MHBapunaHT Xonda

D=3M =M i#,n=(sinfcos®,sindsind,cos )
n—>n = (0,0,l)(‘r‘ —> ),

R3 U} = §° = §2
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XeunHy Xond
1894 - 1971




* Bce HenpepbIiBHbIE OTOOPaXXeHNs1 pa3bunBatoTcs
Ha Kraccbl FTOMOTONMHbIX OTOOPaXXeHNN,KOTOPbIE
KrnaccuuuupyroTcs LernbiM YCIIoOM-
MHBapuaHToM Xonda. [1Ba oTobpaxkeHus
FOMOTOMHbI

n(r)=n,(r)= n(r,t) =
n(r,0)=n,(r),n(r,1)=n,(r)
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[Tponmep oTobpaxxeHmns Xonda

Z, =X, tiX,,Z, = X, +1Xx,,
Z,Z, ¥ +z,z,% =1,
0 Z,

u+iv=_tg—e® ==L
2 z,



s° <= SU(2)

4 0 i(a+y) 0 i(—a+y) )
cosEe 2 isinze 2
G(x,y,z) = | |
9 i(—a+y) 6 —i(a+y)
' a1 2 2
1S1IN—e€ COS—e
\ 2 2 y,
9 i(a+y) 9 i(—a+y)

z,=C0sS—e * ,z,=isin—e
2 2

2



2 5 )’ 4
' sin 9—) te T tg’ 9
2 & 2
—4+7r°+z°
O =a =@+ Arc tan| ]
4 z

Paccioenue nmpocTpaHcTBa (HET 3aBUCUMOCTH OT TPEThEM
IIEPEMEHHOM )
Buxpsb !

0 —>0(r,z—> »),0 >x(r—>2,z—>0)









dopmyna Yaunxega

Q(x,y,z)=smOdOANdD =

siné’(@@ ob _ o0 a(D)a’xl. Adx .,
Ox; Ox; Ox; Ox, ’
F =2 sind 00 00 A on 0P _
’ Ox ; Ox, " Ox; Ox,

2,01 (i, x7i,)

divF =0, F =rotA

O(x,y,2) =C,,@(x,y,2) =C,,
x=x(z), y=y(2),

cai 8160 ay  éei ey Aeddid.









W.—-W =2xT

4 2
H=0T.

H:—gj‘dn W+—gjdn W_=—Q T(n(r:a)—n(r:0))
0 47[0

n=1 ' n=--1




rotB =47 j =>[[|BdS =47y J,

[ eomempu4yeckas
UHmMepripemauus:
H-4ncno 3auenneHnn nobbix ABYX
KPUBbIX, KOTOPbIE SIBASAIOTCH
npoobpasamu NOOLIX ABYX TOYEK
Ha cdoepe.



VIHBapuaHT
Xonda

B kaxgon Touke TpeXMepHOro NpocTpaHCcTBa onpeaeneH BeKTop HamarHn4eHHOCTN, OUKCUMPOBAHHOM
ONVHbI — TAKOW BEKTOP MOXHO 3adaTtb TOYKoN Ha cdepe (S2). B 6eckoHe4HOCTH, BO BCEX
HanpaBfeHUsX, BEKTOP OPUEHTMPOBAH BCOAY OANHAKOBO Y MUMEET OPUEHTALIMIO KaK U1 B OCHOBHOM
COCTOSIHUM C rnobanbHbIM MUHUMYMOM 3Heprun: n=(0,0,1). 3To HeobxoauMoe ycnosue, Ha4Ye Heprus
He MOXeT ObITb KOHEYHOW. Takmm obpa3om BeCcKoHeYHO yaaneHHbIe TOYKM MOXHO CYMTaTb
TOXOECTBEHHbIMU U 3d NPOCTPAHCTBO 3KBMBANEHTHO cchepe S8. BHaunT, uMeeT MecTo oTobpaxkeHne
S3— S2. N3BeCTHO, YTO TakOMy OTODOpaXKeHUo0 OTBEYaET LienovncrneHHbi nHBapuaHT Xonda. Llenoe
yncno H paBHO KonuyecTBy 3auensnieHni Npoobpasos ABYX pa3HbiX TOYEK, BbiIOpaHHbIX Ha chepe S2.

