(for T < Tc ):
σ ∼ |τ|β

τ=

T − Tc
,
Tc

(8.31)

where the critical exponent of the magnetization (order parameter) β = 1/2.
The isothermal susceptibility in a zero field χT = ( 𝜕M
) satisfies the following
𝜕H T
relationship:
χT = (

μ̃
𝜕σ
𝜕h
1
𝜕σ
C 𝜕σ
𝜕M
̃
) ( ) (
) = ( N μ)(
)( ) = ( ) ,
𝜕σ T 𝜕h T 𝜕H T
2
2T
𝜕h T T 𝜕h T

(8.32)

where the Curie constant was taken from (8.16) for the case of S = 1/2. Differentiating
both sides of (8.29) with respect to h for T ≈ Tc , we get:
1=

𝜕σ
1
1
[(1 − ) + 3σ 2 ( 3 )]
𝜕h
t
3t

(8.33)

C τ σ3
[ + 3] .
T t
t

(8.34)

or, using (8.32),
χT =

−1

Then, for T > Tc we have σ = 0 for H = 0 and (8.34) reduces to:
χT =

C Tc T − Tc
(
)
T T Tc

−1

=

C
∼ τ−γ ,
T − Tc

(8.35)

where the critical exponent of susceptibility γ = 1. For T < Tc , according to (8.30), we
have σ 2 ≈ −3τ, so that from (8.34) we get:
χT ≈

1C 1
∼ |τ|−1 ,
2 T (−τ)

and the critical exponent of susceptibility for T < Tc is also γ  = 1.
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Direct calculations within the mean (molecular) field model show that the specific
heat of the system at T = Tc has a discontinuity ΔCH = 3/2N. Within this model, we
can also study the critical behavior of a number of other physical characteristics of the
system, described by the appropriate critical exponents.
In general, the molecular field model (approximation) gives a rather satisfactory
qualitative description of the ferromagnetic phase transition. It is easily generalized
to the case of an antiferromagnetic transition. In fact, this model is the origin of a
number of similar mean field models for the microscopic description of various phase
transitions in many physical systems. For example, the BCS model of superconductivity, described previously, is the typical mean field model, where the relevant “mean
field” is described by the anomalous averages (6.17) and (6.18), while the Hamiltonians
(6.15) or (6.16) are direct analogs of (8.20).1 In superconductivity theory, this approach
actually gives a very accurate description of the system’s behavior close to Tc . For a
majority of other phase transitions, e. g., in real magnetics, this description is only
qualitative, the experimental values of the critical exponents are significantly different from mean field theory predictions. The physical reason for these discrepancies is
the increasing role of the fluctuations in the critical region close to Tc . We shall subsequently return to this problem.
Pierre Curie (1859–1906) was a French physicist, a pioneer in crystallography, magnetism, piezoelectricity
and radioactivity. In 1903, he received the Nobel Prize in
Physics with his wife, Marie Sklodowska–Curie. Marie
Curie was awarded the second Nobel prize in 1911.
Though mainly known for his studies of radioactivity,
Pierre Curie studied ferromagnetism, paramagnetism,
and diamagnetism for his doctoral thesis, and discovered the effect of temperature on paramagnetism which
is now known as Curie’s law. The material constant in
Curie’s law is known as the Curie constant. He also discovered that ferromagnetic substances exhibited a critical temperature transition, above which the substances lost their ferromagnetic behavior. This is now known as the Curie temperature. Curie worked with his wife on isolating polonium and radium. They were the first to use the term “radioactivity” and
were pioneers in its study. Pierre and Marie Curie’s daughter, Irene, and their son-inlaw, Frederic Joliot–Curie, were also physicists involved in the study of radioactivity,
and each received Nobel prizes for their work as well. Both the Curies experienced radium burns, both accidentally and voluntarily, and were exposed to extensive doses of

1 The BCS Hamiltonian can even be rewritten via some “pseudospin” operators (introduced by Anderson), when it is reduced to practically the same form as (8.20).
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radiation while conducting their research. Even now, all their papers from the 1890’s,
even her cookbooks, are too dangerous to touch. Their laboratory books are kept in
special lead boxes and people who want to see them have to wear protective clothing.
Pierre Curie died in a street accident in Paris on 19 April 1906. Had he not been killed
as he was, it is likely that he would have eventually died of the effects of radiation, as
did his wife, their daughter, Irene, and her husband, Frederic Joliot.

Pierre-Ernest Weiss (1865–1940) was a French
physicist specialized in magnetism. Weiss developed the molecular or mean field theory, which is
often called Curie–Weiss mean-field theory, that
lead to the discovery of the Curie–Weiss law. Pierre
Weiss is considered one of the first discoverers of
the magnetocaloric effect and domains in ferromagnets. He made several experimental discoveries that led to the development of the strongest
electromagnets of the beginning of the 20th century. He worked at the universities of Rennes,
Lyon, ETH Zurich and finally at Strasbourg. In ETH
Zurich he became a physics professor and the director of the Institute of Physics. In
1907, he published an important work on the nature of ferromagnetism where he introduced the concept of molecular field, a precursor idea to mean field theory. At this
moment in life, he met Albert Einstein and Peter Debye, who were also professors at
Zurich. During World War I, he came back to France and worked on military applications of acoustics. After the war, Pierre Weiss chose to become a physics professor
at the Faculty of Physics of the University of Strasbourg and the director of the Institute of Physics. He also founded, in Strasbourg, an institute focused on the research
of magnetism, similar to the one he founded in Zurich. In the 1930s, Weiss supported
the popular front which was controversial in the mostly conservative population of
Strasbourg of the time. In 1939, he followed his friend Jean Perrin to the University of
Lyon where he died in 1940.

8.2 Quasi-averages∗
The microscopic theory of phase transitions addresses the very important question
of the degeneracy of the system’s ground state and the closely related problem of the
proper definition of statistical averages. Consider as an example a Heisenberg ferromagnet, described by the Hamiltonian (8.18). In the absence of an external magnetic
field (for H = 0), this Hamiltonian is obviously invariant with respect to rotations in
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three-dimensional space. It is clear, as it is in this case, that (8.18) depends only on
scalar products of spins at various lattice sites. However, the ferromagnetic ground
state is not invariant with respect to three-dimensional rotations—spontaneous magnetization has a definite direction in space, and the system is invariant only with respect to rotations around this direction. At the same time, it is obvious that the other
ground state of the same system, characterized by the other direction of the magnetization vector, corresponds to the same energy. Accordingly, there is an infinite set of
ground states, differing only by the directions of the magnetization. The introduction
of an external magnetic field (even infinitesimal) breaks this degeneracy and allows
well-defined calculations of all statistical averages. This leads to the concept of quasiaverages [7]—one of the central concepts in the theory of phase transitions.
Let us return to the Heisenberg model in the absence of an external magnetic field:
1
H = − ∑ Jij Si Sj .
2 i=j̸

(8.37)

S = ∑ Sj

(8.38)

The total spin of this system:
j

is an integral of motion (this is valid for each of its components; in quantum mechanics
each one commutes with the Hamiltonian of the system). Consider now the commutation relationships:
Sx Sy − Sy Sx = iSz

Sy Sz − Sz Sy = iSx

Sz Sx − Sx Sz = iSy

(8.39)

Using these relationships, we can write:
H

H

i Sp(Sz e− T ) = Sp[(Sx Sy − Sy Sx )e− T ].

(8.40)

Because Sx commutes with H, we get:
H

H

H

Sp(Sy Sx e− T ) = Sp(Sy e− T Sx ) = Sp(Sx Sy e− T ),

(8.41)

so that
H

Sp(Sz e− T ) = 0.

(8.42)

Similarly we find that:
H

Sp(Sx e− T ) = 0

H

Sp(Sy e− T ) = 0.

(8.43)
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Let us introduce the magnetization of the unit volume as:
M=

μ̃
μ̃
∑ S = S.
V j j V

(8.44)

Then:
H

Sp(Me− T ) = 0

(8.45)

so that the average magnetization is:
H

⟨M⟩ = lim

V→∞

Sp(Me− T )
H

Sp(e− T )

= 0.

(8.46)

Thus, the standard definition of the statistical (Gibbs) average leads to zero average
magnetization, which correspond to the invariance of the system with respect to threedimensional rotations.
Let us stress that this result is valid for arbitrary temperatures, e. g., for temperatures below the Curie temperature. It may seem paradoxical because for T < Tc the
system acquires a spontaneous magnetization. However, the direction of the magnetization vector in the absence of an external field is arbitrary, so that the (statistical)
equilibrium state is actually infinitely degenerate.
Let us introduce the external magnetic field νe(ν > 0, e2 = 1), replacing the Hamiltonian (8.37) by
Hνe = H + νVeM.

(8.47)

Then, for temperatures below the Curie temperature, we have
⟨M⟩ = eMν ,

(8.48)

where Mν will have a finite (nonzero) limit as the intensity ν of the external field tends
to zero. Formally, we can say that here we observe a kind of “instability” of the usual
definition of averages due to the addition to the Hamiltonian of a term with an infinitesimal external field,2 and the average value of ⟨M⟩ acquires the finite value:
em

where m = lim Mν .
ν→0

(8.49)

Now it is convenient to introduce the concept of the quasi-average. Consider some
dynamic variable A, built on spin operators. Then its quasi-average is defined as:
≺A≻ = lim ⟨A⟩νe ,
ν→0

(8.50)

where ⟨A⟩νe is the usual statistical average of A with Hamiltonian Hνe .
2 It is assumed that we first perform the thermodynamic limit of statistical mechanics V → ∞, and
only after that we tend ν to zero.
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Thus, the degeneracy is actually reflected in the quasi-averages via their
dependence on the arbitrary direction of the unit vector e. The usual average is given
by:
(8.51)

⟨A⟩ = ∫ ≺A≻de

i. e., is obtained by integration over all directions of e. Obviously quasi-averages are
more convenient and “physical”, in comparison with usual averages, if we are dealing
with degenerate equilibrium states. In fact, in practical calculations in phase transition theory, we are always using quasi-averages (explicitly or implicitly).
As another example, we can mention the BCS theory of superconductivity. As we
just noted, the BCS state breaks the gauge symmetry related to particle number conservation, which is reflected in the appearance of anomalous averages like (6.17) and
(6.18). Here we do not have the real physical field, breaking this symmetry, as in the
case of an external magnetic field breaking the rotational symmetry of a Heisenberg
ferromagnet. However, we can instead introduce the fictitious infinitesimal “source”
of Cooper pairs in the BCS Hamiltonian (6.12), writing it as:
Hν = H − ν ∑[a−p↓ ap↑ + a+p↑ a+−p↓ ],
p

(8.52)

which explicitly breaks particle-number conservation (gauge symmetry). Accordingly,
all the averages in the superconducting state are to be understood as quasi-averages
obtained with the Hamiltonian (8.52), with ν → 0 at the end of the calculations. Naturally, all these averages depend on the arbitrary phase angle ϕ. While just discussing
the superconducting state, we assumed ϕ = 0, which is quite similar to fixing the
direction of magnetization of the Heisenberg ferromagnet in the mean field theory approach, which we oriented along the arbitrary direction of the z-axis, defined by the
direction of an external magnetic field. Quite similarly, we can analyze Bose condensation [7].
In fact, discussing any kind of phase transition, we always assume the introduction of an infinitesimal Bogolyubov’s field or “source”, lifting (breaking) the appropriate symmetry. Then, during all calculations, we have to take into account appropriate anomalous averages, breaking the symmetry of the initial Hamiltonian. The
“condensed” state after the phase transition (appearing for T < Tc ) is characterized
by finite values of the anomalous averages, which remain nonzero even after the external field (or “source”) is put to zero, i. e., for ν → 0. In the “normal” phase (for
T > Tc ), anomalous averages tend to zero as ν → 0, and the appropriate symmetry
remains unbroken. In this sense, all phase transitions of second order are associated
with “spontaneous” breaking of some (usually continuous) symmetry.
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8.3 Fluctuations in the order parameter
Let us discuss now fluctuations in the order parameter. We have already noted above
that these fluctuations become important near the critical transition temperature, significantly modifying the results of mean field theories. Our analysis will be essentially
based on Landau theory, as a typical mean field theory of second-order phase transitions.
In most cases, the order parameter in Landau theory can be represented by an
n-component vector, either in the usual coordinate space, or in some associated space,
according to the nature of the symmetry breaking during the phase transition. In the
Heisenberg model, this is the usual three-component vector (magnetization), while in
Ginzburg–Landau superconductivity theory this is the complex (i. e., two-component)
wave function of the Cooper pairs condensate etc. Subsequently, we shall analyze the
simplest possible variant of the phase transition, described by a single-component
order parameter η, which corresponds, e. g., to the Ising model.3
In thermodynamics, the minimal work necessary to create some fluctuation out
of the equilibrium state of the system (at fixed pressure and temperature) is equal to
the appropriate change of the thermodynamic potential ΔΦ. Thus, according to equation (7.32), the probability of a fluctuation at fixed P and T is estimated as:
w ∼ exp(−

ΔΦ
).
T

(8.53)

Let us denote the equilibrium value of η as η.̄ For a small deviation from equilibrium
write:
𝜕2 Φ
1
ΔΦ = (η − η)̄ 2 ( 2 )
2
𝜕η P,T

(8.54)

The equilibrium value of the order parameter is determined by the Landau expansion:
Φ(T, P, η) = Φ0 (P, T) + atη2 + Bη4 − ηhV,

(8.55)

where t = T − Tc (P), and h is an external field interacting with the order parameter
(e. g., a magnetic field in the Ising model). Using equation (8.55), we define the equilibrium value of the order parameter η̄ from:
(

𝜕Φ
) = 0,
𝜕η T,h

(8.56)

which reduces to:
2at η̄ + 4Bη̄ 3 = hV,

(8.57)

3 We omit the discussion of the very important symmetry aspects of Landau theory, related to the
specific type of crystal lattice [19] and assume our system to be homogeneous and isotropic.
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which is equivalent to the result (8.29) derived from mean (molecular) field theory. The
solution of equation (8.57) for h → 0 has the form:
η̄ 2 = 0

at
η̄ 2 = −
2B

for t > 0
for t < 0

(8.58)

so that the critical exponent of the order parameter is equal to 1/2, the same value as
in equation (8.31).
The susceptibility is defined as:
χ=(

𝜕η̄
)
.
𝜕h T;h→0

(8.59)

Differentiating (8.57), we obtain for h → 0:
𝜕η̄
V
=
.
𝜕h 2at + 12Bη̄ 2

(8.60)

Substituting now (8.58), we get:
V
2at
V
χ=
−4at

χ=

for t > 0
for t < 0,

(8.61)

which is similar to equations (8.35) and (8.36) and demonstrate the divergence of χ ∼
|T − Tc |−1 , so that the critical exponent of susceptibility γ = γ  = 1, as obtained from
the molecular field approximation. In fact, Landau theory is a typical mean field theory and all critical exponents are obtained in the same way as in similar microscopic
models.
Using (8.60), we can write:
χ = V[(

𝜕2 Φ
) ] .
𝜕η2 h=0
−1

(8.62)

Thus, the probability of a fluctuation is determined from (8.53) and (8.54) by the following expression:
1
V
ΔΦ = (η − η)̄ 2 ,
2
χ
w ∼ exp[−

(8.63)

(η − η)̄ 2 V
].
2χTc

(8.64)

Now, in accordance with the general form of the Gaussian distribution (7.17), we obtain
the mean square of the order parameter fluctuation as:
⟨(Δη)2 ⟩ =

Tc χ
1
∼
V
|t|

for T → Tc .

(8.65)

We see that the fluctuations grow close to Tc and diverge as ∼|T − Tc |−1 .
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For a deeper understanding of the physical nature of this phenomenon, it is useful
to find the spatial correlation function of order-parameter fluctuations. For an inhomogeneous system (fluctuations actually create inhomogeneities!), the thermodynamic
potential is conveniently written as Φ = ∫ dVΦ(r), where Φ(r) is its density (which
is a function of the coordinate). We shall actually use the thermodynamic potential
Ω(T, μ) and consider some volume V within the body, containing a variable number
of particles N. The potential Ω(T, μ, η), for the unit volume, can be expanded in the
usual Landau form, similar to (8.55):
Ω(T, μ, η) = Ω0 (T, μ) + αtη2 + bη4 − ηh,

(8.66)

where α = a/V, b = B/V, t = T − Tc (μ). This form of expansion is valid for the homogeneous case. In inhomogeneous systems, it must contain spatial derivatives of the order
parameter η. For long-wavelength fluctuations, we can limit ourselves to the lowest or𝜕η
der derivatives and their lowest powers. Terms linear in the derivatives such as f (η) 𝜕x
i
reduce to surface integrals after volume integration, thus corresponding to irrelevant
surface effects. We shall limit ourselves to the simplest case (valid for crystals with
cubic symmetry), when the density of thermodynamic potential can be written as:
Ω = Ω0 + αtη2 + bη4 + g(∇η)2 − ηh.

(8.67)

For the homogeneous state to be stable, we have to require that g > 0. In the opposite
case, Ω does not have a minimum for η = const.
Considering fluctuations as fixed μ and T, we write the fluctuation probability as:
w ∼ exp(−

ΔΩ
)
T

(8.68)

because the minimal work required to bring the system out of equilibrium under these
conditions is given by Rmin = ΔΩ.
Let us consider fluctuations in a symmetric (e. g., paramagnetic) phase (at h = 0),
when η̄ = 0, so that Δη = η. Limiting ourselves to second-order terms in the fluctuations, we can write the change of Ω as:4
ΔΩ = ∫ dV{αt(η)2 + g(∇η)2 }.

(8.70)

4 Note that quite similar results can be obtained on the other side of the transition, in the brokensymmetry phase. Here we have nonzero η̄ = (−αt/2b)1/2 and for the change of Ω, up to terms of the
order of ∼(Δη)2 , we get:
ΔΩ = ∫ dV{−2αt(Δη)2 + g(∇η)2 }.

(8.69)

Thus, for any characteristics of the system, we obtain expressions that differ from those for the symmetric phase by substitution of αt by 2α|t|.
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Let us introduce the Fourier expansion of η(r):
η(r) = ∑ ηk eikr
k

η−k = η∗k .

(8.71)

Then its gradient can be written as:
∇η(r) = ∑ ikηk eikr .

(8.72)

k

Substitution of these expressions into equation (8.70) and volume integration leaves
only nonzero terms, containing the products, such as ηk η−k = |ηk |2 . Then we obtain:
ΔΩ = V ∑(gk 2 + αt)|ηk |2

(8.73)

T
.
2V(gk 2 + αt)

(8.74)

k

so that:
⟨|ηk |2 ⟩ =

This expression is usually called the Ornstein–Zernike correlator. From this expression, it is clear that only the long-wavelength fluctuations with k ∼ √αt/g grow as
t → 0. Actually, the expression (8.74) is valid only for long enough wavelengths k −1 ,
which are large in comparison to the average interatomic distance a.
Let us define the correlation function in coordinate space as:
G(r1 − r2 ) = ⟨η(r1 )η(r2 )⟩.

(8.75)

This can be calculated as:
G(r) = ∑⟨|ηk |2 ⟩eikr = V ∫
k

d3 k ikr
e ⟨|ηk |2 ⟩.
(2π)3

(8.76)

Then from (8.74) we obtain:5
G(r) =

Tc
r
exp(− ),
8πgr
ξ

(8.78)

5 Here we use the following expressions for the Fourier transformation:
∫ dV
∫

e−κr ikr
4π
e = 2
r
k + κ2

d3 k eikr
e−κr
=
.
3
2
2
4πr
(2π) k + κ

These are most easily obtained if we note that φ(r) =

(8.77)

e−κr
satisfies the differential equation: ∇2 φ−κ 2 φ
4πr
−ikr

=

−4πδ(r). Multiplying both sides of this equation by e
and integrating over all space (performing
partial integration of e−ikr ∇2 φ twice), we obtain the required result.
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where
ξ =√

g
∼ (T − Tc )−1/2 .
αt

(8.79)

The parameter ξ is called the correlation length of the fluctuations and defines the
characteristic distance for the decay of their correlations. We have already encountered this length in the Ginzburg–Landau theory, where it was called the coherence
length. The divergence of ξ for T → Tc (T > Tc ) corresponds to the appearance (at
T = Tc ) of long-range order. The correlation length critical exponent ν = 1/2, which is
again the standard result of the mean field theory.
For r = 0, the integral in (8.76) determines the average square of the order parameter fluctuation η(r) at the given point of space. Its divergence is directly related
to the inapplicability of equation (8.74) for large k ∼ a−1 . This is easily avoided by the
introduction of the cutoff:
k0

T
1
G(0) =
,
∫ dkk 2 2
4π 2
gk + αt

(8.80)

0

where k0 ∼ 1/a. Here we observe a significant dependence on the spatial dimensions.
For d-dimensional space, instead of (8.80) we have to write:
k0

G(0) ∼ ∫ dkk d−1
0

1
.
k 2 + ξ −2

(8.81)

This integral is easily estimated as:
k0

G(0) ∼ ∫ dkk
ξ −1

k0 − ξ
{
{
{
∼ {ln(k0 ξ )
{
{
1
{ξ − k0

−1

d−3

d=3
d=2

(8.82)

d = 1.

From this estimate, we see that for T → Tc , when ξ → ∞, the average square of
the order-parameter fluctuation at the given point is finite for d = 3 and diverges for
d = 1, 2. This reflects the impossibility of the existence of long-range order in onedimensional and two-dimensional systems [19]. Let us stress that here the relevant
divergence of the integral in (8.82) is at the lower integration limit (“infrared” divergence), not at the upper limit, where it is regularized by a cutoff. In the theory of critical phenomena, a spatial dimensionality d = 2 is called the lower critical dimensionality. The reasoning presented here is rather crude, but qualitatively valid. More accurate proof of the impossibility of long-range order in low-dimensional systems also
requires an analysis of the situation for T < Tc [32]. In fact, the lower critical dimensionality d = 2 is valid only for phase transitions breaking the continuous symmetry,
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while, for the Ising-like single-component order parameter, the lower critical dimension d = 1. This is clear, for example, from an exact Onsager solution for the twodimensional Ising model, which demonstrates the existence of the phase transition
for d = 2 [19].
To avoid confusion, we note that equation (8.65) determines fluctuations in the
order parameter η, averaged over the volume V with linear dimensions L ≫ ξ . Let us
denote it by ⟨η2 ⟩V . The average of η(r) over the volume V is given by ηk=0 . Thus, it is
natural that for k = 0 (8.74) coincides with (8.65), so that:
χ=

V
∫ drG(r).
Tc

(8.83)

The value of ⟨η2 ⟩V can also be directly obtained from the correlation function:
⟨η2 ⟩V =

1
1
∫ dr1 dr2 ⟨η(r1 )η(r2 )⟩ = ∫ dVG(r).
V
V2

(8.84)

Now we can formulate the criterion for the applicability of the Landau theory of
phase transitions (or mean field theory), based on the expansion (8.67). For the validity of this theory, we have to demand that the mean-square fluctuations in the order
parameter η, averaged over the correlation volume ∼ξ 3 , be small compared with the
equilibrium value of the order parameter η̄ 2 ∼ α|t|/b. Using (8.65) with V ∼ ξ 3 , we
arrive at the condition:
Tc χ
α|t|
≪
3
b
ξ

(8.85)

or, taking χ and ξ from (8.61) and (8.79):
α|t| ≫

Tc2 b2
.
g3

(8.86)

This condition is usually called the Ginzburg criterion for the applicability of the Landau theory of phase transitions.6 This inequality defines the size of the so-called critical region around Tc , where fluctuations are large and significantly change the mean
field picture of the phase transition, e. g. the critical exponents.7 The description of
the system within the critical region belongs to the field of the theory of critical phenomena [32]. Some aspects of this theory will be discussed in the next section.

6 Expansion in powers of t = T − Tc in Landau coefficients also requires the validity of condition
t ≪ Tc . For this to be in agreement with (8.86), it is also necessary to satisfy:

Tc b2
αg 3

≪ 1.

7 Here, we have already mentioned the Ginzburg criterion while discussing the limits of the Ginzburg–
Landau theory of superconductivity. We have seen that in superconductors the size of the critical region is negligible.
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Leo Kadanoff (1937–2015) was an American theoretical physicist. He was a professor of physics
at the University of Chicago. He contributed considerably to the fields of statistical physics, chaos
theory and theoretical condensed matter physics.
He received his undergraduate degree and doctorate in physics from Harvard University. After a
post-doctorate at the Niels Bohr Institute in Copenhagen, he joined the physics faculty at the University of Illinois in 1965. Kadanoff’s early research focused on superconductivity and the development
of quantum field-theory methods for condensed
matter physics. In the late 1960s, he studied the theory of type II phase transitions.
Here Kadanoff introduced the concepts of scaling and universality, which significantly
developed the Landau theory for the vicinity of the critical temperature. These same
ideas have been extended to apply to a broad range of scientific and engineering
problems and have found numerous and important applications in computer science,
hydrodynamics, biology and applied mathematics. In recognition of these achievements, he won the Buckley Prize of the American Physical Society (1977), the Wolf
Prize in Physics (1980), the 1989 Boltzmann Medal of the International Union of Pure
and Applied Physics and the 2006 Lorentz Medal. In 1978, he moved to the University
of Chicago. Much of his work in the second half of his career involved contributions
to chaos theory, in both mechanical and fluid systems. He was elected a Fellow of the
American Academy of Arts and Sciences in 1982, and he was one of the recipients of
the 1999 National Medal of Science. He was a member of the National Academy of
Sciences and a Fellow of the American Physical Society. During the last decade, he
received the Centennial Medal of Harvard University and the Lars Onsager Prize of
the American Physical Society.

8.4 Scaling
The theory of critical phenomena introduces the following standard set of charac-

teristics of the system and appropriate critical exponents, determining the singular

behavior of these characteristics at the critical point, as a function of the parameter
τ=

T−Tc
Tc

→ 0.

The order parameter is:
η̄ ∼ |τ|β
η̄ ∼ h

1
δ

T → Tc − 0,

(8.87)

T = Tc .

(8.88)
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The susceptibility is:
τ−γ

χ∼{

|τ|−γ

T → Tc + 0

T → Tc − 0.



(8.89)

The correlation function of the order parameter (d is spatial the dimensionality) is:
G(r) ∼

exp (−r/ξ )
,
r d−(2−η)

(8.90)

where the correlation length:
τ−ν

ξ ∼{

−ν

|τ|

T → Tc + 0

T → Tc − 0.

