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Physics of fluctuations
Velocity: δv(t) = δv(0)e−t/τp

Velocity/current noise:

⟨δvx(t)δvx(0)⟩ =
v2

F
2

e−|t|/τp (2D)

Conductivity

σ′(ω) ∝
∫ ∞

0
⟨δvx(t)δvx(0)⟩eiωtdt

Johnson, Nyquist (1928)

Fluctuation dissipation theorem: Callen, Welton (1951) 4 / 65
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Spin: δs(t) = δs(0)e−t/τs

Spin noise:

⟨δsz(t)δsz(0)⟩ =
1
4

e−|t|/τs

Spin susceptibility

µ′′
zz(ω) ∝

∫ ∞

−∞
⟨δsz(t)δsz(0)⟩eiωtdt

Bloch (1946)

Fluctuation dissipation theorem: Callen, Welton (1951) 4 / 65



Electron spin fluctuations

Unpolarized electron

⟨sx⟩ = ⟨sy⟩ = ⟨sz⟩ = 0, but ⟨s2
x⟩ = ⟨s2

y⟩ = ⟨s2
z⟩ =

1
3
× s(s + 1) =

1
4

Electron ensemble (Ne independent electrons)

√
⟨S2

i ⟩ =
√

Ne

√
⟨s2

i ⟩

=

√
Ne

2
i = x, y, z
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Experiment by Aleksandrov and Zapasskii

⟨ϑK(t)ϑK(t′)⟩
⟨ϑF (t)ϑF (t′)⟩

}
∝ ⟨δsz(t)δsz(t′)⟩

Na vapors

Direct detection of spin fluctuations by Faraday effect: polarization plane
rotation angle ϑF ,K is proportional to the instant sample magnetization δsz

Spin noise spectrum: (δs2
z)ω ∝ (δϑ2)ω (usually measured)
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Spin noise spectroscopy: overview

atomic gas (Na) atomic gase (Rb) bulk GaAs

Aleksandrov, Zapasskii (1981) Crooker et al. (2004) Oestreich et al. (2005)

Spin noise spectrum

(δs2
z)ω ∝

1
1 + (ω − ΩB)2τs2
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Spin noise spectroscopy: overview

atomic gas (Na) atomic gase (Rb) bulk GaAs

Aleksandrov, Zapasskii (1981) Crooker et al. (2004) Oestreich et al. (2005)

quantum dot ensemble single quantum dot microcavity

Li et al. (2010) Dahbashi et al. (2013) Ryzhov et al. (2015)

Direct measurement of the Larmor frequency and spin relaxation time
7 / 65
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Spin fluctuations: Definitions

Classical random variables (steady, but possibly non-equilibrium state)
Average

⟨δSα(t)⟩ = lim
T→∞

1
2T

∫ T

−T
δSα(t)dt, α = x, y, z

Second order correlation functions

Cαβ(τ) = ⟨δSα(t + τ)δSβ(t)⟩

In quantum mechanics

Cαβ(τ) = ⟨{δŜα(t + τ)δŜβ(t)}s⟩, δŜα = Ŝα − ⟨Ŝα⟩

symmetrization: {AB}s = (AB + BA)/2

Single electron, thermodynamic equilibrium, |gµBB| ≪ kBT

⟨δsα(t)δsβ(t)⟩ ≡ ⟨{δŝα(t)δŝβ(t)}s⟩ =
δαβ

4
see, e.g., Landau, Lifshits, vol. V 9 / 65



Spin fluctuations: Relaxation dynamics

Single electron, thermodynamic equilibrium, |gµBB| ≪ kBT

⟨δsα(t)δsβ(t)⟩ ≡ ⟨{δŝα(t)δŝβ(t)}s⟩ =
δαβ

4

@B = 0
∂δs(t)

∂t
+

δs(t)
τs

= 0 ⇒ δs(t) = δs(0) exp (−t/τs)

We need to introduce some agent which supports fluctuations
⇒ random or Langevin forces. These forces are fictitious:

∂δs(t)
∂t

+
δs(t)

τs
= ξ(t) ⇒ δs(t) = exp (−t/τs)

∫ t

−∞
ξ(t′) exp (t′/τs)dt′

Random (Langevin) forces

⟨ξ(t)⟩ = 0, ⟨ξα(t′)ξβ(t)⟩ =
1

2τs
δαβδ(t′ − t)

see, e.g., Landau, Lifshits, vol. V 10 / 65



Spin correlation function

⟨ξ(t)⟩ = 0, ⟨ξα(t′)ξβ(t)⟩ =
1

2τs
δαβδ(t′ − t)

∂δs(t)
∂t

+
δs(t)

τs
= ξ(t) ⇒ δs(t) = exp (−t/τs)

∫ t

−∞
ξ(t′) exp (t′/τs)dt′

⟨δsα(t + τ)δsβ(t)⟩ =
δαβ

4
exp (−|τ|/τs)

spin

random
forces (δsαδsβ)ω =

+∞∫
−∞

⟨δsα(t + τ)δsβ(t)⟩eiωτdτ

(δsαδsβ)ω = δαβ
π

2
∆(ω), ∆(ω) =

1
π

τs

1 + ω2τ2
s
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Spin correlation function

⟨ξ(t)⟩ = 0, ⟨ξα(t′)ξβ(t)⟩ =
1

2τs
δαβδ(t′ − t)

