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Basic Models for Metal-Insulator Transition
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Anderson model

P.W.Anderson (1958)
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- 1.17 Polential energy used by Anderson (1958): (a) without a random potential and

(b) with such a potential. The density of states is also shown.

» L18 Wave function i of an electron when 1~a: (a) extended states; (b) weakly

localized states.
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At small disorder de conductivity of a metal at T = 0 is determined by
Drude expression:
= =
net  ne*
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m. pr

7y = | (2.2)
where 7 — is the mean free time, n — is electron density and ¢ — its
charge. Usual kinetic theory can he applied if
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which is a condition of weak scattering (disorder), From Eq. (2.2) and Eq.
(2.3), taking into account n = pﬁ-;’{ﬂngﬁ‘j). we can estimate the lower limit
of conductivity for which Drude approximation is still valid:
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is usually called the “minimal metallic conductivity” [Mott N.F. (1974)



Self - Consistent Theory of Localization

D.Vollhardt, P.Woelfle 1980, 1982
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These "maximally crossed” diagrams lead to the following
quantum correction to diffusion coefficient:

diw) N 1 1
Dy «N(E) )3 i + Dok? (%)

k[ < ko

Appropriate correction to relaxation kernel can be expressed via the cor-
rection to diffusion coefficient as:
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Considering the usual Drude metal as the zeroth approximation we get:

M
SMp(w) = =5

o1 w)
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The central point of the self-consistent theory of localization [Gotze W,

(1979)] reduces to the replacement of Drude diffusion coefficient Dy in the
diffusion pole of  ($) by the generalized one D(w).
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or the equivalent equation for the generalized diffusion coeflicient itself:
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Basic Models for Metal-Insulator Transition

Hubbard model

J.Hubbard (1964) Z ti JCWCJJ +U Z e
‘d band
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Correlated Metal Mott Insulator

DMFT



Anderson - Hubbard Model

Our aim is to consider non—-magnetic disordered Anderson-Hubbard model (mainly) at
half-filling for arbitrary interaction and disorder strengths. Mott—Hubbard and Anderson
MITs will be investigated on an equal footing. The Hamiltonian of the model under study

is written as:

H=—t Z {I-:-rgajg | Z €nie + U Z T T s (1)

(if)o io

where t > 0 is the amplitude for hopping between nearest neighbors, U is the on-site
_ ; ‘ for the case of attraction U<0 fy o
repulsion, n,, = a!_a,_ is the local electron number operator, a,, (a! ) is the annihilation

R lepTey
(creation) operator of an electron with spin o, and the local ionic energies ¢; at different
lattice sites are considered to be independent random variables. To simplify diagrammatics

in following we assume Gaussian probability distribution for e;:

Here the parameter A is just a measure of disorder strength, and Gaussian (“white” noise)
random field of energy level ¢; at lattice cites produces “impurity” scattering, leading to the

standard diagram technique for calculation on the averaged Green’s functions'.



Basics of DMFT+X

. M.V Sadovskii, | A Nekrasov,
* D M FT"'E . E.Z Kuchinskii, Th.Pruschke,

WL Anisimov (2005)
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DMFT+X calculation scheme

(Initial DMFT self-energy: X.(iw) )

0

_>[ “External” self-energy: ‘ Yrliw. . Xiw)) ‘ J

Local Green’s function: 1
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Solution of an effective Anderson impurity problem )
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> for impurity scattering

Self-consistent Born approximation




Dynamic conductivity in DMFT+X

E.Z.Kuchinskii, I.A.Nekrasov, M.V.Sadovskii (2006)

A. Basic expressions for optical conductivity

To caleulate dynamic conductivity we use the general expression relating it to retarded

density — density correlation function y®(w. )71
.
_ . lew _
g(w) = — lim —EakH(w'. q)
7—0 g

where e 1s electronic charge.
Consider full polarization loop graph in Matsubara representation
which is conveniently {(with explicit frequency summation) written as:
Diw, q) = Y Pigia (i, q) = ) Dicliw, q)

e’ E

and contains all possible interactions of our model, described by the full vertex part
Retarded density—density correlation function is determined by appropriate analytic

continuation of this loop and can be written as:
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Dynamic conductivity:
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{I]' .'.-..J.J. ) — {I]' .u..e'.[]
o) = lity (iw, q) = ((0.0) _§~ 00 /= 0)60, e