(8.91)

At the critical point itself:
1
,
r d−(2−η)
1
G(k) ∼ 2−η .
k

(8.92)

G(r) ∼

(8.93)

The critical exponent α of the specific heat is introduced in a similar way:
A+ −α
[τ − 1] + B+ T → Tc + 0,
α

A−
C(τ, h = 0) =  [|τ|−α − 1] + B− T → Tc − 0
α
C(τ, h = 0) =

(8.94)
(8.95)

with α = 0 corresponding to a logarithmic singularity.
The theoretical problem of the description of critical phenomena reduces to the
derivation of these expressions and the calculation of the critical exponents α, α , β,
γ, γ  , δ, η, ν, ν .
Significant progress in the study of critical phenomena was achieved after the introduction of the concept of scaling or scale invariance. This is essentially based on
the idea that the growth of the correlation length close to Tc leads to significant interaction of the fluctuations that defines the singular behavior of the physical characteristics at the critical point. At the same time, as the correlation length becomes much
larger than the interatomic spacing ξ ≫ a, the microscopic details of the interactions
are probably not so important. The hypothesis of scale invariance (scaling) assumes
that the singular dependence of the physical characteristics on T − Tc is controlled by
the divergence of the correlation length ξ , and it becomes the only relevant parameter
of length in the problem.
Let us discuss scaling using the simple qualitative arguments due to Kadanoff. For
simplicity we consider the system of N Ising spins (see (8.19)) in a d-dimensional lattice, with interaction parameter J, different from zero only between the nearest neighbors. The external magnetic field is H. Then the Hamiltonian (8.19) can be rewritten
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in units of T as:
N
H
= −K ∑ si sj − h ∑ si ,
T
i=1
⟨ij⟩

(8.96)

̃
where we have introduced the dimensionless parameters K = J/2T and h = μH/T.
Let us break the lattice into cells with linear dimensions La, where a is the lattice
parameter and L is an arbitrary integer (L ≫ 1). (see Figure 8.3). Then we obtain a total
of 𝒩 = N/Ld cells, each containing Ld spins. Subsequently, we consider only temperatures close enough to Tc , so that the correlation length ξ is much larger than the size of
a cell, i. e., ξ ≫ La. It guarantees that each cell containing Ld spins, with 1 ≪ L ≪ ξ /a,
contains only spins oriented “up” or “down”. Then the total magnetic moment of each
cell sα (α = 1, 2, . . . , 𝒩 ) can, in some sense, be considered as similar to the single site
moment si . This assumption is qualitatively valid if the given cell is inside the group
of correlated spins. The resulting moment of this cell is given by Ld , with ± sign. It is
convenient to introduce sα̃ = sα /Ld , i. e., normalize the spin of the cell to unity. Then,
if we try to rewrite the Hamiltonian as a function of cell moments sα (not site moments
si ), we can expect it to be of the same form as (8.96) for the standard Ising model, but
with different values of the parameters, i.e, with K and h replaced by some KL and hL :
H
= −KL ∑ sα̃ sα̃  − hL ∑ sα̃ ,
T
α
⟨α,α ⟩

(8.97)

where the summation is performed over the Kadanoff cells numbered by α.
If the external magnetic field h → 0, the effective field hL in the cell formulation
obviously also tends to zero. Similarly, as T → Tc and K → Kc , with Kc = 2TJ given
c
by the initial Ising model, we should get KL → Kc . Thus, we can assume the following
scaling relationships:
τL = τLy

for KL = Kc − τLy ,
x

hL = hL ,

Figure 8.3: Kadanoff construction for an Ising lattice.
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where τ = Kc − K, τL = Kc − KL . Critical values of the interaction parameters are
the same in both formulations because we assumed their equivalence.8 The critical
exponents x and y remain undetermined, but we shall see that all other (physical)
critical exponents can be expressed via these, so that only two critical exponents are
independent.
Consider the change of free energy of the system under a small change of h. Let us
assume that the magnetic field varies at various sites of the lattice, but these changes
are smooth enough, so that it is effectively constant within each Kadanoff cell. Then,
the change of the free energy is given by:
F
δ( ) = − ∑⟨si ⟩δhi = − ∑⟨sα ⟩δhLα ,
T
α
i

(8.100)

where ⟨si ⟩ is an average spin at the lattice site and ⟨sα ⟩ is an average spin of a cell.
Both expressions should be equivalent. Due to the assumption of a smooth change of
magnetic field in space, we can write within each cell:
Ld ⟨si ⟩δhi = ⟨sα ⟩δhLα .

(8.101)

⟨si ⟩ = Lx−d ⟨sα ⟩.

(8.102)

Using (8.99), we obtain:

Consider now the homogeneous field, independent of site number i. Then the magnetization at the site (which is equivalent to the order parameter η)̄ is a function of τ and
h only:
⟨si ⟩ = F(τ, h).

(8.103)

According to our basic assumption, in terms of sα, we are describing the same system,
but with new values of τL and hL , so that the value of ⟨sα ⟩ is represented by the same
function, depending on new variables:
⟨sα ⟩ = F(τL , hL ).

(8.104)

Then from equations (8.100), (8.102), (8.103) and (8.104), we can see that the order
parameter can be written as:
η̄ = ⟨s⟩ = F(τ, h) = Lx−d F(Ly τ, Lx h).

(8.105)

8 Parameter τ, defined here, has the same meaning as previously in the case where J = const. In
principle, we can also consider the phase transition with the change of J at a fixed temperature.
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Now, the length L introduced above is a purely mathematical invention and should
cancel from all physical characteristics of the system! This is possible only if the function F(τ, h) has the following form:
η̄ = (

d−x
h
τ
)|τ| y f ( y ).
|h|
|h| x

(8.106)

The factor h/|h| here is added just to guarantee the change in sign of the magnetization
with the sign of an external magnetic field.
The explicit form of function f (z), entering (8.106), is unknown. However, these
arguments enabled us to transform an unknown function of two variables τ and h into
y
a function of a single variable z = τ/|h| x . Remarkably, this is sufficient to express all
physical critical exponents of our system via the exponents x and y, or, in other words,
express all physical critical exponents via any two of them (which can be determined
from experiments).
For example, remembering (8.87), i. e., η̄ ∼ |τ|β , which is valid for small negative
values of τ and h → 0, we note that f (−∞) = const and
β=

d−x
.
y

(8.107)

Differentiating (8.106) with respect to h for h → 0, we get the susceptibility: χ ∼
|τ|

d−x
y

y
𝜕
f (τ/|h| x )
𝜕h

∼ |τ|

d−x
+1
y

y

|h|− x −1 f  (z). However, the dependence on h in χ should can-

cel for h → 0. Then it is clear that f  (z) ∼ z

− xy −1

γ = γ =

and χ ∼ |τ|−γ ∼ |τ|

d−2x
y

. Thus we obtain:

2x − d
.
y

(8.108)
1

Similarly, for τ = 0 according to (8.88), we should have η̄ ∼ h δ . Equation (8.106) for

τ = 0 should become independent of τ, which is only possible if f (z → 0) ∼ z
d−x
from (8.106), we immediately obtain η̄ ∼ |h| x , so that
δ=

x
.
d−x

x−d
y

. Then

(8.109)

From these relationships, we get:
d/y = γ + 2β = β(δ + 1),

(8.110)

which gives the scaling relation between experimentally measurable exponents β, γ, δ.
Integrating η̄ ∼

𝜕F
𝜕h

∼ |τ|

d−x
y

F ∼ |τ|

f (τ/|h|y/x ), it is easy to get

d−x
y

d

∫ dhf (τ/|h|y/x ) ∼ |τ| y ∫ dz f ̃(z).
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Then the specific heat is:
C ∼ −T

d
𝜕2 F
−2
∼ |τ| y .
2
𝜕T

(8.111)

d
y

(8.112)

Comparing with (8.95), we obtain:
α = α = 2 −

or

d
=2−α
y

so that comparison with (8.110) gives:
γ + 2β = β(δ + 1) = 2 − α.

(8.113)

Consider now the correlation function, which is in general defined as:
G(ri − rj ) = G(R, τ, h) = ⟨[si − ⟨s⟩][sj − ⟨s⟩]⟩,

(8.114)

where R is the distance between two lattice sites: R = |ri −rj |/a. In a similar way, we can
write the correlation function in terms of the cell variables sα , defined in (8.102). This
expression is to be identical to G(R, τ, h), but with different scales of length, τ and h:
R → R/L

τ → τL = τLy

h → hL = hLx .

(8.115)

From here we get:
G(R, τ, h) = L2(x−d) ⟨[sα − ⟨sα ⟩][sα − ⟨sα ⟩]⟩ = L2(x−d) G(R/L, τLy , hLx )

(8.116)

and G(R, τ, h) is independent of an arbitrary parameter L if we take:
1

̃
y , τ/|h|y/x )
G(R, τ, h) = |τ|2(d−x)/y G(R|τ|

(8.117)

for R ≫ 1, |τ| ≪ 1 and h ≪ 1.
Equation (8.117) determines the critical exponents ν, ν , η. We immediately observe (see (8.90) and (8.91)) that for h = 0 the correlation length ξ ∼ |τ|−1/y . Accordingly, its critical exponent is given by:
1
2−α
= ν = ν =
.
y
d

(8.118)

Finally, the last of the critical exponents η is determined from (see (8.93)):
G(R, τ = 0, h = 0) ∼

1
.
Rd−2+η

(8.119)
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Then, demanding cancellation of the τ-dependence in (8.117) for τ → 0, we obtain
G(R) ∼ R2(x−d) ∼ R2−d−η , so that:
−(d − 2 + η) = 2(x − d).
From equation (8.109), we have x =

dδ
,
δ+1

d−2+η=

(8.120)

and then from (8.120), using (8.113), we get:

2dβ
2β
2d
=
=
δ+1 2−α
ν

(8.121)

or
1
β = (d − 2 + η)ν.
2
From (8.110) and (8.118), we have γ =
more scaling relationship:

d
y

(8.122)

− 2β = dν − 2β, and using (8.122) we obtain one

(2 − η)ν = γ.

(8.123)

It is rather easy to also derive the following relations:
dγ
= 2 − α,
2−η
d+2−η
.
δ=
d−2+η

(8.124)

In the conclusion of our discussion, we provide a summary of the most widely
used scaling relationships between physical critical exponents:
ν = ν =

γ
,
2−η

α = α = 2 − νd,
1
β = ν(d − 2 + η).
2

(8.125)
(8.126)
(8.127)

Remarkably, all experiments in the critical region of widely different physical systems,
undergoing phase transitions of the second order, confirm the scaling relations for
critical exponents, derived here.
The theoretical problem of the calculation of the values of the critical exponents
remained, for a rather long time, one of the most difficult problems of statistical
physics. The physical reason for these difficulties was the strong interaction between
fluctuations in the critical region and the absence of a natural small parameter for
the development of some kind of perturbation theory. This problem was successfully
solved by Wilson using a renormalization group approach, originating from quantum
field theory. Renormalization group transformations are actually the modern and
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rigorous realization of scaling transformations, extending the elementary discussion
given previously. We shall not discuss this formalism here, referring the reader to
the special literature on the modern theory of critical phenomena [32] and limiting
ourselves only to some qualitative results of this theory.
First of all, note that the values of the critical exponents obtained in Landau theory (mean field approximation):
ν=

1
2

α=0

γ=1 η=0
β=

1
2

δ=3

(8.128)

do not satisfy the scaling relations (8.127) and most experiments in real three-dimensional systems. At the same time, it is easy to see that the Landau theory exponents
(8.128) satisfy the scaling relations if we formally take the space dimensionality d = 4.
In this sense, we can say that Landau theory gives the correct description of critical
phenomena for spatial dimensionality d = 4 and, as is actually shown in modern
theory [32], for all d > 4. The spatial dimensionality d = 4 is usually called the upper
critical dimension. A remarkable result of the modern theory of critical phenomena
is the universality of critical behavior—the values of the critical exponents in various
physical systems actually are determined only by the spatial dimensionality of the
system and the number of components n of the order parameter (i. e., by the type of
the symmetry broken at the phase transition).
Wilson proposed an original method to calculate critical exponents, based on perturbation theory with respect to an artificial small parameter ε = 4 − d—a small deviation from the upper critical dimension d = 4, for which the critical exponents coincide with predictions of Landau (mean-field) theory (ε-expansion). Next we present
the theoretical values of the critical exponents up to terms of the order of ∼ε2 with an
n-component order parameter [32]:
γ =1+

n + 2 ε n + 2 n2 + 22n + 52 ε2
+
+ ⋅⋅⋅,
n + 8 2 n + 8 (n + 8)2
4

n + 2 ε n + 2 n2 + 23n + 60 ε2
+
+ ⋅⋅⋅,
n + 8 2 n + 8 (n + 8)2
4
n+2 2
n+2
6(3n + 14) 1 3
η=
ε +
[
− ]ε + ⋅ ⋅ ⋅ ,
4
2(n + 8)2
2(n + 8)2 (n + 8)2
1
n+2
]ε2 + ⋅ ⋅ ⋅ ,
δ=3+ε+[ −
2 (n + 8)2
1
3 ε (n + 2)(2n + 1) 2
β= −
+
ε + ⋅⋅⋅,
2 n+82
2(n + 8)
4−nε
α=
+ ⋅⋅⋅.
n+82

2ν = 1 +

(8.129)
(8.130)
(8.131)
(8.132)
(8.133)
(8.134)
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Table 8.1: Critical exponents for the model with n = 1 (Ising).
Exponent
ν
η
γ
α
β
δ

Wilson

Numerical

Landau

0.626
0.037
1.244
0.077
0.340
4.460

0.642
0.055
1.250
0.125
0.312
5.15

0.5
0
1
0
0.5
3

In Table 8.1, we compare the values of the critical exponents obtained from these expressions for the case of d = 3 (ε = 1) and n = 1 (Ising case), with the results of numerical calculations (high-temperature expansions) for the three-dimensional Ising
model. In the table, we also give the values of the critical exponents from Landau theory. We can see that the ε-expansion gives a rather satisfactory agreement with the
results of numerical analysis.9
Modern methods of calculation significantly improve the results of the simplest
form of the ε-expansion, taking into account the higher orders and asymptotic behavior of the appropriate perturbation series, and produce the values of critical exponents
in full agreement with the results of numerical calculations and experiments.
Kenneth Geddes Wilson
(1936–2013) was an American theoretical physicist with
major contributions to quantum field theory and the theory of critical phenomena in
type-II phase transitions. He
was also a pioneer in the development of computer studies in particle physics. He was
awarded the 1982 Nobel Prize
in Physics for his work on the
use of renormalization groups in the theory of phase transitions. He went to Harvard
College at age 16 and earned his PhD from Caltech in 1961, studying under Murray
Gell-Mann. He did post-doc work at Harvard and CERN. Wilson’s work in physics involved formulation of a comprehensive theory of scaling: how fundamental properties

9 Another effective method for the calculation of critical exponents is based on a perturbation expansion in powers of the inverse number of order parameter components 1/n [32] because for n → ∞ it can
be shown that the critical exponents are also given by the mean-field approximation (Landau theory).

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 2:00 AM

8.4 Scaling

| 209

and forces of a system vary depending on the scale over which they are measured. His
novel formulation of renormalization group theory provided profound insights into
the field of critical phenomena and phase transitions in statistical physics enabling
calculations of critical exponents (the so-called ϵ – expansion). As an example of
an important problem in solid-state physics that he solved using the renormalization
group is the so-called Kondo problem, related to the unusual behavior of magnetic
impurities in metals. He extended his methods on scaling to answer fundamental
questions about the nature of quantum field theory, including the physical meaning
of the renormalization group. He also pioneered our understanding of the confinement of quarks inside hadrons, utilizing lattice gauge theory, where he initiated an
approach permitting strong-coupling calculations on computers. Beside his Nobel
prize, he was awarded numerous international awards, such as the Dannie Heineman Prize for Mathematical Physics (1973), the Boltzmann Medal (1975), the Wolf
Prize (1980) and the Franklin Medal (1982).
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9 Linear response
9.1 Linear response to mechanical perturbation
Up to now, we mainly discussed the problems of equilibrium statistical mechanics.
Actually, there is a wide class of problems related to nonequilibrium processes, which
can be rigorously formulated and solved within the general formalism of equilibrium
theory. We are speaking about the rather common situation where the system is initially in an equilibrium state, but later it is perturbed by some weak external perturbation. This class of problems is analyzed within linear response theory, which gives
a well-developed and general approach to the solution of such nonequilibrium problems.1
There are two major types of external perturbations that can be applied to an arbitrary physical system at equilibrium. First of all, we may consider mechanical perturbations, corresponding to the action of some external physical fields, which can
be introduced by additional terms in the Hamiltonian describing the physical interactions with these fields. Perturbations, which cannot be described in this way, are
called, in nonequilibrium statistical mechanics, thermal perturbations. Typical examples are temperature or concentration gradients. For simplicity, in the following,
we are dealing only with mechanical perturbations, though the general formalism of
linear response theory is also well developed for thermal perturbations.
Consider the response of a quantum Gibbs ensemble, corresponding to the timeindependent Hamiltonian H, toward an external perturbation Ht1 , explicitly dependent on time. The total Hamiltonian of the system is given by:
1

ℋ = H + Ht .

(9.1)

Let us assume that at t = −∞ the external perturbation was absent, so that:
Ht1 |t=−∞ = 0.

(9.2)

In the majority of practical cases the perturbation Ht1 can be written as:
Ht1 = − ∑ Bj Fj (t),
j

(9.3)

where Fj (t) are some functions of time (c-numbers, external fields), while Bj are operators with no explicit time dependence, which are “conjugated” to the fields Fj (t).
Explicit examples will be given in the following.
1 In the following, we follow mainly [37].
https://doi.org/10.1515/9783110648485-009
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For definiteness, we shall consider an adiabatic “switching on” of a periodic (in
time) external perturbation written as:
Ht1 = − ∑ eεt−iωt Bω
ω

(ε → +0),

(9.4)

where B+ω = B−ω due to Hermiticity of the Hamiltonian.
In the general case, the statistical operator (density matrix) of the system ρ satisfies the quantum Liouville equation:
𝜕ρ
= [H + Ht1 , ρ]
𝜕t

iℏ

(9.5)

and the initial condition is, in our case, written as:
ρ|t=−∞ = ρ0 =

1 − HT
e
Z

(9.6)

which simply means that at initial moment t = −∞ our system is at the state of thermodynamic (statistical) equilibrium and described by the canonical Gibbs ensemble.
Of course, the grand canonical ensemble can also be used to describe the initial state
of the system.
Let us perform now a canonical transformation of the following form:
ρ1 = e

iHt
ℏ

ρe−

iHt
ℏ

(9.7)

.

Then the Liouville equation is reduced to the following form:
iℏ

𝜕ρ1
= [Ht1 (t), ρ1 ]
𝜕t

(9.8)

ρ1 |t=−∞ = ρ0 .

(9.9)

with the initial condition:

Here we introduced
Ht1 (t) = e

iHt
ℏ

Ht1 e−

iHt
ℏ

,

(9.10)

i. e., the perturbation operator in the Heisenberg representation with Hamiltonian H,
so that with respect to the total Hamiltonian (9.1) this defines the so-called interaction
representation.
Equation (9.8) with the initial condition given by (9.9) can be integrated and written as a single integral equation:
t

ρ1 (t) = ρ0 + ∫ dt 
−∞

1 1 
[H  (t ), ρ1 (t  )]
iℏ t

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 2:00 AM

(9.11)

9.1 Linear response to mechanical perturbation

| 213

or, making the transformation to the initial form of the density matrix ρ(t) using (9.7):
t

ρ(t) = ρ0 + ∫ dt  e−

iH(t−t  )
ℏ

−∞

iH(t−t  )
1 1
[Ht  , ρ]e ℏ ,
iℏ

(9.12)

where we have also used (9.10).
If the perturbation Ht1 is small, the solution of equation (9.12) can be obtained by
iterations, taking ρ0 as initial value. In the first-order (linear) approximation, we get:
t

ρ = ρ0 + ∫ dt 
−∞

1 1 
[H  (t − t), ρ0 ].
iℏ t

(9.13)

The second term on the right-hand side represents a nonequilibrium correction to the
density matrix, calculated in a linear approximation over the external perturbation.
Up to now, we have not used the explicit form of ρ0 . Now we can do it, taking into
account the explicit form of the canonical distribution (9.6).
Let us use the so-called Kubo identity, which is valid for any quantum operator A:
β

[A, e

−βH

] = −e

−βH

∫ dλeλH [A, H]e−λH .

(9.14)

0

The proof of this identity will be given soon, but now we can use it to rewrite (9.13) as:
β

t

0

−∞

ρ = ρ0 {1 − ∫ dλ ∫ dt  eλH Ḣ t1 (t  − t)e−λH },

(9.15)

where
1
Ḣ t1 (t  − t) = [Ht1 (t  − t), H].
iℏ

(9.16)

If we take ρ0 in the form of the grand canonical distribution, equation (9.15) remains
valid, and we only have to make the replacement H → H − μN.
Now, let us derive the Kubo identity. We write:
[A, e−βH ] = e−βH S(β),

(9.17)

where S(β) is an operator to be determined. Differentiating (9.17) with respect to β, we
obtain a differential equation for S(β):
𝜕S
= −eβH [A, H]e−βH
𝜕β

(9.18)

with the initial condition S|β=0 = 0. Integrating with this initial condition, we get (9.14).
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Equations (9.13) and (9.15) allow us to calculate (in linear approximation over Ht1 )
the average value of an arbitrary physical variable, represented by some operator A:
⟨A⟩ = Sp ρA

t

⟨A⟩ = ⟨A⟩0 + ∫ dt 
−∞

1
⟨[A(t), Ht1 (t  )]⟩0 ,
iℏ

(9.19)

where we used (9.13) and have taken into account the invariance of Sp with respect to
cyclic permutation of operators2 and
A(t) = e

iHt
ℏ

Ae−

iHt
ℏ

(9.20)

is the A operator in Heisenberg representation, and ⟨ ⋅ ⋅ ⋅ ⟩0 = Sp ρ0 ⋅ ⋅ ⋅ is the averaging
with the equilibrium density matrix. This means that the nonequilibrium problem of a
linear response is reduced to equilibrium problem, as all the averages to be calculated
now are, in fact, calculated for the equilibrium state. This remarkable result (Kubo)
allows the application of the powerful apparatus of equilibrium statistical mechanics
to the solution of this kind of (weakly) nonequilibrium problems.
Equation (9.19) describes the response of the average value of an operator A to an
external perturbation Ht1 . Note that here we are dealing with the retarded response –
it appears at the moments in time after the perturbation is switched on. This reflects
the causality principle, which is basic to all physical processes. Formally extending
the integration over time in (9.20) to +∞, which may be done by the introduction of a
step – like θ(t − t  )-function, it is convenient to rewrite (9.19) as:
∞

⟨A⟩ = ⟨A⟩0 + ∫ dt  ⟨⟨A(t)Ht1 (t  )⟩⟩,

(9.21)

−∞

where we have introduced the retarded double-time (commutator) Green’s function
(Bogolyubov, Tyablikov), defined for the pair of arbitrary operators A and B as [36]:
⟨⟨A(t), B(t  )⟩⟩ = θ(t − t  )

1
⟨[A(t), B(t  )]⟩0 ,
iℏ

(9.22)

where
1

θ(t − t  ) = {

0

for t ≥ t 

for t < t  .

(9.23)

2 We have Sp[Ht1 (t  − t), ρ0 ]A = Sp ρ0 [A, Ht1 (t  − t)] etc. The expression for A(t) appears here with on
account of (9.10) and further permutations of operators under Sp.
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As a result the problem is reduced to the calculation of appropriate double-time
Green’s functions, using the well-developed mathematical formalism [36].
The response to external perturbations can be expressed also in another form,
using the time correlation functions. Let us use the Kubo identity (9.14). Then:
β

t

0

−∞

β

t

0

−∞

⟨A⟩ = ⟨A⟩0 − ∫ dλ ∫ dt  ⟨eλH Ḣ t1 (t  )e−λH A(t)⟩0
̇
= ⟨A0 ⟩ + ∫ dλ ∫ dt  ⟨eλH Ht1 (t  )e−λH A(t)⟩
0,

(9.24)

where we have used the so-called stationarity condition:
̇ − t  )H 1 ⟩ .
⟨AḢ t1 (t  − t)⟩0 = −⟨A(t
t 0

(9.25)

The last equality follows from the fact that the equilibrium average of the product of
dynamic variables depends only on the time difference:
⟨AHt1 (t  − t)⟩0 = ⟨A(t − t  )Ht1 ⟩0 ,
which is obtained by cyclic permutations of operators like e
ferentiating (9.26) with respect to t we obtain (9.25).
Equation (9.24) can also be rewritten as:
β

t

0

−∞

β

t

0

−∞

(9.26)
iHt
ℏ

in the averaging. Dif-

⟨A⟩ = ⟨A⟩0 − ∫ dλ ∫ dt  ⟨Ḣ t1 (t  − iℏλ)A(t)⟩0
̇
= ⟨A⟩0 + ∫ dλ ∫ dt  ⟨Ht1 (t  − iℏλ)A(t)⟩.

(9.27)

Equations (9.21) and (9.27) give the general expressions for a linear response of the
system to a mechanical perturbation. For an external perturbation (9.3) these can be
written as:
∞

⟨A⟩ = ⟨A⟩0 − ∑ ∫ dt  ⟨⟨A(t)Bj (t  )⟩⟩Fj (t  ),
j −∞

β

t

⟨A⟩ = ⟨A⟩0 + ∑ ∫ dt ∫ dλ⟨eλH Bj (t  )e−λH A(t)⟩0 Fj (t  ).


j −∞

(9.28)

(9.29)

0

These are the so-called Kubo formulas for the linear response of a quantum mechanical system, which reduce the nonequilibrium problem to calculations of equilibrium
correlators. This last task is, in general, quite nontrivial and requires the development

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 2:00 AM

216 | 9 Linear response
of a special formalism, such as e. g. the theory of double-time commutator Green’s
functions.
The physical meaning of the retarded double-time Green function can be easily
understood considering the reaction of the system toward instantaneous δ-like perturbation:
Ht1 = Bδ(t − t1 )

(9.30)

⟨A⟩ = ⟨A⟩0 + ⟨⟨A(t)B(t1 )⟩⟩.