∂δs(t)
∂t

+
δs(t)

τs
= ξ(t) ⇒ δs(t) = exp (−t/τs)

∫ t

−∞
ξ(t′) exp (t′/τs)dt′

⟨δsα(t + τ)δsβ(t)⟩ =
δαβ

4
exp (−|τ|/τs)

Kinetic equation for correlation functions

∂⟨δsα(t1)δsβ(t2)⟩
∂t1

+
⟨δsα(t1)δsβ(t2)⟩

τs
= 0

The fluctuations obey the same kinetic equations as the average values
Initial conditions follow from the steady-state density matrix

11 / 65



Spin correlation function

⟨ξ(t)⟩ = 0, ⟨ξα(t′)ξβ(t)⟩ =
1

2τs
δαβδ(t′ − t)

∂δs(t)
∂t

+
δs(t)

τs
= ξ(t) ⇒ δs(t) = exp (−t/τs)

∫ t

−∞
ξ(t′) exp (t′/τs)dt′

⟨δsα(t + τ)δsβ(t)⟩ =
δαβ

4
exp (−|τ|/τs)

Quantum approach

⟨δsα(t)δsβ(0)⟩ = ⟨{exp [−iU(t)]δŝα(t) exp [iU(t)]δŝβ}s⟩

∝ ∑
nm

⟨n|δŝα|m⟩⟨m|δŝβ|n⟩
ωn − ωm + iγ

11 / 65



Spin noise in external magnetic field
∂δs(t)

∂t
+ δs × ΩB +

δs(t)
τs

= ξ(t);
|gµBB|

kBT
≪ 1

C. Gorter [28] for measuring magnetic susceptibility of paramagnets in parallel
fields and was later transferred to optical basis with the aid of laser polarimetry
[27,29]. In Gorter’s technique, the dynamics of a spin system is studied by
measuring its linear response to a RF magnetic field applied along the dc field.
The essential difference between these two approaches is that, in the case of
noise spectroscopy, the system is not supposed to be perturbed by the external
oscillating field. In terms of the fluctuation-dissipation theorem, the longitudinal
magnetization noise (or the FR noise) is the counterpart of the linear magnetic
(or magneto-optic) response observed in parallel fields.

In this longitudinal geometry, however, the noise is spectrally located in
the vicinity of zero frequencies where measurements are often hampered by the
universal 1∕f (flicker) noise. In addition, the spectrum of longitudinal fluctua-
tions of magnetization, bringing much data about relaxation characteristics of
the system, does not contain any information about its magnetic splitting, which
is highly important for characterization of the spin system.

4.2. Voigt Configuration

The above drawbacks of the Faraday configuration can be easily overcome by
employing the Voigt geometry (Fig. 6, right panel). In this configuration, the
light beam traveling through the paramagnet across the applied magnetic field
will detect transverse magnetization of the spin system, which, by symmetry
considerations, should vanish in this geometry and may arise only due to sponta-
neous violation of the symmetry by fluctuations.

In this configuration, any random transverse fluctuation of magnetization will
precess around the magnetic field direction for approximately the transverse

Figure 6

(a)

(b)

(a)

(b)

(c) (d) (c) (d)

Measuring the spin noise (FR noise) of a spin system in an external magnetic
field. The left and right panels correspond to longitudinal and transverse orien-
tation of the magnetic field with respect to the light propagation (the Faraday and
Voigt configurations, respectively). (a) Experimental arrangement, (b) a sketch
of the temporal dependence of the noise signal, (c) the shape of the autocorre-
lation function of the noise signal, and (d) the spectrum of the signal.

Advances in Optics and Photonics 5, 131–168 (2013) doi:10.1364/AOP.5.000131 142

Czz(t) =
1
4

exp (−|t|/T1) Czz(t) =
1
4

exp (−|t|/T2) cos (ΩBt)

12 / 65
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Objects under study

Systems with localized charge carriers:

Singly charged quantum dots, quantum wells (na2
B ≪ 1), ensembles of

donor-bound electrons or acceptor-bound holes in bulk semiconductors

Material systems: GaAs, GaAs/AlxGa1−xAs, InxGa1−xAs, etc.

Localization ⇒ spin relaxation suppression

Discrete spectrum ⇒ resonant optical
response

Hyperfine interaction ⇒ random
nuclear fields (IGa = IAs = 3/2,
IAl = 5/2, IIn = 9/2)

Spin noise spectroscopy
provides access to slow intertwined electron-nuclear spin dynamics

14 / 65



Hyperfine interaction
Contact interaction:

Hh f = Av0( Î · ŝ)|φc(R)|2

A ∼ 100 µeV

Nuclear spin fluctuations
Overhauser field

h̄ΩN ∼ A√
Nn

number of nuclei

Nn ∼ 104 . . . 106

Nuclear field is largely static on the time
scale of electron spin dynamics:

h̄Ωe ∼
A
N

, gnµN B ≪ h̄ΩN

Knight field 15 / 65



Central spin model

Hamiltonian of the problem:

H =
Nn

∑
n=1

An( În · ŝ)

central spin ŝ interacts with the bath
(Nn ≫ 1) of nuclear spins În

Box model: exact solution (total spin is conserved)

An ≡ A0 ⇒ H = A0

Nn

∑
n=1

( În · ŝ)

M̂ = ∑
n

În F̂ = ŝ + M̂

H =
A0

2

[
F(F + 1)− M(M + 1)− 3

4

]
; EM,± =

A0

2

{
M, F = M + 1

2
−(M + 1), F = M − 1

2

16 / 65



Box model: temporal dynamics

Sz(t; M, Mz) =
1

2(2M + 1)2

{
(2Mz − 1)2

+4(M − Mz + 1)(M + Mz) cos [A0(M + 1/2)t]}

Unpolarized nuclear bath (Nn × I = 1/2) N (M) =
(2M + 1)Nn!(

Nn
2 + M + 1

)
!
(

Nn
2 − M

)
!