DY (1w, q) — DY (iw, 0)
2

Only impurity scattering here!
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Dynamic Conductivity in DMFT+Z

E.Z. Kuchinskii, I. A. Nekrasov, M.V. Sadovskii (2006)
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Self - consistent equations for diffusion coefficient

The most important block ®°%4(w.q) can be calculated using the basic approach of
self-consistent theory of localization | with appropriate extensions, taking into account
the role of the local Hubbard interaction using DMFT4Y approach. The only important

difference with the standard approach is that equations of self—consistent theory are now

derived using

GRA(z p) =
P dp) _ SRA(e) SR

containing DMFT contributions %4 (=), not only impurity scattering contained in:

—imp

ik () = A’ Z GR?A(E? P) = ReXipy(s) £iy(2)
P

where v(z) = TA?N(g) and N(=) is the density of states renormalized by Hubbard interac-
tion, accounted via DMFT+X.
Following all the usual steps of standard derivation ' we obtain diffusion like (singular

at small w and ¢) contribution to @Ef'RA[w? q) as:

where the important difference with the single—particle case is contained in

o
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The second term here was taken in the “ladder” approximation:

>, G py)G (e, po)
1— A2y GE(ey,py)GR(e_,p_)

(w0, q) =

< v :}2 7
d @+ Mw)

D(w) =

. 1
V(w) = —AYFA () + A* S (AG,)?
| M(w) = —AZIA (w) + A (AG,) %@HD(M)QE

P

Ep VplAGy _ de(p)

SUCT TS AG, P AGp = GR(z4,p) — G (e, p)

op

q ,-_;:__’ kD = _-ﬂl'f-i?l{g_lvpl:} 17



E.Z.Kuchinskii, I.A.Nekrasov, M.V.Sadovskii

De nS Ity Of States JETP 106, 581 (2008); arXiv:0706.2618
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DISORDER INFLUENCE ON SINGLE - PARTICLE PROPERTIES FOR
THE CASE OF SEMI-ELLIPTIC DENSITY OF STATES

E.Z.Kuchinskii, N.A.Kuleeva, M.V.Sadovskii Do No(=") - Np(=") i
JETP 120, 1055 (2015); arXiv:1411.1547 Ga=[ e = [ (8)
where we have introduced the notation F; = = + u — (g} — A?Gy. In the case of semi —

elliptic « sity of states (5) this integral is easily calculated in analytic form, so that the

local Green’s function i1s written as:

. ‘)Ef —y E? — D?
=2 = . (9)
d Isorder Inﬂ uence on a” It is easily seen that Eq. (9) represents one of the roots of quadratic equation:
- . - 2
single-particle properties G3t = B~ =G (10)

IS universal
for all U

corresponding to the correct limit of Gy — E;* for infinitely narrow (D — 0) band. Then
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and are reduced Gyl =&+ pu—(e) = MGy — - Gu =+ u—E(e) - — s, (11)
tO the replacement where we have introduced D,;r — an effective half-width of the band (in the absence of
I
I D% De £ I electronic correlations, 1.e. for I = 0) widened by disorder scattering:
A2
Degy =ij1 +455. (12)

Eq. (10) was obtained from (8), thus comparing (11) and (10}, we obtain:
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Universality of DOS dependence on disorder
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Phase Diagram (T=0)

E.Z.Kuchinskii, I.A.Nekrasov, M.V.Sadovskii
JETP 106, 581 (2008); arXiv:0706.2618

Calculated in DMFT+X
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K. Byczuk, W. Hofstetter, D. Vollhardt.
Phys. Rev. Lett. 94, 056404 (2005)

line of vanishing

Hubbard subbands

Anderson
insulator

Crossover
regime

coexistence |
regime

Mott insulator

0.5 7 1.5 2 25 3

As arule of thumb Gaussian value of A, should be multiplied by /12 to obtain the critical

disorder value for rectangular distribution. This gives A, ~ 1.28 in rather good agreement

with A (U7 =0) = 1.35W value of K. Byczuk, W. Hofstetter, D. Vollhardt.