(9.31)

substituting this into (9.21) gives:

There is a number of well developed methods to calculate such Green’s functions.
Here we briefly describe the approach based on the method of equations of motion
(chain equations) [36]. The equation of motion for Green’s function (9.22):
GAB (t, t  ) ≡ ⟨⟨A(t), B(t  )⟩⟩ = θ(t − t  )

1
⟨[A(t), B(t  )]⟩0
iℏ

(9.32)

can be easily obtained from the general equation of motion for an arbitrary quantum
operator in Heisenberg representation:
iℏ

dA
= [A, H] = AH − HA.
dt

(9.33)

The right-hand side of this equation can be calculated for each concrete problem, using the explicit form of the Hamiltonian and the commutation relations for the operators. Differentiating (9.32) with respect to t we obtain the equation:
iℏ

dGAB dθ(t − t  )
dA(t)
=
⟨[A(t), B(t  )]⟩0 + ⟨⟨iℏ
, B(t  )⟩⟩.
dt
dt
dt

(9.34)

Taking into account the obvious relation of the θ(t) step-like function to the δ-function
of t:
t

θ(t) = ∫ dtδ(t  )

(9.35)

−∞

as well as the equations of motion for the operator A (9.33), we can write the equation
of motion for the Green’s function in the following form:
iℏ

dGAB
= δ(t − t  )⟨[A(t), B(t  )]⟩0 + ⟨⟨{A(t)H(t) − H(t)A(t)}, B(t  )⟩⟩.
dt

(9.36)

The right-hand side of equation (9.36), in general, contains double-time Green’s functions of higher order than the initial one, which is connected with the nontrivial interaction in any many-particle system. For these Green’s functions we can again write
equations of motion similar to (9.36) and obtain the chain of interconnected equations of motion for the set of Green’s functions of higher and higher orders. This chain
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of equations is, in the general case, infinite, so that we are dealing with an infinite
system of integrodifferential equations, which can not be solved. However, in most
practical cases this chain of equations can be approximately “decoupled”, expressing
in some way the higher-order Green’s functions via the lower-order ones. Then we obtain a finite system of equations (or sometime even a single equation), which is much
easier to solve. Unfortunately, there is no general theoretical recipe for decoupling this
chain of equations, everything depends on the skills and abilities of a theorist, trying
to solve the problem. Examples of successful decouplings and solutions of a number
of physical models by using this method can be found in the literature [36].
Ryogo Kubo (1920–1995) was a Japanese theoretical physicist, best known for his works in
statistical physics and nonequilibrium statistical mechanics. Kubo studied physics at the University of Tokyo. Since then he worked at the University of Tokyo (from 1954 professor of physics).
His Ph. D. thesis was devoted to the polymer
physics. Then he worked on the statistical theory of nuclear spin resonance and relaxation.
In the end of 1950s, Kubo introduced the general linear response theory for near-equilibrium
condensed-matter systems, in particular the understanding of electron transport and conductivity, through the Kubo formalism,
which was later extended with the use of Green’s function approach to linear response
theory for general quantum systems. Actually, he was able to reduce the problem of
linear response of nonequilibrium system to equilibrium problem, which can be solved
by the methods of Gibbs’s statistical mechanics. In 1977 Kubo was awarded the Boltzmann Medal for his contributions to the theory of nonequilibrium statistical mechanics, and to the theory of fluctuation phenomena. He is cited particularly for his work
in the establishment of the basic relations between transport coefficients and equilibrium time correlation functions: relations which are commonly called Kubo’s formulas. Ryogo Kubo was the President of the Physical Society of Japan (1964–1965) and
the member of many foreign academies. Since 1985 he was professor of physics at the
Keio University of Yokohama.

9.2 Electrical conductivity and magnetic susceptibility
Consider the reaction of the system to an external electric field. The perturbation (9.3)
can in this case be written as:
Ht1 = − ∑ ej (Exj ) cos ωteεt = −(EP) cos ωteεt ,
j

(9.37)
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where ej is the charge of the j-th particle, xj is its coordinate, E is the electric field,
playing the role of an external (c-number) “force”,
P = ∑ ej xj

(9.38)

j

is the polarization vector, considered here as a quantum mechanical operator. This
perturbation induces the electric current, which according to (9.21) it can be written
as:
∞

⟨Jα ⟩ = ∫ dt  ⟨⟨Jα (t), Ht1 (t  )⟩⟩.

(9.39)

−∞

Here, we do not have the constant term, as in equilibrium the electric current is just
zero, ⟨Jα ⟩ = 0. Also in equation (9.39) we have:
Ht1 (t) = −(EP(t)) cos ωteεt

Jα (t) = ∑ ej ẋjα (t) = Ṗ α (t),
j

(9.40)

where Jα is an electric current operator, ẋjα is the appropriate velocity component of
the j-th particle.
Taking into account (9.40), expression (9.39) can be written as:
∞

⟨Jα ⟩ = − ∑ ∫ dt  ⟨⟨Jα (t)Pβ (t  )⟩⟩Eβ cos ωt  eεt .

(9.41)

⟨Jα ⟩ = ∑ Re{σαβ (ω)e−iωt+εt }Eβ ,

(9.42)



β −∞

Accordingly:
β

where
∞

σαβ (ω) = − ∫ dte−iωt+εt ⟨⟨Jα Pβ (t)⟩⟩

(9.43)

−∞

is the conductivity tensor in a periodic external field. The limit of ε → 0 is to be taken
here after the thermodynamic limit V → ∞, N → ∞ (V/N → const).
Thus, an adiabatic switching on of the electric field leads to the appearance of
an electric current in a system with finite conductivity (irreversible process). Static
conductivity can be obtained from (9.43) taking the limit of ω → 0:
∞

σαβ = lim ∫ dteεt ⟨⟨Jα Pβ (t)⟩⟩.
ε→0

−∞
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Let us rewrite (9.43) as (making permutations of operators in Sp):
0

1
σαβ (ω) = − ∫ dte−iωt+εt Sp{[Pβ (t), ρ0 ]Jα }
iℏ

(9.45)

−∞

and apply the Kubo identity:
β

[Pβ (t), ρ0 ] = −iℏρ0 ∫ dλeλH Ṗ β (t)e−λH .

(9.46)

0

Then we obtain:
β

∞

0

0

β

∞

σαβ = ∫ dλ ∫ dteiωt−εt ⟨eλH Jβ e−λH Jα (t)⟩0
= ∫ dλ ∫ dteiωt−εt ⟨Jβ Jα (t + iℏλ)⟩0 ,
0

(9.47)

0

which is the notorious Kubo formula for conductivity.
In the static limit we have:
β ∞

σαβ = lim ∫ ∫ dte−εt ⟨Jβ Jα (t + iℏλ)⟩0 .
ε→0

(9.48)

0 0

Thus, the problem of the calculation of conductivity is reduced to the calculation of the
time correlation functions of the currents in thermodynamic equilibrium. In concrete
systems this is obviously a rather complicated task, which can be analyzed and solved
by different methods, which we shall not discuss here.
Consider now the response of the system to the switching on of a homogeneous
(in space) time-dependent (periodic) magnetic field (periodic) H(t) with frequency ω:
H(t) = H cos ωteεt = Re e−iωt+εt H.

(9.49)

This perturbation is described by the operator (9.3) of the following form:
Ht1 = −MH(t) = −MH cos ωteεt ,

(9.50)

where M is the operator for the (total) magnetic moment the system. Under the influence of this perturbation, the magnetic moment of the system changes, according to
(9.21), as:
∞

⟨Mα ⟩ = ⟨Mα ⟩0 + ∫ dt  ⟨⟨Mα (t)Ht1 (t  )⟩⟩,

(9.51)

−∞
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where ⟨Mα ⟩0 is the average projection of the magnetic moment on α-axis at equilibrium. If there is a magnetic field present at equilibrium we have ⟨Mα ⟩0 ≠ 0. Expression
(9.51) can be written as:
⟨Mα ⟩ = ⟨Mα ⟩0 + ∑ Re{χαβ (ω)e−iωt+εt }Hβ ,
β

(9.52)

where
∞

χαβ (ω) = − ∫ dte−iωt+εt ⟨⟨Mα Mβ (t)⟩⟩

(9.53)

−∞

is the tensor of the magnetic susceptibility in the periodic magnetic field. With the
help of the Kubo identity equation (9.53) can be rewritten also as:
β

∞

χαβ = ∫ dλ ∫ dteiωt−εt ⟨Ṁ β Mα (t + iℏλ)⟩.
0

(9.54)

0

These expressions are widely used e. g. in the theory of magnetic resonance.
As an elementary example of the use of the Kubo formulas we consider electric
conductivity, making the simplest assumptions for the time behavior of the correlation
functions. Using equations (9.22), (9.44) we get:
0

σαβ

1
= − lim
∫ dteεt ⟨[Jα , Pβ (t)]⟩0 .
ε→0 iℏ

(9.55)

−∞

Let us assume that
|t|

⟨[Jα , Pβ (t)]⟩0 ≈ ⟨[Jα , Pβ ]⟩0 e− τ ,

(9.56)

where τ is some relaxation time. The correlation function at coinciding times can be
found in an elementary way as:
⟨[Jα , Pβ ]⟩0 = ⟨[∑
i

e α
β
p , ∑ exj ]⟩
m i j
0

2

=

e
e2
β
∑[pαi , xi ] = −iℏδαβ N,
m i
m

(9.57)

where N is the total number of particles, and we used the standard commutation reβ
lation [xi , pαi ] = iℏδαβ . Then we find:
0

σαβ

Ne2
Ne2
=
δαβ lim ∫ dte(ε+1/τ)t =
τδ
ε→0
m
m αβ
−∞
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or, per unit volume:

ne2
τδ ,
(9.59)
m αβ
which is the usual Drude expression for conductivity. Let us stress that the real problem for the theory is, of course, the derivation of behavior like that given by equation (9.56) from some microscopic model, which also allows the calculation of the
dependencies of τ on temperature (or the concentration of impurities) for different
mechanisms of scattering. These problems can be solved by modern theoretical methods, such as the Green’s functions formalism.
σαβ =

9.3 Dispersion relations
Now we shall discuss some general properties of response functions. Consider again
a time-depending mechanical perturbation, which is switched on adiabatically is and
described by the following term in the Hamiltonian:
n

Ht1 = − ∑ Fj (t)Bj ,

(9.60)

j=1

where Fj (t) ∼ eεt for t → −∞, ε → +0, Bj are some dynamical variables (operators),
while Fj (t) are c-number “forces”, representing external fields acting upon the variables Bj . For simplicity we assume below, that in the equilibrium state (for Fj = 0) we
have ⟨Aj ⟩0 = 0, so that the response of the system to an external perturbation (9.60) is
written, according to (9.21), in the following form:
t

⟨Ai ⟩ = ∫ dt  κij (t − t  )Fj (t  ),

(9.61)

−∞

where
κij (t − t  ) = −⟨⟨Ai (t)Bj (t  )⟩⟩

(9.62)

is the generalized response matrix. The retarded Green’s function is different from zero
only for the positive values of time difference, so that:
κij (t − t  ) = 0

for t < t  ,

(9.63)

which reflects the causality: the response of the system can not be earlier in time than
the perturbation due to which it appears.
Let us make a Fourier expansion of Fj (t) and ⟨Ai ⟩:
∞

1
⟨Ai ⟩ =
∫ dωe−iωt Ai , (ω)
2π

(9.64)

1
∫ dωe−iωt Fj , (ω)
2π

(9.65)

−∞
∞

Fj (t) =

−∞
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where the Fourier components:
∞

Ai (ω) = ∫ eiωt ⟨Ai (t)⟩,

(9.66)

−∞
∞

Fj (ω) = ∫ dteiωt Fj (t).

(9.67)

−∞

Making the Fourier transformation in (9.61) we reduce the integral relation to an algebraic one:
Ai (ω) = κij (ω)Fj (ω),

(9.68)

where
∞

κij (ω) = ∫ dteiωt κij (t) = −⟨⟨Ai |Bj ⟩⟩ω
−∞
β

∞

= ∫ dte
0

−iωt−εt

∫ dλ⟨Ḃ j Ai (t + iℏλ)⟩

(9.69)

0

is the Fourier-transformed generalized susceptibility matrix. The last expression is
sometimes called Kubo’s fluctuation–dissipation theorem.3
As both Ai and Fj are real, we have:
Ai (ω) = A⋆i (−ω) Fj (ω) = Fj⋆ (−ω)

(9.70)

κij = κij⋆ (−ω)

(9.71)

so that

and we obtain
Re κij (ω) = Re κij (−ω)

Im κij (ω) = − Im κij (−ω).

(9.72)

We see that the real part of the generalized susceptibility κij (ω) is even, while the imaginary part is odd over frequency ω.4
3 The fluctuation–dissipation theorem can be written in different forms and gives the relation between the susceptibilities (or transport coefficients) and the appropriate equilibrium correlators (fluctuations).
4 It can be shown that Im κij determines the dissipation of energy of an external field, so that Im κij (ω >
0) > 0.
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Due to causality (cf. (9.63)) the first integral in (9.69) is in fact reduced to (for
brevity, we drop indices i, j in the following):
∞

κ(ω) = ∫ dtκ(t)eiωt .

(9.73)

0

From this fact alone we can obtain some quite general relations for κ(ω), considering
it as a function of the complex frequency ω = ω + iω . Consider the properties of κ(ω)
in the upper half-plane of ω. From (9.73) and the fact that κ(t) is finite for all positive
values of t it follows, that κ(ω) is a finite single-valued function in the whole upper
half-plane of ω, where it never becomes infinite, i. e. it does not have any singularities there. The proof is simple: for ω > 0 there is an exponential dumping factor of
exp(−tω ) in the integrand of (9.73), the function κ(t) is finite over the whole range of
integration, so that the integral in (9.73) converges. Let us stress that the conclusion
about the absence of singularities of κ(ω) in the upper half-plane, from a physical point
of view is a direct consequence of causality. Causality alone transforms the integration
in (9.73) to the limits from 0 to ∞ (instead of −∞ to ∞). The function κ(ω) is nonsingular also along the real axis of the frequency (ω = 0), except probably at the origin
(ω = 0).
Let us derive now the general formulas connecting the real and imaginary parts
κ(ω)
of κ(ω). Let us choose some real and positive value of ω = ω0 and integrate ω−ω
over
0
the contour C, shown in Figure 9.1.

Figure 9.1: Contour of integration used in the derivation of the Kramers–Kronig relations.

κ(ω)
κ(ω)
At infinity κ → 0 so that ω−ω
tends to zero faster than 1/ω. Thus the integral ∫C dω ω−ω
0
0
converges. The function κ(ω) does not have singularities in the upper half-plane and
κ(ω)
point ω = ω0 is excluded from integration, so that ω−ω
is analytic inside contour C,
0
so that our integral is just zero (Cauchy theorem).
The integral over the semicircle becomes zero at infinity, due to fast dumping of
the integrand. The point ω0 is surpassed by a small semicircle (with radius ρ → 0).
This encirclement is performed clockwise and leads to a contribution −iπκ(ω0 ) (the
integral over the complete circle gives −2iπκ(ω0 )). If κ(0) is finite, surpassing the origin
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is excessive and integration along the real axis leads to:
ω0 −ρ

∞

−∞

ω0 +ρ

κ(ω)
κ(ω)
lim { ∫ dω
+ ∫ dω
} − iπκ(ω0 ) = 0.
ρ→0
ω − ω0
ω − ω0

(9.74)

The first term here is the integral from −∞ to ∞, understood as a principal value, thus
we obtain:
∞

iπκ(ω0 ) = P ∫ dω
−∞

κ(ω)
.
ω − ω0

This relation is obtained immediately if we consider the integral
axis and use the famous relation for generalized functions:

(9.75)
κ(ω)
ω−ω0 +iδ

along the real

1
1
= P − iπδ(x) δ → +0.
x + iδ
x

(9.76)

The previous discussion in fact just gives the derivation of this useful relation.
The integration variable ω in (9.75) takes on only real values. Let us denote it ξ , and
from now on use ω to denote the fixed real value of the frequency ω0 . Then, separating
the real and imaginary parts in (9.75), we obtain:
∞

Im κ(ξ )
1
Re κ(ω) = P ∫ dξ
,
π
ξ −ω

(9.77)

Re κ(ξ )
1
Im κ(ω) = − P ∫ dξ
.
π
ξ −ω

(9.78)

−∞
∞

−∞

These are the notorious Kramers–Kronig relations. The only property of κ(ω) used
in our derivation was the absence of singularities of this function in the upper halfplane.5 Thus, we may say, that the Kramers–Kronig relations directly follow from the
causality principle.
Using the oddness of Im κ(ξ ), we can rewrite the first of these relations as:
∞

Re κ(ω) =

∞

Im κ(ξ )
Im κ(ξ )
1
P ∫ dξ
+ P ∫ dξ
π
ξ −ω
ξ +ω
0

(9.79)

0

or
∞

ξ Im κ(ω)
2
Re κ(ω) = ∫ dξ 2
.
π
ξ − ω2

(9.80)

0

5 As to the property of κ → 0 for ω → ∞, it is not so important: if the limit of κ∞ is finite, we can
simply consider the difference κ − κ∞ instead of κ, with appropriate changes in all expressions.
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If κ(ω) has a pole at ω = 0, so that close to it κ = iA/ω, surpassing this pole over
the semicircle produces an additional −A/ω contribution to the integral, which is to be
added to the left-hand side of (9.75). Accordingly, a similar term will appear in (9.78):
∞

Re κ(ξ ) A
1
+ .
Im κ(ω) = − P ∫ dξ
π
ξ −ω
ω

(9.81)

−∞

The Kramers–Kronig relations are the most important exact expressions allowing
to control theoretical models and calculations, with important experimental applications: measurements of Re κ(ω) in a wide frequency interval allow to restore the values
of Im κ(ω) (and vice versa), performing numerical integration of experimental data.
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10 Kinetic equations
10.1 Boltzmann equation
The theory of linear response is appropriate to describe the reaction of a system to
weak external perturbations, moving it slightly outside of thermodynamic equilibrium. In principle, it can be applied to systems of a quite general nature. Another
problem is the description of arbitrary nonequilibrium states. Up to now, there is no
general theory of this kind applicable to arbitrary systems of particles. However, much
progress has been made in the studies of general nonequilibrium behavior of gases of
weakly interacting (or rarefied) particles (or quasi-particles). Historically, this was the
first branch of nonequilibrium statistical mechanics, started in works of Boltzmann.
This is often called physical kinetics or the theory of kinetic equations.
Here we shall rather briefly discuss the derivation of the basic equation of the
kinetic theory of gases, determining the distribution function f (p, r, t) of separate particles in the general nonequilibrium case.1 This equation is essential to the solution of
many problems involving the physical kinetics of gases [11, 23]. Similar quantum kinetic equations describe nonequilibrium processes in gases of quasi-particles in quantum liquids and solids at low temperatures.
If we neglect atomic collision, each atom represents a closed subsystem and its
distribution function satisfies the Liouville equation:
df
= 0.
dt

(10.1)

The total derivative here denotes differentiation along the phase trajectory of an atom,
determined by the equations of motion. In the absence of an external field, the value
of a freely moving atom remains constant, while only its coordinates r change. Then:
df
𝜕f
=
+ v∇f ,
dt
𝜕t

(10.2)

where v is the velocity. If our gas is in an external field, defined by the potential U(r),
we have:
df
𝜕f
𝜕f
=
+ v∇f + F ,
dt
𝜕t
𝜕p

(10.3)

where F = −∇U is the force, acting upon an atom due to this field. In the following, for
brevity, we assume that an external field is absent, so that F = 0.
1 Previously, during our discussion of Boltzmann’s statistics (e. g., equations (3.8), (3.28) etc.), we
denoted this function as n(p, q). For simplicity we limit ourselves to one-atom gases.
https://doi.org/10.1515/9783110648485-010
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Atomic collisions break the equality in equation (10.1) and the distribution function is not conserving along the phase trajectories, so that, instead of (10.1), we have
to write:
df
= St f ,
dt

(10.4)

where St f denotes the rate of the change of the distribution function due to these
collisions. Using equation (10.2), we can write:
𝜕f
= −v∇f + St f ,
𝜕t

(10.5)

which defines the total change of the distribution function at a given point in phase
space, where the first term in the right-hand side determines the number of atoms leaving the given phase-space element due to free motion. The most important term St f is
called the collision integral, while equation (10.4) itself is called the kinetic equation.2
Obviously, the kinetic equation becomes well-defined only after we establish the
explicit form of the collision integral. For qualitative estimates of the kinetics in gases,
a very common (and crude) form of the collision term can be introduced using the
concept of mean free time τ, i. e., the average time between two successive atomic collisions (the so-called τ-approximation):
St f ≈ −

f − f0
,
τ

(10.6)

where f0 denotes the equilibrium distribution function. The numerator of this expression guarantees the vanishing of the collision integral in equilibrium, while the minus
sign reflects the fact that collisions, in general, lead to the equilibrium state of the system, i. e., diminishing the deviation of the distribution function from its equilibrium
value. In this sense, the value of τ plays the role of relaxation time for the establishment of equilibrium in each elementary volume of the gas.
The consistent derivation of the collision integral for a classical gas can be performed using Bogolyubov’s method, which gives the regular procedure for the derivation of not only the simplest Boltzmann’s equation (which can also be obtained
through a purely heuristic approach [23]), but also corrections to it. However, in the
following we limit ourselves to the derivation of Boltzmann’s collision integral, which
is sufficient for us to illustrate the general method.
The starting point of Bogolyubov’s approach is the use of the chain of equations
for partial distribution functions (1.93):
𝜕Fs
N s 𝜕U(|ri − rs+1 |) 𝜕Fs+1
= {H (s) , Fs } + ∑ ∫
drs+1 dps+1 .
𝜕t
V i=1
𝜕ri
𝜕pi
2 Sometimes it is also called the transport equation.
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Our aim is to construct the closed equation for the one-particle distribution function
f (p, r, t) = NV F1 (r, p, t).3
Using the definition of the Poisson brackets and equation (10.7) we immediately
obtain the first equation of the chain for F1 (r, p, t) as:
𝜕F1 (t, τ1 )
𝜕F (t, τ1 ) N 𝜕U12 𝜕F2 (t, τ1 , τ2 )
+ v1 1
= ∫
dτ2 ,
𝜕t
𝜕r1
V
𝜕r1
𝜕p1

(10.8)

where for brevity we introduced the variables τ = r, p.
Similarly, the second equation of the chain takes the form:
𝜕F2
𝜕F
𝜕F
𝜕U12 𝜕F2 𝜕U12 𝜕F2
+ v1 2 + v2 2 −
−
𝜕t
𝜕r1
𝜕r2
𝜕r1 𝜕p1
𝜕r2 𝜕p2
𝜕F 𝜕U
𝜕F 𝜕U
N
= ∫ dτ3 [ 3 13 + 3 23 ].
V
𝜕p1 𝜕r1
𝜕p2 𝜕r2

(10.9)

It is not difficult to see that the integral in the r. h. s. of the last equation is small. In
fact, the interaction potential U(r) is effectively nonzero only within the limits defined
by the radius of the forces it creates, which we denote by d, i. e., for r < d. Thus,
integration over the coordinates in dτ3 is performed over the region defined by |r1 −
r3 | < d or |r2 − r3 | < d, i. e., the volume of the order of ∼d3 . Using (1.81), we have
1
∫ F3 dτ3 = F2 , where integration is over the whole phase space. Then we get the
V
following estimate:
𝜕F 𝜕U
N
𝜕U(r) 𝜕F2 d3
,
∫[ 3 13 ]dτ3 ∼
V
𝜕p1 𝜕r1
𝜕r 𝜕p1 a3

(10.10)

where a is the average distance between the particles in our gas. Then it is clear that
the r. h. s. of equation (10.9) is small with respect to the parameter (d/a)3 (we assume
the gas to be rarefied!), as compared with terms containing 𝜕U/𝜕r in the l. h. s. Thus
the r. h. s. can be neglected. The sum of all terms in the l. h. s. of the equation in fact
represents the total derivative dF2 /dt, where r1 , r2 , p1 , p2 are considered as functions
of time, satisfying the equations of motion for the two particle problem, defined by the
Hamiltonian:
H=

p21
p2
+ 2 + U(|r1 − r2 |).
2m 2m

(10.11)

d
F (t, τ1 , τ2 ) = 0.
dt 2

(10.12)

Thus, we have:

3 The distribution function f (p, r) is normalized to the total number of particles (3.28), while F1 (r, p, t)
is normalized to unity, according to (1.80).
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Up to now our analysis was purely mechanical. To derive the kinetic equation we
have to make some assumptions of a statistical nature. Let us assume that all colliding particles of the gas are statistically independent. This assumption will be used as
a kind of initial condition for the differential equation (10.12). This assumption introduces time asymmetry, which leads to an irreversible kinetic equation, despite our use
of the time-reversible equations of motion of classical mechanics. The essence of the
problem here is that any correlation between coordinates and momenta of the particles in the gas appears only during the pretty short collision time of the order of ∼d/v
(v is the average velocity of gas particles), and affects particles up to distances of the
order of d only.
Let t0 be some moment in time before the collision, when the two particles are
rather far from each other, so that (|r10 −r20 | ≫ d, where the subscript zero denotes the
values at this given moment). The statistical independence of the colliding particles
means that, at this moment t0 , the two particle distribution function F2 is factorized
into the product of one particle functions F1 . Then, integration of equation (10.12) from
t0 to t gives:
F2 (t, τ1 , τ2 ) = F1 (t0 , τ10 )F1 (t0 , τ20 ).