Kubo, Toyabe (1967); Merkulov, Efros, Rosen (2002); Bortz and Stolze (2007); Kozlov (2007)

17 / 65



Semiclassical approach
distribution of nuclear fields F (ΩN), F(ΩN) =

∫
dnNF (ΩN)

F(ΩN) =
4πΩ2

N
(
√

πδe)3
e−Ω2

N/δ2
e

S(t) =
S0

3
+

2S0

3

(
1 − t2δ2

e
2

)
exp

(
− t2δ2

e
4

)
Exactly matches quantum approach in the box model at Nn → ∞

Kubo, Toyabe (1967); Merkulov, Efros, Rosen (2002); Bortz and Stolze (2007); Kozlov (2007) 18 / 65



Spin noise in the CSM

Spin fluctuation δs:
∂δs(t)

∂t
+

δs(t)
τs

+ δs(t)× (ΩB + ΩN) = ξ(t)

Random (Langevin) forces

⟨ξα(t′)ξβ(t)⟩ =
1

2τs
δαβδ(t′ − t)

(fictitious, determine the amplitude of fluctuations)

spin

random
forces

(δsαδsβ)ω =

+∞∫
−∞

⟨δsα(t + τ)δsβ(t)⟩eiωτdτ

no fieldΩN , ΩB = 0 : (δsαδsβ)ω = δαβ
π

2
∆(ω)

∆(ω) =
1
π

τs

1 + ω2τ2
s

19 / 65



Role of static nuclear fluctuations ΩN

distribution F (ΩN), F(ΩN) =
∫

dnNF (ΩN)

F(ΩN) =
4πΩ2

N
(
√

πδe)3
e−Ω2

N/δ2
e

Two-peaks at ω ≥ 0:

(δs2
α)ω =

π

6

{
∆(ω) +

∫ ∞

0
dΩN F(ΩN) [∆(ω + ΩN) + ∆(ω − ΩN)]

}
MMG, Ivchenko (2012) 20 / 65



Role of static nuclear fluctuations ΩN

distribution F (ΩN), F(ΩN) =
∫

dnNF (ΩN)

F(ΩN) =
4πΩ2

N
(
√

πδe)3
e−Ω2

N/δ2
e

0 2 4 6 8 10
0.0

0.2

0.4

0.6

0.8

1.0

tδe
S
z(
t)
/S
s
(0
)

Temporal representation

⟨δsα(t + τ)δsα(t)⟩ =
e−|τ|/τs

4

[
1
3
+

2
3

(
1 − τ2δ2

e
2

)
exp

(
−τ2δ2

e
4

)]
MMG, Ivchenko (2012); cf. Kubo, Toyabe (1967); Merkulov, Efros, Rosen (2002) 21 / 65



Theory and experiment (overview)
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MMG, Ivchenko (2012)
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is located 15 nm below each wetting layer (WL). The
nominal acceptor concentration is NA ! 15" 1010 cm#2

per layer in this sample. The QD density is about 4"
1010 cm#2 per plane. The observation of QD ground state
PL under strictly resonant excitation (not shown here)
proves that this structure contains on average less than
two resident holes on the QD ground state. We have
investigated the spin properties in these structures by con-
tinuous wave (cw) and time-resolved PL experiments. In
the time-resolved experiments the samples are excited by
1.5 ps pulses generated by a mode-locked Ti-doped sap-
phire laser with a repetition frequency of 82 MHz. The
time-resolved PL of the QD ground state is then recorded
using an S1 photocathode streak camera with an overall
time resolution of 30 ps. The excitation pulses are circu-
larly polarized (!$). The luminescence intensity copolar-
ized (I$) and counterpolarized (I#) with the excitation
laser is recorded. The circular polarization degree of the
luminescence is defined as Pc ! %I$ # I#&=%I$ $ I#&. In
the following the arrows "; # characterize the spin projec-
tion on the Oz growth axis of the electron ground states
(labeled Sc), whereas * and + characterize the heavy-hole
pseudospin in the valence ground state (labeled Sv) [18].