1 [/~ [~ . |[on* On*
H = QT, TE/OO[J n '[ar x az]dmz.

[MoBepxHOCTbL B=const 1 aBa
npoobpasa BEKTOPOB C
pasnuyHbiMu yrnamm @ B
oTobpaxeHnn Xonda;

H=1 (Q=1, T=1).




We can choose any vector value:

ny = (sin®cos®q, sinOsin®, cosO)

curve in R3 equal to one point on sphere S?




We can choose any 2 vectors:
1y = (sin©cosPy, sin®sin®, cosO)
1y = (sin©yc0sPy, sinOysin®s, cosOs)

2 curves in R3 equal to 2 points on sphere S?




Let 7 — (0,0,1) (to ground state) as 7] — o0

3 2
Maps: R~ U { DC} — S are classified by a homotopy invariant:
1
Hopf number H=-— 5 F-Adr
(87)
where

Fi = €ijpn- (7;n X \7gn), curlA =2F

Hopf number takes
only integer values: HeZ




Hopf number = linking number of 2 preimage (in R?) of 2 points on S?

Example Nel

H=0




Hopf number = linking number of 2 preimage (in R?) of 2 points on S?

Example No2

H=1




Example Ne3: field structure of toroidal Hopfion H=3

Torus in R3 is the
preimage of equator

\ line on S?: Buzneo







Teopema [leppuka

[TyCTb eCTb pellueHne KOHeYHOU SHepruemn
Hin(r)}=¢,+¢ +e,+e,, ¢ =¢/(n(r)),e =G, (nr)m,,,
1 1

_ _ bjkp
e,=—m ., e=—mnnmn M

2 ia "i,a’ 4 ia"j,p oA

 PaccmoTpum cneumanbHyo Bapuauuio
i(r)—>ii(Ar), E—>E, = j H{i(Ar)d x,

E,=A"E,+A7E,+A"E,+ AE,,
L(A=1)=0, LLA=1)>0

d’A
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ToYHble pelleHuns

3 3

H =(W)5»H :(Vﬁ)21 1 :25;]7«’7 (ﬁ] X1, )

Mogoenb ®agaeeBsa-Huemum(4mcrieHHoe
MoadennposaHue)

— 1

H = Z(Vﬁ)(wn gF - F



FERROMAGNETIC

oM OF
T ifhi : — :—"‘:'MXHH“ Hﬂ':——,
Landay-Lifshitz equation Ot ) [ e ] ; e SM
where
Magnetization vector M = Myn = My(sin©Ocos®, sin@sin®, cosO)

Energy E = g/(daM)Q dr + .E/‘(ﬂjl_? _1_fl-1ry2) dr

What do we know about hopfions in ferromagnets ?



Stationary precession toroidal hopfions

e [I.E. Dzyloshinskii, B.A. Ivanov, JETP Lett. 29, 540 (1979)] — first announcement.

* [A.M. Kosevich, B.A. Ivanov, A.S. Kovalev, Nonlinear waves of magnetisation.
Dynamical and topological solitons (book in Russian, 1983) and Phys. Rep. 194,
117 (1990)] — simple analysis and conclusion: only one way to get solution - to
use numerical methods.

* [A.B. Borisov, F.N. Rybakov, JETP Lett. 88, 264 (2008)] , * [A.B. Borisov, F.N.
Rybakov, JETP Lett (2009)] —stationary and dynamical hopfions are found
numerically. Fine structure and main features are studied.

