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Basic Models for Metal-Insulator Transition
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Anderson model

P.W.Anderson (1958)



Self - Consistent Theory of Localization
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D.Vollhardt, P.Woelfle 1980, 1982
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2

A.V.Myasnikov, M.V.Sadovskii; D.Vollhardt, P.Woelfle 1982



7

Hubbard model
J.Hubbard (1964)

Correlated Metal Mott Insulator

DMFT

Basic Models for Metal-Insulator Transition



Anderson - Hubbard Model
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for the case of attraction U<0



Basics of DMFT+



DMFT+ calculation scheme

Initial DMFT self-energy:

“External” self-energy:

Local Green’s function:

Solution of an effective Anderson impurity problem
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 for impurity scattering

Self-consistent Born approximation

Semi - elliptic DOS:



Dynamic conductivity in DMFT+
E.Z.Kuchinskii, I.A.Nekrasov, M.V.Sadovskii (2006)
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Dynamic conductivity:

DMFT+!

q 2

 0
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Ward

Only impurity scattering here!







Dynamic Conductivity in DMFT+
E.Z. Kuchinskii, I. A. Nekrasov, M.V. Sadovskii (2006)

Does not contain

vertex corrections on the U!
RA

 the generalization of the self-consistent theory of localization 
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Self - consistent equations for diffusion coefficient

!

!
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Density of States 
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ins

! The disorder restores the metallic phase

n=1

E.Z.Kuchinskii, I.A.Nekrasov, M.V.Sadovskii

JETP 106, 581 (2008); arXiv:0706.2618



disorder influence on all 

single-particle properties

is universal

for all U 

and are reduced 

to the replacement 

DDeff

!

E.Z.Kuchinskii, N.A.Kuleeva, M.V.Sadovskii 

JETP 120, 1055 (2015); arXiv:1411.1547



Universality of DOS dependence on disorder



Conductivity and Metal-Insulator Transition
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Phase Diagram (T=0)
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Calculated in DMFT+

Uc1,c2()= Uc1,c2(0)Deff/D

Δc/2D=0.37

E.Z.Kuchinskii, I.A.Nekrasov, M.V.Sadovskii

JETP 106, 581 (2008); arXiv:0706.2618



Disorder-induced Mott Insulator to Metal 

Transition
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Conductivity Hysteresis



Phase Diagram d=2

1/L<

L=105a

L=108a

Infinite two-dimensional systems are localized for arbitrarily 

weak disorder, however Rloc is exponentially large for small . 

In finite systems, the Anderson transition occurs - localization 

length Rloc diverges ! at some critical disorder Δс(L).

Qualitative criterion of Anderson transition: Rloc(L→∞)~L

localization behavior self - consistent equations 

for  D()

Dashed stripe – region of the effective Anderson transition 

between Δc (L = 105a) and Δс (L = 108a)

E.Z.Kuchinskii, N.A.Kuleeva, 

I.A.Nekrasov, M.V.Sadovskii

JETP 110, 325 (2010); arXiv:0908.3747



General sum rule for    

optical conductivity !
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One band sum rule:

V.

This should be valid in any

reasonable model of optical

conductivity!

Dependence of the r.h.s. on

temperature and any other

parameter is sometimes 

called “sum rule violation”.

E.Z.Kuchinskii, N.A.Kuleeva, 

I.A.Nekrasov, M.V.Sadovskii

JETP 107, 281 (2008); arXiv:0803.3869



27

Check of the general optical sum rule:

/2D W SR

0 0,063 0,064

0,25 0,068 0.07

0,37 0,06 0.061

0,43 0,056 0.056

0,50 0,049 0.05



Sum rule “violation”:

28



Superconductivity of disordered systems

Weak coupling (BCS), weak disorder (pFl>>1)

The theory of "dirty" superconductors

A.A. Abrikosov, L.P. Gor’kov. 

JETP 35, 36, 39 (1958-1960)

Anderson's theorem on Tc

P.W. Anderson J. Phys. Chem. Solids 11 (1959)

Weak coupling (BCS), strong disorder (pFl~1)

Superconductivity near the Anderson transition

L.N.Bulaevskii, M.V. Sadovskii.

JETP Letters 39 (1984); J.Low.Temp.Phys. 59 (1985)

Qualitative change in the coefficient C 

before the gradient term of the GL expansion

and the temperature behavior of Hc2

Strong coupling (crossover BCS -BEC)

weak disorder(pFl>>1); strong disorder (pFl~1)

?