Figure 1(a) displays the cw PL spectrum of the QD
ground states at T ! 10 K. It is characterized by a full
width at half maximum of about 50 meV due to the
fluctuations of size, shape, and strain in the ensemble of
dots. Figure 1(b) presents the circular polarization of the
time-integrated PL after a circularly polarized picosecond
excitation. The excitation energy is 1.44 eV; this corre-
sponds to the photons absorption in the low energy part
of the WL (because of the strain and the quantum confine-
ment, this absorption corresponds to a heavy-hole-to-
electron-like transition [18]). We measure a circular polar-
ization degree of '19% of the QD ground state emission
(Bz ! 0). The excitation intensity is about 1 mW; this
corresponds to the photogeneration of less than one
electron-hole pair per QD. All three p-doped samples

that we have studied present circular polarization degrees
larger than 10%. In contrast, the same experiment per-
formed in nominally undoped QD samples (not shown
here) yields a very small polarization Pc < 3%. This
weak circular polarization in undoped QDs under these
nonresonant excitation conditions is a direct consequence
of the linearly polarized neutral exciton eigenstates due to
the anisotropic exchange interaction (AEI) between the
electron and the hole [13,14,27,28]. The measurement of
a significant circular polarization in Fig. 1 is a strong
indication of the successful chemical doping of the QD.
For simplicity, we consider for the interpretation that (i) the
dots contain a single resident hole and (ii) a single electron-
hole pair is optically injected into the dot. Following
excitation into the WL, it is commonly assumed that the
electron spin does not relax during the capture and energy
relaxation process in the QD, whereas the initial hole spin
orientation is lost due to efficient spin relaxation processes
in the WL [18,25,29]. The recorded PL in the p-doped QD
samples corresponds essentially to the radiative recombi-
nation of positively charged exciton X$ formed with a spin
polarized electron and two holes with opposite spin [see
Fig. 1(c)]: jX$i ! 1=

!!!

2
p

%j*; +; #i# j+; *; #i&.
Figure 2 displays the circular polarization dynamics of

the QD ground state luminescence [same excitation con-
ditions as Fig. 1(b)]. The inset presents the time evolution
of the luminescence intensity components I$ and I#. The
circular polarization dynamics in Fig. 2 presents two re-
gimes. The polarization decays within the first 800 ps down
to a value of about 12%, then it remains stable with no
measurable decay on the radiative lifetime scale. We can
infer that the spin relaxation in this second regime is longer
than 10 ns. This specific circular polarization dynamics has
been observed for any detection energy in the PL spectrum
of the QD ground state ensemble. Moreover, we have
measured similar kinetics in all the p-doped samples we
have studied.
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FIG. 1. (a) cw photoluminescence spectrum of the QD.
(b) Circular polarization of the QD ground state luminescence
for (!) Bz ! 0 and (4) Bz ! 100 mT. (c) Scheme of a posi-
tively charged exciton X$ formed by a spin polarized electron
and two holes with opposite angular momentum projection.
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FIG. 2. Circular polarization dynamics of the QD lumi-
nescence after a circularly polarized !$ laser excitation.
Inset: Photoluminescence intensity copolarized I$ and counter-
polarized I# with the laser (semilogarithmic scale). The detec-
tion energy is centered at Edet ! 1:11 eV.

PRL 94, 116601 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
25 MARCH 2005

116601-2

Braun, …, Kalevich, Kavokin, …(2005)
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InGaAs quantum dot ensemble
Ioffe Institute + TU-Dortmund (Germany)
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Parameters:
Electron & hole
g-factors
|ge| = 0.55,

|gh| = 0.15

Hyperfine
constants
δe = 70 MHz,

δh = 40 MHz

Glasenapp, Smirnov, Greilich, Hackmann, MMG, Anders, Bayer (2016)
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Spin dynamics at the hopping conductivity
Partially compensated semiconductor

Kinetic equation for spin fluctuation

dSi

dt
= Ωi ×Si +∑

j
[WijSj −WjiSi]− νsSi + ξi(t), i = 1, . . . , N, j = 1, . . . , N.

Spin precesses at a given cite with the rate Ωi and hops between the sites
with the rate Wji (i → j)
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Equiprobable hops – I
Partially compensated semiconductor

dSi

dt
= Ωi ×Si +∑

j
[WijSj −WjiSi]− νsSi + ξi(t), i = 1, . . . , N, j = 1, . . . , N.

(S2
z)ω =

1
4

[
T(τω)

1 − W0T(τω)
+

T(τ−ω)

1 − W0T(τ−ω)

]
,

1
τω

= νs + W0 − iω,

T(τ) =
τ

3

[
1 +

4
(δeτ)2 − 4

√
π

(δeτ)3 exp (−1/δ2
e τ2)erfc(1/δeτ)

]
.

τc = W−1
0 correlation time, W0δe is arbitrary

Equivalent to the case of the nuclear fields correlator:

⟨ΩN,α(t)ΩN,β(t′)⟩ ∝ δαβ exp (−|t − t′|/τc)
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Equiprobable hops – II
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Electron hopping redistributes the spectral weight between the
zero-frequency and precession peaks

MMG (2015)

27 / 65



Bulk ultra-pure GaAs
Ioffe Institute + Hannover University (Germany)
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Extracted parameters:

correlation time: τc ≈ 37 ns (Nd ∼ 1014 cm−3)

hyperfine fluctuation: ∆B ≈ 4.6 mT (δe ≈ 29 MHz)

Berski, Hübner, Oestreich, Ludwig, Wieck, MMG (2015)
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Spread of hopping times

1D geometry τij = τ exp
(

2xij

a

)
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Shumilin, Sherman, MMG (2016)
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Ансамбль доноров
Гамильтониан двух взаимодействующих электронов:

Ĥ = h̄Ω1ŝ1 + h̄Ω2ŝ2 + 2Jŝ1ŝ2,

Мелкие доноры в полупроводнике типа GaAs:

J(R) ≈ 0.82
e2

εaB

(
R
aB

)5/2

exp
(
−2R

aB

)
Горьков, Питаевский (1963); Herring, Flicker (1964)

2 4 6 8 10

10-4

1

R/aB

10-5

10-3
10-2
10-1

Hyperfine interaction

Exchange interaction

Обменное взаимодействие важно
при J(R) ∼ h̄ΩN ⇒ n ∼ 1015 см−3
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Предел сильного обмена, J ≫ δe

Полный спин M = 0, 1 – хорошее квантовое число.
M = s1 + s2 прецессирует в «усредненном» ядерном поле:

dM
dt

= Ω1 × s1 + Ω2 × s2 =
Ω1 + Ω2

2
× M + (Ω1 − Ω2)×

s1 − s2

2︸ ︷︷ ︸
=0, при J≫h̄Ω1,2

J ® ¥

J ®0
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Обменное взаимодействие сдвигает пик прецессии с ω = δe к δe/
√

2.
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Модель кластеров для ансамбля доноров

Кластер – группа доноров, связанных сильным обменом: J > h̄δe/3.
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Спиновый шум в кластере

Ĥ0 = ∑
i ̸=k

Jik ŝi ŝk

сильное обменное взаимодействие расщепляет
состояния по полному моменту
M = N/2, N/2 − 1, . . ..

V̂ = h̄ ∑
i

Ωi ŝi

ядерные поля расщепляют состояния с данным M
на эквидистантные подуровни. Это эквивалентно
эффективному полю Ωeff ∼ δe/

√
2M,

действующему на спин M.

(SαSβ)ω =
∞

∑
N=1

p(N)∑
M

N (M)

∑
l=1

Sαβ(N, M, l; ω)
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Модель кластеров: результаты

(S2
z)ω =

∞

∑
N=1

p(N)∑
M

N (M)

∑
l=1

Szz(N, M, l; ω)

Спиновый шум
в кластере из N доноров
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Обменное взаимодействие приводит к «усреднению» случайных
ядерных полей и смещению прецессионного пика к низким частотам

Смирнов, ММГ, Ивченко (2014)
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Interactions in nuclear spin system
Hyperfine interaction with electron spin:

Hh f = Av0( Î · ŝ)|φc(R)|2

A ∼ 100 µeV

Knight field : Ωe ∼
A

h̄N
≲ 106 sec−1

Dipole-dipole interaction:

Hdd =
µIµI′

I I ′

(
Î · Î ′

r3 − 3
( Î · r) · ( Î ′ · r)

r5

)
1

T∗
2,dd

∼ 104 sec−1

Quadrupole interaction:

HQ = ∑
αβ

∂2V
∂rα∂rβ

|e|Q
6I(2I − 1)

[
3
2
( Îα Îβ + Îβ Îα)− I(I + 1)

]
; · · · 106 sec−1

37 / 65



Nuclear spin noise
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Dynamical nuclear spin fluctuations

⟨ϑF(t)ϑF(t′)⟩nucl ∝ ⟨Iz(t)Iz(t′)⟩

Berski, Hübner, Oestreich, Ludwig, Wieck, MMG (2015)

theory: Fröhling, Anders, MMG (2018)
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Dynamical nuclear fluctuations
Hi = h̄ωB,i Ii + Vαβ Iα,i Iβ,i

(δI2
z,i)ω =

π

2 ∑
n,m

|⟨n|Iz|m⟩|2∆
(

ω − En − Em

h̄

)
Experiment

frequency ν (kHz)

0
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SN
 density (arb. u.)

Theory

(δϑ2
F)nucl

(δϑ2
F)electron

∼ 10−3

Berski, Hübner, Oestreich, Ludwig, Wieck, MMG (2015)
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Nuclear spin noise in CSM

Approximate and exact solutions of
the central spin model
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Fröhling, MMG, Anders (2018)
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Nonequilibrium spin fluctuations
E. L. Ivchenko, Fluctuations of spin polarization of free carriers in semiconductors,

Semiconductors 7, 998 (1973)

“The theory of fluctuations of spin polarization of free carriers is developed
from the first principles for the non-equilibrium conditions where the crystal
is illuminated by the circularly polarized light and the vector of total spin is
non-zero in the steady state.”

Optical orientation of spins has already been demonstrated
experimentally and described theoretically

Lampel (1968); Dyakonov, Perel (1971); Ekimov, Safarov (1970); Zakharchenya, Fleisher, Dzhioev, Veshchunov, Rusanov (1971)

Non-equilibrium fluctuations of electric current are extensively studied
Gantsevich, Gurevich, Katilius (1970)

Each non-equilibrium problem requires special consideration (no FDT)
in some cases generalizations are still possible: Svirskii, Svirskaya, Vonsovskii (1980) 42 / 65



Effect of the optical orientation

Suppression of longitudinal spin fluctuations

(δS2
z)ω =

N(1 − rωP2
s )

2
Ts

1 + (ωTs)2

−1 ⩽ Ps ⩽ 1 is the electron spin polarization, rω accounts for the
generation-recombination noise

Qualitative description, similarly to the magnetic field effect

⟨ŝ2
z⟩ =

1
4

; ⟨δs2
z⟩ =

1
4
− ⟨ŝ⟩2 ⩽ 1

4

⟨δŝ2
x⟩ = ⟨δŝ2

y⟩ =
1
4

; ⟨ŝx⟩ = ⟨ŝz⟩ = 0.