Why “precession” ? |

Hobart-Derrick theorem forbids the existence
stationary 3D solitons with energy

7

E = %/(é‘iM)er+ B / (M,* + M,?) dr




MarHoHHas kanns 0 = 6 (|r

), ® = w t
CTpyKTypa xonpuoHa

Cooper(1999) ,Het ctpyktypul  Heisender =0, v,

UncneHHoe mogenupoBaHue

HanpgeHsbl npeueccUoHHbIe cTauMoOHapHble CONMUTOHbLI ¢ H=2,3,4

® =wt+Q¢ +d(r,z),0 =0(r,z)

OKBUBaNIeHTHO MMHMMU3aUUN (pyHKLMOHANa aHeprum c
ycrnoBuem

N = j(l — cos 0)dr = Const



KOHTpOJ'Ib TOYHOCTU HYNCITIEHHOIO pe3yribTaTa

« COOTBETCTBME TOMOJSIOrMYECKOro 3apsaa Lernomy
yucny (MHTerpanbHaga dopmyna).

* BbluncrieHme HeBA3KU Mo HOPME BEKTOPOB.

- ACMMNTOTUYECKOE NPUBNMXKEHNE SHEPTUM K
KOHKPETHOMY 3Ha4€EHMUIO.

* OnpegeneHue BenuynH w 1 V BapnaumoHHbIMU
npymemMamu (MHTerpanbHble OPMYIibl), pacyeT
NPOU3BOAHbIX BTOPOro nopsika Ha AUCKPETHOW CETKE U
BblYMCIIEHNE HEBSA3KMN HEMOCPEACTBEHHO YPaBHEHUS
Nanpay-Jingowmnua.



PacnpenenenHne HamarHM4eHHOCTU B TPEXMEPHOM CONIUTOHE C
H=3,npoobpasbl c

(6 =0.57,® =1)— monxas nunus,(0.27,® =3) —moacmas,
T'=1./IpyeueT.26uoeo.




(8, ®;)=(17 0.5) (8, P5)=(17 2.5)
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(£1.¥1.21),1¥5.¥5.24]

e R R A R R R R R R R R R e B R R R R R R R R R R R R R R

(i o)

MoK YCNOEMK: (1-1ng)de=const =1

KM nogctaHoeka Twna "Cl-emxpe” No ¢

ny (1, §,9) = 1y(,2) cos(Q-) - nly(r,2) sin(Q-)
ni5(t, §,2) = 1y (£,2) sin(Q- ) + 1iy(t,2)-cos(Q )
3HAYEHMA KOHCTAHT:

Q=2 g =100 a=1 I =025
FezyneTaT BRIMUCNEHMA:

Ep =780  E . =287  w=3l5

arizo



() ®;)=(17 0.5

(64 ®5)=(18 1.5

(3. 70.21) 35,75, 2,]

JHeprua:

1,]

MpK yCnoEWK:

J‘ |:1 —n3'|dx= const =7

KM nopcTaHoeka TMNE "EBWxpe" No ¢
n1|:r,¢,z:| = n'lljr,zj-cl:us(Q-da:l = n'E(r,zj-sin(Q-da:l
n2|:r,¢,z:| = n'lljr,zj-sin(Qda:l + n'E(r,zj-cns(Q-da:]

JHAYEHWA KOHCTAHT

Q=73 g=100 a=1 I =0295



(8 ®y)=(17 0.5) (85 @) =(12 1.5)

|%1.71.21) (¥, ¥5.25)

JHeprua;

1,j

MNpK yonoeuu:

J’ |:1—n3]dx= const =]

K nogcTaHoeka TMNa "EMxpe” No ¢
1y [r,q:,z) = n'l[:r,z:]-cas[Q-tpj = n'z[:r,zj-sin[Q-tbj
nz(r,qa,zj = n'lﬂr,z:]-sin(Q-d;uj + n'z[:r,zj-casEQ-qJ)

2HAYEHMA KOHCTAHT

Q=4 g=100 a=1 I = 02935



JInHnA NOCTOAHHbIX 3HAYEeHUU yrnos

w=0.5w,(w,— FMR),H =3

Z, / 10 A
ctg((j)) =2




[Mpodunb conutoHa, npu z=const

o(r) z=0, H=3

0.8



[Mpodunb conutoHa, npu z=const

e(r) =z>0, H=3




3aBUCUMOCTb HOPMUPOBAHHOW NJIOTHOCTU 3HEPrumn
h[r] oT paccTtosaHua gna H=2,3,4 2-Bupgeo

