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We analyze superconducting pairing (s and d-wave) in a simple exactly solvable model of the pseudogap state
induced by fluctuations of short-range order (e.g. antiferromagnetic), based on the model Fermi-surface with
“hot”-patches. The average superconducting gap is found to be non zero in the temperature range above the
mean-field 7., where superconductivity persists apparently in separated “drops” due to fluctuations. We also
calculate the spectral density and the density of states demonstrating that superconducting anomalies there also
show up in the region of T' > T, while at T itself there are no special features due to superconducting transition

in a sample as a whole.

We consider a greatly simplified model of the
pseudogap state, which is based on the idea of
well — developed fluctuations of antiferromagnetic
(AFM, SDW) short — range order which is quali-
tatively similar to the “hot spots” model of Ref.
[1,2). We assume that the Fermi surface of two
- dimensional system of electrons to have nest-
ing (“hot”) patches of finite angular size « in
(0,7) and symmetric directions in the Brillouin
zone, as shown in Fig.1 [3]. Similar Fermi surface
was observed in a number of ARPES experiments
on cuprate superconductors [4,5). Fluctuations of
short — range order are assumed to be static and
Gaussian with the factorized Lorentzian correla-
tor introduced in Ref. [3], with peaks centered at
AFM scattering vectors:

—1— E—l €—l
T2 (9o — Q)2 +£72 (99 — Qy)* + &

where either Q; = x2pp, Qy = 0 or Q, =
+2pF, @z = 0 for incommensurate fluctuations,
Q = (w/a,n/a) for commensurate case. Be-
low we consider only incommensurate case. We
shall assume that these fluctuations interact only
with electrons from the “hot” (nesting) patches
of the Fermi surface. Effective interaction of
these electrons with fluctuations we shall model

S(q) = 5(1)
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Figure 1. Model Fermi surface of two — dimen-
sional system. “Hot” patches are shown by thick
lines of the width of ~ €1,

as (27)°W2S(q), where W is of dimensions of
energy and defines the characteristic width of the
pseudogap. This scattering is in fact of one — di-
mensional nature, allowing an exact solution.

In this work we consider only maximally sim-
plified variant of this model with £ — oo, when ef-
fective interaction with fluctuations (1) takes the
simplest possible form:

(2r)*W? {6(gc % 2pr)b(ay) + 6(gy % 2PF)6(gs)} (2)

In this case we can easily sum all diagrams of the
perturbation series for an electron scattered by
these fluctuations [6] and obtain one — particle
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Green’s function in the following form [3]:
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where £, = vr(|lp| — pr) (vF - Fermi velocity),
€n = (2n + 1)7T, and fluctuating dielectric gap
D(¢) which is different from zero only on the
“hot” patches

D ,0
por={ ¢ %
where ¢ — is polar angle, defining the direction of

vector p in (ps,py) - plane?. Distribution func-
tion of dielectric gap amplitude is given by [6]:
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where W — is characteristic width of the pseudo-
gap, which is nonzero only on “hot” patches.

Superconducting gap equations in this model
[7] are very similar to those obtained in Ref. [8].
For fixed value of the dielectric gap these equa-
tions take the following form:
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where A - BCS coupling constant, e(¢) defines
the angular dependence of superconducting gap:

x/4
+ / dée*(9) (6)

1 ( s-wave pairing)

e(¢) = { v2cos(24) ( d-wave pairing) @

However, due to dielectric gap fluctuations we
must perform additional averaging over dielectric
gap fluctuations (5). The usual mean - field ap-
proach assumes self — averaging nature of the su-
perconducting gap, i.e. its independence on fluc-
tuations of dielectric gap. In this case we obtain

2For other values of ¢ the value of D( ¢) is defined similarly
to (4) by obvious symmetry considerations.

Figure 2. T./T.o dependence on the effective
width of the pseudogap W/T.o for “hot patches”
of different sizes (d-wave pairing). (1)—a = 7/4;
(2)—a =7/6; (3)—a = 7/8; (4)—a = n/12.

equations for the mean - field Apy:
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Equations for mean - field 7, are obtained from
(8) by putting Apy = 0 and were studied in de-
tail in Ref. [3], where we also derived Ginzburg-
Landau expansion for this model. In Fig.2 we
show T, dependence on the effective width of the
pseudogap for the case of d-wave pairing.