(10.13)

Here, τ10 = (r10 , p10 ) and τ20 = (r20 , p20 ) are to be understood as the values of the
coordinates and momenta, which the particles should have had at the moment t0 to
achieve the given values of τ1 = (r1 , p1 ) and τ2 = (r2 , p2 ) at time t. In this sense, τ10 and
τ20 are functions of τ1 , τ2 and t−t0 . Furthermore, only r10 and r20 depend on t−t0 , while
the values of p10 and p20 , related to the free-moving particles before the collision, do
not depend on t − t0 .
Let us return to equation (10.8)—the future kinetic equation. The left-hand side
here is of the required form, but we are interested in the right-hand side, which should
become the collision integral. Let us there substitute F2 from (10.13) and introduce
f (p, r, t) = NV F1 (r, p, t) instead of F1 . Then we obtain:
𝜕f (t, τ1 )
𝜕f (t, τ1 )
+ v1
= St f ,
𝜕t
𝜕r1

(10.14)

where
St f = ∫ dτ2

𝜕U12 𝜕
[f (t0 , τ10 )f (t0 , τ20 )].
𝜕r1 𝜕p1

(10.15)

In (10.15), the relevant region for integration is determined by |r2 − r1 | ∼ d, i. e., by
the region where the real collision takes place. In this region, in first approximation,
we can simply neglect the coordinate dependence of f , as it significantly changes only
on the scale of the order of the mean free path l, which is much greater than d. The
final form of the collision integral does not change at all, if we consider from the very
beginning only the spatially homogeneous case, assuming that f does not depend on
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coordinates. In accordance with previous remarks, this means that in the functions
f (t0 , p10 ) and f (t0 , p10 ) we can just neglect an explicit time dependence via r10 (t) and
r20 (t).
Let us transform the integrand in (10.15) using (10.12) and taking into account the
absence of an explicit dependence on time:
d
f (t , p )f (t0 , p20 )
dt 0 10
𝜕U12 𝜕
𝜕U12 𝜕
𝜕
𝜕
= (v1
+ v2
−
−
)f (t0 , p10 )f (t0 , p20 ) = 0.
𝜕r1
𝜕r2
𝜕r1 𝜕p1
𝜕r2 𝜕p2

(10.16)

Now, we can express the derivative with respect to p1 via the derivatives with respect
to r1 , r2 and p2 and substitute the expression obtained in this way into (10.15). The term
with 𝜕/𝜕p2 disappears after transformation into a surface integral in momentum space
(using Gauss’ theorem). After that we get:
St f (t, p1 ) = ∫ v12

𝜕
[f (t0 , p10 )f (t0 , p20 )]d3 rd3 p2 ,
𝜕r

(10.17)

where we have introduced the relative velocity of the particles v12 = v1 − v2 , and
taken into account that both p10 and p20 and, correspondingly, the whole expression
in square brackets depends not on r1 and r2 separately, but only on the difference
r = r1 − r2 . Let us introduce, instead of r = (x, y, z), cylindrical coordinates z, ρ, φ, with
the z-axis along v12 . Noting that v12 𝜕/𝜕r = v12 𝜕/𝜕z, and performing integration over
dz, we rewrite (10.17) as:

3
St f (t, p1 ) = ∫[f (t0 , p10 )f (t0 , p20 )] ∞
−∞ v12 ρdρdφd p2 ,

(10.18)

where the limits z = ±∞ should be understood as distances large in comparison with
d, but small in comparison with the mean free path l. This is due to our use of equation (10.16) during transformation from (10.15) to (10.18), which is valid until the particles under consideration do not collide anymore.
Remember now that p10 and p20 are the initial momenta (at the moment t0 ) of
particles, which at the final moment t possess p1 and p2 . If in the final moment z =
z1 − z2 = −∞, the particles 1 and 2 are at a distance, which is obviously greater than d
and do not interact with each other, and there were no collisions between them, then
the initial and final momenta just coincide: p10 = p1 , p20 = p2 for z = −∞. If at the
final moment z = +∞, there was a collision, and the particles acquired momenta p1
and p2 as a result of it. In this case, we denote p10 = p 1 (ρ) and p20 = p 2 (ρ) for z = ∞.
These values for the momenta are functions of the coordinate ρ, which is actually the
impact parameter, while the product
ρdρdφ = dσ

(10.19)

represents the classical differential scattering cross section [17].
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Note finally that the explicit dependence of the functions f (t0 , p10 ) and f (t0 , p20 )
on t0 can be replaced, on the same level of approximation, by a similar dependence
on t. In fact, the validity of (10.13) requires only that t − t0 ≫ d/v: at the moment
t0 , the distance between the particles must be great in comparison with the effective
radius of the forces d. At the same time, the time difference t − t0 can be chosen to
satisfy t − t0 ≪ l/v, where l is the mean free path. The ratio of l/v gives the mean
free time, which is just a characteristic time for a significant change of distribution
function. Then, the change of distribution function during the time interval t − t0 will
be relatively small and can be neglected.
Taking into account these remarks we can reduce (10.18) to the final form:
St f (t, p1 ) = ∫[f (t, p 1 )f (t, p 2 ) − f (t, p1 )f (t, p2 )]v12 dσd3 p2 ,

(10.20)

which is called Boltzmann’s collision integral. The kinetic equation (10.5) with such a
collision integral is called Boltzmann’s kinetic equation.
Boltzmann obtained his collision integral from simple heuristic considerations,
based on the so-called Stosszahlansatz. It is clear that the collision integral can be
written as St f = R̄ − R, where R̄ represents the growth rate of the distribution function
f (r, p1 , t) due to atomic collisions in the gas, while R is its drop rate due to similar collisions. Let us first determine R. Consider some atom within the volume element d3 r
surrounding point r, with its momentum belonging to some element d3 p1 of momentum space around p1 . Within the same spatial volume, we have atoms with arbitrary
momenta p2 , which can be considered as a beam of particles, scattered by an atom
with momentum p1 . The flow of these scattered atoms is given by:
I = f (r, p2 , t)d3 p2 |v1 − v2 |.

(10.21)

According to the Stosszahlansatz, the distribution function f in (10.21) coincides with
our distribution function, to be determined from the kinetic equation. This seems an
almost obvious assumption, but actually it is the central point of our derivation, with
no rigorous justification. The number of collisions like p2 , p2 → p 1 , p 2 , taking place
in volume element d3 r during one unit of time, is given by:
Idσ = f (r, p2 , t)|v1 − v2 |dσ.

(10.22)

The drop rate R of the distribution function is obtained by summation of (10.22) over
all values of p2 and multiplication of the result by the density of the atoms in volume
element d3 p1 in velocity space:
R = f (r, p1 , t) ∫ d3 p2 dσ|v1 − v2 |f (r, p2 , t).

(10.23)

In a similar way, we can determine also the value of R.̄ Consider the collisions
p 1 , p 2 → p1 , p2 , where momentum p1 is considered as fixed. Consider the beam
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of atoms with momenta p 2 , colliding with an atom possessing the momentum p 1 .
The flow density of this beam is given by:
f (r, p 2 , t)d3 p2 |v 2 − v 1 |.

(10.24)

The number of collision of this type per unit of time is:
f (r, p 2 , t)d3 p2 |v 2 − v 1 |dσ  .

(10.25)

The growth rate of the distribution function R̄ is determined by the integral:
̄ 3 p1 = ∫ d3 p dσ  |v 2 − v 1 |[f (r, p 1 , t)d3 p ]f (r, p 2 , t).
Rd
2
1

(10.26)

Due to the time invariance of the equations of motion, the differential cross sections
of the direct and inverse scatterings are the same: dσ = dσ  . Besides that, the conservation laws (we consider only elastic scatterings!) give:
|v1 − v2 | = |v 1 − v 2 |

d3 p1 d3 p2 = d3 p1 d3 p2 .

(10.27)

R̄ = ∫ d3 p2 dσ|v1 − v2 |f (r, p 1 , t)f (r, p 2 , t).

(10.28)

Then:

It is necessary to note that the momentum p1 here is fixed, while p 1 and p 2 are functions of p1 , p2 .
Using the derived expressions for R and R,̄ and introducing the obvious shortened
notations, we obtain:
St f = R̄ − R = ∫ d3 p2 dσ|v1 − v2 |(f1 f2 − f1 f2 ),

(10.29)

which coincides with equation (10.20).

10.2 H-theorem
A nonequilibrium gas freely evolving with no external perturbations tends to equilibrium. Similar behavior is characteristic of any closed macroscopic system. This should
be accompanied by a corresponding entropy growth. This is experimentally observed
behavior, and the evolution of the nonequilibrium distribution function, following
from the kinetic equation, should satisfy this observation. In fact, we can derive this
(irreversible!) behavior directly from the Boltzmann’s equation.
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We have shown (equations (3.25) and (3.30)), that the entropy of an ideal gas in
the nonequilibrium (macroscopic) state, described by the distribution function f , is
equal to:
e
S = ∫ f ln dVd3 p.
f

(10.30)

Differentiating this expression with respect to time, we can write:
e
𝜕f
dS
𝜕
= ∫ (f ln )dVd3 p = − ∫ ln f dVd3 p.
dt
𝜕t
f
𝜕t

(10.31)

An equilibrium state in a gas is achieved via atomic (molecular) collisions, and the
corresponding entropy growth should be related precisely to the change in the distribution functions due to these collisions. The change in the distribution function due
to the free motion of atoms cannot change the entropy of the gas. This change is determined (for a gas in an external field) by the first two terms on the right-hand side
of:
𝜕f
𝜕f
= −v∇f − F
+ St f .
𝜕t
𝜕p

(10.32)

The corresponding contribution to dS/dt is given by:
− ∫ ln f [−v

𝜕f
𝜕f
𝜕
𝜕
f
− F ]dVd3 p = ∫[v + F ](f ln )dVd3 p.
𝜕r
𝜕p
𝜕r
𝜕p
e

(10.33)

The integral over dV of the term with derivative 𝜕/𝜕r is transformed via Gauss’ theorem
to the surface integral at infinity, which is actually zero, because outside the volume
occupied by gas, we have f = 0. Similarly, the term with derivative 𝜕/𝜕p integrated
over d3 p is transformed into the surface integral at infinity in momentum space and
is also just equal to zero.
Thus, we obtain the rate of change of entropy as:
dS
= − ∫ ln fSt fd3 pdV.
dt

(10.34)

Substituting here Boltzmann’s collision integral (10.29), we get:
dS
= − ∫ d3 p1 ∫ dp32 dσ|v1 − v2 |(f2 f1 − f2 f1 ) ln f1 .
dt

(10.35)

The integral here does not change after permutation of the variables p1 andp2 , as the
scattering cross section is invariant with respect to this permutation. Performing this
change of integration variables and taking the half-sums of the new and previous expression (10.35), we obtain:
dS
1
= − ∫ d3 p1 ∫ d3 p2 dσ|v2 − v1 |(f2 f1 − f2 f1 ) ln(f1 f2 ).
dt
2

(10.36)
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This integral is also invariant with respect to the mutual permutation of p1 , p2 and
p 1 , p 2 , because each direct collision process corresponds to the inverse collision with
the same cross section. Accordingly, we can write:
1
dS
= − ∫ d3 p1 ∫ d3 p2 dσ  |v 2 − v 1 |(f2 f1 − f2 f1 ) ln(f1 f2 ).
dt
2

(10.37)

Noting that d3 p1 d3 p2 = d3 p1 d3 p2 and |v 2 − v 1 | = |v2 − v1 | and dσ  = dσ, we take the
half-sum of equations (10.36), (10.37), and obtain:
1
dS
= − ∫ d3 p1 ∫ d3 p2 dσ|v2 − v1 |(f2 f1 − f2 f1 )[ln(f1 f2 ) − ln(f1 f2 )].
dt
4

(10.38)

The integrand in (10.38) is never positive, which is clear from the previously used inequality x ln x > x−1 (valid for x > 0). Thus, we have proved the notorious Boltzmann’s
≥ 0, which is equivalent to the law of entropy growth.4
H-theorem: dS
dt
It is easy to see that dS
= 0 only in the case of the integrand in (10.38) being idendt
tically zero. This is only so when all distribution functions, entering the collision integral, are equal to their corresponding equilibrium (Boltzmann distribution) values.
It is now also clear that the arbitrary initial (nonequilibrium) distribution function
f (p, t) tends to the equilibrium value as t → ∞.

10.3 Quantum kinetic equations∗
Let us now consider the derivation of the quantum kinetic equations. Our task now
is to derive the closed equation for the one-particle density matrix from Bogolyubov’s
chain of equations for partial density matrices (1.163). The version of Bogolyubov’s
approach discussed in the following was proposed by Zyrianov [38].
Let us start from the quantum Liouville equation (1.128) for a general (N-particle)
density matrix:
iℏ

𝜕ρ
= [H, ρ] ≡ Hρ − ρH.
𝜕t

(10.39)

We shall work in the secondary quantization representation, built upon eigenfunctions of the Hamiltonian of “free” particles (quasi-particles):
H0 |ν⟩ = Eν |ν⟩,
H0 =

(10.40)

∑ Eν a+ν aν ,
ν

(10.41)

where a+ν , aν are the creation and annihilation operators of fermions or bosons in the
quantum state |ν⟩. Here ν denotes the quantum numbers, characterizing elementary
4 The name H-theorem is historical, as Boltzmann used the notation H = −S.
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excitations in our system. In most cases, these correspond to free particles with definite momenta (or quasi-momenta) and spin: |ν⟩ = |p, σ⟩ = χσ eipr/ℏ , where χσ is the
spinor part of the wave function. In absence of external fields, Eν ≡ Ep = p2 /2m. However, within this formalism, we can also discuss less trivial cases. For example, ν may
correspond to the set of Landau quantum numbers of an electron in an external (homogeneous) magnetic field: ν = {n, pz , σ}, or these may be some quantum numbers of
the energy levels for some other exactly solvable model, when the Hamiltonian can be
written in diagonal form (10.41).
The operators of second quantization satisfy the usual commutation relationships:
[aν , a+ν ]± = δνν ,

[aν , aν ]± = 0

[a+ν , a+ν ]±

(10.42)
= 0,

(10.43)

where ± refers to fermions and bosons respectively. It is supposed here that these operators are written in Schroedinger representation and are time-independent.
Our aim is to derive an equation for the one-particle density matrix, defined in
equation (1.163) as:
F1νν = ⟨ν|F1 |ν ⟩ = Sp ρa+ν aν ≡ ⟨a+ν aν ⟩.

(10.44)

Naturally, we are going to discuss the case of interacting particles, when the total
Hamiltonian is written as:
H = H0 + V,

(10.45)

where V represents some interaction Hamiltonian, which is also written in secondary
quantization representation.
Using the Liouville equation (10.39), we can write:
iℏ

𝜕
𝜕
Sp ρa+ν aν = iℏ ⟨a+ν aν ⟩ = Sp[H, ρ]a+ν aν
𝜕t
𝜕t
= Sp ρ[a+ν aν , H] = ⟨[a+ν aν , H]⟩,

(10.46)

where we have performed an obvious cyclic permutation of the operators in Sp. Thus,
our problem is reduced to calculating the average value of the commutator, standing
in for the r. h. s. of this equation. Now we have to introduce some specific model of
interaction.
10.3.1 Electron–phonon interaction
Consider (not the simplest possible case!) the system of electrons (fermions), occupying the states |ν⟩, interacting with phonons (bosons), with states characterized by a
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quasi-momentum |k⟩. Then we write:

Hel0

0
H0 = Hel0 + Hph
,

=

V = Hel−ph = ∑

ν,ν ,k

(10.47)

0
Hph

∑ Eν a+ν aν
ν

= ∑ ℏωk b+k bk ,
k

A(ν , ν, k)a+ν aν (bk + b+−k ),

(10.48)
(10.49)

where A(ν , ν, k) = gk ⟨ν|eikr |ν ⟩ is the matrix element of the electron–phonon interaction, and gk is the corresponding coupling constant.
In this problem, we actually have to construct the system of interconnected kinetic
equations for one-particle density matrices of electrons (10.44) and phonons:
N1kk = ⟨k|N1 |k ⟩ = Sp ρb+k bk = ⟨b+k bk ⟩.

(10.50)

Consider first the exact equations of motion similar to equation (10.46):
𝜕 +
0
⟨a a  ⟩ = ⟨[a+κ aκ , Hel0 + Hph
+ Hel−ph ]⟩,
𝜕t κ κ
𝜕
0
iℏ ⟨b+k bk ⟩ = ⟨[b+k bk , Hel0 + Hph
+ Hel−ph ]⟩.
𝜕t
iℏ

(10.51)
(10.52)

Now, it is necessary to perform explicit calculations of the different commutators here,
using the basic commutation relationships (10.42) and (10.43). In particular, it is pretty
easy to derive the following relations:
[a+ν aν , a+κ aκ ] = a+ν aκ δν κ − a+κ aν δνκ

[b+q bq , b+k bk ]

=

b+q bq δq k

−

b+k bq δqk .

(10.53)
(10.54)

Then, using (10.53) in (10.51), we obtain:
(iℏ

𝜕
⋆
⋆
+ Eκ − Eκ )F1κκ = ∑ {A(ν , ν, q)[δνκ Hκν
 q − δκν  Hνκ  q ]
𝜕t
νν q
+ A⋆ (ν , ν, q)[δνκ Hκν q − δκν Hνκq ]},

(10.55)

where we have introduced:
⋆
+
Hκκ
Hκκ q = ⟨a+κ aκ b+q ⟩.
 q = ⟨aκ aκ  bq ⟩

(10.56)

Similarly, using (10.54) in (10.52), we obtain:
(iℏ

𝜕
⋆
+ ℏωk − ℏωk )N1kk = ∑{A⋆ (ν , ν, k)Hνν k − A(ν , ν, k)Hνν
 k }.
𝜕t

νν

(10.57)
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These are the first equations of Bogolyubov’s chain. In the next step, we have to write
⋆
down the equations of motion for Hκκ q and Hκ,κ
q:
𝜕 +
0
⟨a a b ⟩ = ⟨[a+κ aκ bq , Hel0 + Hph
+ Hel−ph ]⟩
𝜕t κ κ q
𝜕
0
+ Hel−ph ]⟩.
iℏ ⟨a+κ aκ b+q ⟩ = ⟨[a+κ aκ b+q , Hel0 + Hph
𝜕t
iℏ

(10.58)

Using again (10.53) and (10.54) and also

[bq , b+k bk ] = bk δkq

[b+q , b+k bk ] = −b+k δkq,

(10.59)

we get:
(iℏ

𝜕
+ Eκ − Eκ + ℏωq )Hκ ,κ,q = ∑ A(γ  , γ, q ){⟨a+κ aγ bq b+q ⟩δγκ
𝜕t
γγ  q
+ ⟨a+κ aγ b+−q b+q ⟩δγκ − ⟨a+γ aκ bq b+q ⟩δγ κ
− ⟨a+γ aκ b+−q b+q ⟩δγ κ − ⟨a+κ aκ a+γ aγ ⟩δqq },

(iℏ

(10.60)

𝜕
+ Eκ − Eκ − ℏωq )Hκ⋆ ,κ,q = ∑ A⋆ (γ  , γ, q ){⟨a+κ aγ bq bq ⟩δγκ
𝜕t
γγ  q
+ ⟨a+κ aγ b+−q bq ⟩δγκ − ⟨a+γ aκ bq bq ⟩δγ κ
− ⟨a+γ aκ b+−q bq ⟩δγ κ − ⟨a+κ aκ a+γ aγ ⟩δqq }.

(10.61)

In principle, this procedure can be continued, and we shall obtain the next equations
in the chain, but for most practical problems it is sufficient to limit ourselves to the
equations derived previously (at least for sufficiently weak interactions). The only way
to “cut” Bogolyubov’s chain is to use some approximate “decoupling” of the higherorder correlators (density matrices) via lower-order correlators (e. g., factorize higherorder density matrices into products of lower-order density matrices). Unfortunately,
in the general case, this procedure is not completely unambiguous, and there may be
several ways to perform such a “decoupling”. For the problem under consideration,
the two-particle correlators may be expressed via the one-particle correlators in the
following way:5
⟨a+κ aκ b+k bk ⟩ ≈ F1κκ N1kk

⟨a+κ aκ bk b+k ⟩ ≈ ⟨a+κ aκ ⟩⟨δkk + b+k bk ⟩ = F1κκ (δkk + N1kk )
⟨a+κ aκ a+ν aν ⟩ ≈ F1κκ F1νν + F1κν (δκ ν − F1νκ )

⟨a+κ aκ bk bk ⟩ = ⟨aκ aκ b+k b+k ⟩ = 0.

(10.62)

5 It is easy to see that here we have taken all possible combinations of the pair products of the creation
and annihilation operators (called “pairings”), the average values of those giving the one-particle density matrices. Such decoupling is equivalent to the use of the so-called Wick theorem, which is strictly
valid if we average over the equilibrium density matrix [2].
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Using (10.62) in (10.60) and performing formal integration, we get:
i

Hκκ q (t) = e ℏ (Eκ −Eκ +ℏωq )(t−t0 ) {Hκκ q (t0 )
t

i

1
FN

+ ∫ dt  e ℏ (Eκ −Eκ +ℏωq )(t−t ) Iκκ
 q (t )},
iℏ

(10.63)

t0

where t0 is the initial moment in time, and we used the notation:
FN



Iκκ
 q (t ) = ∑ A(γ , γ, q )[(F1κγ  δγκ  − F1γκ  δγ  κ )(δqq + N1qq )
γγ  q

− (F1κκ F1κγ (δγκ − F1γκ ))δqq ]t  ,

(10.64)

where the last index denotes that all the density matrices (correlators) in square brackets are taken at the time t  .
Let us introduce now Bogolyubov’s condition for “weak correlations” far distant
in the past:
lim Hκκ q (t0 ) = 0.

(10.65)

t0 →−∞

The choice for this condition in the past is obviously connected with causality, and
equation (10.65) explicitly introduces the “arrow of time”.
Then equation (10.63) can be rewritten as:
t

i

1
FN

Hκκ q (t) =
∫ dt  e− ℏ (Eκ −Eκ +ℏωq )(t −t) Iκκ
 q (t )
iℏ

(10.66)

−∞

so that, after the change of the variable t  − t = τ, we obtain:
0

τ
1
FN
Hκκ q (t) =
∫ dτe−i(Eκ −Eκ +ℏωq ) ℏ Iκκ
 q (t + τ).
iℏ

(10.67)

−∞

Thus, in principle, the values of the correlator Hκκ q at time t are determined by the values of the density matrices F1 and N1 in all previous moments in time (a solution with a
“memory”). Following Bogolyubov, we shall assume that the characteristic time scale
of this “memory” is of the order of the typical (microscopic) time scale of the electron–
phonon interaction τ0 , so that afterwards, the time evolution of all (kinetic) variables
is determined only by the time dependence of the one-particle density matrices. Then,
being interested only in the evolution of the system on the time scale t ≫ τ0 , we can
totally neglect the “memory” effects in equation (10.67). Accordingly, using
0

0

−∞

−∞

1
1
∫ dte∓ixt = lim+ ∫ dte∓i(x±iε)t
i
ε→0 i
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= lim+
ε→0

we immediately obtain:
Hκκ q = lim+
ε→0

1
1
= P ∓ iδ(x)
x ± iε
x

(10.68)

1
∑ A(γ  , γ, q ){(F1κγ δ 
γκ
Eκ − Eκ + ℏωq + iε γγ q

− F1γκ δγ κ )(δqq + N1qq ) − (F1κκ F1γγ + F1κγ (δγκ − F1γκ ))δqq }.

(10.69)

Similarly, from equation (10.61), we get:
⋆
Hκκ
 q = lim
+
ε→0

1
∑ A⋆ (γ  , γ, q ){(F1κγ δγκ (N1q q + δqq )
Eκ − Eκ − ℏωq + iε γγ q

− F1γκ δγ κ N1qq ) − (F1γκ F1κγ − F1κκ F1γγ )δqq }.

(10.70)

Note that the solutions (10.67) and (10.67) follow immediately from (10.60) and (10.61)
(after the decoupling (10.62)), if we assume the absence of an explicit time dependence
of H and H ⋆ , which allows us to perform, in equations (10.60) and (10.61), the formal
substitution iℏ 𝜕t𝜕 → iε.6
We see that the substitution of (10.69) and (10.70) into (10.55) and (10.57) already
produces the closed system of kinetic equations for F1 and N1 . However, their general
form becomes much simpler if we assume the diagonal nature of the one-particle density matrices:
F1κκ = F1κ δκκ

N1kk = N1k δkk .

(10.71)

The validity of this assumption actually depends on the properties of the system under consideration and on the quantum number of the electrons ν, as well as on the
possibility to neglect spatial inhomogeneities in the phonon gas. If these conditions
are satisfied, the quantum kinetic equations for electrons and phonons acquire the
final form:
𝜕F1κ 2π
=
∑{|A(κ, ν, q)|2 δ(Eκ − Eν + ℏωq )
𝜕t
ℏ νq

× [F1ν (1 − F1κ )(N1q + 1) − F1κ (1 − F1ν )N1q ] + |A(ν, κ, q)|2 δ(Eκ − Eν − ℏωq )
× [F1ν (1 − F1κ )N1q − F1κ (1 − F1ν )(N1q + 1)]},

𝜕
2π

2
N =
∑ A(ν, ν , k) δ(Eν − Eν − ℏωk )
𝜕t 1k
ℏ νν 
× {[F1ν − F1ν ]N1k + F1ν (1 − F1ν )}.

(10.72)

(10.73)

These kinetic equations (collision integrals) for the electron–phonon system form the
basis for the solution of numerous problems of physical kinetics in solids [38].
6 This corresponds to Bogolyubov’s assumption that, on time scales typical for kinetic phenomena,
higher-order density matrices (or distribution functions) depend on time only through the appropriate
time dependence of one-particle density matrices (distribution functions).
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10.3.2 Electron–electron interaction
Let us discuss briefly the derivation of the quantum kinetic equation for the case of
interacting electrons (fermions), described by the Hamiltonian:
H = ∑ Eν a+ν aν + ∑ ⟨μν|U|μ ν ⟩a+ν a+μ aν aμ ,
ν

μμ νν

(10.74)

where we assume that the interaction is of a short-range (screened) nature (the case
of Coulomb interaction requires special treatment). The matrix element of this interaction can be written as:
⟨μν|U(r)|μ ν ⟩ = ∫

d3 k
U(k)⟨μ|eikr |μ ⟩⟨ν|eikr |ν ⟩.
(2π)3

(10.75)

Let us introduce again the partial density matrices:





⟨κκ |F2 |νν ⟩ =

F1κκ = Sp ρa+κ aκ = ⟨a+κ aκ ⟩

Sp ρa+κ a+κ aν aν

=

⟨a+κ a+κ aν aν ⟩.

(10.76)
(10.77)

Then, the appropriate Bogolyubov’s chain looks like:
(iℏ

𝜕
+ Eκ − Eκ )F1κκ = ∑ ⟨μν|U|μ ν ⟩[⟨νμ|F2 |μ ν ⟩δκμ
𝜕t
νν μμ

− ⟨νμ|F2 |μ κ  ⟩δν κ + ⟨κμ|F2 |μ ν ⟩δκ ν − ⟨κν|F2 |μ ν ⟩δμκ ],
(iℏ

𝜕
+ Eκ + Eκ − Eγ − Eγ )⟨κκ |F2 |γγ  ⟩
𝜕t

= ∑ ⟨μν|U|μ ν ⟩⟨[a+ν a+μ aν aμ , a+κ a+κ aγ aγ ]⟩.
μμ νν

(10.78)

(10.79)

After calculations of the commutators in (10.79) we obtain the averages of the product of three creation and three annihilation operators, which can be decoupled in the
following way:
⟨a+ν a+μ aν a+κ aγ aγ ⟩ ≈ F1νγ F1μν F1κ γ + F1νν F1μγ F1κ γ
+ F1νγ F1μγ (δν κ − F1κ ν )
⟨a+κ a+ν a+μ aμ aγ aγ ⟩

≈ F1μμ F1νγ F1κγ + F1κμ F1νγ F1κ γ + F1κγ F1νμ F1μγ .

(10.80)

As before, analyzing only the sufficiently slow kinetic processes, in equation (10.79),
we can replace iℏ 𝜕t𝜕 → iε, which enables (taking into account (10.80)) an immediate
solution. After substitution of this solution into equation (10.78), we obtain the kinetic
equation for F1κκ . Assuming the diagonal nature of F1κκ = F1κ δκκ , we can reduce our
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kinetic equation to the following form:
𝜕F1κ 2π
2

=
∑ ⟨νν |U|κκ ⟩ δ(Eν + Eν − Eκ − Eκ )
𝜕t
ℏ νν κ 
× [F1ν (1 − F1κ )F1ν (1 − F1κ ) − F1κ (1 − F1ν )F1κ (1 − F1ν )].