22



Disorder-induced Mott Insulator to Metal

Transition
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A2D

Phase Diagram d=2
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E.Z.Kuchinskii, N.A.Kuleeva,
|.A.Nekrasov, M.V.Sadovskii
JETP 110, 325 (2010); arXiv:0908.3747

localization behavior > self - consistent equations

D(w) = —io Ry,

for D(w)

< v =2
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Infinite two-dimensional systems are localized for arbitrarily
weak disorder, however R, is exponentially large for small A.
In finite systems, the Anderson transition occurs -
length R, diverges ! at some critical disorder A_(L).
Qualitative criterion of Anderson transition: R ,.(L—o0)~L

localization

Dashed stripe — region of the effective Anderson transition

between A, (L = 10%) and A, (L = 1083)
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JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol, 12, No. 6, Jung, 1957

Statistical-Mechanical Theory of Irreversible Processes. L.
General Theory and Simple Applications to Magnetic
and Conduction Problems

By Ryogo KuBo

General sum rule for

optical conductivity !

Thus we have proved the sum rule

o0 2
25 Re ¢'w(0)do=35 "5, | (88)
T Jo r M
limwIm @p=—3 &y G (8.9)
¥ o T mt’

which hold for any system irrespective of
the interaction of particles, the temperature,
the statistics and even in the presence of
magnetic field. This is the most general
form of the sum rule,

For a system of electrons, Egs. (8.8) and
(8.9) are written as

2 nge 0y (0) dor ="y, (8.10)
T I m

e*n

Im o (@)= ——— 8y (0—o0). | (8.11)
mw

Here we should remember that =2 is the true
mass of electrons. The integration of o(w)
has to be carried over all range of frequencies.



. E.Z.Kuchinskii, N.A.Kuleeva,
One band sum ru I . I.A.Nekrasov, M.V.Sadovskii

JETP 107, 281 (2008); arXiv:0803.3869

If one considers electrons in a crystal and

_ . . > 0*c
confines himself to the electrons in a particular / dwReo,,(w) = 7e Z P
band neglecting interband transitions, the oo ()p1
sum rule has to be modified to
2 © & ; o — R
;Sﬂ Re 0%uy(0) do n(e,) = =L [ def(e)ImGR (e, p)
==lim w Im 0y (W]
—e Tr{p-0°E(p)/0p,0p) | ®129  This should be valid in any

This holds if the electron system is described reasona_b!e model of Optlcal
by the Hamiltonian conductivity!

ﬁ%ﬂz%n E(p)+Vin, - rx) (8.13)
where E(p) is the energy of an electron with Dependence of the r.h.s. on

the crystal moments p. Also one has fo temperature and any other
omit the interband elements of the potential V. parameter is sometimes

‘ called “sum rule violation”.
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Check of the general optical sum rule:
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3.0

Sum rule “violation”:
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Superconductivity of disordered systems

Weak coupling (BCS), weak disorder (pgI>>1)

The theory of "dirty" superconductors
A.A. Abrikosov, L.P. Gor’kov.
JETP 35, 36, 39 (1958-1960)

Anderson's theorem on Tc
P.W. Anderson J. Phys. Chem. Solids 11 (1959)

Weak coupling (BCS), strong disorder (pgl~1)

Superconductivity near the Anderson transition
L.N.Bulaevskii, M.V. Sadovskii.

JETP Letters 39 (1984); J.Low.Temp.Phys. 59 (1985)
Qualitative change in the coefficient C

before the gradient term of the GL expansion

and the temperature behavior of Hc2

Strong coupling (crossover BCS -BEC)
weak disorder(peI>>1); strong disorder (pgl~1)




BCS-BEC crossover

A. J. Leggett (Springer, Berlin 1980),
P. Nozieres and S. Schmitt-Rink, J. Low Temp. Phys. 59, 195 (1985)

Weak coupling > Very strong coupling
(BCS) (BEC)
o loose Cooper pairs (£>>a) o compact pairs (E<a)
o Cooper pairs are formed inthe o pairs are formed at T*~ A(0)>>T,
condensate (g=0) (g=0)
o T.~A(0) o T.€< BEC

Attractive Hubbard Model
(DMFT)