0.15




0.36

PRy (a) — =04
w0
0.24
0.12 .
0
8 12
T/ 10
0.36
pR(0)-1g b) — =06
w0
0.24 ]
0.12 .
0
8 12
T/ 10
0.36
“o
0.24 ]
0.12 .
0
8 12

I/lo

3asuncumocTb h[r] oT
yacTtoTbl npu H=3.



YMeHbLeHune dHEepPrmm CosinToHa C yBesimndieHMem
H4AaCTOThLbI.

2000~ I I I

e(w)

1500~

1000~

500~

0 0.25 0.5 0.75 W / Wy



HekoTopble Tononorndyeckme ocobeHHOCTU CONMMMTOHOB ¢ H=2 Bbinn
PacCMOTpPEHbI MPU N3YyYEHUN CTPYKTYpPbl CTauMOHAPHbIX COSTMTOHOB.

H=2.
lMpoobpasel
aBaxabl
3auenseHsbl,
oboBuBas TOp
aBaxxabl
CHapyxw.

D)
It

ik

.,._-m-.'-'r.-#‘-ulfﬂm
WN -
) Mpoobpasebl

4 aBaxxabl
3auen’sieHbl,
ob6BMBas Top
ABaxabl
N3HYTPW.
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COOTHOLLEeHne Mmexay
YACNEHHbIM N aHAlNMUTUYECKUM
peLleHnem

* AHanuUTN4yecKkoe pelLleHne-Bmna KpMBou
npobpa3oB (Henmnockas),
OpTOroHasnbHOCTb(2 %), NoACTaHOBKN ?77?



Moving precession toroidal hopfions

* [N.R. Cooper, Phys. Rev. Lett. 82, 1554 (1999)] — announcement.

e [P. Sutcliffe, Phys. Rev. B. 76, 184439 (2007)] — attempt to solve problem by
numerical methods, unsuccessful.

We seek solution, describing precession uniformly moving
along anisotropy axis toroidal hopfions of the form:

b =wt + (_ka -+ (}( > —V f) O = 9(! zZ — E"?f)

—

in cylindrical coordinate system ( T, ©, f,)
Q € Z\ {0}, T_—/ / sinf (0,00.0 — 0.00,¢)drdz, T =1

For such solitons Hopfindex H = Q1 = ()



Analytical approach. Two dimensional elliptic problem:

1 _ Q> B B 1. %0 020
(w=VO.¢)—sinbcost ‘) + = 4 (v ) + (0:20)° + -0y 9+( 5+ =0
avy My 2 &t ot 0z°
L 0.0+ 2058 (0,60,6 + 0.60,6) + sind 20,6+ 22 1 T2
o~ Mo .0 + Zcos 00,0+ J.00.0) 4+ sin K o + 5,2 + 5,2 =

Numerical approach. Energy minimization:

o [ [, . . _ Q> 3 ‘
E = &Jf()z/ / [(C).,,,n)2 + (0.n)* + (2—) + —) (ne> + nyg)] mrdrdz — min
—mo J0O = ¥

with constraints:

2 2
ny~ + -n.yg +n.” =1

U 0

.',T

1 — n)2nrdrdz = consty

My

Orn X .l wr 2drdz = consts




OCHOBHbIE pe3ynbTaThl

B 0oQHOOCHOM beppoMarHeTuKe MOryT CyLLEeCTBOBaTb
KaK cTaluMoOHapHble, Tak N ABUXYLLIMECS C MOCTOSHHOM
CKOPOCTbIO TOpouaanbHbIe TONoSorM4yeckue
NpeLecCUOHHbIE COSTUTOHbI.