(10.81)

In momentum representation:
1 ℏi pr
e
√V
→ np

(10.82)

|κ⟩ =
F1κ

(10.83)

2

Eκ → ε(p) = p /2m
i

1
⟨μ|eikr |ν⟩ = ∫ dre ℏ (p −p+k)r
V

(10.84)
etc.

(10.85)

so that the kinetic equation for electrons is written as:
𝜕np
𝜕t

=

2π

2
∫ dp 1 dp 2 dp2 U(p1 − p 1 ) δ(p1 + p2 − p 1 − p 2 )
(2πℏ)6 ℏ

× δ(ε(p1 ) + ε(p2 ) − ε(p 1 ) − ε(p 2 ))[np 1 np 2 (1 − np1 )(1 − np2 )
− np1 np2 (1 − np 1 )(1 − np 2 )],

(10.86)

where U(p) is the Fourier transform of the interaction potential.
Writing the entropy of the electron gas as in equation (4.15):
S = 2∫

d3 p
[(1 − np ) ln(1 − np ) − np ln np ]
(2π)3

(10.87)

and using (10.86), we can (after some tedious calculations) prove the quantum version
≥ 0.
of the H-theorem: dS
dt
The equilibrium Fermi distribution
n0p =

1

e

ε(p)−μ
T

+1

(10.88)

leads to a zero value of the collision integral in equation (10.86), which can be checked
by direct calculations, taking into account the energy conservation law for scattering
particles, expressed by the δ-function in the collision integral. It can be easily seen in
this case that the combination of (equilibrium) distribution functions in square brackets in (10.86) becomes identically zero.
The derived expression for the collision integral for the system of interacting electrons plays a major role in studies of low temperature kinetics in metals and other
Fermi-liquids.
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11 Basics of the modern theory of many-particle
systems
11.1 Quasi-particles and Green’s functions
We have seen previously the major role played by the concept of quasi-particles in the
modern theory of condensed matter. A rigorous justification of this concept is achieved
within the formalism of Green’s functions, which is at present the standard apparatus of the theory of many particle systems. The Green’s functions approach allows a
clear formulation of the criteria for the existence of quasi-particles in concrete systems (models) and gives the universal method for calculating practically any physical
characteristics of many particle systems, taking into account various interactions. This
method first appeared in quantum field theory, where it was widely following the formulation of a quite effective and convenient approach, based on the use of Feynman
diagrams. Later it was applied to general many-particle systems, which in fact lead to
the creation of modern condensed matter theory [20]. Obviously, here we are unable to
give the complete and coherent presentation of the Green’s functions formalism; our
aim is only to introduce some of its major definitions and give a qualitative illustration
of some simple applications.1
In the following, we mainly consider the case of temperature T = 0. A generalization of the Green’s functions’ approach to finite temperatures is rather straightforward, and we shall briefly discuss it at the end of this chapter. Let us start from the
case of a single quantum particle, described by the Schroedinger equation:2
i

𝜕ψ(r, t)
− Hψ(r, t) = 0.
𝜕t

(11.1)

Instead of this equation, we may introduce the equation of motion for the Green’s function G(r, t; r , t  ):
i

𝜕G
− HG = iδ(r − r )δ(t − t  )
𝜕t

(11.2)

with initial condition G(r, t + 0; r , t) = δ(r − r ). Green’s function represents the probability amplitude of the particle transition from point r at time t to point r at time t. The
1 The clearest presentation of the Green’s functions method, as well as the Feynman diagram technique, with applications to the problems of statistical physics, was given in the classic book by
Abrikosov, Gorkov and Dzyaloshinskii [2]. Rather detailed material can be found in [20]. A more elementary presentation of Green’s functions is given in [26, 27, 31].
2 Subsequently, we use the system of units with ℏ = 1, which is standard in most modern texts. If
necessary, the value of ℏ can be easily restored in the final expressions.
https://doi.org/10.1515/9783110648485-011
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squared modulus of this amplitude gives the probability of this transition. We can see
this by expressing the ψ-function at time t + τ via ψ-function at time t:
ψ(r, t + τ) = ∫ dr G(r, t + τ; r t)ψ(r , t).

(11.3)

It is easily seen that ψ(r, t + τ), written in this way, satisfies the Schroedinger equation (11.1), while for τ → 0 it transforms into ψ(r, t) due to the initial condition G(r, t +
0; r , t) = δ(r − r ). Besides that, we assume (by definition) that G = 0 for τ < 0 (causality!).
Consider the eigenfunctions and eigenvalues of our Schroedinger equation:
Hφλ (r) = ελ φλ (r).

(11.4)

The physical meaning of the quantum numbers λ may be different, depending on the
nature of the problem under discussion. In a translationally invariant system, λ → p,
the momentum for an electron in an external magnetic field λ represents the Landau
quantum numbers etc. Let us consider a particle in a potential field:
H=

p2
+ V(r).
2m

(11.5)

In particular, this may correspond to the nontrivial problem of nucleons in a potential
well—an atomic nucleus [27]—so that λ represents the quantum numbers of the shell
model. Any solution of the Schroedinger equation can be expanded over this (complete) system of eigenfunctions:
ψ(r, t) = ∑ cλ (t)φλ (r)

(11.6)

λ

so that (11.3) can be written as:
cλ (t + τ) = ∑ Gλλ (τ)cλ (t),

(11.7)

λ

Gλλ (τ) = ∫ d3 rd3 r  G(r, r τ)φ⋆λ (r)φλ (r ),

(11.8)

which gives the Green’s function in λ-representation. As φλ is an eigenfunction of the
Hamiltonian H, which is time-independent, there are no transitions to other states, so
that cλ (t + τ) = e−iελ τ cλ (t), i. e.,
Gλλ (τ) = Gλ (τ)δλλ = e−iελ τ θ(τ),

(11.9)

where θ(τ) = 1 for τ ≥ 0 and θ(τ) = 0 for τ < 0. Let us make the Fourier transformation:
∞

1
Gλ (ε) = ∫ dτeiετ Gλ (τ),
i

(11.10)

−∞
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∞

Gλ (τ) = i ∫
−∞

dε −iετ
e Gλ (ε).
2π

(11.11)

Then, after an elementary integration, we obtain:
Gλ (ε) =

1
ε − ελ + iδ

δ → +0.

(11.12)

The sign of δ → 0 is chosen to guarantee Gλ (τ) = 0 for τ < 0. In fact, we have:
∞

Gλ (τ) = i ∫
−∞

dε e−iετ
2π ε − ελ + iδ

e−iελ τ
={
0

for τ > 0

for τ < 0.

(11.13)

The integrand here possesses a pole at ε = ελ − iδ. Then, for τ > 0, we can perform
integration over ε closing the integration contour in the lower half-plane of the complex variable ε (because the factor of e−iετ guarantees exponential damping of the integrand on the semicircle at infinity), so that the pole is inside the integration contour, and the integral is easily calculated using the Cauchy theorem, giving the result
shown previously. For τ < 0, in a similar way, to make the contribution of semicircle zero at infinity, it is necessary to close the integration contour in the upper halfplane of ε. Then, there is no pole inside the integration contour, and the integral is
zero.
In the mixed (r, ε) representation, we get:
G(r, r , ε) = ∑ Gλλ (ε)φλ (r)φ⋆λ (r )
λ,λ

=∑
λ

φλ (r)φ⋆λ (r )
.
ε − ελ + iδ

(11.14)

Here the sum over λ is performed over all bound states of a particle in a field, as well
as over the continuous spectrum. We see that G(r, r , ε) possesses poles at the values
of ε equal to ελ , the energies of the bound states, and a cut (continuum of poles) at the
part of the real ε-axis, corresponding to the continuous spectrum.
Let us consider now a many-particle system. Next we are only dealing with systems consisting of Fermions. For systems of Bose particles, we may construct a similar
approach, but we shall not discuss it here due to lack of space; a proper presentation can be found in [20, 2]. We shall start with the case of noninteracting fermions
(ideal Fermi gas). We have already seen that elementary excitations in this system are
formed by pairs of particles (above the Fermi surface) and holes (below the Fermi surface).
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Let us find the explicit form of the Green’s function Gλλ (τ), i. e., the transition
amplitude of a single particle from state λ to state λ , in a system of noninteracting
Fermions. We have to take into account the Pauli principle and exclude all transitions to occupied states. This is achieved by the introduction into the definition of
the Green’s function of an extra factor (1 − nλ ), where
1

nλ = {

0

for ελ ≤ εF

(11.15)

for ελ > εF

is the number of particles in state λ (Fermi distribution at T = 0). Thus, we obtain:
e−iελ τ

+
Gλλ
 (τ) = (1 − nλ )δλλ {

0

for τ > 0

for τ < 0.

(11.16)

Let us find similar expression for a hole. The number of “free” places for holes in
state λ is proportional to nλ , so that
eiελ τ
−
Gλλ
 (τ) = nλ δλλ {
0

for τ > 0

for τ < 0,

(11.17)

where we have taken into account that the energy of the hole, calculated with respect
to the Fermi level, has the sign opposite to that of a particle.
It is convenient to introduce the Green’s function Gλ (τ), defined both for τ > 0 and
τ < 0:
Gλ+ (τ)

Gλ (τ) = {

−Gλ− (−τ)

for τ > 0

for τ < 0.

(11.18)

The Fourier transform of this function is easily calculated as:
∞

0

0

−∞

Gλ (ε) = −i(1 − nλ ) ∫ dτe−iελ τ+iετ + inλ ∫ dτeiελ τ+iετ
=

1 − nλ
nλ
+
,
ε − ελ + iδ ε − ελ − iδ

(11.19)

where δ → +0 is necessary to guarantee the convergence of the integrals. This expressions is conveniently rewritten as:
Gλ (ε) =

1
ε − ελ + iδ sign ελ

{ 1
= { ε−ε1λ +iδ
{ ε−ελ −iδ

for ελ > εF

for ελ < εF ,

(11.20)
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where we have introduced the sign function: sign(x) = 1 for x > 0 and sign(x) = −1
for x < 0. Note that the Fourier transform of the Green’s function possesses a pole at ε
equal to the energy of the particle (hole).
Consider now the system of interacting fermions (Fermi liquid). A single particle
Green’s function in the system of interacting particles is defined by the following expression:
̂
G+ (rt; r t  )t>t  = ⟨0|ψ(rt)
ψ̂ + (r t  )|0⟩,

(11.21)

where |0⟩ is an exact eigenfunction of the ground state (“vacuum”), corresponding to
̂
the filled Fermi sphere and ψ(rt)
is the fermion-creation operator in the Heisenberg
representation:
−iHt
̂
̂
ψ(rt)
= eiHt ψ(r)e
,

(11.22)

where H is the total Hamiltonian of the many-particle system, which includes the in̂
teractions. The operator ψ(r)
can be expressed via the annihilation operators aλ of
particles in eigenstates λ and (ψ̂ + is similarly expressed via creation operators a+λ ):
̂
ψ(r)
= ∑ aλ φλ (r).

(11.23)

λ

Expression (11.21) obviously represents the amplitude of a particle propagation3 from
point (r t  ) to point (rt).
For hole propagation, we can similarly write:
̂  t  )|0⟩,
G− (rt; r t  )t>t  = ⟨0|ψ̂ + (rt)ψ(r

(11.24)

where we have taken into account that (in a fermion system) the annihilation of a
particle in a given point is equivalent to the creation of a hole.
Expressions (11.21) and (11.24) are defined for t > t  . It is convenient to define a
single Green’s function, which for t > t  describes a particle, while for t < t  it describes
a hole (similar to (11.18)):
G+ (rt; r t  )
for t > t 
G(rt; r t  ) = { −  
−G (r t ; rt) for t < t  .

(11.25)

Another way to write this definition is:
̂ ψ̂ + (x )|0⟩,
G(x, x ) = ⟨0|T ψ(x)

(11.26)

3 Green’s functions are often called propagators.
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where we have denoted x = (rt) and introduced an operator of T-ordering, which
places all operators to the right of T in order of diminishing times in their arguments,
taking also into account the change of signs due to (possible) permutations of fermion
operators. The formal definition of T-ordering (originating in quantum field theory) is
written as:
F1 (t1 )F2 (t2 )

T{F1 (t1 )F2 (t2 )} = {

−F2 (t2 )F1 (t1 )

for t1 > t2
for t1 < t2

(11.27)

for fermion operators, and
B1 (t1 )B2 (t2 ) for t1 > t2
T{B1 (t1 )B2 (t2 )} = {
B2 (t2 )B1 (t1 ) for t1 < t2

(11.28)

for boson operators.
The Green’s function defined according to (11.26) is called Feynman or casual
(T-ordered).4
Let us limit our consideration to an infinite (translationally invariant) system,
where G(rt; r t  ) = G(r − r , t − t  ). Accordingly, it is convenient to introduce the Fourier
representation over t − t  and r − r :
G(pτ) = ∫ d3 rG(rτ)e−ipr ,

(11.29)

where
⟨0|ap e−iHτ a+p |0⟩eiE0 τ

G(pτ) = {

−⟨0|a+p eiHτ ap |0⟩e−iE0 τ

τ>0

τ < 0,

(11.30)

and E0 is the ground state energy.
Quasi-particles in our system can be introduced if the one particle Green’s function can be written in the following form (τ > 0):
G(pτ) ≈ Ze−i(ε(p)−γ(p))τ + ⋅ ⋅ ⋅

and

γ(p) ≪ ε(p)

(11.31)

i. e., it contains a contribution, resembling the Green’s function of an ideal Fermi gas,
which we derived previously. Equation (11.31) means that the state |0⟩ contains a wave
4 Let us stress that this definition is different from the definition of the double-time Green’s function
given in (9.22) and naturally appearing in linear response theory, even at the limit of zero temperature. The advantage of the use of Feynman Green’s functions is the possibility to construct a diagram
technique that much simplifies all the calculations. There is no diagram technique to calculate doubletime Green’s functions (9.22). There are certain exact relations and methods that allow us to express the
Green’s functions of linear response theory via Feynman functions at T = 0 [2], as well as appropriate
generalizations for the case of finite temperatures, to be considered subsequently [20, 2].
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packet with amplitude Z, representing a quasi-particle with energy ε(p) and damping
γ(p). The necessary requirement is the weakness of this damping γ(p) ≪ ε(p), i. e.,
the requirement for a quasi-particle to be “well-defined”.5 Similarly, for τ < 0, we can
define the Green’s function of a quasi-hole. Thus, in a system with well-defined quasiparticles, the Fourier transform of the Green’s function (11.26) can be written as:
G(pε) = Z{

1 − np

np

} + Greg (pε)
ε − ε(p) + iγ(p) ε − ε(p) − iγ(p)
Z
+ Greg (pε).
=
ε − ε(p) + iγ(p) sign(p − pF )
+

(11.32)

We see that the pole of this expression defines the spectrum of quasi-particles and
their damping. This is the most important property of Green’s functions, allowing us
to determine the spectrum of elementary excitations in a many-particle system. The
value of the nonsingular term Greg in (11.32) is determined by multiparticle excitations
and, in most cases, is not of great interest. At the same time, we have to note that
in systems with strong interactions (correlations) there are cases, when we cannot
separate a singular pole-like contribution to the Green’s function, related to singleparticle elementary excitations (quasi-particles). In that case, all the physics is in fact
determined by Greg and situation becomes more complicated.
What else do we need Green’s functions for? Actually, with their help, we can calculate the averages (over the ground state) of various physical characteristics of our
system. Using the one particle Green’s function, just introduced, we can calculate the
ground-state averages of operators, which are represented by sums over all particles
(one particle operators):
Â = ∑ Â i (ξi , pi ),

(11.33)

i

where ξi is the set of spatial and spin variables, while pi are the momenta of all the
particles of the system. Typical examples are:
n(r) = ∑ δ(r − ri )

(11.34)

i

– particle density at point r,
j(r) =

e
∑ p δ(r − ri )
m i i

(11.35)

– current density at point r etc.
5 This condition is valid in Landau Fermi liquids, where, close to the Fermi surface, we have ε(p) ≈
vF (|p| − pF ), and γ(p) ∼ (|p| − pF )2 .
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Operator Â in secondary quantization representation can be written as:
Â = ∫ dξψ+ (ξ )A(ξ , p)ψ(ξ ).

(11.36)

Consider the Green’s function (11.25), (11.26) at t = t  − 0:

G(ξ , ξ  , τ)τ→−0 = −⟨0|ψ+ (ξ  )ψ(ξ )|0⟩.

(11.37)

Then, the ground state average value of operator Â is given by:

⟨A⟩ = ∫ dξA(ξ , p)G(ξ , ξ  , τ = −0)ξ =ξ  = − Sp AG|τ=−0 .

(11.38)

We conclude, that G|τ=−0 just coincides (up to a sign) with the one particle density
matrix (cf. (1.163)) at T = 0:
ρ(ξ  , ξ ) = ⟨0|ψ+ (ξ  )ψ(ξ )|0⟩ = −G|τ=−0 .

(11.39)

To find the averages of two-particle operators like:
B̂ = ∑ Bik (ξi pi ; ξk pk )
ik

(11.40)

we need to calculate two-particle Green’s function:
G2 (1, 2; 3, 4) = ⟨0|Tψ(1)ψ(2)ψ+ (3)ψ+ (4)|0⟩
etc.
as:

(11.41)

From (11.37) we immediately obtain the particle momentum distribution function
∞

n(p) = −i ∫
−∞


dε

G(pε)e−iετ 
.
τ→−0
2π

(11.42)

Here, we can not simply take the limit of τ = 0, as G ∼ ε1 and for ε → ∞ the integral
∫ dεG(pε) diverges. For finite and negative τ we can transform the integral over the
real axis of ε to an integral over the closed contour C, shown in Figure 11.1. After that
we can put τ = 0, so that:
n(p) = −i ∫
C

dε
G(pε).
2π

(11.43)

Consider a Green’s function like that of equation (11.32) (quasi-particles!):
G(pε) =

Z
+ Greg (pε).
ε − ε(p) + iγ(p) sign(p − pF )

(11.44)
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Figure 11.1: Integration contour used in calculations of the distribution function.

We see that the damping (imaginary part in the denominator of the first term) changes
sign at p = pF : it is positive for p > pF and negative for p < pF . Thus, for p < pF we
have a pole inside the contour C, so that the integral is equal to Z, while for p > pF the
pole is in the lower half-plane and the integral over C is equal to zero. Neglecting the
regular many-particle contribution Greg we have:
n(pF − 0) − n(pF + 0) = Z.

(11.45)

As 0 ≤ n(p) ≤ 1, it follows that 0 < Z < 1. Now it is clear, that the qualitative form of
the distribution function of Fermions at T = 0 (interacting Fermions, Fermi liquid!)
has the form, shown in Figure 11.2. Thus, despite the presence of interactions (not
necessarily weak!), which “smears” the momentum distribution of particles, there is
still a “trace” of the Fermi distribution for an ideal gas. Even in a Fermi liquid there
is a finite discontinuity in the distribution function at p = pF . This important result
was first derived by Migdal and gives a major microscopic justification of one of the
most important assumptions of phenomenological Fermi liquid theory, introduced by
Landau. Surely, our analysis is valid only for momenta p close enough to pF , where
the concept of quasi-particles “works” due to γ ∼ (p − pF )2 , making damping small in
comparison to the real part of the spectrum ε(p) ≈ vF (|p| − pF ).

Figure 11.2: Qualitative form of the distribution function of particles in a Fermi liquid at T = 0..
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Arkady Migdal (1911–1991) was a Soviet theoretical physicist and a Member of the USSR Academy
of Sciences. Graduated from Leningrad University in 1936, then worked in a number of institutes, including Kurchatov Institute of Atomic Energy and Landau Institute of Theoretical Physics
USSR Academy of Sciences. He was one of the
most prominent members of Landau school of theoretical physics. In 1940s and 1950s he has taken
part in Soviet atomic bomb project. He contributed
to nuclear physics and quantum field theory approach to condensed matter. He developed consistent Green’s function approach to electron–phonon interactions in metals (Migdal
theorem) and the Fermi liquid approach for protons and neutrons in atomic nuclei,
including the picture of Cooper pairing between nucleons, as well as vacuum polarization in strong magnetic fields. Migdal received a number of major government awards
like the Orders of Lenin and October revolution. He was a creator of original wooden
sculptures, an enthusiast of skiing and one of the first divers in the Soviet Union.

Richard Phillips Feynman (1918–1988) was an
American theoretical physicist, known for his major contributions into the path integral formulation
of quantum mechanics (actually a completely new
formulation of quantum mechanics), the theory of
quantum electrodynamics, and the physics of the
superfluidity of liquid helium, as well as to particle physics where he proposed the parton model
of hadrons. He also significantly contributed to the
theory of weak interactions. For his contributions
to the development of quantum electrodynamics
(which is probably most precise theory in physics),
Feynman, jointly with Julian Schwinger and Shinichiro Tomonaga, received the Nobel
Prize in Physics in 1965. Feynman developed a widely used pictorial representation
scheme for the mathematical expressions describing interactions of quantum particles, known as Feynman diagrams – one of the most widely used methods in modern theoretical physics. He assisted in the development of the atomic bomb during
World War II working in Manhattan project. Feynman also has been credited with
pioneering the field on quantum computing and introducing the concept of nanotechnology. Feynman was a great popularizer of physics through both books and lectures
including his famous undergraduate lectures, “The Feynman Lectures on Physics”.
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Feynman also became known to general public through his autobiographical books
“Surely You’re Joking, Mr. Feynman!” and “What Do You Care What Other People
Think?” Besides his Nobel prize and numerous other awards he was elected a Foreign Member of the Royal Society in 1965, received the Oersted Medal in 1972, and
the National Medal of Science in 1979. He was also elected to the National Academy
of Sciences, but later resigned.

11.2 Feynman diagrams for many-particle systems
The Feynman diagram technique is an elegant and compact formulation of the perturbation theory rules to calculate Green’s functions. Unfortunately, we are unable to
present here the detailed derivation of these rules and the reader should reger to [2, 20]
for the complete presentation of Feynman’s approach. An elementary, though detailed
enough, presentation can be found in [26]. Many examples of the practical use of Feynman diagrams are given in [31]. Here we shall limit ourselves to the formulation of the
elementary rules of the diagram technique (without derivation), which is sufficient to
get some impression of the method and to not be “frightened” by the appearance of
Feynman diagrams, which are rather ubiquitous in modern literature.
To be concrete, let us consider a system of interacting Fermions, with the Hamiltonian, written in secondary quantization formalism as:
H = ∑ ε(p)a+p ap +
p

1
∑ V a+ a+ a a .
2 pqk k p+k q−k q p

(11.46)

By definition, the Green’s function G(pτ) is dealing with the motion of a single particle.
In the absence of interactions (free Green’s function) we can represent this motion by a
straight line, e. g. directed from right to left. Since the unperturbed ground state of the
system is the filled Fermi sphere, there is a possibility of a hole motion, which we shall
represent by a straight line, directed from left to right. Thus, a directed line represents
the free Green’s function G(pτ), corresponding to a free particle with momentum p.
The interaction corresponds to the scattering of one particle by another. In
first/order perturbation theory over Vk , we have two types of scattering processes,
represented by the Feynman diagrams, shown in Figure 11.3. The process corresponding to the first diagram corresponds to a particle moving freely until it is directly scattered by the particles inside the Fermi sphere (surface) at time τ1 , while afterwards
it continues the free motion from time τ1 to time τ. The act of interaction (scattering)
is represented by the wavy line and a closed circle describes the process, where a
particle is scattered from the state with some momentum below the Fermi surface and
returns to the same state. The process corresponding to second diagram represents
the so-called exchange scattering on the particles below the Fermi surface; its meaning is obvious from the diagram itself – the free motion after scattering is continued
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Figure 11.3: Diagrams of the first order for the Green’s function.

by a particle excited from below the Fermi surface, while the initial particle has gone
to a state below.
In second order perturbation theory, the number of possible scattering processes
increases. Examples of appropriate Feynman diagrams are shown in Figure 11.4. All
diagrams here, except the last one, show different combinations of scattering of the
first order, considered above. The last diagram describes something new – at time
τ1 the particle is scattered, creating a particle-hole pair, exciting it from states below
the Fermi surface. At time τ2 the particle is scattered again, as a particle-hole pair
annihilates, returning to the initial state. Physically, this process corresponds to the
polarization of particles below the Fermi surface.

Figure 11.4: Examples of diagrams of the second order for the Green’s function.

Most conveniently, the rules of the diagram technique are formulated for calculations
of the Fourier transform of Green’s function G(pε). In this case the arrows on lines,
representing Green’s functions, do not denote the direction of time, but correspond
simply to incoming and outgoing “energies” ε and momenta p, which are conserved
in each vertex (interaction point). The rules to construct an analytic expression, corresponding to a given Feynman diagram, are formulated as follows:
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1.

To each straight line we attribute a momentum p and an “energy” ε, and write the
corresponding analytic expression:
iG0 (pε) =

i
.
ε − ε(p) + iδ sign ε(p)

(11.47)

2.

To each interaction (wavy) line corresponds the factor −iVq (in the case of instantaneous interaction) or −iV(qω) for retarded interaction.
3. In each vertex (a point where the wavy line is attached to the Green’s function
lines) energy and momentum are conserved, with energies and momenta attributed to the lines directed toward the vertex, taken with plus-sign, while energies and momenta attributed to outgoing lines are taken with minus-sign.
4. It is necessary to perform integration over each p and ε not fixed by conservation
laws:
1
(11.48)
∫ d3 p ∫ dε ⋅ ⋅ ⋅ .
(2π)4
5.
6.

Each closed Fermion loop is attributed an extra factor of (−1).
Summation over the spins (e. g. in a loop) introduces a factor of 2 (for Fermions
with spin 1/2).

Consider the simplest expressions corresponding to specific diagrams. For example,
the first diagram of Figure 11.3 corresponds to an analytic expression:
i2 G0 (pε)(−iV0 ){

2
∫ d3 p (−n(p ))}iG0 (pε) = G0 (pε)(−iV0 )NG0 (pε),
(2π)3

(11.49)

1
∫ d3 q(−iVq )(−n(p + q))G0 (pε),
(2π)3

(11.50)

where in the first expression we have already taken into account (11.43) and N is the
total number of particles. This gives the so-called Hartree correction. The second diagram of Figure 11.3 gives:
i2 G0 (pε)

which is the Fock correction. The last diagram of Figure 11.4 corresponds to:
G0 (pε)

1
∫ d3 q ∫ dωiG0 (p − qε − ω)(−iVq )2 [−iΠ0 (qω)]G0 (pε),
(2π)4

(11.51)

where we have introduced the so-called polarization operator, corresponding to the
loop in this graph:
−iΠ0 (qω) = 2(−i)(−1) ∫
= i∫

d3 p dε 2
(i) G0 (p + qε + ω)G0 (p ε )
∫
(2π)3 2π

d3 p
n(p) − n(p − q)
.
3
(2π) ε(p − q) − ε(p) + ω + iδ sign ω

(11.52)

Note that this expression gives only the simplest contribution to the polarization operator, in the general case we have to deal with higher-order corrections, e. g. of the
type shown in Figure 11.5.
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Figure 11.5: Higher corrections for polarization operator.