E.L. Ivchenko (1973)
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Effect of linearly polarized excitation (probe)

Ṁ+RM = 0, Mij(τ) = ⟨δSz,i(t)δSz,j(t + τ)⟩, i, j = g, e

R =

(
τ−1

e + G − 1
τ0
− G

−G τ−1
h + 1

τ0
+ G

)
, G =

γ|V|2
(ω − ω0)2 + γ2

(δS2
z,e)ω =

f
2

[
τ−1

e + G − iω −
G(G + τ−1

0 )

τ−1
h + τ−1

0 + G − iω

]−1

+ c.c.
MMG (2016)
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Spin and reoccupation noise in single dot
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non-equilibirum SNS theory: MMG (2016); experiment: Wiegand, Smirnov, Hübner, MMG, Oestreich (2018)
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Measurement effect on the spin precession

Excitation breaks phase of the spin precession
dδs
dt

+ δs × Ω +
δs
τs

+ Gδs − δj
τ0

ez = ξ

dδj
dt

+
δj
τT

− Gδj = ξT,
1
τT

=
1
τ0

+
1

τs,T

Effective precession frequency

Ω̃ =

√
Ω2 −

G2τ2
T

4τ2
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Poltavtsev, Ryzhov, MMG, Smirnov et al. (2014)
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Quantum Zeno effect

Arrow paradox
If everything when it occupies an equal space is at rest, and if that which is in
locomotion is always occupying such a space at any moment, the flying arrow
is therefore motionless.

as recounted by Aristotle, Physics VI:9, 239b5

Летящая стрела неподвижна, так как в каждый момент времени она
занимает равное себе положение, то есть покоится; поскольку она
покоится в каждый момент времени, то она покоится во все моменты
времени, то есть не существует момента времени, в котором стрела
совершает движение.
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Theory and experiment
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Effect of dynamic nuclear polarization

Spin fluctuation δs:
∂δs(t)

∂t
+

δs(t)
τs

+ δs(t)× (ΩB + ΩN) = ξ(t)

Three-stage protocol
Optical cooling of nuclear spins

1
kBΘN

∝ Pcirc · B, |ΘN | ≪ Tlatt

Reorientation B ∥ x

ΩN ∝
B

kBΘN
≫ ΩB

Spin noise measurement(
δs2

z
)

ω
(tlab) ⇒ ΩN(tlab)

proposal: Smirnov (2015)
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Effect of the nuclear frequency focusing

Under pulsed excitation with the repetition period TR the nuclear spins tune
the electron spin precession in such a way that

|ΩB + ΩN | =
2π

TR
K, K ∈ N

spin mode-locking effect
(a) (b)

Jäschke, MMG, Anders (2018)
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Experiment by Aleksandrov and Zapasskii
Na vapors

⟨ϑK(t)ϑK(t′)⟩
⟨ϑF (t)ϑF (t′)⟩

}
∝ ⟨δsz(t)δsz(t′)⟩

Direct detection of spin fluctuations by Faraday effect: polarization plane
rotation angle ϑF ,K is proportional to the instant sample magnetization δsz

Spin noise spectrum: (δs2
z)ω ∝ (δϑ2)ω (usually measured)
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Spin noise and Raman effect

Aleksandrov and Zapasskii experiment and the Raman
effect

B. M. Gorbovitskii and V. I. Perel             Optics and spectroscopy (1983)

Gorbovitskii, Perel (1983); MMG, Ivchenko (2012); Zapasskii et al. (2013); MMG, Zapasskii (2015)

54 / 65



Спиновый эффект Фарадея
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Спиновый эффект Фарадея
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Флуктуации фарадеевского вращения

Однородное уширение

(δϑ2
F )Ω ∝ (S2
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(ω0 − ω)2

[(ω0 − ω)2 + γ2
0]

2

-�� -� � � ��
����

����

����

����

����

����

(ω-ω�)/γ�

θ ��
(�
��
�
��
��
�)

Неоднородное уширение (γ ≫ γ0)

(δϑ2
F )Ω ∝ (S2

z)Ω exp
[
− (ω − ω0)2

γ2

]

-�� -� � � ��
�

���

���

���

���

(ω-ω�)/γ

θ ��
(�
��
��
��
��
)

MMG, Ivchenko (2012); Zapasskii et al. (2013)
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Экспериментальные иллюстрации – I

Однородное уширение

(δϑ2
F)Ω ∝ (δS2

z)Ω
(ω0 − ω)2

[(ω0 − ω)2 + γ2
0]

2

atomic
gas

Неоднородное уширение

(δϑ2
F)Ω ∝ (δS2

z)Ω exp
[
− (ω − ω0)2

γ2

]

InGaAs
QDs

Zapasskii et al. (2013)
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Экспериментальные иллюстрации – II
Однородное уширение: одиночная квантовая точка
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Экспериментальные иллюстрации – III

Неоднородное уширение: ансамбль точек

two lasers [y1(t) and y2(t)]. The two co-propagating probe lasers
are incident on the same photodetector, and the total measured
FR is just the sum y1(t)þy2(t). The variance of the FR noise (that
is, the measured noise power) is therefore

h½y1ðtÞþy2ðtÞ%2i ¼ hy2
1ðtÞiþ hy

2
2ðtÞiþ 2hy1ðtÞy2ðtÞi: ð3Þ

Figure 1b depicts the two detuned probe lasers, and the
accompanying dotted lines illustrate how much FR is imparted on
that probe laser due to QDs at energy o. If, as shown, the
detuning Do between the two lasers is large (Docgh), then each
laser is sensitive to a different and independent subset of
fluctuating spins, and y1(t) and y2(t) are uncorrelated and add
incoherently (that is, the cross-term in equation (3) averages to
zero). In contrast, if Dorgh (see Fig. 1c), then the lasers measure
predominantly the same QDs, y1(t)Ey2(t) and the FR fluctua-
tions are correlated, giving larger measured noise power.