« CTPYyKTypa OBWXKYLLErOCS CONMIMTOHA UMEeeT
NPUHLUMNNanNbHbIE OTIIUYUA:

1) lNepeopmeHTauns BEKTOPOB HaMarHUM4YeHHOCTU Mo
asuMyTaribHOMYy yrny UMnuHapu4eckon CUCTEMbI
KoopAuHaT

2) YBennyeHne cKkopocTu NpuBoauT K TOMY, YTO
TopouganbHbIM CONMUTOH NepexoanT oT opMbI “Llapa C
OTBEPCTMEM BOOSb OCU” B CTOPOHY TOHKOrO KoJbLa.



We used specially made algorithm based on conjugate gradient minimization method.

Each of the calculation process takes about 4 hours of CPUs time on a standard server

computer equipped with 2 Quad-core Intel Xeon/2.33GHz processors; parallel algorithm

with 8 threads, 600x400 grid.

1200 T
Energy versus the speed
: : )
for solitons with same
precession frequency. 100

wo = vMof

e = E/(aMy?lp) -
Vo = 7Myr/ap3

lo=+va/B

600

400

200

W = {}.5(3TUUU

0 1

Vv,

0.2

0.3

0.4



Energy distribution in hopfions for two energy branches

o - normalized energy density in (7,z) plane

Lower energy branch Higher energy branch

E0




B3anmogencrtene DM(cnupanb).



Model with additional Dzyaloshinsky-Moriya interaction energy and Zeeman energy.
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without an inversion center
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A.Bogdanov, A.Hubert, JMMM 138, 255 (1994)

/ (M,* + M,?) dr +

+DfM (V x M)dr + Hﬂf(ﬂfﬂ -y

3
9

dr + -
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1
N
i

T

Y
2
This is a incommensurate magnet — magnet where long-periodic structure can exist.

Yu. A. Izyumov, Sov. Phys. Usp. 2/, 845

(1984)

—

* [A.Bogdanov, JETP Lett. 62, 247 (1995)] — first announcement concerning 3D solitons.



Simplified state diagram

The points show numerical
results where hopfion |H|=1
was found.

We have found solution,
using specially made
algorithm based on conjugate
gradient minimization
method.
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I[Ipu ycnoBun ‘1 4+ h— (‘-1';" 2 / nz} <2 ()

B cucreme peanuzyercs FM(BC).

h

cos B = D = fz. k= -;(l.-f(ﬂfﬂ):ﬂ.-"ﬂ.

(4> /7)1

e HaliieHO 1 MPOBEPEHO ACUMIITOTUYECKOE MTOBEJCHUE

(Ir] — o).




Malin results:

e Solutions corresponding to stationary solitons with H=0,%/
are numerically found in model with Dzyaloshinsky-Moriya
interaction.

- In case H=0 soliton consists of a complex of hopfion-
antihopfion pairs.

- Typical size L=30],



H=0,h=0.11, y =1.37,60 = 0.3(6newnuu )
0 = 2(enympernuil )




H=0, y=196h=06




E(h), 7 =1.571u1.963

200 200
: 150 - 150
]
100 . . 100 . .

0,22 024 0,26 0,28 0,58 0,60 0,62 0,64
h h



Distribution of magnetization in computed toroidal
hopfion with H=-1



Why this theoretical works are
important ?

Feature for information recording and storage in essentially new
type devices, where information bits are distributed not on planar
structures, but in full 3D volume.

3D hopfion lattice = New magnetic phase

Hopfions can propagate along anisotropy axis — this feature can
be used to realize information reading and writing process.



Localization area for hopfion = 20 /, in each dimension. For cobalt (?’Co), for
example, /,=5nm . Metal cube: 10cm x 10cm x 10cm can contain 9.9 10'7
hopfions.

If 1 hopfion equal to 1 bit of information, we have more than 10> Terabytes.
In addition, each hopfion can get own topological charge H from list with N
different values. And we can get

(N-1) - 10° Terabytes

or use this feature for redundant coding.




Cnacunbo 3a
BH/UMaAHME U
TepneHue.
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