Attractive Hubbard Model with Disorder

We consider the disordered nonmagnetic Anderson — Hubbard model with attraction

described by the Hamiltonian:

H=—i Z ﬂ’:'rnrﬂ.:fcr + Z €iNMig — U Z Mt {1}
\ig)o io - i

where t > () 1s transfer integral between nearest neighbors, U 1s the Hubbard attraction on the
lattice site, n;, = a:-rgaw — number of electrons operator on the site, a;, {ﬂ:a'j — annihilation
(creation) operator for an electron with spin o, and local energies ¢ are assumed to be
imdependent random variables on different lattice sites. For the vahdity of the standard

“impurity” diagram technique [33, 34] we assume the Gaussian distribution for energy levels

i

1 €2
Plei) = T exp (_Z_i?) (2)

Distribution width A serves as a measure of disorder and the Gaussian random field of

energy levels (independent on different lattice sites — “white noise” correlations) induces
the “impurity” scattering, which 1s considered within the standard approach, based on

calculations of the averaged Green’s functions [34].



DOS

Rec

Density of States

N.A.Kuleeva, E.Z.Kuchinskii, M.V.Sadovskii JETP 119, 264 (2014); arXiv:1401.2295

DOS
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Spectral Density (T>Tc; A=0)
Als,p) = —%I-JH-GR(E,[J)
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Critical Temperature T, (A=0)
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DISORDER INFLUENCE ON SUPERCONDUCTING TRANSITION
In general, Nozieres — Schmitt-Rink approach  assumes, that corrections due to strong
pairing attraction significantly change the chemical potential of the system, while possible
correction due to this interaction to Cooper instability condition can be neglected, so that
we can always use here the weak coupling (ladder) approximation. In such approximation

the condition of Cooper istability in disordered Hubbard model takes the form:

I =Uyolg =0, wy, =0) (15)
where
volg = 0,wm =0) = Tz Z Dppr(cn) (16)
n pp'

represents the two — particle loop (susceptibility) in Cooper channel “dressed” only by
disorder scattering, and $®,,(s,) is the averaged two — particle Green’s function in Cooper
channel (wy, = 2omT and =, = 7#T(2n + 1) are the usual Boson and Fermion Matsubara
frequencies).

To obtain 3, ®ppr(5, ) we use the exact Ward identity
G{En: ].)J - G{_En: _pJ - - Z (t)pp’ [";:-'h'rlj fG[l_l (EH_! P’J - :D_l r:_.‘.:-;n! _lJF:.'j.', |.rJ.T].|
=

Here G(z,.p) 1s the impurity averaged (but not containing Hubbard interaction correc-

tions!) single — particle Green’s function. Using the obvious symmetry =(p) = (—p) and



G(ep.p), we obtain from the Ward identity (17):

Gle,, p) — G(—c,.p) i
z‘f’pprifnﬁz—zp (En, P) rEp ‘ .l,! (18)

o 2ig,

!
-";:l"-\.
2
|
=
Il

so that for Cooper susceptibility (16) we have:

n.u G_"“:m GEna ’
volg = 0,wp, = 0) = —Tzzp P) = 5, ¢ D) _ _pyzeClEnb) g

2icn - icn
Performing now the standard summation over Matsubara frequencies we obtain:
o Y GR(ep) =T, GAep) = Nie
}._qu:n-'ﬂ-:m:{jj:_ f dE' P l P p dq J
dmi J—oo £ QT —oa 2e T

(20)
where N(2) is the density of states (I = 0) “dressed” by disorder scattering. In Eq. (20)
the energy = 1s reckoned from the chemical potential and if we reckon it from the center of
conduction band we have to replace = — = — p, so that the condition of Cooper instability

(15) leads to the following equation for T,:

- th
‘1_ f de No(e) ‘ (21)
o0 C—,I'-i

where Ny(=) is again the density of states (caleulated for U7 = 0) “dressed” by disorder

scattering. At the same time, the chemical potential of the system at different values of U
and A should be determined from DMFT4 XY calculations, 1.e. from the standard equation
for the number of electrons (band-filling), determined by Green’s function

which allows us to find 7T, for the wide range of model parameters, including the BOCS-

BEC crossover and strong coupling regions, as well as for different levels of disorder.