11.3 Dyson equation
A remarkable property of the Feynman diagram technique is the possibility to perform
an intuitively clear graphical summation of an infinite series of diagrams. Let us denote
an exact Green’s function (taking into account all interaction corrections) by a “fat”
(or “dressed”) line, while the free-particle Green’s function is denoted by a “thin” line
as above. The total transition amplitude from point 2 to point 1 is, obviously, equal to
the sum of all possible transition amplitudes, appearing in all orders of perturbation
theory, i. e. to the sum of all diagrams of the type shown in Figure 11.6. Now we can
classify these diagrams in the following way: first of all we separate the single graph,
corresponding to free-particle motion. All the remaining diagrams have the following
form: up to some point the particle moves freely, then it is scattered, which leads to
creation and annihilation of several particles and holes (or it is scattered by particles
below the Fermi surface), then again it performs free motion, then it is scattered again
etc. Let us denote as Σ the sum of all diagrams which cannot be cut over the single
particle line. Examples of such diagrams are shown in Figure 11.7. Σ is called the irreducible self-energy part, or simply self-energy. It is easily seen, that the full (“dressed”)
Green’s function is determined by the so-called Dyson equation, derived graphically
in Figure 11.8. Analytically, it corresponds to the following integral equation:
G(1, 2) = G0 (1, 2) + ∫ dτ3 dτ4 G0 (1, 3)Σ(3, 4)G(4, 2).

(11.53)

Iterating this equation, we obviously obtain the complete perturbation series for the
Green’s function. After Fourier transformation the Dyson equation becomes a simple

Figure 11.6: Diagrammatic series for the total (exact) Green’s function.
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Figure 11.7: Simplest diagrams for irreducible self-energy part.

Figure 11.8: Diagrammatic derivation of the Dyson equation.

algebraic equation:
G(pε) = G0 (pε) + G0 (pε)Σ(pε)G(pε),

(11.54)

which is easily solved as:
G(pε) =

1
,
ε − ε(p) − Σ(pε)

(11.55)

where we have taken into account the explicit form of G0 (pε). It is clear that the selfenergy part Σ(pε) describes, in a compact way, all the changes in particle motion due
to its interactions with all other particles in the system. In the general case, the selfenergy is a complex function consisting of real and imaginary parts (this is why in
equation (11.55) we have dropped the infinitesimally small imaginary contribution
from the free particle Green’s function iδ sign(ε − εF )). The energy of the quasi-particle
can now be determined as a solution of the equation determining the pole of the total
Green’s function:
ε = ε(p) + Σ(pε).

(11.56)

In the real case, the solution of this equation for ε may be quite complicated.
For the examples given above in equations (11.49), (11.50) and (11.51), the appropriate contributions to the self-energy part are:
ΣH = NV0 ,
ΣF = − ∫
Σpol = ∫

(11.57)
3

d q
V n(p + q),
(2π)3 q

(11.58)

d3 q
dω 2
V Π (qω)G0 (p − qε − ω).
∫
(2π)3 2π q 0

(11.59)
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Let us return once more to the question of the possibility to introduce well-defined
quasi-particles, i. e. to reduce the exact Green’s function to the form given by equation (11.32). In a Fermi system, it is convenient to count all energies from the chemical
p2
− μ. In an isotropic system (Fermi liqpotential μ. For free particles we have ε(p) = 2m
uid) Σ(pε) depends only on the absolute value of p. Let us define the value of the Fermi
momentum pF (radius of the Fermi sphere) for the system of interacting Fermions by
the following equation:
p2F
+ Σ(pF , 0) = μ.
2m

(11.60)

This definition assumes, of course, that Im Σ(p, 0) → 0 for p → pF , ε → 0 (Fermi liquid
behavior!). For the system of interacting Fermions we can prove in rather general form,
that Im Σ(pε) ∼ Max{ε2 , (p − pF )2 } sign ε. Then, expanding Σ(pε) in a power series over
p − pF and ε, we obtain the following expression for G(pε) close to the Fermi surface:
p2
+ μ − Σ(pε)
2m
p2
𝜕Σ
𝜕Σ
≈ε−
+ μ − Σ(pF , 0) − ( ) (p − pF ) − ( ) ε + iα|ε|ε
2m
𝜕p F
𝜕ε F
pF
𝜕Σ
𝜕Σ
= [1 − ( ) ]ε − [
+ ( ) ](p − pF ) + iα |ε|ε,
𝜕ε F
m
𝜕p F

G−1 = ε −

(11.61)

where α = const. From equation (11.61) we can see, that Green’s function can be written in the required form:
G(pε) =

Z
+ Greg ,
ε − vF (p − pF ) + iα|ε|ε

(11.62)

where Greg contains all contributions dropped in (11.61), and we defined:
Z −1 = 1 − (
p
vF = F⋆ =
m

pF
m

𝜕Σ
𝜕G−1
) =(
)
𝜕ε F
𝜕ε F
𝜕Σ
+ ( 𝜕p
)F

( 𝜕G𝜕ε )F
−1

(11.63)

−1

=−

( 𝜕G
)
𝜕p F
( 𝜕G𝜕ε )F
−1

,

(11.64)

where α = Zα . Thus, we obtain the Green’s function of Fermion quasi-particles with
an effective mass m⋆ , which, like everything else, is determined by the behavior of
Σ(pε) close to the Fermi level (surface). Note that in a simplified case, when Σ(pε) does
𝜕Σ
)F = 0, we have:
not depend on p, so that ( 𝜕p
pF
p
= FZ
m⋆
m

i. e.

m⋆
= Z −1
m

(11.65)

so that Z simply renormalizes the mass of the quasi-particle. Due to the general property of Z < 1, the effective mass in a Fermi liquid is larger than the mass of free particles.
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All these properties of Σ(pε) are rather easily confirmed, if we limit ourselves to
the contributions of the simplest Feynman diagrams, both for the case of point-like or
Coulomb interactions. A rigorous choice and summation of “dominating” (sub)series
of diagrams can be made for the cases of high or (inversely) low density of Fermions,
when there exist appropriately small parameters, allowing the use of perturbation theory [2, 20, 26]. All basic assumptions of Fermi liquid theory are thus explicitly confirmed by microscopic calculations. In the general case, when there is no small parameter and no “dominating” subseries of diagrams (a typical example are electrons
in metals!), formally all diagrams have to be taken into account and we can only limit
ourselves to a rather general analysis, of the kind briefly illustrated above, which constitutes the basis of the microscopic version of Landau Fermi liquid approach.
In recent years, the number of models of so-called strongly correlated systems
demonstrated non-Fermi liquid behavior, breaking the main assumptions of Landau theory, such as the possibility to introduce the well-defined quasi-particles.
This is a rather typical situation in low-dimensional systems, especially in the onedimensional case. Two-dimensional systems apparently form a kind of borderline
between non-Fermi liquid and Fermi liquid behavior. The situation here is under
active discussion at present, e. g. with respect to the properties of high-temperature
superconductors in the normal state.
A similar diagram technique can be constructed for all other basic types of interactions in many-particle systems, such as electron–phonon interaction, scattering by
impurities etc. Depending on the type of interaction, we can have different topologies
of Feynman diagrams and diagram rules. For example, in the case of electron–phonon
interaction wavy lines denote phonon (Bose) Green’s functions, while in the case of
random impurity, scattering diagrams do not have closed Fermion loops etc. Details
of all these cases can be found e. g. in [2, 31].
Freeman Dyson (born 1923)
is an English – born American theoretical physicist. He
is known for his work in quantum electrodynamics, solid–
state physics, astronomy and
nuclear engineering. He theorized several concepts that
bear his name, such as Dyson
equation and Dyson sphere.
In 1949, Dyson demonstrated
the equivalence of two formulations of quantum electrodynamics (QED): Feynman’s diagrams and the operator
method developed by Julian Schwinger and Shinichiro Tomonaga. He was the first
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person after their creator to appreciate the power of Feynman diagrams, and his paper written in 1948 and published in 1949 was the first to make use of them, developed
rules for calculating the diagrams and completely solved the renormalization problem in QED. Dyson’s paper and also his lectures presented Feynman’s theories of QED
in a form that other physicists could understand, facilitating the physics community’s
acceptance of Feynman’s work. Later he made significant contributions to physics
of magnetism (spin waves), random matrices and stability of matter. In 1960, Dyson
wrote a short paper for the journal Science, titled “Search for Artificial Stellar Sources
of Infrared Radiation”. In it, he theorized that a technologically advanced extraterrestrial civilization might completely surround its native star with artificial structures in
order to maximize the capture of the star’s available energy. Eventually, the civilization would completely enclose the star, intercepting electromagnetic radiation with
wavelengths from visible light downwards and radiating waste heat outwards as infrared radiation. Therefore, one method of searching for extraterrestrial civilizations
would be to look for large objects radiating in the infrared range of the electromagnetic spectrum. Dyson has won numerous scientific awards but never a Nobel Prize.
He remarked in 2009, “I think it’s almost true without exception if you want to win a
Nobel Prize, you should have a long attention span, get hold of some deep and important problem and stay with it for ten years. That wasn’t my style.”

11.4 Effective interaction and dielectric screening
As another example of the use of a diagrammatic approach, below we shall discuss
diagram summation, leading to the concept of an effective (screened) interaction in
Fermion system. Let us define the effective (renormalized or full) interaction by the diagrams shown in Figure 11.9. In Figure 11.10 we show the diagrams for the full polarization operator (containing higher-order corrections) and for the so-called vertex parts,
representing complicated “blocks” of diagrams, describing the processes of multiple
scatterings of Fermions. Unfortunately, for vertex parts we can, in general, not find
closed integral equations similar to the Dyson equation discussed above. It is only
possible in some specific approximations and models. The screened effective interaction (“fat” wavy line in Figure 11.9) can be related to a frequency- and wave-vector-

Figure 11.9: Feynman diagrams for effective interaction between particles.
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Figure 11.10: Full polarization operator and vertex parts.

dependent dielectric function of the system ϵ(qω). Using the diagrams shown in Figure 11.9, we get the screened interaction as:
−i𝒱 (qω) ≡ −

iVq

ϵ(qω)

= −iVq + (−iVq )[−iΠ(qω)](−iVq )
+ (−iVq )[−iΠ(qω)](−iVq )[−iΠ(qω)](−iVq ) + ⋅ ⋅ ⋅
= −iVq + (−iVq )[−iΠ(qω)](−i𝒱 (qω))
1
= −iVq + (−iVq )[−iΠ(qω)](−iVq )
ϵ(qω)
1
= −iVq {1 − Vq Π(qω)
}
ϵ(qω)
so that:
1
1
= 1 − Vq Π(qω)
.
ϵ(qω)
ϵ(qω)

(11.66)

From here, we can obtain the general expression for the dielectric function (permeability) of a many-particle system via the polarization operator:
ϵ(qω) = 1 + Vq Π(qω).
In the case of Coulomb interaction in the system of electrons we have Vq =
that:
ϵ(qω) = 1 +

4πe2
Π(qω).
q2

(11.67)
4πe2
,
q2

so

(11.68)
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Consider the simplest approximation for the polarization operator (11.52).6 After calculation of all integrals, this polarization operator can be written as [2, 26, 31]:
Π0 (qω) = νF Φ(qω),

(11.69)

where νF is the electron density of states at the Fermi level and
1

v qx
1
Φ(qω) = ∫ dx F
2
ω − vF qx
−1

=1−

 ω + v q 
ω
ω

F 
ln
θ(v q − ω).
 + iπ
2vF q  ω − vF q 
2vF q F

(11.70)

In particular, Φ(q0) = 1, which gives:
Π(q0) = νF .

(11.71)

Then we obtain:
ϵ(q0) = 1 +

κ2
4πe2
νF = 1 + 2 ,
2
q
q

(11.72)

where
κ2 = 4πe2 νF .

(11.73)

Accordingly:
𝒱 (q0) =

4πe2
4πe2
=
,
q2 ϵ(q0) q2 + κ2

(11.74)

which describes the so-called Debye screening of the Coulomb potential in a quantum
plasma of electrons at temperature T = 0. Obviously, in coordinate space we have
2
𝒱 (r) = er e−κr , so that equation (11.73), in fact, determines the screening radius κ −1 .
In the inverse limit of high frequencies of ω ≫ vF q, we can show that Φ(qω) =
v 2 q2

F
− 3ω
2 , so that:

ϵ(ω) = 1 −

ω2p
4πe2 vF2
4πne2
ν
=
1
−
=
1
−
.
3ω2 F
mω2
ω2

(11.75)

6 This approximation is justified in the limit of a high enough density of electrons, when the Coulomb
interaction can be considered weak. Appropriate estimates were given above during the discussion of
the basic properties of Fermi gases.
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Here we used νF = 32 εn , where n is the density (concentration) of electrons. We also
F
introduced the square of the plasma frequency:
ω2p =

4πne2
.
m

(11.76)

Equation ϵ(qω) = 0 determines the frequency of the plasma oscillations (plasmons)
for the whole range of q. In particular, for small values of q, when plasmon damping
is absent, we can find the dispersion (spectrum) of the plasmons as:
3
ω2 = ω2p + vF q2 .
5

(11.77)

In fact, the frequency of plasmons is very weakly dependent on their wavelength and
this dispersion is just a small correction.

11.5 Green’s functions at finite temperatures
The Feynman diagram technique discussed above was generalized by Matsubara to
the case of finite temperatures [2]. Below we shall briefly discuss this generalization,
limiting the discussion to Fermi systems only. The thermodynamic Green’s function of
a Fermi particle is defined according to Matsubara as:
+

𝒢 (p, τ2 − τ1 ) = −i⟨Tap (τ2 )ap (τ1 )⟩,

(11.78)

ap (τ) = e(H−μN)τ ap e−(H−μN)τ

(11.79)

where, by definition:

and 0 < τ1 , τ2 < β = T1 are real variables, while the angular brackets denote averaging
over the grand canonical Gibbs distribution, which is convenient to write here as:
⟨A⟩ =

Sp ρA
Sp ρ

where ρ = e−β(H−μN) .

(11.80)

Taking into account that Z = Sp ρ, this is equivalent to the definition used above. The
reason why the Green’s function 𝒢 can be represented by the same diagrammatic series as the Green’s function G, previously defined for the case of T = 0, can be seen
as follows: we have seen that diagrammatic expansion for G is a fundamental consequence of the time-dependent Schroedinger equation (11.1). The statistical operator ρ,
written in the form of (11.80), satisfies the so-called Bloch equation:
𝜕ρ
= −(H − μN)ρ,
𝜕β

(11.81)
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which is easily verified by direct differentiation. Now we see the direct correspondence
between the time-dependent Schroedinger equation (11.1):
ψ↔ρ

H ↔ H − μN

it ↔ β.

(11.82)

Thus, making the substitution
H → H − μN

it → τ

(11.83)

in all expressions of the previous paragraphs, we can obtain the diagrammatic technique for 𝒢 , which is practically of the same form as in the case of T = 0. Substitution
H → H − μN only shifts the energy scale of single particle energy by μ:
H0 − μN = ∑(ε(p) − μ)a+p ap .
p

(11.84)

Though Matsubara’s Green’s functions 𝒢 depend on “imaginary time” τ,7 we can always perform a transformation to real time in the final expression putting τ → it, or
more precisely, making an analytic continuation to the real axis of time.
We noted above that the values of τ1 and τ2 in (11.78) vary over the interval from 0
to β. Thus, to make a transformation to the (p, ω) representation, we have to introduce
the periodically continuous function 𝒢 , obtained by periodic repetition of 𝒢 on the
interval from −∞ to ∞. For this function we can write down an expansion into the
Fourier series:
𝒢 (pτ) =

1 ∞ −iωn τ
𝒢 (pωn ),
∑ e
β n=−∞

(11.85)

where the summation is performed over the discrete (Matsubara) frequencies ωn =
πnT. Accordingly
β

1
iω τ
𝒢 (pωn ) = ∫ dτe n 𝒢 (pτ).
2

(11.86)

−β

The “time” difference τ = τ2 − τ1 varies in the interval (−β, β), as the values of τ1 and
τ2 vary in the interval (0, β). The function 𝒢 (pτ) periodically repeats itself in the intervals (−β, β), (β, 3β), (3β, 5β), . . . , (−3β, −β), . . . . For a system consisting of Fermions, the
even values of n drop out of the series for 𝒢 (pτ) due to the “quasi-periodic” boundary
condition:
𝒢 (p, τ) = −𝒢 (p, τ + β)

for τ < 0.

(11.87)

7 The variable τ is real, but Green’s function 𝒢 is obtained from G by the replacement it → τ, so that
actually we are making a transformation to “imaginary time” t = −iτ.
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To see the validity of this relation, we can use the property Sp AB = Sp BA. Assuming
τ − τ > 0, we have:


i
Z
i
=
Z
i
=
Z
i
=
Z

𝒢 (p, τ − τ ) =

or

Sp e−β(H−μN) a+p (τ )ap (τ)
Sp ap (τ)e−β(H−μN) a+p (τ )e
Sp e−β(H−μN) eβ(H−μN) ap (τ)e−β(H−μN) a+p (τ )
Sp e−β(H−μN) ap (τ + β)a+p (τ )



(11.88)



𝒢 (p, τ − τ ) = −𝒢 (p, τ − τ + β),

(11.89)

which for τ = 0 just coincides with (11.87). The minus sign appeared here due to the
anti-commutation of the Fermi operators. Substituting (11.87) into (11.85) we can see
that all terms with even n become zero. Thus, for Fermions we are always dealing with
odd Matsubara frequencies:
ωn =

(2n + 1)π
= (2n + 1)πT.
β

(11.90)

In a similar way, for Bosons only even Matsubara frequencies remain:
ωn =

2nπ
= 2nπT.
β

(11.91)

Remembering equations (11.16), (11.17) and (11.18) for free particle Green’s functions at T = 0, we can easily write down Matsubara’s Green’s function for free
Fermions as:
𝒢0 (p, τ2 − τ1 ) = −i{θ(τ2 − τ1 )(1 − n(p)) − θ(τ1 − τ2 )n(p)}e

−(ε(p)−μ)(τ2 −τ1 )

,

(11.92)

where n(p) = [eβ(ε(p)−μ) + 1]−1 is the Fermi distribution for finite T. Thus, the step-like
functions, entering the definition of G0 at T = 0 are “smeared” by a finite T, so that
the state with a given p can be filled either by a particle or a hole.
Substituting (11.92) into (11.86) we find:
𝒢0 (pωn ) =

i
iωn − ε(p) + μ

ωn = (2n + 1)πT.

(11.93)

With the only change, related to the transition to discrete frequencies, which also
“conserve” in the vertices, Matsubara’s diagram technique for T > 0 is practically
identical to the Feynman technique for T = 0. In particular, the full (exact) Green’s
function is determined by the Dyson equation:
𝒢 (pωn ) =

i
,
iωn − ε(p) + μ − Σ(pωn )

ωn = (2n + 1)πT.

(11.94)
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However, we must stress that Matsubara’s Green’s functions are not quantum propagators (transition amplitudes) at all!
Calculation of Matsubara’s Green’s functions allows us, in principle, to find arbitrary thermodynamic characteristics of the many-particle system at finite temperatures. In particular, it is possible to construct a diagrammatic expansion for the interaction correction to the thermodynamic potential Ω [2]. Appropriate diagrams of
the lowest orders are shown in Figure 11.11. For concreteness we show here diagrams
for the case of interacting Fermions. A perturbation series for ΔΩ consists of loop diagrams, restricted to the case of connected diagrams. A certain difficulty here is related to the appearance in this series of an extra combinatorial factor of n1 for every contribution of the n-th order. This makes a series for ΔΩ rather inconvenient for
summation. In particular, for ΔΩ we can not derive any analogue of the Dyson equation. As Ω = −VP(μ, T), in fact here we are calculating the corrections to the pressure
ΔP = P − P0 (μ, T), where P0 is the pressure in a system of free particles (ideal gas), so
that we are actually dealing with quantum corrections to the equation of state.

Figure 11.11: Diagrammatic expansion for the thermodynamic potential.

Finally, we shall mention the diagram technique, proposed by Keldysh, which is applicable to finite temperatures and, more importantly, to the analysis of nonequilibrium
processes in many-particle systems in real time, including the derivation of the kinetic
equations. A detailed enough presentation of this technique can be found in [23].
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A Motion in phase space, ergodicity and mixing
A.1 Ergodicity
From classical mechanics, it is known that the differential equations of motion for any
conservative mechanical system can be written in Hamiltonian form:
q̇ k =

𝜕H
𝜕pk

ṗ k = −

𝜕H
,
𝜕qk

(A.1)

where qk , pk are the generalized coordinates and momenta (k = 1, 2, . . . , n = 3N, i. e.,
in total we have 2n = 6N equations, where N is the number of particles in the system,
and n is the number of degrees of freedom),
H(p, q) = H(p1 , p2 , . . . , pn ; q1 , q2 , . . . , qn )

(A.2)

is the Hamiltonian of the system, which is equal to the total energy, expressed as a
function of the generalized coordinates and momenta. The Hamiltonian is related to
the Lagrangian L by the well-known relation:
n

H = ∑ pk q̇ k − L.

(A.3)

k=1

The equations of motion (A.3) can be integrated and their solutions can be written
in the following form:1
pk = φk (ql0 , p0l , t) qk = ψk (ql0 , p0l , t),

(A.4)

where ql0 , p0l are the initial values of the coordinates and momenta. The functions φk ,
ψk represent (according to the Cauchy theorem) single-valued and continuous functions of the arguments ql0 , p0l .
To obtain (conserving) integrals of motion, we can use the following procedure.
𝜕H
Divide all the other 2n − 1 equations (A.1) by equation ṗ 1 = − 𝜕q
. Then we get:
1

𝜕H

𝜕H

dq1
𝜕p
= − 𝜕H1
dp1
𝜕q1

,...,

dpn
𝜕q
= − 𝜕Hn .
dp1

(A.5)

𝜕q1

This system of equations does not contain time t (for H independent of t) and defines
conserving quantities. In total, it gives 2n − 1 integrals of motion, obviously including
energy, which we denote as:
Φ1 (q, p) ≡ H(p, q) = α1 = E.

(A.6)

1 Subsequently we mainly follow [22].
https://doi.org/10.1515/9783110648485-012
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Then, the rest of the 2n − 2 integrals of motion can be written as:
Φ2 (q, p) = α2 , . . . , Φn (q, p) = αn

Ψ2 (q, p) = β2 , . . . , Ψn (q, p) = βn ,

(A.7)

where α1 , . . . , αn ; β2 , . . . , βn are integration constants. One more integral of motion is
obtained by solving the equation ṗ 1 = −𝜕H/𝜕q1 and using equations (A.6), (A.7). This
can be written as:
Ψ1 (q, p) = t + β1 .

(A.8)

Adding an arbitrary constant to t does not change the equations of motion, as the time
t enters only through differentials.
Consider the simplest example of a system with one degree of freedom—the harmonic oscillator. Then (setting the mass m = 1), the Hamiltonian is written as:
1
H = (p2 + ω2 q2 ).
2

(A.9)

Hamilton’s equations of motion now are:
q̇ =

𝜕H
𝜕H
= p ṗ = −
= −ω2 q,
𝜕p
𝜕q

(A.10)

which give the following solutions (integrals):
q = q0 cos ωt +

p0
sin ωt,
ω

p = −ωq0 sin ωt + p0 cos ωt,

(A.11)

which can be rewritten as an energy integral:
2H = p2 + ω2 q2 = 2E

(A.12)

and the relationship, determining the dependence of p and q on time:
1
ωq
arccos
= t + β.
ω
√p2 + ω2 q2

(A.13)

An oscillator with one degree of freedom possesses these two integrals of motion. The
mechanical state of the oscillator is represented by a point in the (p, q)-plane, which
is the phase space for this simple system. The motion of the system is represented by
the movement of the phase point over the “ergodic surface” (a line on (p, q)-plane),
determined by the value of the energy E. These lines of constant energies, as is obvious from equation (A.12), form ellipses like those shown in Figure A.1. The second
integral (A.13) determines the velocity of the movement of the phase point over these
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Figure A.1: Phase space of an harmonic oscillator. Shown are the iso-energetic “surfaces” – ellipses,
corresponding to oscillators with energies differing by ΔE in energy. The microcanonical distribution
function is equal to a constant different from zero, in the area Ω between these ellipses.

ellipses. The integrals of motion for the oscillator (A.11) can be rewritten, using equations (A.12), (A.13), as:
q=

√2E
ω

sin ω(t + β) p = √2E cos(t + β).

(A.14)

For this simple system the time average can be calculated in an elementary way. Due
to the periodicity of motion (A.14), the time average of an arbitrary function of the
dynamic variables F(q, p) on an infinite time interval, can be reduced to the average
over the period of the motion T = 2π
:
ω
2π
ω

√2E
ω
sin ω(t + β), √2E cos ω(t + β)}.
F̃ =
∫ dtF{
2π
ω

(A.15)

0

This average depends on E, with E being fixed here. Without changing the value of
(A.15), we can calculate its average over an infinitesimally small interval of energies:
E+ΔE

1
F̃ = lim
∫ dE F̃
ΔE→0 ΔE
E

E+ΔE

2π
ω

√2E
ω
sin ω(t + β), √2E cos ω(t + β)}.
= lim
∫ dE ∫ dtF{
ΔE→0 2πΔE
ω
E

(A.16)

0

Let us transform from variables E and t to q and p. Using (A.14), we can calculate the
Jacobian of this transformation as:

𝜕(q, p)  √2E cos ω(t + β)
= 
𝜕(t, E) −ω√2E sin ω(t + β)


1
sin ω(t + β)
ω√2E

1
cos ω(t + β) 
√2E

= 1.

(A.17)
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Then we obtain:
F̃ = lim

ΔE→0

ω
∫ dq ∫ dpF(q, p),
2πΔE

(A.18)

where the integration is performed over the infinitesimally narrow area between the
ellipses of constant energies E and E + ΔE with ΔE → 0.
On the other hand we can define the microcanonical distribution for an oscillator,
with probability density ρ(p, q) equal to a constant (independent of specific values of
p and q) within the area Ω between the ellipse p2 + ω2 q2 = 2E and ellipse p2 + ω2 q2 =
2(E + ΔE), and equal to zero outside this area (cf. Figure A.1):
ω

ρ(p, q) = { 2πΔE
0

for p, q ⊂ Ω

(A.19)

for p, q ⊄ Ω,

where to guarantee normalization of ρ(p, q) to unity, we have taken into account that
the actual area of Ω is:
Δ(πab) = Δ(

2πΔE
2πE
)=
,
ω
ω

(A.20)

where a and b denote the semi-axes of the ellipse, corresponding to energy E. Then,
the microcanonical average (over phase space) of F(q, p) is equal to:
ω
⟨F⟩ = ∫ dpdqρ(p, q)F(q, p) = lim
ΔE→0 2πΔE

p2 +ω2 q2 =2E

∬

dpdqF(q, p).