The two-colour spin noise experiment is depicted in Fig. 2a.
The low-power outputs from two tunable continuous-wave
probe lasers (1 and 2, each having o10 MHz linewidth) are
combined and launched through a single-mode polarization-
maintaining fibre to ensure spatial overlap. The light is linearly
polarized and focused weakly through an ensemble of singly
charged QDs. Stochastic fluctuations of the hole spins in the
QDs generate FR fluctuations y(t)¼y1(t)þy2(t) on the trans-
mitted probe beam, which are measured with balanced photo-
diodes. The output voltage V(t)py(t) is continuously digitized
and Fourier-transformed in real time27 to obtain the noise power
density spectrum (shown here in units of V2 Hz ' 1). Mechanical
shutters control whether the probe beam is composed of laser 1, 2
or both. The samples are lightly p-type (In,Ga)As/GaAs
QDs grown by molecular beam epitaxy (see Methods).
Owing to statistical variations in QD size and composition, the
ensemble PL spectrum is strongly inhomogeneously broadened
(ginhB20 meV), and is peaked at B1.385 eV (895 nm).

Figure 2b shows the measured power spectra of hole spin noise
for the case of large detuning between probe lasers (Dl ¼ 22.84
pm, or Do¼ 35.36 meV). The red and blue noise spectra were
acquired using the individual lasers 1 and 2 alone. The noise

spectra are Lorentzian with B500 kHz half-width, indicating
long hole spin relaxation times of B300 ns, in agreement with
previous (single-probe) noise studies of similar QD ensembles28.
The green spectrum is just the mathematical sum of these two
single-probe measurements. The black spectrum is the spin noise
acquired using both lasers 1 and 2 simultaneously. Here, this
black trace overlaps almost exactly with the green, indicating that
in this case the FR fluctuations on the two lasers are uncorrelated:
the noise power with both lasers is simply the sum of the noise
power from the two individual probe lasers because the
interference term in equation (3) vanishes.

In marked contrast, Fig. 2c shows the case for small detuning
between the probe lasers (Dl¼ ' 0.77 pm, or Do¼ ' 1.19 meV).
Here, the spin noise power measured with both lasers
simultaneously is greater than the sum of the noise power
measured by lasers 1 and 2 individually, indicating that the
FR noise encoded on the two probe lasers is at least partially
correlated such that the interference term in equation (3),
/y1(t)y2(t)S, exceeds zero.

Two-colour spin noise correlator. We define the two-colour spin
correlator as

C2ðo1;DoÞ (
Pbothðo1;DoÞ

P1ðo1Þþ P2ðo1þDoÞ ; ð4Þ

expressed here as a function of the photon energy o1 of probe
laser 1 and the detuning Do between lasers 1 and 2. Here, P1(o1)
and P2(o2¼o1þDo) are the total spin noise power measured
by individual probe lasers 1 and 2, respectively (computed via the
area under the measured noise spectra in Fig. 2b,c). Pboth(o1,Do)
is the total spin noise power measured using both lasers simul-
taneously. Following equation (3), we can therefore expect the
two-colour spin correlator C2¼ 1 if the noise on the two lasers is
uncorrelated, but increases to 2 when the noise is perfectly cor-
related and y1(t)¼y2(t).

Figure 2d shows the measured C2 versus detuning Do. It is
clearly peaked at Do¼ 0 as expected, and falls rapidly to unity as
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Figure 1 | Correlated and uncorrelated spin fluctuations in inhomogeneously broadened QD ensembles. (a) Illustrations depicting the inhomogeneously
broadened absorption band of a QD ensemble (green line), along with the homogeneously broadened absorption and associated Faraday rotation
spectra [a(o) and y(o)] of two representative singly charged QDs in the ensemble (QDA and QDB). The probe laser that is shown is primarily sensitive to
fluctuations of the spin in QDA, but not QDB. (b) Cartoon showing two probe lasers at photon energies o1 and o2. The dotted lines depict the
Faraday rotation (FR) sensitivity of each laser to spin fluctuations in QDs at energy o, which has the same functional form as y(o) (note that the probe
lasers are not sensitive to spin noise from QDs exactly on resonance, because y(o) is an odd function). Here, the two lasers are well separated in
energy (Docgh), and therefore they are sensitive to different subsets of QDs, so that the FR noise on the two lasers [y1(t) and y2(t)] are largely
uncorrelated in time. (c) The same, but for the case of small laser detuning (Dorgh). Here, the two lasers probe predominantly the same dots and FR noise
is correlated, giving larger measured noise power /[y1(t)þy2(t)]2S.
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electrons in the conduction band of n-GaAs generate FR
fluctuations that can be detected at photon energies far below
the low temperature GaAs bandgap (for example, at sub-gap
wavelengths from 830–900 nm), owing to the long tails of the
dispersive indices of refraction (see inset). Importantly, FR noise
detected at these low energies derives primarily from the same
fluctuating electron spins in the conduction band, independent of
probe laser wavelength. Thus, we expect correlated noise and
C2(Do)¼ 2 in a two-colour noise experiment on n-GaAs,
independent of Do. Exactly this behaviour was observed and
confirmed, as shown in Fig. 3. Note that this experiment
corresponds to a situation where both probe lasers are tuned
well outside of any inhomogeneously broadened absorption band,
a scenario that is discussed and modelled later in the paper.