T. and the Generalized Anderson Theorem

E.Z.Kuchinskii, N.A.Kuleeva, M.V.Sadovskii JETP Lett. 100, No.3, 213 (2014); arXiv:1406.5603
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Ginzburg-Landau Expansion
2 2 » B 4
Fy—F, = A|A| +q ClA + E|Aq|

én P+ €n P
=A AL Y
Fs-Fn q 0 o= |:|=0
—&n —P- (a) —&h—P
ﬁ\ E|=U ﬁ*
+
A" A
/7 (b) N E.Z.Kuchinskii, N.A.Kuleeva, M.V.Sadovskii
JETP 122, No.2, 375 (2016); arXiv:1507.07649
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Coefficient A

A(T) = xolg=0,T) — xo(q¢ =0,T.)
where

XU(Q =0, T) - _TZ Z (I)pp’ (‘En)

i pp’

is the two — particle loop in Cooper channel “dressed” only by disorder scattering

: : o0 N(e) £ — I
v — CI1 T = — / d{_{“ th
Ward identity —  Xo(¢=0,7) TP L,
Cooper instability of the normal phase, determining superconducting transition temperature

1=-Uxolg=0,7,)

th=—k

A(T)_— /m de Ny () 0

For T' — T, coefficient A(T') takes the usual form: AT)=a(T-T,)

No(p)

In BCS weak coupling limit we obtain the standard expressions ©BCS = T
[




Coefficient B
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a(2D_,)’

dC(A)/dC(0)

Coefficients A,B and specific heat discontinuity

E.Z.Kuchinskii, N.A.Kuleeva, M.V.Sadovskii JETP 122, No.2, 375 (2016); arXiv:1507.07649
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Coefficient C

invariance t—-t

&, P. & P & p. & P
— W= _ Wm=2g
C= Tl ¥ Vo (50.q) - U op(En,0) oz v =20 | D
q—0 , qz o Y, — '
PP &, —P_ & —P- —&, P & P-
Vo (En, @) = Pp pr(wi = 225, q)
Cooper / “I??ztbR4 = 2, q)th—
susceptibility: x(a@) = @ =d) 2T
_27iN(0)
e—=>0
AG,(
RA¢, , _ o~ _ P .
O w = 22,q) ot -i-D(Ld) rae AG, () = GE(z,p) — G4 (—=,p)
Aa) — v th=<s 1D(2 AG, (s
C = lim O, ;\( / de—2LIm iD(2) Ep_ p() =
g—+0 q? oo £ 41
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- &“/mdb Re( (1}%}3045 — =Im(D (n%;AC;wn




c*2D/a’

Coefficient C

E.Z.Kuchinskii, N.A.Kuleeva, M.V.Sadovskii
JETP 125, 111 (2017); arXiv:1702.05247

a ¢

0

0,6 0,8

U/2D

BCS limit: C~D(0)~c

95| —E—-D- U/2D=0.1 ,-C
| —e—-0--0.2
{ —A—-2-- 0.4 ,
204 —¢—---06 S /
—k— -1+ 0.8 I
1.0
154 —o—14 T
| —v—186 QJ
e e S e e (S
- O '....‘
0,54 \
_ O%O—“"Q—_.,_*RD
00t e ﬁ.-T\~
0.0 0,1 0.2 03 0,4 05
A2D

unfilled symbols and dashed curves
— ladder approximation



Physical properti

es

Coherence length- Penetration depth
gives a characteristic scale of magnetic field
of inhomogeneities of the order parameter A
2 B
- C N(T) = ——~
20y
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&(T) ¢ A=a(T -T.) AT) .
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Coherence length
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Penetration depth and
Ginzburg - Landau
parameter k=A/E
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Relations for H,

condition for Cooper instability
l=-Ux(q) —s 1=-Ux(¢’"=q")