(A.21)

p2 +ω2 q2 =2(E+ΔE)

Comparing (A.18) and (A.21) we can see, that in this simplest case of a system with only
one degree of freedom, the time average simply coincides with the microcanonical
average.
In the general case the, as we have seen above, the integrals of the Hamilton equations can be written as:
pk = φk (t + β1 , β2 , . . . , βn , α1 , α2 , . . . αn )

qk = ψk (t + β1 , β2 , . . . , βn , α1 , α2 , . . . αn )

(A.22)

X = Φ(t + β1 , β2 , . . . , βn , α1 , α2 , . . . αn ).

(A.23)

or in shortened form:

The time average of an arbitrary dynamic variable F(X) is determined by:
∞

1
F̃ = lim
∫ dtF(X)
T→∞ T
= lim

T→∞

0
∞

1
∫ dtF{Φ(t + β1 , β2 , . . . , βn , α1 , α2 , . . . αn )}.
T

(A.24)

0
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This average, in general, depends on all 2n − 1 integration constants (integrals of motion) β2 , . . . , βn , α1 , α2 , . . . αn , except β1 , on which it does not depend. At the same time,
we have shown before that statistical mechanical averages of any dynamic variables
in equilibrium depend only on one integral of motion – that of energy.2 Thus, the
many-particle systems under consideration should satisfy the special property that
the time averages of any single valued dynamical variable is dependent only on the
energy α1 = E:
̃
F(X)
= fF (E).

(A.25)

Such systems are called ergodic. For ergodic systems the time average of any singlevalued dynamical variable is equal to its average over the microcanonical ensemble.
The proof of this statement is rather simple. Consider the microcanonical average:
⟨F⟩ = ∫ dXF(X)wE (X),

(A.26)

δ{H(X) − E}
.
Ω(E)

(A.27)

where
wE (X) =

As the value of ⟨F⟩ does not depend on time, its time average is equal to itself, so that:
T

̃ = lim 1 ∫ dt ∫ dXF(X)w (X).
⟨F⟩ = ⟨F⟩
E
T→∞ T

(A.28)

0

Variables X determine the state of the system at time t, let us make a transformation to
variables X0 , determining the state of the system at t = 0. These variables are related
through the solutions of the Hamilton equations, which can be written as:
X = Φ(t, X0 ).

(A.29)

F(X) = F{Φ(t, X0 )}.

(A.30)

Then

Obviously H(X) = H(X0 ), so that
wE (X) =

δ{H(X) − E} δ{H(X0 ) − E}
=
= wE (X0 ),
Ω(E)
Ω(E)

(A.31)

2 For fixed external parameters like volume, pressure, external fields etc.
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and according to the Liouville theorem dX = dX0 . Thus, after changing the variables
we have:
T

1
⟨F⟩ = lim
∫ dt ∫ dX0 wE (X0 )F{Φ(t, X0 )}.
T→∞ T

(A.32)

0

Let us change the order of integration over t and X0 , then:
T

1
̃
∫ dtF{Φ(t, X0 )} = ∫ dX0 wE (X0 )F.
T→∞ T

⟨F⟩ = ∫ dX0 wE (X0 ) lim

(A.33)

0

Due to the assumed ergodicity the time average F̃ depends only on the energy H(X0 ),
so that:
F̃ = fF [H(X0 )].

(A.34)

⟨F⟩ = ∫ dX0 wE (X0 )fF [H(X0 )].

(A.35)

Thus

But wE (X0 ) is different from zero only for H = E, so that fF (H) can be taken out of the
integral, putting H = E. Then we get:
̃
⟨F⟩ = fF (E) ∫ dX0 wE (X0 ) = fF (E) = F,

(A.36)

where we have taken into account that the integral is equal to unity, due to the renormalization condition. This ends the proof of the equivalence of time and microcanonical averaging for ergodic systems.
It may seem that ergodic mechanical systems just do not exist at all, as the general
time average (A.24) definitely depends on other integrals of motion α2 , α3 , . . . , βn , besides energy. Consider one of them, e. g. Φ2 (X) = α2 . The time average of Φ2 (X) is obviously equal to α2 and depends not on the energy integral E = α1 , but on α2 . However, for
ergodic systems the left parts of all integrals of motion Φk = αk , Ψk = βk (k = 2, . . . , n),
besides energy, momentum and angular momentum are multivalued functions of the
coordinates and momenta (and can not be transformed to single-valued functions).
This is always so for systems with inseparable variables. Systems with separable variables are, in this sense, trivial – they are exactly solvable and are also called integrable, their motion is regular (nonrandom) and we do not need statistics at all to
describe their properties.3 The restriction to single-valued functions F(p, q) is quite
3 More details on this can be found in [17], where it is shown that in the general case of systems with
inseparable variables, the set of single-valued integrals of motion is limited to those, which are directly
related to general properties of time and translational invariance, as well as to the isotropy of space,
i. e. to energy, momentum and angular momentum conservation laws.
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natural from a physical point of view; for systems at rest we can drop the momentum and angular momentum integrals of motion. Statistical mechanics is dealing with
complicated nonintegrable systems (performing nontrivial motion). In recent decades
a number of explicit examples of such systems, sometimes consisting of rather few
particles, were demonstrated to show all the properties of ergodic motion [35].

A.2 Poincare recurrence theorem
Let us continue our discussion of the system motion in phase space using more abstract language. Consider the phase point (p, q). Let us define the operator of time
̂ as:
translation T(t)
̂
(q(t), p(t)) = T(t)(q(0),
p(0)).

(A.37)

This operator gives a complete description of the phase point motion and is implicitly defined by the Hamilton equations. We shall not try to construct such operators
explicitly for specific systems, but it is clear that, in principle, they always exist. The
Liouville theorem corresponds to the conservation of an arbitrary phase volume Γ under the action of the operator T:̂
̂
Γ(t) = T(t)Γ(0)
= Γ(0).

(A.38)

Using the Liouville theorem, it is rather easy to prove the so-called Poincare recurrence theorem [35]. Consider a conservative (H is time independent) mechanical system, performing motion in a finite region of its phase space. Let us take some region
(set of points) of the phase space A and chose an initial point z0 = (q0 , p0 ) in it. We
shall now show that, after a certain (finite) time, the system will necessarily return
to the region A (Poincare theorem), except probably a set of initial points of measure
zero. The proof can be done through reductio ad absurdum. Let us denote as B the subset of points in A, which never return to A. Suppose that after some large time t1 the
set B moves to B1 :
̂ 1 )B = B1 .
T(t

(A.39)

According to the definition of B the intersection of B1 and A is an empty set:
B1 ∩ A = 0.

(A.40)

̂ 1 )B = T(t
̂ 1 )B1 ≡ B2 .
T(2t

(A.41)

B2 ∩ B1 = 0.

(A.42)

After time interval t2 = 2t1 we have:

Then also
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If this is not so, there exist points, which have not left B1 . However, due to time reversibility of the Hamilton equations that would mean, that these points could not
have entered B1 . This contradicts their past: at t = 0, according to our assumption,
̂ 1 )-operator to B leads to an infinite
they belonged to A. Continued application of T(nt
sequence B1 , B2 , . . . of nonintersecting images of B. According to Liouville theorem:
Γ(B) = Γ(B1 ) = Γ(B2 ) = ⋅ ⋅ ⋅ ,

(A.43)

so that during the motion, the points from B cover the phase volume Γ = ∞. However,
due to the finite nature of the motion of our system, this volume is to be finite. This is
possible only in case of Γ(B) = 0, which proves the Poincare recurrence theorem.
From Poincare’s theorem it follows, that the system will return to the initial region A infinitely many times. It may seem that this result contradicts the irreversible
evolution of many-particle systems, observed in experiments, and the possibility of its
description along the lines of statistical mechanics. Actually, this is not so. To understand this situation, we have to consider the average recurrence time or the duration
of the Poincare cycle. Let us make a rough estimate of this time for the simplest manyparticle system – an ideal gas [30]. Consider N molecules of the gas moving in volume
V. We may understand the recurrence in the sense of a repetition of the state of each
molecule with some finite accuracy Δv for its velocity and some Δx for its coordinate.
This accuracy corresponds to an element of the phase volume ΔΓ = [mΔvΔx]3N , while

the total set of possible states of the gas, with fixed energy E = ∑i
sponds the phase volume:4
3N/2

Γ ≈ C3N (m2 ∑ vi2 )
i

mvi2
2

V N ≈ C3N (3NTm)3N/2 V N .

= 32 NT, corre(A.44)

It is clear, that before returning (with the given accuracy) to the initial position, the
Γ
states. Let τ be some
phase point, representing our system, is to pass through ∼ ΔΓ
characteristic time for the gas, e. g. mean free time of the molecule. Then, the recurrence time can be roughly estimated as:
τR ∼ τ

N

3N/2

V
Γ
3NT
∼ C3N ( 3 ) (
)
ΔΓ
Δx
mΔv2

τ∼(

N

3N/2

V
T
) (
)
Δx3
mΔv2

τ.

(A.45)

Let us take Δx ∼ 0.1(V/N)1/3 , i. e. of the order of 10 % of the interparticle distance in
our gas, and Δv ∼ 0.1(T/m)1/2 , i. e. of the order of 10 % of an average velocity (so that
the conditions for its “return” are rather crude). Then, we obtain:
3N/2

τR ∼ τ(10N)N (102 )

∼ τN N .

(A.46)

4 Here C3N ≈ ( 2πe
)3N/2 is related to a constant in the expression for the volume of an n-dimensional
3N
sphere Vn = CRn , the exact value of this constant being Cn =

2π n/2
.
nΓ(n/2)

For n ≫ 1, using the asymptotic

expression for Γ-function Γ(n/2) ≈ (2π)1/2 (n/2)(n−1)/2 e−n/2 , we get Cn ≈ ( 2πe
)n/2 .
n
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For 1 cm3 of a gas in normal conditions we have N ∼ 1018 , so that
19
τR
1018
∼ (1018 )
∼ 102 10
τ

(A.47)

and the ratio of the recurrence time τR to the mean free time τ ∼ 10−6 sec, or to
one second, one year, or even to a characteristic “lifetime” of our Universe
(∼1010 years ∼ 1017 sec), with a logarithmic accuracy the same (!) and of the order
19
of 102 10 . Thus, the typical time of the Poincare cycle, even for such a simple system,
is immensely large, and the probability of such a return is immensely small. This leads
to an obvious conclusion, that the most probable behavior of a many-particle system
is, in fact, the irreversible behavior, observed in reality.
Henri Poincare (1854–1912) was a French mathematician, theoretical physicist, engineer, and philosopher of science. As a mathematician and physicist, he made many original fundamental contributions to pure and applied mathematics, mathematical
physics, and celestial mechanics. He was responsible
for formulating the Poincare conjecture, which was
one of the most famous unsolved problems in mathematics until it was solved in 2002–2003 by Grigori Perelman. In his research on the three-body problem, Poincare became the first person to discover a
chaotic deterministic system which laid the foundations of modern chaos theory. He is also considered to be one of the founders of the
field of topology. Poincare made clear the importance of paying attention to the invariance of laws of physics under different transformations, and was the first to present
the Lorentz transformations in their modern form. He is commonly considered as a
co-discoverer of special relativity. Beginning in 1881 and for the rest of his career,
he taught at the University of Paris (the Sorbonne). In 1887, at the young age of 32,
Poincare was elected to the French Academy of Sciences. He became its president in
1906, and was elected to the Academie Francaise in 1908. In physics, the Poincare
recurrence theorem states that certain systems will, after a sufficiently long but finite
time, return to a state very close to, if not exactly the same as, the initial state. This theorem is commonly discussed in the context of ergodic theory, dynamical systems and
statistical mechanics. Poincare had philosophical views opposite to those of Bertrand
Russell, who believed that mathematics was a branch of logic. Poincare strongly disagreed, claiming that intuition was the life of mathematics. His famous book “Science
and Hypothesis” contains the idea that creativity and invention consist of two mental
stages, first random combinations of possible solutions to a problem, then a critical
evaluation.
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A.3 Instability of trajectories and mixing
Consider the motion of a drop of “phase liquid” in the phase space. The character
of this motion may be very complicated and, as time grows, the borders of the drop
may become irregular, with the drop becoming “amoeba”-like (cf. Figure A.2), filling
different regions of the phase space. The volume of the drop is conserved (Liouville
theorem). Such motion is called mixing. The phase points, which were close to each
other initially, may become very far from each other during this time evolution, and
move in practically independent ways. The property of mixing is natural to expect for
systems, characterized by unstable motion, when phase trajectories, initially close to
each other, become exponentially far away from each other with the growth of time,
i. e. small perturbations of the initial conditions lead to arbitrarily large deviations
of the phase trajectory from unperturbed motion. If the phase space is finite (and we
are interested just in this case – the system moves over the hypersurface of constant
energy!), the phase trajectories can not deviate more than the characteristic size of this
space and begin to intermix in a very complicated way. Denoting by D(t) the distance
between two points in the phase space, belonging to two different trajectories at time t,
we can formally define the local instability of motion in the following way [35] – there
exists a direction in phase space for which:
D(t) = D0 eh0 t ,

(A.48)

where the increment of instability (Lyapunov exponent, h0 > 0) is, in general, a function of a point in phase space and has the statistical meaning [35] of an inverse time
of “decoupling” of correlations between trajectories during mixing. It is obvious, that
this picture can be directly related to an idea of the description of entropy growth,
using the coarse-grained distribution function, which we used previously. The question arises – whether we can define entropy in such a way, that will allow its use for
dynamical systems, using only the properties of phase trajectories (not distribution
functions)? This problem was solved by Kolmogorov, who introduced the notion of dynamic of K-entropy. Consider again the evolution of some initial element of the phase

Figure A.2: Qualitative evolution of a phase drop during mixing.
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volume ΔΓ0 . According to the Liouville theorem:
ΔΓ(t) = ΔΓ0

(A.49)

but the structure of the phase drop changes with time (cf. Figure A.2). There may appear “bubbles”, empty regions etc. As t grows, the “bubble” structure becomes more
and more fine, while the external border of the phase drop becomes wider and wider.
Let us take some ε (of dimensionality Γ) and “coarsen” the structure of the phase drop
up to an accuracy of the order of ε. Then, qualitatively it is clear that all thin structures of the drop, with thickness smaller than ε, will be effectively “dressed”, so that
̃ will actually grow with time. Knowing (A.48),
the coarse-grained phase volume ΔΓ(t)
it is easy to understand that
̃ = ΔΓ eht ,
ΔΓ(t)
0

(A.50)

where h is some quantity, related to the increment of instability of phase trajectories
h0 . Then we may define entropy as:
̃ = ln(ΔΓ eht ) = ht + ln ΔΓ .
S = ln ΔΓ(t)
0
0

(A.51)

We are interested in defining physical characteristics, including entropy S, with highest possible accuracy. If coarse graining is defined by ε, then it is obvious, that there
is no sense in taking ΔΓ0 less than ε. Thus, we can put ΔΓ0 = ε and go to the limit of
ε → 0. Consider:
lim lim

ε→0 t→∞

1
1 ̃
ln ΔΓ(t) = lim lim (ht + ln ε) = h.
ε→0 t→∞ t
t

(A.52)

This expression is the definition of K-entropy h. Let us stress the importance of the
order of taking the limits here. The basic properties of K-entropy are:
1. K-entropy h determines the velocity of the entropy S change due to the purely
dynamic process of the mixing of phase trajectories in phase space.
2. K-entropy h, the increment of local instability h0 and the inverse time of decoupling of time correlations are of the same order of magnitude.
These properties explain the physical meaning of Kolmogorov’s entropy.
How does the physical entropy S reach its maximum? For ε → 0, i. e. defining
the entropy S(t) = ht (t → ∞) with arbitrarily large accuracy, the entropy S does not
reach a maximum, but the situation changes if we fix the finite accuracy of the coarse
graining ε0 . Then, from (A.50) it is easy to find the characteristic time t0 , during which
̃ = 1:
the region ΔΓ0 = ε0 is expanded up to the value ΔΓ
t0 =

1
1
ln .
h ε0

(A.53)

During this time the phase drop of the size ε0 homogeneously fills the whole phase
volume and the further growth of entropy stops.
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B Statistical mechanics and information theory
B.1 Relation between Gibbs distributions and the principle of
maximal information entropy
Information entropy
The notion of entropy in statistical mechanics is closely related to the similar notion in
information theory [33]. There exists a wide range of literature, where this relation is
discussed in detail [8, 13]. Below, we shall deal with some of the problems, illustrating
the basic principles, and connecting these fundamental concepts.
In a narrow sense, information theory represents the statistical theory of communications, i. e. transmission of signals, texts etc. [33]. The main concept in this theory
is that of information entropy, which acts as a measure of the information, contained
in a given communication, text, set of signals etc., which are considered as a more or
less random sequence of symbols or events. More precisely, information entropy gives
the measure of indeterminacy of information, corresponding to a given statistical distribution of such events. Let pk be some discrete probability distribution of events,
enumerated by index k. Information entropy is defined as [33]:1
n

H = − ∑ pk ln pk ;
k=1

n

∑ pk = 1.

(B.1)

k

In fact, the value of H equals zero if some of pk = 1, while the remaining pk = 0,
i. e. when the result can be predicted with certainty and there is no indeterminacy in
the information at all. H acquires its maximum value, when all pk are equal, i. e. for
pk = 1/n. It is obvious, that this limiting case corresponds to maximal indeterminacy
– we do not know anything about specific events, all are equally probable (i. e. letters
of the text appear absolutely randomly, in physics this corresponds to an absolutely
random realization of different states of the system etc.). The maximum of information
entropy corresponds to the maximum of our ignorance about events and in this case
our information on these is minimal.
The entropy H is additive for independent events, realized with probabilities ui
and vi , when pik = ui vk , so that
H = − ∑ pik ln pik = − ∑ ui ln ui − ∑ vk ln vk ;
ik

i

k

∑ ui = 1;
i

∑ vk = 1.
k

(B.2)

For the continuous distribution of events x, characterized by a probability density f (x),
the information entropy is given by:
H = − ∫ dxf (x) ln f (x);

∫ dxf (x) = 1.

(B.3)

1 For us it is irrelevant here, that in information theory this definition normally uses the logarithm
with base 2, i. e. log2 , which is related to measuring information in bits, instead of ln.
https://doi.org/10.1515/9783110648485-013

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 2:07 AM

280 | B Statistical mechanics and information theory
For independent events, again we have additivity. If f (x, y) = f1 (x)f2 (y), we obtain:
H = − ∫ dx ∫ dyf (x, y) ln f (x, y) = − ∫ dxf1 (x) ln f1 (x) − ∫ dyf2 (y) ln f2 (y).

(B.4)

The Gibbs entropy defined by the distribution function ρ(p, q) in phase space is
essentially also the information entropy:
S = − ∫ dΓρ ln ρ; ∫ dΓρ = 1

(B.5)

and can be considered as a measure of our ignorance (absence of information) of the
details of the microscopic states of the macroscopic system.
For ensembles with a variable number of particles equation (B.5) is generalized
as:
S = − ∑ ∫ dΓN ρN ln ρN ;
N≥0

∑ ∫ dΓN ρN = 1.

N≥0

(B.6)

Below we consider extremal properties of Gibbs ensembles, which were established long before the formulation of information theory. The proofs will be given using the Gibbs inequality (1.187):
∫ dΓρ ln(

ρ
) ≥ 0,
ρ

(B.7)

where ρ and ρ are two normalized distributions, defined in the same phase space.
Equality here holds only in the case of ρ = ρ .
Claude Shannon (1916–
2001) was an American
mathematician, electrical engineer, and cryptographer,
creator of information theory.
Shannon founded information theory in his landmark
paper, “A Mathematical Theory of Communication”, that
he published in 1948. He is,
perhaps, equally well known
for founding digital circuit
design theory in 1937, then a master’s degree student at the Massachusetts Institute of Technology – he wrote his thesis demonstrating that electrical applications
of Boolean algebra could construct any logical numerical relationship. Shannon
contributed to the field of cryptanalysis for national defense during World War II,
including his fundamental work on codebreaking and secure telecommunications. In
his theory Shannon developed information entropy as a measure of the uncertainty in
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a form mathematically equivalent to Gibbs entropy in statistical mechanics. He never
considered its relation to physical entropy, which was anticipated by Leo Szilard and
developed later by other people, like Leon Brillouin. Information theory’s fundamental contribution to natural language processing and computational linguistics was
further established in 1951, in his article “Prediction and Entropy of Printed English”,
showing upper and lower bounds of entropy on the statistics of English – giving a
statistical foundation to language analysis. In cryptography he formulated what is
called Shannon’s maxim as “the enemy knows the system”, or “one ought to design
systems under the assumption that the enemy will immediately gain full familiarity
with them”, so that cryptosystem should be secure even if everything about the system,
except the key, is public knowledge. In contrast to “security through obscurity”, it is
widely embraced by cryptographers. In his later life Shannon developed Alzheimer’s
disease and spent the last few years of his life in a nursing home in Massachusetts
oblivious to the marvels of the digital revolution he had helped create.
Extremal properties of microcanonical distribution
Let us prove that the microcanonical distribution corresponds to the maximal information entropy among all distributions with the same number of particles in the same
energy layer. Let ρ be the distribution function of the microcanonical ensemble, while
ρ is an arbitrary distribution function, defined in the same phase space and in the
same energy layer, with both satisfying the normalization condition:
∫ dΓρ = ∫ dΓρ = 1.

(B.8)

Substituting ρ and ρ into inequality (B.7), we obtain:
− ∫ dΓρ ln ρ ≤ − ∫ dΓρ ln ρ = − ln ρ ∫ dΓρ = − ∫ dΓρ ln ρ

(B.9)

and the proof is complete. In equation (B.9) we used the constancy of the microcanonical distribution ρ in its energy layer and the normalization conditions for ρ and ρ .
Extremal properties of the canonical distribution
Let us show that the Gibbs canonical distribution corresponds to maximal information
entropy at fixed average energy of the system:
⟨H⟩ = ∫ dΓHρ

(B.10)

∫ dΓρ = 1.

(B.11)

with the normalization condition:
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Consider the canonical distribution:
ρ = Z −1 exp(−βH);

Z = ∫ dΓ exp(−βH),

(B.12)

where β = 1/T. Consider ρ – another normalized distribution, corresponding to the
same average energy as the canonical distribution ρ:
∫ dΓρ , H = ∫ dΓρH,

(B.13)

while in all other respects ρ is arbitrary. Substituting (B.12) to (B.7), we get:
− ∫ dΓρ ln ρ ≤ − ∫ dΓρ ln ρ = ln Z + β ∫ dΓρ H = ln Z + β ∫ dΓρH
i. e.

− ∫ dΓρ ln ρ ≤ − ∫ dΓρ ln ρ

(B.14)

which completes the proof.
Extremal properties of the grand canonical distribution
Let us give an example of the proof for the quantum case. The entropy of a quantum
ensemble is defined as:
S = − Sp ρ ln ρ,

(B.15)

where ρ is the density matrix. In diagonal representation (cf. (1.175)):
S = − ∑ wk ln wk ,
k

(B.16)

which has the explicit form of (B.1) – the information entropy for a discrete sequence
of events (in our case quantum states).
Extremal properties of quantum ensembles can be derived using the inequality:
Sp ρ ln ρ ≥ Sp ρ ln ρ,

(B.17)

where ρ and ρ are arbitrary normalized statistical operators. Equality again holds only
for the case of ρ = ρ . This general inequality follows from ln x ≥ 1 − 1/x, which is valid
for x > 0 (equality holds for x = 1). Substituting x = ρ ρ−1 and averaging over ρ , we
have:
Sp ρ ln(ρ ρ−1 ) ≥ Sp ρ (1 − ρρ −1 ) = 0

(B.18)

as both density matrices are normalized to unity and we can make permutations of
operators under Sp.
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Let us demonstrate that the grand canonical quantum ensemble corresponds to
the maximum of information entropy at fixed average energy:
⟨H⟩ = Sp ρH

(B.19)

⟨N⟩ = Sp ρN

(B.20)

Sp ρ = 1.

(B.21)

and average number of particles:

with the normalization:

Let us write the grand canonical ensemble as:
ρ = exp(

Ω − H + μN
);
T

Ω

e− T = Sp exp(−

H − μN
).
T

(B.22)

Then, from inequality (B.17) we obtain (assuming that ρ is an arbitrary density matrix
with the same averages (B.19), (B.20), (B.21)):
− Sp ρ ln ρ ≤ − Sp ρ ln ρ = − Sp[ρ (

Ω H μN
− +
)] = − Sp ρ ln ρ,
T T
T

(B.23)

which proves our statement. Here we used (B.19), (B.20), (B.21), which are valid for ρ
and ρ , i. e.
Sp ρ H = Sp ρH,

Sp ρ N = Sp ρN.

(B.24)

These extremal properties of Gibbs ensembles can be used as their definitions.
This gives another approach to the justification of equilibrium statistical mechanics.2
From our discussion it becomes clear that the physical entropy describes the lack of
information on the real microscopic structure of a multi-particle system. This lack of
information leads to the possibility of different microscopic states, which we can not
discern from each other, which corresponds to real randomness in hidden degrees
of freedom of the system. It is maximal, when the system is in equilibrium, and we
know almost nothing about the details of its microscopic organization, and its state is
completely determined by a few thermodynamic parameters. Attempts to clarify the
microscopic details of the internal organization of the system will inevitably perturb
the equilibrium state and lead to lower values of the entropy.