BCS-BEC crossover

Weak coupling

(BCS)

o loose Cooper pairs (ξ>>a)

o Cooper pairs are formed in the 

condensate (q=0)

o Tc ~ Δ(0)

Very strong coupling

(BEC)

o compact  pairs (ξ<a)

o pairs are formed at T*~ Δ(0)>>Tc 

(q0)

o Tc  BEC

Attractive Hubbard Model 

(DMFT)

A. J. Leggett (Springer, Berlin 1980), 

P. Nozieres and S. Schmitt-Rink, J. Low Temp. Phys. 59, 195 (1985)



Attractive Hubbard Model with Disorder



Optical 

conductivity

Density of States         (T>Tc; Δ=0) 

n=<n>=0.25

Attraction                                                                             Repulsion

N.A.Kuleeva, E.Z.Kuchinskii, M.V.Sadovskii JETP 119, 264 (2014); arXiv:1401.2295



Spectral Density (T>Tc; Δ=0)

At Fermi level (p=pF)



Anderson transition

at  =0.37 (T=0)

Disorder Effects:

DOS and Dynamic

Conductivity

T>Tc
N.A.Kuleeva, E.Z.Kuchinskii, M.V.Sadovskii 

JETP 119, 264 (2014); arXiv:1401.2295

Uc()/2Deff= Uc (0) /2D



Critical Temperature Tc (Δ=0)

P. Nozieres and S. Schmitt-Rink 
J. Low Temp. Phys. 59, 195 (1985)

DMFT  

M. Keller, W. Metzner, and U. Schollwock. Phys. Rev.

Lett. 86, 46124615 (2001)

A. Toschi, P. Barone, M. Capone, and C. Castellani.

New Journal of Physics 7, 7 (2005)

A. Koga and P. Werner. Phys. Rev. A 84, 023638 (2011)

Tc ~ t2/|U| for |U|>>t~D

N.A.Kuleeva, E.Z.Kuchinskii, M.V.Sadovskii JETP 119, 264 (2014); arXiv:1401.2295







Tc и число “двоек” – обобщенная теорема АндерсонаTc and the Generalized Anderson Theorem

-DOS in the absence of interaction 

U “dressed” by disorder

E.Z.Kuchinskii, N.A.Kuleeva, M.V.Sadovskii JETP Lett. 100, No.3, 213 (2014); arXiv:1406.5603



Ginzburg-Landau Expansion

E.Z.Kuchinskii, N.A.Kuleeva, M.V.Sadovskii

JETP 122, No.2, 375 (2016); arXiv:1507.07649



Coefficient А

Ward identity



Coefficient B

=2e



Coefficients A,B and specific heat discontinuity
E.Z.Kuchinskii, N.A.Kuleeva, M.V.Sadovskii JETP 122, No.2, 375 (2016); arXiv:1507.07649



Coefficient C

Cooper 

susceptibility:

-2iN(0)

e0

invariance t-t



Coefficient C

BCS limit: C~D(0)~s

unfilled symbols and dashed curves 

– ladder approximation

E.Z.Kuchinskii, N.A.Kuleeva, M.V.Sadovskii

JETP 125, 111 (2017); arXiv:1702.05247



Physical properties
Coherence length-
gives a characteristic scale
of inhomogeneities of the order parameter 

Penetration depth 
of magnetic field

In BCS limit and in the absence of disorder :

the slope of the upper critical filed 

close to Тс:



Coherence length

BCS limit: x~l1/2

unfilled symbols and dashed curves

– ladder approximation

E.Z.Kuchinskii, N.A.Kuleeva, M.V.Sadovskii

JETP 125, 111 (2017); arXiv:1702.05247



Penetration depth and 
Ginzburg - Landau 
parameter k=l/x

BCS limit: l~l-1/2, k~l-1

E.Z.Kuchinskii, N.A.Kuleeva, M.V.Sadovskii

JETP 125, 111 (2017); arXiv:1702.05247



Slope of the upper critical 

field

BCS limit: dHc2~1/s

E.Z.Kuchinskii, N.A.Kuleeva, M.V.Sadovskii

JETP 125, 111 (2017); arXiv:1702.05247



Relations for Hc2

invariance t-t
Cooper susceptibility:

condition for Cooper instability

-2iN(0)e0



Only 

orbital!



Hc2(T)
dirty metal

a – lattice parameter

E.Z.Kuchinskii, N.A.Kuleeva, M.V.Sadovskii 

JETP 125, 1127 (2017); arXiv:1709.03895



Hc2(T)
insulator

Anderson  

metal – insulator 

transition

Anderson  insulator

unfilled symbols and dashed curves – ladder approximation

! ~108-109 Гс 



Hc2(T)
disorder influence

Weak coupling,

BCS limit

Intermediate coupling,

BCS - BEC crossover  region

Strong coupling,

BEC limit

unfilled symbols and dashed curves 

– ladder approximation

E.Z.Kuchinskii, N.A.Kuleeva, M.V.Sadovskii 

JETP 125, 1127 (2017); arXiv:1709.03895



СФХТ, 4, №12, 2278 (1991)

Magnetic field influence on 
diffusion processes
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Thank you very much!



Doped Mott insulator (T=0)
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No Mott-Hubbard Insulator! Correlated Metal and Anderson Insulator!



Universality of DOS dependence on disorder:



Tc and the Generalized Anderson Theorem



Disorder Effects: Local Pairs Number

n=<n>=0.25

<nn>  n2 при U/2D<<1

<nn>  n  при U/2D>>1



Chemical potential

condition for the formation of a bound state