2e
q—q——A
c
As we assume isotropic electron spectrum, Cooper susceptibility y(q) depends on q only via
2 . e . N e 2 I i . 1 et ieal T e ]
g°- The minimal eigenvalue of (q — ==A)", determining (orbital)” upper critical magnetic
field H = H is given by [30]
2 p H T}\--I_(I} __ch _ wh 'E"it. ﬂ antir
qo” = Zﬂg’ whnere 0= 3 — & IS IMagnetlc nux quantinm.
- o Invariance t—-t
Cooper susceptibility: &P, &P &p. &P
2 ]_ o0 RA _ 2 = W= N — Wn=28 D,
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unfilled symbols and dashed curves — ladder approximation
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disorder influence

Weak coupling,
BCS limit
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Magnetic field influence on

diffusion processes
CDOXT, 4, Ne12, 2278 (1991)
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Puc. 2. TeMneparypHad 3a8MCHMOCTE BEPXHEND KPMTHHECKOM NOaS

Ha ocwosmof wacTw:

[MpuBencH peIyaAsTAT THCAEHHOTD PACYETA HEMNOCPEICTEEHWO HI YpaEHeHME (9) B OTCYTCTEME BIH-
anmg nong Ha audbyamo nas seanamne A = ag/ Tf.‘"E‘" ot T/ T. B meTannuueckon dale np
PAAAHUHBIX IMavenmsx @ /T 1. 100; 2. 10; 3. 2x; 4. 3; 5. |; 6. © — TOuKA AMOEPCOMOBCEOID
nepexona.

Ha scrasxe:

HMaxoTEMNEPATYPHAS HACTH 3ABMCHMOCTH A = -HITPE'"’ ot T/ T, 8 OKpecTHOCTH AHOEPCOHOB-
CXOro nepexoad. :

(1) Toaxa Angepconoscxoro nepexoma (w,/ T, = 0). C yuerom mimsuns nons ua aubdyamo.

2. Meraamuecxas asa, w. /T, = 0,1. B orcyrcreme aanawms noas Ha amddyano.

(3) Touxa AnaepcOHOBCKOrO nepexona (e, /T_ = 0). B orcyvcrasie anHasMs noas Ha aMddyuao.
4. Duanextpryvecxas daza, ./ T, = 0,1, B orcyTcTeHe aaMsnHs nons Ha auddpyamo.
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Doped Mott insulator (T=0)
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Universality of DOS dependence on disorder:
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T. and the Generalized Anderson Theorem
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FIG. 3: Dependence of superconducting transition temperature on discrder for different values of

Hubbard attraction I': {a) — semi — elliptic band; (b)) — flat band.
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Disorder Effects: Local Pairs Number

<n+nNi=>

n—8N

0,25 - -
0,24~t____L“““‘“=-A\ _ _—
e
'\ 0,20 - f
u
~ A 1 # D, =D(1+4x7D%) "
u eff
\.\‘ , ;\E 0,154 /'
Hﬁ..____________._________. 1 & ooy " =0
1—e—U/2D=0.4 ' ® U/2D=1.0; A/2D=0.11, 0.19, 0.25, 0.37, 0.5
2 —m—UJ/2D=1.0 T/2D=0.0586 0,05 - 1/2D_=0.0586
3—4a—U/2D=14
| ' I ' I ' 1 ' I 0.00 T T T T T T T T T T
0,1 0,2 0.3 0.4 05 0.0 0.4 0.8 1,2 16 2,0
AI2D U/2D
eff
n=<n4>=0.25

<nsn;> — n? mpu U/2D<<1
<nng>—>n opu U/2D>>1



u/2D

Chemical potential

03
o —e—U/2D=0.4
0,4 ."“"'-«. —u—U/2D=1.0
.—A— U/2D=1.4
-0,5 -
fl——m \.
0,6 __""""""l-...____.
\.
0,7 -
087 \A\
0.9 T/2D=0.0586 -
'110 ! ] ] ! | ] 4 I
0,0 0,1 0,2 0,3 0,4 0,5
A2D

0,0 :
—— A=()
¢ U/2D=1; /2D=0.11, 0.19, 0.25, 0.37, 0.5
024 T/2D_=0.0586
~n i
005 B
N \
= 0,8 "
" | D_=D(1+4A’D*)"* S
-1,04 \
U,/2D,, 1
0.0 04 o8 12 16 20
U/2Deff
condition for the formation of a bound state
1 D No(€&)
P [ %+D| Ue/2D=1
A#£0 D — D.sy