However, in our model we can directly calcu-
late the average superconducting gap, taking the
dependence on fluctuations of D into account ex-
plicitly:

<A>= /0 ” dDP(D)A(D) 9)
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Figure 3. Temperature dependences of supercon-
ducting gaps Apy (points), < A > (full lines)
and Ap (dashed line) in case of s-wave pairing.
l—a = /20, T,/Teo = 042. 2.—a = =/6,
T./Teo = 0.71.

with the immediate conclusion that the averaged
gap (9) is in fact non zero up to temperature
T = T, - superconducting transition tempera-
ture in the absence of pseudogap (W=0). How-
ever, the mean — field transition temperature T,
determined by standard approach, assuming self-
averaging superconducting gap, for a supercon-
ductor with pseudogap is always lower than Ty
[3], as can be seen form Fig.2. Thus, apparently
paradoxical, behavior of < A > signifies, prob-
ably, the appearance in the system of local re-
gions with A # 0 (superconducting “drops”) in-
duced by fluctuations of D for all temperatures
T. < T < T, while coherent superconducting
state appears in the sample only for T < T..
Temperature dependences of average gap < A >
and mean - field gap Ap,s, obtained numeri-
cally from equations of our model for the case
of s-wave pairing (d-wave curves are similar), are
shown in Fig.3. Mean - field gap Apy goes
to zero at T = T, < T, while < A > is non
zero up to T = T.o, with unusual “tails” in tem-
perature dependences of < A > in the region of

-

Figure 4. Spectral density on the Fermi sur-
face in case of s-wave pairing for different val-
ues of T/Tye: 1.-0.8; 2.-0.4; 3.-0.1. a = =/6.
Points: mean - field approximation for Apms(E)
at T/ Teo =0.1

Figure 5. Density of states in case of d-wave pair-
ing (&« = x/6). T/Teo = 1.-0.8; 2.-0.48; 3.-0.1.
Points: mean field density of states Np,¢(E) for
T/Teo = 0.1. Dashed line: pseudogap in the den-
sity of states for T' > T,.
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T. < T < T,. Note that temperature depen-
dences of < A(T') > shown in Fig.3 qualitatively
resemble those observed in underdoped cuprates
in ARPES [9] and specific — heat experiments [10].

We can also calculate one-electron spectral den-
sity in superconducting state for both s-wave and
d-wave pairing [7]. It is determined by:
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where D; — are the positive roots of the equation
D? + €2 + A*(D)e?(¢) — E? = 0. Our results
for the case of s-wave pairing are shown in Fig.4.
Results for the d-wave case are rather similar [7].
These data demonstrate characteristic peaks and
dips, similar to those observed in ARPES - exper-
iments [9]. Of course all discontinuities on these
curves will be smeared in case of fluctuations with
finite correlation lengths £. The account of ex-
plicit dependence of superconducting gap on fluc-
tuations of D leads to these anomalies appearing
already in the temperature region 7. < T < T,,.
Nothing special happens with spectral densities
at T =T..

Tunneling density of states in our model is
given by:
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The behavior of the density of states for the case
of d-wave pairing is shown in Fig.5. The exact
density of states (which takes D fluctuations into
account) does not “feel” superconducting transi-
tion in a sample as a whole which takes place at

T = T,. Characteristic width of the supercon-
ducting pseudogap in the density states is deter-
mined by Ag (superconducting gap in the absense
of AFM pseundogap), not by Any, as in mean
- field approximation. Superconducting like fea-
tures become observable in the density of states
already for T, < T < T.o. This can, in princi-
ple, explain unusually high values of 2A /T, ob-
served in tunnelling experiments in underdoped
cuprates. Superconducting “drops” may also lead
to additional diamagnetism above T.

The results obtained above show that the pseu-
dogap state induced by AFM short — range order
fluctuations (or similar CDW fluctuations) leads
(in addition to the anomalies of the normal state
[1,2]) also to rather unusual properties of super-
conducting state, related to partial dielectrization
(non Fermi — liquid behavior) of electronic spec-
trum on the “hot” patches of the Fermi surface.
These properties correlate well with a number of
anomalies observed in the underdoped state of
HTSC - cuprates. It is obvious that more se-
rious comparison with experiments can only be
performed in more realistic approach, taking into
account, first of all, the effects of the finite corre-
lation lengths £, which is relatively small in real
systems. At low temperatures it is also important
to take into account the dynamic nature of AFM
fluctuations.
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