2 In fact, we have just shown, that different versions of the Gibbs distribution correspond to the maximum of thermodynamic entropy with specific additional conditions. This naturally defines the corresponding equilibrium states.
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Leo Szilard (1898–1964) was a Hungarian–German–
American physicist and inventor. He anticipated the
nuclear chain reaction in 1933, patented the idea of
a nuclear reactor with Enrico Fermi in 1934, and in
late 1939 wrote the letter for Albert Einstein’s signature that resulted in the Manhattan Project that built
the atomic bomb. In addition to the nuclear reactor,
Szilard submitted patent applications for a linear accelerator in 1928, and a cyclotron in 1929. He also conceived the idea of an electron microscope. Between
1926 and 1930, he worked with Einstein on the development of the Einstein refrigerator. After Adolf Hitler
became chancellor of Germany in 1933, Szilard urged his family and friends to flee
Europe while they still could. Szilard moved to the United States in 1938, where he
worked with Enrico Fermi on means of achieving a nuclear chain reaction. He was
present when this was first demonstrated on December 2, 1942. He worked for the
Manhattan Project’s Metallurgical Laboratory on aspects of nuclear reactor design.
His doctoral dissertation was praised by Einstein and involved a long-standing puzzle
in the philosophy of thermal and statistical physics known as Maxwell’s demon. The
problem was thought to be insoluble, but in tackling it Szilard recognized the connection between thermodynamics and information. In 1929 Szilard published a second
paper on Maxwell’s Demon “On the reduction of entropy in a thermodynamic system
by the intervention of intelligent beings”, that had actually been written soon after
the first. This paper is the first, where (negative) entropy was related to information.
As such, it established Szillard as one of the founders of information theory, but he
did not pursue it further.

B.2 Purging Maxwell’s “demon”
An interesting relation between statistical thermodynamics and information theory
can be studied by analyzing the problem of Maxwell’s demon [8]. We have just noted
that attempts to get information on the details of the microscopic organization of the
system by interfering with microscopic processes within the system can move it out
of the equilibrium state. Probably the first example of such interference was proposed
by Maxwell, introducing the paradox of a “demon”, which “works” against the second
law of thermodynamics. The simplest variant of such a demon can work as follows.
Consider a vessel with a gas in equilibrium state, with a wall inside, separating the
vessel into parts A and B, and a hole in the wall with a door. We can imagine, that our
demon is sitting near this door and can let fast molecules passing through the hole,
say from A to B, while from B to A it allows the passage of slow molecules. Then, after
some time interval, since the start of these activities, in part B we shall collect more fast
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Figure B.1: Maxwell’s demon.

molecules, than in part A. The thermodynamic equilibrium will be broken, the temperature of the gas in part B will become higher than in part A. This situation explicitly
contradicts the second law, it is not difficult now to make heat pass from a colder part
of the vessel to a warmer part. Obviously, we may replace the demon by some automatic device, which will violate the second law in this way. More so, it seems much
more probable that a kind of “intellectual being” will deal with this process even more
effectively. At the same time, we are sure that the second law is of universal nature and
all processes in Nature should obey it. In fact, this is a correct conclusion and we shall
see shortly, that no demon will be able to overcome this law via decreasing entropy in
a closed system, which includes himself (itself). The paradox of Maxwell’s demon was
first resolved by Szilard, who used clear and simple arguments, as will be discussed
below [8].
The essence of Szilard’s argument is, that the demon has to observe separate
molecules, to separate “fast” molecules from “slow”. This observation can be made
using some physical methods, e. g. he can shine on molecules using electric light,
so that he can see them and start to act. Thus, the closed system to be analyzed may
consist of:
– a gas at finite temperature T = T0 , contained in a vessel with a wall and a door;
– a demon, operating the door;
– an electric light with a charged cell, giving energy to an electric bulb.
The cell energy heats the wire in the bulb up to some high enough temperature T1 > T0 .
This allows us to obtain the light with quantized energy ℏω1 > T0 , which is necessary
for these quanta to be recognized on the background of the “black body” radiation,
which in turn is always present within the vessel with a gas with temperature T0 . During the experiment, the cell gives energy E to the bulb, the bulb wire radiates this
energy and looses entropy. This change in entropy is estimated as:
Sf = −

E
T1

(B.25)

and it is introduced to the gas as a negative entropy. With no interference from the
demon’s side, the energy E is absorbed by gas at temperature T0 , and we observe the
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total growth of entropy:
S=

E
E
E
+ Sf =
−
> 0.
T0
T0 T1

(B.26)

Consider now the demon at work. It (or he) can find a molecule only in the case where
it will scatter at least one quantum of energy ℏω1 from the molecule to its (his) “eye”
(or to photomultiplier). This inevitably leads to the growth of demon’s entropy:
ΔSd =

ℏω1
.
T0

(B.27)

The obtained information can be used to decrease the entropy of the system. The initial
entropy of the system is given by:
S0 = ln Ω0 ,

(B.28)

where Ω0 is the statistical weight of the (closed) system. After getting the information,
the system is defined in more detail, Ω0 is decreased by some value p0 :
Ω1 = Ω0 − p.

(B.29)

This leads to a decrease in entropy:
ΔSi = S1 − S0 = ln(Ω0 − p) − ln Ω0 ≈ −

p
Ω0

(B.30)

as in most practical cases we have p ≪ Ω0 . The total balance of entropy is expressed
by:
ΔSd + ΔSi =

ℏω1
p
−
>0
T0
Ω0

(B.31)

as ℏω1 /T0 > 1, but p/Ω0 ≪ 1. Thus, as a result, the entropy of the closed system increases, in accordance with the second law.
Let us consider this situation in more detail. Suppose that after some time, the
demon has created the temperature difference ΔT between parts A and B of the vessel:
TB > TA ; TB − TA = ΔT
1
1
TB = T0 + ΔT; TA = T0 − ΔT.
2
2

(B.32)

After that, the demon chooses a fast molecule in the region A with kinetic energy 32 T(1+
ε1 ) and sends it to the region B. Then he chooses a slow molecule in B with kinetic
energy 32 T(1 − ε2 ) and allows it to pass to the region A. To observe both molecules, the
demon needs at least two light quanta, which leads to a decrease of his entropy:
ΔSd = 2

ℏω1
> 2.
T0

Brought to you by | Newcastle University
Authenticated
Download Date | 4/7/19 2:07 AM

(B.33)

B.2 Purging Maxwell’s “demon”

| 287

The exchange of molecules leads to a transfer of energy from A to B:
3
ΔQ = T(ε1 + ε2 ),
2

(B.34)

which, taking into account (B.32), corresponds to a decrease of total entropy:
ΔSi = ΔQ(

1
ΔT
ΔT
1
3
−
) ≈ −ΔQ 2 = − (ε1 + ε2 ) .
TB TA
2
T
T

The values of ε1 and ε2 are, most probably, small and ΔT ≪ T, then:
3
ΔSi = − η; η ≪ 1, so that
2
ℏω
3
ΔSd + ΔSi = (2 1 − η) > 0
T0
2

(B.35)

(B.36)

in agreement with the second law.
In principle, we can analyze another situation, that of the demon at low temperature, when its temperature T2 ≪ T0 . In this case it can absorb quanta ℏω, radiated
by molecules of the gas at temperature T0 . Then, instead of conditions T1 > T0 and
ℏω1 > T0 used above, we have ℏω > T2 and T2 < T0 , and we can repeat our arguments.
We always need some difference of temperatures, or the demon will not be able to
operate. But in any case it will not be able to overcome the second law.
These results lead to an important conclusion: physical measurements of rather
general nature can lead to an increase in entropy. There is some low limit, below which
most measurements become impossible. A rough estimate for this limit corresponds
to a decrease in entropy of ∼1(∼ kB ). A more accurate estimate gives the value of this
limit as kB ln 2 ≈ 0.7kB , per one bit of acquired information [8].
However, this is not the end of the story of Maxwell’s demon. Though all arguments, given above, are undoubtedly valid for typical physical measurements, more
recent studies demonstrated the specific ways to determine the positions of the molecules, not leading to an appropriate increase in entropy [4]. It was also discovered that
some operations with information data, e. g. writing data from one device to the other,
can under certain conditions be performed without thermodynamic limitations. However, there is still a deep reason why the appropriate demon will not be able to break
the second law. The thing is that it first has to “forget” the results of the previous measurement, i. e. destroy information (and thus “pay” in thermodynamic sense). Any
memory state (e. g. of a computer) is represented by appropriate physical states (electric current, voltages, magnetizations etc.). The corresponding cleaning of memory, as
was first noted by Landauer, is a thermodynamically irreversible operation, leading to
a general increase in entropy of the closed system.3
3 If the demon possesses a very large memory, it can surely simply remember the results of all measurements, so that there are no irreversible actions. However, this situation does not correspond to
the thermodynamic cycle. Demon just increases the entropy of its memory to decrease the entropy of
surrounding medium.
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Below we briefly explain the Landauer principle of information erasure, analyzing
the so-called Szilard engine model.4 The Szilard engine consists of a one-dimensional
cylinder, whose volume is V0 , containing a one-molecule gas and a partition that
works as a movable piston. The operator, e. g. a demon, of the engine inserts the partition into the cylinder, measures the position of the molecule, and connects to the
partition a string with a weight at its end. These actions by the demon are ideally performed without energy consumption [4]. The demon’s memory is also modeled as a
one-molecule gas in a box with a partition in the middle. Binary information, 0 and 1,
is represented by the position of the molecule in the box, on the left and on the right,
respectively.
The following is the protocol to extract work from the engine through information
processing performed by the demon (see Figure B.2), where we denote “SzE” for the
Szilard engine and “DM” for the demon’s memory at each step of the protocol. Initially,
the molecule in the cylinder moves freely over the volume V0 .
Step 1 (SzE) The partition is inserted at the center of the cylinder.
Step 2 (SzE, DM) The demon measures the location of the molecule, either the left
(“L”) or the right (“R”) side of the partition. The demon records the measurement
outcome in his memory. When it is L (R), his memory is recorded as “0” (“1”).

Figure B.2: A protocol of Szilard engine (left side) and demon’s memory (right side). This figure
shows an example in which the molecule was found on the right-hand side of the cylinder. In the
demon’s memory, the state after removing the partition is denoted by “∗”.
4 This example is taken from A. Hosoya, K. Maruyama, Y, Shikano. Phys, Rev. E 84, 061117 (2011).
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Step 3 (SzE) Depending on the measurement outcome, the demon arranges the device differently. That is, when the molecule was found on the left (right) hand
side, i. e., the record is 0 (1), he attaches the string to the partition from the left
(right). In either case, by putting the cylinder in contact with the heat bath of temperature T, the molecule pushes the partition, thus exerting work on the weight,
until the partition reaches the end of the cylinder. The amount of work extracted
by the engine is
W = kB T ln 2,

(B.37)

as can be seen by applying the combined gas law in one dimension.
Step 4 (SzE) The demon removes the partition from the engine, letting the molecule
return to its initial state.
Step 5 (DM) The demon removes the partition from his memory to erase information.
Step 6 (DM) In order to reset the memory to its initial state, the demon compresses
the volume of the gas by half.
In order to complete the cycle for both the Szilard engine and the memory, the demon
has to reset the memory, which follows the erasure of one bit of information. More precisely, the physical process of information erasure and memory resetting described in
Steps 5 and 6, goes as follows. The box is in contact with the thermal bath at the same
temperature T as that of the engine. The record in memory can be erased simply by
removing the partition, since the location of the molecule becomes completely uncertain. To bring the memory back to its initial state, e. g., 0, one has to compress the gas
by a factor two, by sliding a piston from the right end to the middle. The necessary
work for this compression is kB T ln 2, which exactly cancels out the work gain by the
engine (B.37).
Let us look at the same process in terms of thermodynamic entropy. By Steps 1
and 2, the volume of the gas in the engine is halved, regardless of the outcome of the
measurement. As the entropy change of an ideal gas under the isothermal process is
given by ΔS = S(V  ) − S(V) = kB ln(V  /V), the entropy of the engine is lowered by
kB ln 2. The isothermal expansion in Step 3 increases the entropy of the gas by kB ln 2,
while that of the heat bath is decreased by the same amount. As far as the Szilard
engine and its heat bath are concerned, the net result is an entropy decrease of kB ln 2.
This is exactly canceled out by the entropy increase due to information erasure and
the reset performed in Steps 5 and 6.
These last two steps are of crucial importance when closing a cycle of memory.
Information erasure in Step 5 is an irreversible process and increases the thermodynamic entropy by kB ln 2. The isothermal compression to reset the memory in Step 6
requires work and dissipates an entropy of kB ln 2 to its heat bath. This is the essence of
the Landauer-Bennett mechanism that finally resolves the Maxwell’s demon paradox.
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C Nonequilibrium statistical operators
C.1 Quasi-equilibrium statistical operators
There have been many attempts to construct a general formulation of nonequilibrium
statistical mechanics along the lines of the general Gibbs approach to equilibrium statistical mechanics. Below, we briefly discuss one of the most popular formulations,
developed essentially by Zubarev and coworkers [37, 25].
In classical nonequilibrium statistical mechanics we have to analyze solutions of
the Liouville equation (1.50) for the general statistical distribution function ρ:
𝜕ρ
= {H, ρ},
𝜕t

(C.1)

where {H, ρ} denote the Poisson brackets (1.49) for H and ρ.
The quantum Liouville equation (1.128) for the general density matrix ρ (statistical
operator) in operator form is written as:
iℏ

𝜕ρ
= [H, ρ].
𝜕t

(C.2)

Below we consider only the quantum case, since the classical equations can be formulated in a similar way.
The formal solution of the Liouville equation (C.2) can be written as:
ρ(t) = U(t, t0 )ρ(t0 )U + (t, t0 ),

(C.3)

where ρ(t0 ) is an arbitrary statistical operator at the initial time t0 , while U(t, t0 ) is the
operator of time evolution, determined by the equation:
𝜕U(t, t0 )
1
= HU(t, t0 )
𝜕t
iℏ

(C.4)

with initial condition U(t0 , t0 ) = 1. However, this solution can be useful only in case of
an appropriate choice for the statistical operator ρ(t0 ) and initial moment t0 . A typical
example is linear response theory, where we choose t0 → −∞ and ρ(−∞) is assumed
to be an equilibrium Gibbs ensemble. Thus, the main problem of nonequilibrium statistical mechanics is not reduced to finding the formal solutions of the Liouville equation, but to the proper choice of initial conditions.
Note that, depending on the specific problem, the number of parameters, necessary to describe the nonequilibrium state of a system, depends on the characteristic
time-scale of interest to us. For larger time-scales we actually need a smaller number of such parameters. For example, at the hydrodynamic stage of a nonequilibrium
process it is sufficient to deal only with the average values of energy, momentum and
particle densities. This idea of a reduced description of nonequilibrium processes at
https://doi.org/10.1515/9783110648485-014
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large enough intervals of time is basic for almost all theories of nonequilibrium processes (cf. our discussion of the derivation of the kinetic equations in Chapter 10). It
was clearly formulated first by Bogolyubov.
We are interested in solutions of the Liouville equation for not very short time
intervals, when the description of nonequilibrium state can be achieved with some
set of operators Pm , where the index m may be both discrete or continuous. We shall
look for those solutions of the Liouville equation, which depend on these operators
and its conjugated parameters Fm (t), which will be explained a bit later. Depending
on the choice of the operators Pm , such an approach is possible for both the kinetic
or hydrodynamic stage of a nonequilibrium process. For the hydrodynamic stage we
can choose Pm as operators of energy, momentum and particle densities H(r), p(r) and
n(r). For the kinetic stage Pm may be chosen as the appropriate one-particle density
matrices.
To formulate a proper initial condition for the Liouville equation, we now introduce the notion of the quasi-equilibrium statistical operator. It can be defined similarly
to that we have used in our discussion of the equilibrium statistical operators in Appendix B. Let us assume that our nonequilibrium state is characterized by the set of
the averages of operators Pm . The quasi-equilibrium statistical operator can be defined
as corresponding to the extremum of information entropy:
S = − Sp ρ ln ρ

(C.5)

under additional conditions of fixing the average values of Pm :
Sp ρPm = ⟨Pm ⟩t

(C.6)

Sp ρ = 1.

(C.7)

and the normalization condition:

To solve this problem we can look for the extremum of the following functional:
L(ρ) = − Sp ρ ln ρ − ∑ Fm (t) Sp ρPm − (Φ(t) − 1) Sp ρ,
m

(C.8)

where Fm (t) and Φ(t) − 1 are the appropriate Lagrange multipliers. Demanding
δL(ρ) = − Sp{[ln ρ + Φ(t) + ∑ Fm (t)Pm ]δρ} = 0
m

(C.9)

for arbitrary variations δρ, we get the quasi-equilibrium statistical operator as:
ρl = exp{−Φ(t) − ∑ Fm (t)Pm } ≡ exp{−S(Pm , t)},
m
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where
Φ(t) = ln Sp exp{− ∑ Fm (t)Pm }

(C.11)

S(Pm , t) = Φ(t) + ∑ Fm (t)Pm

(C.12)

m

and
m

is the entropy operator for a quasi-equilibrium ensemble.
Conjugate parameters Fm are determined by demanding that the physical averages from the total density matrix coincide with the averages, calculated with the
quasi-equilibrium statistical operator:
Sp ρPm = Sp ρl Pm

(C.13)

⟨Pm ⟩t = ⟨Pm ⟩tl .

(C.14)

or

The entropy of the quasi-equilibrium ensemble is:
t

S = −⟨ln ρl ⟩l = ⟨S(Pm , t)⟩l = Φ(t) + ∑ Fm (t)⟨Pm ⟩tl
m

t

= Φ(t) + ∑⟨Pm ⟩ .

(C.15)

m

Thus, by construction, the quasi-equilibrium statistical operator (C.10) corresponds
to the extremum (in fact maximum!) of information entropy, at fixed values of the averages ⟨Pm ⟩ and with normalization, in the same way as equilibrium Gibbs ensembles
correspond to the maximum of information entropy, at fixed average values of the appropriate integrals of motion1 (cf. Appendix B). In the particular case of the hydrodynamic regime we can take:
F0 (r, t) = β(r, t),

P0 = H(r)

F1 (r, t) = −β(r, t)v(r, t),

m
F2 (r, t) = −β(r, t)[μ(r, t) − v2 (r, t)],
2

P1 = p(r)

(C.18)

P2 (r) = n(r),

1 In the equilibrium state (C.10) naturally reduces to either the canonical distribution
ρ = exp{−Φ − βH},

Φ = ln Z = ln Sp e−βH

(C.16)

with Φ = −F/T, or to the grand canonical distribution
ρ = exp{−Φ − β(H − μN)}, Φ = ln Z = ln Sp e−β(H−μN) ,

(C.17)

where Φ = −Ω/T.
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where β−1 (r, t), μ(r, t) and v(r, t) are the (local!) temperature, chemical potential and
velocity.
The quasi-equilibrium statistical operator (C.10) guarantees the validity of the
thermodynamic relations between Φ, Fm and S:2
δΦ
= −⟨Pm ⟩tl ,
δFm (t)

δS
= Fm (t)
δ⟨Pm ⟩tl

(C.19)

so that Fm (t) and ⟨Pm ⟩tl are each other’s conjugate.
However, the quasi-equilibrium statistical operator, defined as in equation (C.10),
does not satisfy the Liouville equation and does not describe nonequilibrium processes. At the same time, as we shall see below, it can be used as a proper initial
condition to the Liouville equation, to find the general form of the nonequilibrium
statistical operator.
Dmitry Nikolaevich Zubarev (1917–1992) was a
Soviet theoretical physicist known for his contributions to statistical mechanics, nonequilibrium thermodynamics, and to the development of the doubletime Green’s functions formalism. Dmitry Zubarev was
born in Moscow in the family of an engineer. In 1941
he graduated from the Physics Department at Moscow
State University and soon after that, on 25 June 1941,
volunteered to participate in the Second World War.
He participated in the Battle of Moscow and met the
end of the war in Berlin. After the war he worked for
several years in the Soviet Atomic project. In this period of time he was greatly influenced by Nikolay Bogolyubov and Andrei Sakharov.
Then, in 1954 he moved to Steklov Institute of Mathematics, where continued to work
for the rest of his life. He made a significant contribution to the theory of double-time
temperature Green’s functions in statistical mechanics, where his work became worldfamous. In the period 1961–1965, he developed a method of nonequilibrium statistical
operator, which is now a classical tool in the statistical theory of nonequilibrium processes. This method allowed him to include nonequilibrium phenomena in the framework of statistical mechanics in a natural way following the ideas of Josiah Willard
Gibbs. Using this method, he constructed relativistic thermodynamics and relativistic
hydrodynamics, the statistical transport theory for systems of particles with internal
degrees of freedom, and the statistical thermodynamics for turbulent transport processes.

2 If index m is discrete, the functional derivatives in (C.19) are replaced by the usual partial derivatives.
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C.2 Nonequilibrium statistical operators and quasi-averages
Both the classical (C.1) and quantum Liouville equations (C.2) are symmetric with respect to time inversion (in the classical case this corresponds to t → −t, reversal of the
momenta (velocities) of all particles and of the direction of the magnetic field). However, the solution of the Liouville equation is unstable to small perturbations, breaking
this symmetry.
Let us introduce into the Liouville equation an infinitesimal “source”, which satisfies the following requirements:
1. the source is breaking time reversal invariance of the Liouville equation and goes
to zero for ε → 0 (after the thermodynamic limit);
2. the source selects retarded solutions of the Liouville equation. This requirement
determines the sign of ε > 0, ε → +0. Advanced solutions, corresponding to the
opposite sign, will lead to a decrease of the entropy with time;
3. the source becomes zero for ρ equal to the quasi-equilibrium statistical operator
ρl (C.10). For the equilibrium state the source is just absent.
We may consider two ways to introduce the source into the Liouville equation. The
first one is to introduce this infinitesimal source directly into the r. h. s. of Liouville
equation:
𝜕ρε
1
+ [ρε , H] = −ε(ρε − ρl ),
𝜕t
iℏ

(C.20)

where ρ → +0, after taking the thermodynamic limit (during calculations of statistical averages). This infinitesimal source breaks the time reversal invariance of Liouville equation, as the l. h. s. changes sign under this reversal, while the r. h. s. does not
change.
Let us rewrite equation (C.20) in the following form:
d εt
(e ρε (t, t)) = εeεt ρl (t, t),
dt

(C.21)

where
ρε (t, t) = U + (t, 0)ρε (t, 0)U(t, 0)
ρl (t, t) = U + (t, 0)ρl (t, 0)U(t, 0)

U(t, 0) = exp{−i

Ht
}
ℏ

(C.22)

(H is assumed to be time independent) and we introduced the notations:
ρε = ρε (t, 0),

ρl = ρ(t, 0).

(C.23)
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Integrating equation (C.21) from −∞ to t and assuming that limt→−∞ ρ(t, t) = 0, we
get:
t

t

−∞

−∞

ρε (t, t) = ε ∫ eε(t1 −t) ρl (t1 , t1 )dt1 = ε ∫ eεt ρl (t + t  , t + t  )dt  .


(C.24)

Finally, the solution of Liouville equation (C.20) gives the nonequilibrium statistical
operator in the following form:
t

εt
 

ρε = ρε (t, 0) = ρ̃
l (t, 0) = ε ∫ e ρl (t + t , t )dt .


(C.25)

−∞

Integrating by parts, we can rewrite equation (C.25) as:
0

1

ρε = ρl + ∫ dt  eεt ∫ dτe−τS(t+t ,t ) S(t + t  , t  )e(τ−1) S(t + t  , t  ),
−∞



 

(C.26)

0

where
̇ 0) = 𝜕S(t, 0) + 1 [S(t, 0), H]
S(t,
𝜕t
iℏ
̇ t  ) = U + (t, 0)S(t,
̇ 0)U(t  , 0)
S(t,

(C.27)

defines the operator of entropy production, which can be proved to be positive definite [25].
The parameters Fm (t), entering the expression for the entropy operator are chosen so that the average values of Pm , calculated with the nonequilibrium statistical
operator (C.25), coincide with the averages over the quasi-equilibrium statistical operator (C.10):
⟨Pm ⟩t = ⟨Pm ⟩tl ,

(C.28)

⟨ ⋅ ⋅ ⋅ ⟩t = lim Sp(ρε ⋅ ⋅ ⋅).

(C.29)

where
ε→+0

Then ⟨Pm ⟩t and Fm (t) become conjugate parameters, so that:
δΦ
= −⟨Pm ⟩tl = −⟨Pm ⟩t .
δFm (t)

(C.30)

The nonequilibrium statistical operator (C.25) can be used to calculate the average
value of an arbitrary operator A as:
⟨A⟩ = lim Sp ρε A ≡ ≺A≻,
ε→+0
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which is a typical quasi-average, as introduced by Bogolyubov (cf. discussion in Chapter 8). Applying (C.31) to the operators Ṗ m and taking into account (C.28) we obtain the
transport equations:
𝜕
⟨P ⟩t = ⟨Ṗ m ⟩t = lim Sp ρε Ṗ m = ≺Ṗ m ≻.
ε→+0
𝜕t m l

(C.32)

The second way to introduce infinitesimal sources uses the fact that the logarithm
of a statistical operator satisfying the Liouville equation, also satisfies the Liouville
equation:
𝜕 ln ρ 1
+ [ln ρ, H] = 0.
𝜕t
iℏ

(C.33)

We may introduce an infinitesimal source directly into equation (C.33) as:
𝜕 ln ρε
1
+ [ln ρε , H] = −ε(ln ρε − ln ρl ),
𝜕t
iℏ

(C.34)

where ε → +0 is again taken after the thermodynamic limit. Once again we see, that
this extra source breaks the time reversal symmetry of equation (C.33).
Let us rewrite equation (C.34) as:
d εt
(e ln ρε (t, t)) = εeεt ln ρl (t, t).
dt

(C.35)

Integrating equation (C.35) from −∞ to t, we obtain:
t

ln ρε (t, t) = ε ∫ e
−∞

ε(t1 −t)

0

ln ρl (t1 , t1 )dt1 = ε ∫ eεt ln ρl (t + t  , t + t  )dt 


(C.36)

−∞

so that this version of the nonequilibrium statistical operator is written as:
0


̃
ρε = ρε (t, 0) = exp{ln
ρl (t, 0)} = exp{−ε ∫ dt  eεt ln ρl (t + t  , t  )},

(C.37)

−∞

where again ε → +0 after taking the thermodynamic limit. After partial integration,
we can rewrite (C.37) as:
0


̃
̇ + t  , t  )}.
ρε = exp {−S(t,
0)} = exp{−S(t, 0) + + ∫ dt  eεt S(t

(C.38)

−∞

The parameters Fm (t), entering the expressions for S(t, 0) and entropy production
̇ 0), are defined, as above, by equations (C.28).
S(t,
It can be shown that the nonequilibrium statistical operator (C.38) corresponds to
the extremum of information entropy (C.5) under the additional conditions of fixing
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⟨Pm (t  )⟩t = Sp ρPm (t  ) for any previous moment in time −∞ ≤ t  ≤ 0 and the usual
normalization condition.
Nonequilibrium statistical operators (C.25), (C.38) were used by different authors
to derive equations for hydrodynamics, relaxation equations and kinetic equations
[25]. It can be shown that in the lowest orders of interactions, or in case of small thermodynamic perturbations, both (C.25) and (C.38) lead to the same transport equations
(C.32). However, the question of the equivalence or nonequivalence of these forms of
nonequilibrium statistical operators is still open. A detailed discussion of nonequilibrium statistical operators and applications to various physical problems can be found
in [25].
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