Although Fig. 2d shows that C2(Do) for the QD ensemble
exhibits the anticipated Lorentzian line shape and reveals the
expected gh, we note that its peak value is only B1.4, which is less
than the value of 2 that was observed in the n-GaAs control
sample and which is expected from equation (7). This is because
the probe lasers are tuned directly within the absorption band of
the QD ensemble, and are therefore unavoidably pumping those
QDs that are resonant with the lasers. In this regime the probe
lasers cannot be considered completely non-perturbing, as
evidenced by the fact that the measured spin noise density (in
units of V Hz " 1/2) increases only sublinearly with laser intensity
I (and the spin noise power density in units of V2 Hz " 1 increases
less than quadratically with I). For the very narrowband lasers
used in these studies (o10 MHz), independent experiments
confirm that the measured noise power increases as BI1.5

instead of I2. This is consistent with the peak value of the
correlator C2(DoB0) measured in Fig. 2d (21.5/2E1.4).

Temperature and intensity dependence. It is well established
from optical studies of single QDs and also from nonlinear optical
studies of QD ensembles that the measured gh is strongly
dependent on the intensity of the probing light8,9. Figure 4a,b
explores the influence of probe laser intensity I on the two-colour
noise correlator C2(Do) at 5 K. The inferred gh increases with I,
similar to past studies8,9, likely due to the resonant QD pumping

effects and excitation-induced broadening discussed above. In the
limit of zero laser intensity, these data suggest ghB6meV for the
positively charged trion transition in these QDs, which is
consistent with prior results6,7,15,30 as discussed above.

It is also well known that gh broadens with increasing
temperature in epitaxial QDs due to interactions with phonons.
Figure 4c,d shows the temperature dependence of C2(Do) and gh.
gh is nearly constant below 10 K, but increases at higher
temperatures. This overall trend agrees very well with available
reported data on the temperature dependence of exciton
linewidths in undoped but otherwise very similar (In,Ga)As
QDs12,13, and also on interfacial GaAs QDs14, both of which were
measured by nonlinear ultrafast four-wave mixing techniques.
For a direct visual comparison, Fig. 4d also plots gh determined
from other studies of positively charged (In,Ga)As QDs discussed
above6,7,15,30, with which our results are also in quite reasonable
agreement, confirming the viability and utility of this low-power
noise-based optical technique.

Ellipticity noise. We also show that measurements of gh are
possible by measuring ellipticity fluctuations imparted on the
transmitted probe light (instead of FR fluctuations). Whereas spin
fluctuations induce FR noise via the dispersive real part of the QD
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Спиновый шум паров Cs

Эффект Доплера

ω(v) =
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Параметры:
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Оптический спектр спинового шума

Оптический спектр спинового шума имеет провал при h̄ω = ED2

несмотря на значительное неоднородное уширение
Petrov, Ryzhov, Smirnov, Belyaev, Potekhin, Glazov, et el. (2018) 61 / 65



Двухцветный эксперимент
250 MHz 250 MHz

В двухцветом эксперименте флуктуации коррелированы на одном
крыле линии поглощения и антикоррелированы на разных.

Ключ к пониманию эксперимента τs ≫ τp – гомогенизация спектра
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Флуктуации выстраивания
Флуктуации гиротропии и линейного двулучепреломления среды:

δεαβ − δεβα = iA(ω)καβγδFγ, δεαβ + δεβα = 2S(ω)δ{FαFβ}s

Для F > 1/2 вклад от двулучепреломления может быть существенным
⇒ флуктуации выстраивания

Czx(τ) = ⟨{FzFx}s(t + τ){FzFx}s(t)⟩

π
ωL

0

(a) spin orientation (b) spin alignment

t t

Fomin, Petrov, Kozlov, MMG, et al. (2020) 63 / 65



Флуктуации выстраивания
Флуктуации гиротропии и линейного двулучепреломления среды:

δεαβ − δεβα = iA(ω)καβγδFγ, δεαβ + δεβα = 2S(ω)δ{FαFβ}s

Для F > 1/2 вклад от двулучепреломления может быть существенным
⇒ флуктуации выстраивания

Czx(τ) = ⟨{FzFx}s(t + τ){FzFx}s(t)⟩
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Заключение

Спектроскопия спиновых шумов – мощный инструмент для
исследования спиновой физики
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Spin-density fluctuations with spin-orbit
Spatiotemporal spin correlator

Kαβ(r1 − r2, t1 − t2)

= ⟨Sα(r1, t1)Sβ(r2, t2)⟩

A possible optical method
for measuring spin correlations

with spatial resolution

probe 1

probe 2
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